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The concepts of Hilbert implication algebra and generalized Hilbert implication algebra are introduced. The comparison theorem
of Hilbert implication algebra and generalized Hilbert implication algebra is proved. In addition, the idea of groupoid and
commutative Hilbert implication algebras is investigated. Ideals and filters in Hilbert implication algebras are also discussed. In

general, different theorems which show different properties are proved.

1. Introduction

Hilbert algebras are important in investigating certain alge-
braic logic, since they can be considered as a fragment of
any propositional logic containing logical connective impli-
cations. The concept of a ® —closed set and a ® — homo-
morphism in lattice implication algebras and some of their
properties is elaborated by Roh et al. in [1].

Commutative Hilbert algebra was initiated by Halas in
[2]. The concepts of preimplication algebra and implication
algebra based on orthosemilattice which generalize the con-
cepts of implication algebra was discussed by Chajda in [3],
and the notion of generalized Hilbert algebra with some
other properties was investigated by Borzooei and Shohani
in [4].

The notion of B-Almost distributive fuzzy lattice in terms
of its principal ideal fuzzy lattice was introduced by Assaye
et al. in [5]. The concepts of Pseudo - Supplemented almost
distributive fuzzy Lattice with some other propertis is intro-
duced by Gerima Tefera in [6].

In this paper, we introduced the concepts of Hilbert
implication algebra and generalized Hilbert implication alge-
bras are investigated. Furthermore, groupoids in an implica-
tion algebra, commutative properties in a Hilbert implication
algebra with some other properties are introduced.

Throughout this paper, H represents Hilbert implication
algebra unless otherwise mentioned.

2. Preliminaries

Definition 1 (see [7]). An algebra (B,=,1) of type (2,0) is
called implication algebra if the following condition holds:

(1) a=a=1,YaeB
(2)a=1=1,Va€eB
(3) 1=a=a,YaeB
4) a= (b=c)=b=>(a=c),VYa,b,ceB

Definition 2 (see [7]). Let (B,=,1) be an implication algebra.
Then a nonempty subset S of an implication algebra B is
called a subalgebra of Bifa, be S, thena=beS.

3. Main Results

Definition 3. An algebra (H,=,1) of type (2,0) is said to be
Hilbert implication algebra if it satisfies the following for all
a,b.ceH:
Hi:a=(b=a)=1
Hy(a=(b=>c¢=@=b)=(a=c=1
Hy:Ifa=b=b=a=1,thena=»b
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Definition 4. Let H be a Hilbert implication algebra and “<”
be a partially ordered relation defined by a < b implies that
a=b=1fora, beH.

Example 1. Let H={0,a,b,1} with 0<a<b<1 define “=”
by the following table:

a=>(b=>a)=a=>a=1.

Hence, H, holds. a= (b=1)=a=1=1 and (a=> )
>@=1)=1=>1=1.

Whichimplya= (b=1)=(a=b)=(a=1)=1.

Hence, H, holds.a=b=1and b = a=a.Impliesa 6 =b.

Hence, H, holds. Hence, (H,=,1) is Hilbert implication
algebra with respect to “<”.

Definition 5. H = (H,=,1) is a groupoid if it satisfies the
following axioms for all.
a,b,ceH:
H,: (a = b) = a=a (contraction)
H,: (a=b) = b= (b= a) = a (quasicommutative)
H;:a= (b=c¢)=b= (a= c) (exchange rule)

Lemma 6. A groupoid is a Hilbert implication algebra.

Proof. Let H = (H,=,1) be a groupoid for a, b, c € H.

a=(b=a)=b=>(a=a)byH;=b=>1=1.

Hence, a = (b= a) = 1. Thus, H; holds.

= b=0]=[a=b=>@=0]=b=>(a=c]=
[(a=b)=(@=>c)]byHs.=(a=b)=[b=>(@@=>c)=(a
S0)=(a=b)=b=((a=c)=@>c]=(a=b)=
(b=1), since (a=>c¢)=(@=>c)=1l.=(a=b)=>1=1,
since (a=>b)=(b=1)=1,and b= 1=1. Hence, [a= (b
=>¢|=[a=b)=@=¢]=1

Suppose a, b € H such that a= b=1=b = a. Assume a
<b. Then, b=a=a. But b= a=1. Hence, a=1. Again,
assume b<a. Then,a=b=0. But a= b=1. Hence, b=1.
Therefore, a =b. Thus, a groupoid is a Hilbert implication
algebra. O

Definition 7. Let (H,=,1) be a Hilbert implication algebra.
1 ifa<b

Then, for any a,b € H, we have a= b= .
b ifa>b

Lemma 8. Let (H,=,1) be a Hilbert implication algebra.
Then, the following hold for all a, b, 1 € H:

(1) a=>a=1
2) 1=a=a
3)a=1=1

Ifl=a=1,thena=1
Ifa=(b=a)=1 thena<b=a.
b=[(b=a)=a]=1ifand onlyif b< (b=a)=>a.

