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The concepts of Hilbert implication algebra and generalized Hilbert implication algebra are introduced. The comparison theorem
of Hilbert implication algebra and generalized Hilbert implication algebra is proved. In addition, the idea of groupoid and
commutative Hilbert implication algebras is investigated. Ideals and filters in Hilbert implication algebras are also discussed. In
general, different theorems which show different properties are proved.

1. Introduction

Hilbert algebras are important in investigating certain alge-
braic logic, since they can be considered as a fragment of
any propositional logic containing logical connective impli-
cations. The concept of a ⊗ −closed set and a ⊗ − homo-
morphism in lattice implication algebras and some of their
properties is elaborated by Roh et al. in [1].

Commutative Hilbert algebra was initiated by Halas in
[2]. The concepts of preimplication algebra and implication
algebra based on orthosemilattice which generalize the con-
cepts of implication algebra was discussed by Chajda in [3],
and the notion of generalized Hilbert algebra with some
other properties was investigated by Borzooei and Shohani
in [4].

The notion of B-Almost distributive fuzzy lattice in terms
of its principal ideal fuzzy lattice was introduced by Assaye
et al. in [5]. The concepts of Pseudo - Supplemented almost
distributive fuzzy Lattice with some other propertis is intro-
duced by Gerima Tefera in [6].

In this paper, we introduced the concepts of Hilbert
implication algebra and generalized Hilbert implication alge-
bras are investigated. Furthermore, groupoids in an implica-
tion algebra, commutative properties in a Hilbert implication
algebra with some other properties are introduced.

Throughout this paper, H represents Hilbert implication
algebra unless otherwise mentioned.

2. Preliminaries

Definition 1 (see [7]). An algebra ðB,⇒,1Þ of type ð2, 0Þ is
called implication algebra if the following condition holds:

(1) a⇒ a = 1, ∀a ∈ B
(2) a⇒ 1 = 1, ∀a ∈ B
(3) 1⇒ a = a, ∀a ∈ B

(4) a⇒ ðb⇒ cÞ = b⇒ ða⇒ cÞ, ∀a, b, c ∈ B

Definition 2 (see [7]). Let ðB,⇒,1Þ be an implication algebra.
Then a nonempty subset S of an implication algebra B is
called a subalgebra of B if a, b ∈ S, then a⇒ b ∈ S.

3. Main Results

Definition 3. An algebra ðH,⇒,1Þ of type ð2, 0Þ is said to be
Hilbert implication algebra if it satisfies the following for all
a, b:c ∈H:

H1: a⇒ ðb⇒ aÞ = 1
H2: ða⇒ ðb⇒ cÞ⇒ ða⇒ bÞ⇒ ða⇒ cÞ = 1
H3: If a⇒ b = b⇒ a = 1, then a = b
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Definition 4. Let H be a Hilbert implication algebra and “≤”
be a partially ordered relation defined by a ≤ b implies that
a⇒ b = 1 for a, b ∈H.

Example 1. Let H = f0, a, b, 1g with 0 ≤ a ≤ b ≤ 1 define “⇒”
by the following table:

a⇒ ðb⇒ aÞ = a⇒ a = 1.
Hence, H1 holds. a⇒ ðb⇒ 1Þ = a⇒ 1 = 1 and ða⇒ bÞ

⇒ ða⇒ 1Þ = 1⇒ 1 = 1.
Which imply a⇒ ðb⇒ 1Þ⇒ ða⇒ bÞ⇒ ða⇒ 1Þ = 1.
Hence,H2 holds. a⇒ b = 1 and b⇒ a = a. Implies a 6 = b.
Hence, H3 holds. Hence, ðH,⇒,1Þ is Hilbert implication

algebra with respect to “≤”.

Definition 5. H = ðH,⇒,1Þ is a groupoid if it satisfies the
following axioms for all.

a, b, c ∈H:
H1: ða⇒ bÞ⇒ a = a (contraction)
H2: ða⇒ bÞ⇒ b = ðb⇒ aÞ⇒ a (quasicommutative)
H3: a⇒ ðb⇒ cÞ = b⇒ ða⇒ cÞ (exchange rule)

Lemma 6. A groupoid is a Hilbert implication algebra.