Proof.

(1) a=a=1, since a < a by Definition 4.
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(2) Let ae H, and 1 is largest element in H. Then, 1 =
a=1if 1<aand aif a<l. But 1 is largest element
in H we have a< 1. Hence, ] > a=a.

1 ifl<a

.Butac<l,

(3) Leta,1 € H. Then,a=>1=
1 ifa<1

forallae H

Hence,a=1=1forall a € H.

(4) Let a € H and 1 is the largest element in H. Suppose
1 = a=1.Buta< 1.So that we have 1 = a = a. Imply

thata=1
(5) Let a,b € H. Then a = (b= a) = 1. By Definition 4,
1 ifa<b
we have a= (b=a) = . But
b=a ifb=a=a

a=(b=a)=1
Hence, a< b= a.

Conversely suppose a<b=a, fora,be H.a= (b= a)

{1 ifa<b=a

b=a ifb=a<a
So that we havea = (b=a) =1, sincea<b=a.
Leta,beH,andletb=[(b=a)=a]=1.

Now, b=[(b=a)=a]=
{1 ifb<(b=a)=a

(b=a)=a if(b=a)=a<b
Imply that b= [(b = a) = a] = 1 by hypothesis.
Thus, b< (b=a) = a.

Conversely, let a,be H, and b< (b= a) = a. Now b=

1 ifb<(b=a)=a
[(b=a)=a]= .
(b=a)=a if(b=a)>a<bd
Butb<(b=a)=a.
Therefore, b= [(b=a) = a]=1. O

Example 2. Let H={a, b, 1} with a<b< 1. Then, (H,=,1)
defined by the following table is not Hilbert implication
algebra

Since a= (b=>a)=a=1=a#1. Hence, H; is not
satisfied.

Lemma 9. Let (H,=,1) be implication Hilbert algebra, and
a<boa=b=1 Then, (H,<) is a poset.

Proof.

(1) Leta € H and a < a. Imply that a = a = 1. Hence, “<”
is reflexive

(2) Let a,be H, and a< b, and b < a. So that we have a
>b=landb=>a=1



Journal of Applied Mathematics

Imply a = b =b = a. Hence, a = b by Definition 3. Thus,
“<” is antisymmetric.

(3) Let a,b,ce Hwitha<b,and b<c. Then,a=b=1,
andb=>c=1

Now a < b < cimply a < c. Imply that a = ¢ = 1 by Defini-
tion 4.
Therefore, (H, <) is a poset. O

Example 3. Let H={a,b,1} with a<b<1. Then, (H,<)
given by the following table is a poset.
Since

(1) a=a=1, b=>b=1, 1=>1=1. Hence, reflexive
property holds.

(2)a=>b=1l,andb=>a=a.a=b6=>b= a. Imply that
a 6 = b. Hence, antisymmetric property holds

3)a=0b=1, and b=1=1. Imply that a=>1=1.
Hence, the transitive property holds. Thus, (H, <) is
a poset

Theorem 10. Let (H,=,1) be Hilbert implication algebra of
type (2,0). Then, (a=b) = (1=b)=a.

Proof. Let a,b,1 € H. Then, 1 = b=, since b< 1. Now (a
=>b)=>(1=b)=(a=>b)=>b=(b=a)=>a=a. Hence,
(a=>b)=>(1=0b)=a. O

Corollary 11. If (H,=,1) is a Hilbert implication algebra,
then a = ¢ = b = c implies that a=b for any a, b, c € H.

Lemma 12. Let (H,=,1) be a Hilbert implication algebra.
Then, for any a,beH, the following hold: (1) a=b=1
impliesa=b. (2) 1=>a=1=b impliesa=b. (3) 1= (1=
a)=a.

Proof.