Proof. Let H = ðH,⇒,1Þ be a groupoid for a, b, c ∈H.
a⇒ ðb⇒ aÞ = b⇒ ða⇒ aÞ by H3 = b⇒ 1 = 1.
Hence, a⇒ ðb⇒ aÞ = 1. Thus, H1 holds.
½a⇒ ðb⇒ cÞ�⇒ ½ða⇒ bÞ⇒ ða⇒ cÞ� = ½b⇒ ða⇒ cÞ�⇒

½ða⇒ bÞ⇒ ða⇒ cÞ� by H3: = ða⇒ bÞ⇒ ½ðb⇒ ða⇒ cÞ⇒ ða
⇒ cÞ� = ða⇒ bÞ⇒ ½b⇒ ðða⇒ cÞ⇒ ða⇒ cÞ� = ða⇒ bÞ⇒
ðb⇒ 1Þ, since ða⇒ cÞ⇒ ða⇒ cÞ = 1: = ða⇒ bÞ⇒ 1 = 1,
since ða⇒ bÞ⇒ ðb⇒ 1Þ = 1, and b⇒ 1 = 1. Hence, ½a⇒ ðb
⇒ cÞ�⇒ ½ða⇒ bÞ⇒ ða⇒ cÞ� = 1.

Suppose a, b ∈H such that a⇒ b = 1 = b⇒ a. Assume a
≤ b. Then, b⇒ a = a. But b⇒ a = 1. Hence, a = 1. Again,
assume b ≤ a. Then, a⇒ b = b. But a⇒ b = 1. Hence, b = 1.
Therefore, a = b. Thus, a groupoid is a Hilbert implication
algebra. ☐

Definition 7. Let ðH,⇒,1Þ be a Hilbert implication algebra.

Then, for any a, b ∈H, we have a⇒ b =
1 if a ≤ b

b if a > b

(
.

Lemma 8. Let ðH,⇒,1Þ be a Hilbert implication algebra.
Then, the following hold for all a, b, 1 ∈H:

(1) a⇒ a = 1

(2) 1⇒ a = a

(3) a⇒ 1 = 1

If 1⇒ a = 1, then a = 1.
If a⇒ ðb⇒ aÞ = 1, then a ≤ b⇒ a.
b⇒ ½ðb⇒ aÞ⇒ a� = 1 if and only if b ≤ ðb⇒ aÞ⇒ a.

Proof.

(1) a⇒ a = 1, since a ≤ a by Definition 4.

(2) Let a ∈H, and 1 is largest element in H. Then, 1⇒
a = 1 if 1 ≤ a and a if a ≤ 1. But 1 is largest element
in H we have a ≤ 1. Hence, 1⇒ a = a.

(3) Let a, 1 ∈H. Then, a⇒ 1 =
1 if 1 ≤ a

1 if a ≤ 1

(
. But a ≤ 1,

for all a ∈H

Hence, a⇒ 1 = 1 for all a ∈H.

(4) Let a ∈H and 1 is the largest element in H. Suppose
1⇒ a = 1. But a ≤ 1. So that we have 1⇒ a = a. Imply
that a = 1

(5) Let a, b ∈H. Then a⇒ ðb⇒ aÞ = 1. By Definition 4,

we have a⇒ ðb⇒ aÞ = 1 if a ≤ b

b⇒ a if b⇒ a⇒ a

(
. But

a⇒ ðb⇒ aÞ = 1

Hence, a ≤ b⇒ a.

Conversely suppose a ≤ b⇒ a, for a, b ∈H. a⇒ ðb⇒ aÞ

=
1 if a ≤ b⇒ a

b⇒ a if b⇒ a ≤ a

(
.

So that we have a⇒ ðb⇒ aÞ = 1, since a ≤ b⇒ a.
Let a, b ∈H, and let b⇒ ½ðb⇒ aÞ⇒ a� = 1.

Now, b⇒ ½ðb⇒ aÞ⇒ a� =

1 if b ≤ ðb⇒ aÞ⇒ a

ðb⇒ aÞ⇒ a if ðb⇒ aÞ⇒ a ≤ b

(
.

Imply that b⇒ ½ðb⇒ aÞ⇒ a� = 1 by hypothesis.
Thus, b ≤ ðb⇒ aÞ⇒ a.

Conversely, let a, b ∈H, and b ≤ ðb⇒ aÞ⇒ a. Now b⇒

½ðb⇒ aÞ⇒ a� = 1 if b ≤ ðb⇒ aÞ⇒ a

ðb⇒ aÞ⇒ a if ðb⇒ aÞ⇒ a ≤ b

(
.

But b ≤ ðb⇒ aÞ⇒ a.
Therefore, b⇒ ½ðb⇒ aÞ⇒ a� = 1. ☐

Example 2. Let H = fa, b, 1g with a < b < 1. Then, ðH,⇒,1Þ
defined by the following table is not Hilbert implication
algebra

Since a⇒ ðb⇒ aÞ = a⇒ 1 = a ≠ 1: Hence, H1 is not
satisfied.

Lemma 9. Let ðH,⇒,1Þ be implication Hilbert algebra, and
a ≤ b⇔ a⇒ b = 1. Then, ðH, ≤Þ is a poset.

Proof.

(1) Let a ∈H and a ≤ a. Imply that a⇒ a = 1. Hence, “≤”
is reflexive

(2) Let a, b ∈H, and a ≤ b, and b ≤ a. So that we have a
⇒ b = 1 and b⇒ a = 1
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Imply a⇒ b = b⇒ a. Hence, a = b by Definition 3. Thus,
“≤” is antisymmetric.

(3) Let a, b, c ∈H with a ≤ b, and b ≤ c. Then, a⇒ b = 1,
and b⇒ c = 1

Now a ≤ b ≤ c imply a ≤ c. Imply that a⇒ c = 1 by Defini-
tion 4.

Therefore, ðH, ≤Þ is a poset. ☐

Example 3. Let H = fa, b, 1g with a < b < 1. Then, ðH, ≤Þ
given by the following table is a poset.

Since

(1) a⇒ a = 1, b⇒ b = 1, 1⇒ 1 = 1. Hence, reflexive
property holds.

(2) a⇒ b = 1, and b⇒ a = a. a⇒ b 6 = b⇒ a. Imply that
a 6 = b. Hence, antisymmetric property holds

(3) a⇒ b = 1, and b⇒ 1 = 1. Imply that a⇒ 1 = 1.
Hence, the transitive property holds. Thus, ðH, ≤Þ is
a poset

Theorem 10. Let ðH,⇒,1Þ be Hilbert implication algebra of
type ð2, 0Þ. Then, ða⇒ bÞ⇒ ð1⇒ bÞ = a.

Proof. Let a, b, 1 ∈H. Then, 1⇒ b = b, since b ≤ 1. Now ða
⇒ bÞ⇒ ð1⇒ bÞ = ða⇒ bÞ⇒ b = ðb⇒ aÞ⇒ a = a. Hence,
ða⇒ bÞ⇒ ð1⇒ bÞ = a. ☐

Corollary 11. If ðH,⇒,1Þ is a Hilbert implication algebra,
then a⇒ c = b⇒ c implies that a = b for any a, b, c ∈H.

Lemma 12. Let ðH,⇒,1Þ be a Hilbert implication algebra.
Then, for any a, b ∈H, the following hold: (1) a⇒ b = 1
implies a = b. (2) 1⇒ a = 1⇒ b implies a = b. (3) 1⇒ ð1⇒
aÞ = a.

Proof.

(1) Let a, b ∈H, and a⇒ b = 1. Then by Definition 4, a

⇒ b =
1 if a ≤ b

b if b ≤ a

(
. So that we have a⇒ b = 1 if b

≥ a. Implies a = b taking equality

(2) Let a, b, 1 ∈H, and 1⇒ a = 1⇒ b. Now 1⇒ a = a,
since a ≤ 1, and 1⇒ b = b, since b ≤ 1. Hence, a = b

(3) Let a, 1 ∈H, and let 1 be the largest element. 1⇒ ð1
⇒ aÞ = 1⇒ a, since a ≤ 1, and 1⇒ a = a. Therefore,
1⇒ ð1⇒ aÞ = a for all a ∈H

☐

Theorem 13. If ðH,⇒,1Þ is a Hilbert implication algebra, then
ð1⇒ bÞ⇒ ða⇒ bÞ = 1 for any a, b ∈H.

Definition 14. A Hilbert implication algebra H is said to be
commutative if

a⇒ ðb⇒ 1Þ = b⇒ ða⇒ 1Þ for any a, b ∈H.

Example 4. The table in Example 3 is a commutative Hilbert
implication algebra.

Proposition 15. If ðH,⇒,1Þ is a commutative Hilbert implica-
tion algebra. Then

(1) ða⇒ 1Þ⇒ ð1⇒ bÞ = 1

(2) ð1⇒ aÞ⇒ ð1⇒ bÞ = a⇒ b

Proof.

(1) Let a, b ∈H. Then, ða⇒ 1Þ⇒ ðb⇒ 1Þ = 1⇒ 1 = 1,
since a⇒ 1 = 1, and b⇒ 1 = 1

(2) Let a, b ∈H. Then, ð1⇒ aÞ⇒ ð1⇒ bÞ = a⇒ b, since
a ≤ 1 imply 1⇒ a = a, and b ≤ 1 imply 1⇒ b = b.
Hence, ð1⇒ aÞ⇒ ð1⇒ bÞ = a⇒ b for any a, b ∈H.