(1) Let a,b e H, and a = b =1. Then by Definition 4, a
1 ifa<b
=b= . So that we have a=b=1if b
b ifb<a
> a. Implies a = b taking equality

(2) Let a,b,1€H, and 1 >a=1=>b. Now 1 >a=a,
sincea<l,and 1= b=>b,since b<1.Hence,a="b

(3) Let a,1 € H, and let 1 be the largest element. 1 = (1
=a)=1=a,since a<1, and 1 = a = a. Therefore,
1=>(1=a)=aforallacH

d

Theorem 13. If (H,=,1) is a Hilbert implication algebra, then
(I1=>b)=(a=0b)=1foranya,beH.

Definition 14. A Hilbert implication algebra H is said to be
commutative if
a=(b=1)=b=(a=1)foranya,beH.

Example 4. The table in Example 3 is a commutative Hilbert
implication algebra.

Proposition 15. If (H,=,1) is a commutative Hilbert implica-
tion algebra. Then

(1) (a=1)=(1=b)=1
(2) (I=a)=(I=b)=a=b

Proof.

(1) Let a,beH. Then, (a=>1)=(b=>1)=1=
sincca=>1=1,andb=>1=1

1=1,

(2) Leta,be H.Then, (1=>a)= (1=0b)=a= b, since
a<l imply 1=a=a, and b<1 imply 1=b=0.
Hence, (1=4a)= (1=b)=a=bforanya, beH.

d

Definition 16. Let H be a Hilbert implication algebra and a
nonempty subset I of H is called an ideal of H if it satisfies
foralla,be H:

(a) 0elI
(b) IfbeIanda=bel. Thenacl

Definition 17. Let H be a Hilbert implication algebra and a
nonempty subset F of H is called a filter of H if it satisfies
the following for alla,be H: (1) 1€ F. (2) Ifae Fand a=
beF thenbeF.

Theorem 18. If (H,=,1) is a commutative Hilbert implica-
tion algebra, and
(a=(1=b)=b=>(I=a), thena= (a=b)=1.

Proof. Suppose (H,=,1) be a commutative Hilbert implica-
tion algebra and a= (1=b)=b= (1 =a), for any a,b e
H Nowa= (a=>b)=a= (a=(1=0b)), since 1=>b=>b
=a= (b= (1= a)) by hypothesis =a = (b= a), since 1
= a=a.=1 by definition of Hilbert implication algebra.
Hence,a= (a=b)=1. O

Definition 19. An algebra (G,=,1) is said to be a generalized
Hilbert implication algebra with a binary operation “=” and
constant 1 which satisfies the following axioms for all a, b, ¢
€G:

G:l=a=a

Ga=a=1

Gy :c=(b=a)=b=>(c=a)

Gyuoc=(b=a)=(c=b)=(c=a) foralab,ceG
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TaBLE 1 TABLE 3
= 0 a b 1 = a b 1
0 1 1 1 1 a 1 1 1
a 0 1 1 1 b a 1
b 0 a 1 1 1 a b 1
1 0 a b 1
TABLE 2 TABLE 4
N a b 1 = a b 1
a 1 1 a a 1 1 1
1 1 1 b 1 1 1
1 a b 1 1 a b 1

Proposition 20. Every Hilbert implication algebra is a gener-
alized Hilbert implication algebra. But the converse does not
hold.

Proof. Suppose (H,=,1) be a Hibert implication algebra.
Then, some axiom of generalized Hilbert implication algebra
is satisfied by Lemma 8 and Hj.

What is remain to prove c = (b=a)=(c=>b) =
a), for any a,b,c € G.

By H, of definition of Hilbert implication algebra, we
have

c=(b=a)=(c=b)>
the following conditions:

(c=

(¢c=a)=1. Then, we have

1) c=>b=a)=(c=>b)=>
2 c=>(b=>a)<(c=b)>

(3) (c=b)=

(c=>a)
(c=a)
(c=a)=1

So that case one is straightforward. For case two it holds
for equality. But case three does not lead to true conclusion.

Hence, c= (b= a)=(c = b) = (¢ = a). Thus, the for-
ward condition holds.

To show the converse does not holds, consider the fol-
lowing example for H={a,b,1} and a binary operation
defined by the table below:

For all a, b, 1 € H, we have

(1) 1=a=a,1=b=0
2)a=a=1l,andb=>b=1

B)1=(a=b)=1=>1=1, and a=(1=b)=a=b
=1.Hence,1=> (a=b)=a= (1=0)

4)a=(a=b)=a=1=1,and (a=a)=>(a=>b)=
=1=1.Hence,a=(a=>b)=(a=>a)=> (a=>b)

Therefore, (H,=,1) is a generalized Hilbert implication
algebra. Since a= b=1=b= a. Hence, (H,=,1) is not a
Hilbert implication algebra.