☐

Definition 16. Let H be a Hilbert implication algebra and a
nonempty subset I of H is called an ideal of H if it satisfies
for all a, b ∈H:

(a) 0 ∈ I
(b) If b ∈ I and a⇒ b ∈ I. Then a ∈ I

Definition 17. Let H be a Hilbert implication algebra and a
nonempty subset F of H is called a filter of H if it satisfies
the following for all a, b ∈H: (1) 1 ∈ F. (2) If a ∈ F and a⇒
b ∈ F, then b ∈ F.

Theorem 18. If ðH,⇒,1Þ is a commutative Hilbert implica-
tion algebra, and

ða⇒ ð1⇒ bÞ = b⇒ ð1⇒ aÞ, then a⇒ ða⇒ bÞ = 1.

Proof. Suppose ðH,⇒,1Þ be a commutative Hilbert implica-
tion algebra and a⇒ ð1⇒ bÞ = b⇒ ð1⇒ aÞ, for any a, b ∈
H. Now a⇒ ða⇒ bÞ = a⇒ ða⇒ ð1⇒ bÞÞ, since 1⇒ b = b
= a⇒ ðb⇒ ð1⇒ aÞÞ by hypothesis = a⇒ ðb⇒ aÞ, since 1
⇒ a = a: = 1 by definition of Hilbert implication algebra.
Hence, a⇒ ða⇒ bÞ = 1. ☐

Definition 19. An algebra ðG,⇒,1Þ is said to be a generalized
Hilbert implication algebra with a binary operation “⇒” and
constant 1 which satisfies the following axioms for all a, b, c
∈G:

G1: 1⇒ a = a
G2: a⇒ a = 1
G3: c⇒ ðb⇒ aÞ = b⇒ ðc⇒ aÞ
G4: c⇒ ðb⇒ aÞ = ðc⇒ bÞ⇒ ðc⇒ aÞ, for all a, b, c ∈G

3Journal of Applied Mathematics



Proposition 20. Every Hilbert implication algebra is a gener-
alized Hilbert implication algebra. But the converse does not
hold.

Proof. Suppose ðH,⇒,1Þ be a Hibert implication algebra.
Then, some axiom of generalized Hilbert implication algebra
is satisfied by Lemma 8 and H3.

What is remain to prove c⇒ ðb⇒ aÞ = ðc⇒ bÞ⇒ ðc⇒
aÞ, for any a, b, c ∈G.

By H2 of definition of Hilbert implication algebra, we
have

c⇒ ðb⇒ aÞ⇒ ðc⇒ bÞ⇒ ðc⇒ aÞ = 1. Then, we have
the following conditions:

(1) c⇒ ðb⇒ aÞ = ðc⇒ bÞ⇒ ðc⇒ aÞ
(2) c⇒ ðb⇒ aÞ ≤ ðc⇒ bÞ⇒ ðc⇒ aÞ
(3) ðc⇒ bÞ⇒ ðc⇒ aÞ = 1

So that case one is straightforward. For case two it holds
for equality. But case three does not lead to true conclusion.

Hence, c⇒ ðb⇒ aÞ = ðc⇒ bÞ⇒ ðc⇒ aÞ. Thus, the for-
ward condition holds.

To show the converse does not holds, consider the fol-
lowing example for H = fa, b, 1g and a binary operation
defined by the table below:

For all a, b, 1 ∈H, we have

(1) 1⇒ a = a, 1⇒ b = b

(2) a⇒ a = 1, and b⇒ b = 1
(3) 1⇒ ða⇒ bÞ = 1⇒ 1 = 1, and a⇒ ð1⇒ bÞ = a⇒ b

= 1. Hence, 1⇒ ða⇒ bÞ = a⇒ ð1⇒ bÞ
(4) a⇒ ða⇒ bÞ = a⇒ 1 = 1, and ða⇒ aÞ⇒ ða⇒ bÞ = 1

⇒ 1 = 1. Hence, a⇒ ða⇒ bÞ = ða⇒ aÞ⇒ ða⇒ bÞ
Therefore, ðH,⇒,1Þ is a generalized Hilbert implication

algebra. Since a⇒ b = 1 = b⇒ a. Hence, ðH,⇒,1Þ is not a
Hilbert implication algebra. ☐

Lemma 21. In any generalized Hilbert implication algebra
ðG,⇒,1Þ, the following holds for all a, b, c ∈G:

(1) ðb⇒ cÞ⇒ ½ðc⇒ aÞ⇒ ðb⇒ aÞ� = 1

(2) ðc⇒ aÞ⇒ ½ðb⇒ cÞ⇒ ðb⇒ cÞ� = 1

(3) a⇒ ða⇒ bÞ = a⇒ b

(4) a⇒ ðb⇒ aÞ = 1

(5) ½a⇒ ðb⇒ cÞ�⇒ ½ða⇒ bÞ⇒ ða⇒ cÞ� = 1

(6) a⇒ 1 = 1

(7) b⇒ ½ðb⇒ aÞ⇒ a� = 1

Proof. Let ðG,⇒,1Þ be a generalized Hilbert implication
algebra (Tables 1–4).

(1) ðb⇒ cÞ⇒ ½ðc⇒ aÞ⇒ ðb⇒ aÞ� = ðb⇒ cÞ⇒ ½b⇒ ððc
⇒ aÞ⇒ aÞ� = ðb⇒ cÞ⇒ ½b⇒ ððc⇒ aÞ⇒ ða⇒ aÞ�
= ðb⇒ cÞ⇒ ½b⇒ ððc⇒ aÞ⇒ 1Þ� = ðb⇒ cÞ⇒ ðb⇒
1Þ = ðb⇒ cÞ⇒ 1 = 1

Hence, ðb⇒ cÞ⇒ ½ðc⇒ aÞ⇒ ðb⇒ aÞ� = 1.

(2) ðc⇒ aÞ⇒ ½ðb⇒ cÞ⇒ ðb⇒ cÞ = ðc⇒ aÞ⇒ 1 = 1,
since ðb⇒ cÞ⇒ ðb⇒ cÞ = 1. Thus, ðc⇒ aÞ½ðb⇒ cÞ
⇒ ðb⇒ cÞ� = 1

(3) a⇒ ða⇒ bÞ = ða⇒ aÞ⇒ ða⇒ bÞ by definition of
generalized Hilbert implication algebra. = 1⇒ ða⇒
bÞ = a⇒ b. Which imply that a⇒ ða⇒ bÞ = a⇒ b

(4) a⇒ ðb⇒ aÞ = ða⇒ bÞ⇒ ða⇒ aÞ by definition of
generalized Hilbert implication algebra. ða⇒ bÞ⇒ 1
= 1. Hence, a⇒ ðb⇒ aÞ = 1

(5) ½a⇒ ðb⇒ cÞ�⇒ ½ða⇒ bÞ⇒ ða⇒ cÞ� = ½ða⇒ bÞ⇒
ða⇒ cÞ�⇒ ½ða⇒ bÞ⇒ ða⇒ cÞ� = 1. So that we have
½a⇒ ðb⇒ cÞ�⇒ ½ða⇒ bÞ⇒ ða⇒ cÞ� = 1

Table 1

⇒ 0 a b 1

0 1 1 1 1

a 0 1 1 1

b 0 a 1 1

1 0 a b 1

Table 2

⇒ a b 1

a 1 1 a

b 1 1 1

1 a b 1

Table 3

⇒ a b 1

a 1 1 1

b a 1 1

1 a b 1

Table 4

⇒ a b 1

a 1 1 1

b 1 1 1

1 a b 1
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(6) a⇒ 1 = a⇒ ða⇒ aÞ, since a⇒ a = 1. = ða⇒ aÞ⇒
ða⇒ aÞ by definition of generalized Hilbert implica-
tion algebra. = 1⇒ 1 = 1. Therefore, a⇒ 1 = 1

(7) b⇒ ½ðb⇒ aÞ⇒ a� = ðb⇒ ðb⇒ aÞÞ⇒ ðb⇒ aÞ⇒ =
½ðb⇒ bÞ⇒ ðb⇒ aÞ�⇒ ðb⇒ aÞ = ½1⇒ ðb⇒ aÞ�⇒
ðb⇒ aÞ = ðb⇒ aÞ⇒ ðb⇒ aÞ = 1. It follows that
b⇒ ½ðb⇒ aÞ⇒ a� = 1

☐

4. Conclusion

In this paper, the idea of Hilbert implication algebra and
Generalized Hilbert implication algebra is introduced. Some
of the properties of Hilbert implication algebra are investi-
gated. Congruence relations on Hilbert implication algebra
and some other properties will be considered as future
research work.
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