Lemma 21. In any generalized Hilbert implication algebra
(G,=,1), the following holds for all a, b, c € G:

(1) (b=c)=[(c=a)=>(b=a)=1
2) (c=a)=[b=c=>(b>)]=1
(3)a=>(a=b)=a=b

(4) a=(b=a)=

(5) [a=b=0)]=[(a=b)=(a=c)]=1

6)a=>1=1
(7)) b= [(b=a)>a]=1

Proof. Let (G,=,1) be a generalized Hilbert implication
algebra (Tables 1-4).

(1D (b:>c) [(c=a)=>(b=a)]=(b=c)=[b=((c
=a)=a)l=(b=c)=b=>((c=a)=(a=a)]
=b=c=2b=2(c=a)=21]=0b=>c¢=> (b=
I)=(b=>c¢)=1=1

Hence, (b=c¢)=[(c=a)= (b=a)]=1.

(2) (c=a)=
since (b=¢) =
=b=0]=1

3)a=>(a=b)=(a=a)=>(a=Db) by definition of
generalized Hilbert implication algebra. =1= (a =
b)=a= b. Which imply thata= (a=b)=a=b

(4) a= (b=a)=(a=b)= (a=a) by definition of
generalized Hilbert implication algebra. (a = b) = 1
=1.Hence,a= (b=a)=1

[(b=c=(b=>c=(c=a)=1=1,
(b=¢)=1. Thus, (c=a)[(b=¢)

B)la=>b=¢)]=[a=b)=(a=c)]=[(a=b)=
(a=c¢)]=[(a=b)= (a=c)]=1. So that we have
[a=b=0]=[(a=b)=>@=c)]=1
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(6) a=>1=a= (a=a), since a=a=1. =(a=>a)=>
(a = a) by definition of generalized Hilbert implica-
tion algebra. =1 = 1 =1. Therefore,a=1=1

(7)b=>[(b=a)=al=(b=>(b=a))=>(b=>a)= =
[(b=b)=(b=a)|=>(b=a)=[1=(b=a)]=
(b=a)=(b=a)=>(b=a)=1. It follows that
b=[(b=a)=a]=1

O

4. Conclusion

In this paper, the idea of Hilbert implication algebra and
Generalized Hilbert implication algebra is introduced. Some
of the properties of Hilbert implication algebra are investi-
gated. Congruence relations on Hilbert implication algebra
and some other properties will be considered as future
research work.

Data Availability

As you know, this manuscript is abstract algebra part, the
idea is taken from the reference material listed in the manu-
script, I need this material to be published as open access
research paper to be accessible to researchers, and I am doing
this research to contribute my idea to the theory of
Mathematics.

Conflicts of Interest

The author declares that he has no conflicts of interest.

Acknowledgments

The author of this paper would like to thank the referees for
their genuine comment for the improvement of the
manuscript.

References

[1] E.H. Roh, S. Y. Kim, Y. Xu, and Y. B. Jun, “Some operations in
lattice implication algebras,” International Journal of Mathe-
matics and Mathematical Sciences, vol. 27, no. 1, p. 52, 2001.

[2] R. Hala$, “Remarks on commutative Hilbert algebras,” Mathe-
matica Bohemica, vol. 127, no. 4, pp. 525-529, 2002.

[3] I Chajda, “Implication algebras,” Discussion Mathematica Gen-
eral Algebra and Application, vol. 26, no. 2, pp. 141-153, 2006.

[4] R. A. Borzooei and J. Shohani, “On generalized Hilbert alge-
bras,” Italian Journal of Pure and Applied Mathematics,
vol. 29, pp. 71-80, 2012.

[5] B. Assaye, M. Alemneh, and G. Tefera, “B-Almost distributive
fuzzy lattice,” Bulletin of the Section of Logic, vol. 47, no. 3,
pp. 171-185, 2018.

[6] G. T. Dejen, “Pseudo-supplemented almost distributive fuzzy
lattices,” Journal of Applied Mathematics and Computation,
vol. 5, no. 2, pp. 119-123, 2021.

[7] T. Gerima, Y. Endris, and G. Fasil, “Ideals and filters on impli-
cation algebras,” Advances in Mathematics: Scientific Journals,
vol. 10, no. 3, pp- 1167-1174, 2020.



	Hilbert Implication Algebra and Some Properties
	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Conclusion
	Data Availability
	Conflicts of Interest
	Acknowledgments

