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In the paper, we have considered a nonlinear compartmental mathematical model that assesses the effect of treatment on the
dynamics of HIVIAIDS and pneumonia coinfection in a human population at different infection stages. Our model revealed
that the disease-free equilibrium points of the HIV/AIDS and pneumonia submodels are both locally and globally
asymptotically stable whenever the associated basic reproduction numbers (% and &) are less than unity. Both the submodel
endemic equilibrium points are locally and globally asymptotically stable whenever the associated basic reproduction numbers
(Rp and Ry) are greater than unity. The full HIV/AIDS-pneumonia coinfection model has both locally and globally
asymptotically stable disease-free equilibrium points whenever the basic reproduction number of the coinfection model (Ryp) is
less than unity. Using standard values of parameters collected from different kinds of literature, we found that the numerical
values of the basic reproduction numbers of the HIV/AIDS-only submodel and pneumonia-only submodel are 17 and 7,
respectively, and the basic reproduction number of the HIV/AIDS-pneumonia coinfection model is max {7, 17} = 17. Applying
sensitive analysis, we identified the most influential parameters to change the behavior of the solution of the considered
coinfection dynamical system are the HIV/AIDS and pneumonia transmission rates 3, and f3,, respectively. The coinfection
model was numerically simulated to investigate the stability of the coinfection endemic equilibrium point, the impacts of
transmission rates, and treatment strategies for HIV/AIDS-only, pneumonia-only, and HIV/AIDS-pneumonia coinfected
individuals. Finally, we observed that numerical simulations indicate that treatment against infection at every stage lowers the
rate of infection or disease prevalence.

1. Introduction

Infectious diseases are a clinically evident illness, and com-
monly, they have a great influence on the human popula-
tion. They are induced by a pathogenic microbial agent
such as bacterial, viral, fungal, parasitic, or it can be toxic
proteins, called prions. The most common ones are tubercu-
losis and pneumonia caused by bacteria, HIV, and influenza
caused by the virus [1, 2].

HIV/AIDS is a global health issue affecting approxi-
mately 70 million people worldwide causing significant
morbidity and mortality [3]. Over two-thirds of people

living with HIV live in the Sub-Saharan African region [4].
Human immunodeficiency virus (HIV) is a retrovirus virus
which attacks and weakens the human body immunity and
the central nervous system and if untreated it continues to
multiply into the host until it reaches the peak leading into
a very serious disease called AIDS, the stage where the symp-
toms of the disease occur frequently [5-7]. HIV is transmit-
ted through sexual intercourse, needle sharing, and direct
contact of blood or other body fluids containing the virus
and mother to child during childbirth [1, 8]. According to
the center for disease control and prevention (CDC), when
individuals get HIV and do not receive treatment known
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as antiretroviral therapy (ART), they will typically progress
through three stages of disease: acute HIV infection, clinical
latency (HIV inactivity or dormancy), and acquired immu-
nodeficiency syndrome (AIDS).

Pneumonia is one of airborne infectious disease caused
by caused by bacteria, viruses, fungi, or parasites which
attacks the human lungs or alveoli [9-11]. Most of the time
pneumonia affects older adults, babies, and people with
other diseases or impaired immune systems worldwide. Its
most common cause is the Streptococcus pneumoniae, also
known as pneumococcus [10, 12, 13]. The basic controlling
strategies of pneumonia infection are treatment and vaccina-
tion interventions [11].

A coinfection is the infection of a host with two or more
different pathogens or different strains of the same patho-
gens, leading to coexistence of strains (pathogens) at popula-
tion level [14]. Mathematical modeling of infectious diseases
such as coinfection of HIV/AIDS and opportunistic infec-
tion is regarded as a fundamental tool in understanding
the dynamics and helpful in the decision-making processes
regarding intervention strategies and measures required for
disease elimination and/or control [15, 16]. Some mathemat-
ical models have been used to investigate the transmission
dynamics of coinfection of two or more diseases where
HIV/AIDS and pneumonia coinfection is among the diseases
that infect a large number of individuals worldwide. HIV-
infected persons are particularly susceptible to the develop-
ment of severe pneumococcal disease, even in the setting of
combination antiretroviral therapy (ART) [4, 7, 12].

Over the past, mathematical model shave been devel-
oped to analyze the population dynamics of HIV/AIDS
and pneumonia single infections. Authors in [3] developed
and analyzed only a sex-structured population model and
studied the HIV infection trends in males and females. Their
model assumed that the main mode of HIV transmission is
heterosexual. They showed that prevention of HIV infection
still remains the most important way of controlling further
spread in the community. HIV/AIDS patients under ART
treatment are possibly capable of helping the eradication of
HIV by convincing their sexual partners of the need to
adhere to protection via use of preexposure prophylaxis
(PrEP) or any other protection means and ART treatment.
Huo and Chen [5] developed and analyzed a mathematical
analysis to study the spread of HIV/AIDS with treatment
at different stages. Their results show that early treatment
for individuals in asymptomatic stage of HIV infection or
the pre-AIDS stage is very important. Rahman [2] have ana-
lyzed a seven dimension in the living organism HIV model
with optimal control of in-host HIV dynamics using differ-
ent control strategies such as three drug combinations, that
is, FIs, RTIs, and PIs to determine the optimal treatment
regime. From their results, they recommend that RTIs be
used as initial therapy for HIV and FI should be introduced
to the patient after the RTIs but should never be used alone.

Mbabazi et al. [13] formulated a mathematical model to
study the global stability of pneumococcal pneumonia with
awareness, and saturated treatment is presented. Their
results showed that the family of decaying curves could help
in providing mechanisms to design awareness strategies for
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containing pneumococcal pneumoniae threshold parameter
could be reduced to less than unity if antibiotic resistance
awareness and treatment are implemented simultaneously
to ensure eradication of pneumococcus bacteria; thus,
spread of pneumococcus pneumonia in the population will
die out. Tilahun et al. [17] proposed and analyzed a nonlin-
ear mathematical model for the transmission dynamics of
pneumonia disease in a population of varying size with
optimal control of pneumonia disease and cost-effective
strategies. Their cost-effectiveness analysis of the adopted
control strategies showed that the combination of preven-
tion and treatment is the most cost-effective intervention
strategies to fight the pneumonia pandemic. Ndelwa et al.
[18] developed a mathematical model and analyzed treat-
ment and screening strategies on pneumonia infection, and
from their numerical results, they concluded screening and
treating at the same time can eradicate the pneumonia
epidemic from the community.

Nwankwo and Okuonghae [19] formulated and analyzed
a mathematical model for the transmission dynamics of
syphilis and HIV coinfection in a community to assess the
impact of treatment of syphilis on the coendemicity of both
diseases in a population where treatment for HIV is not
readily available (or easily accessible) but with syphilis treat-
ment sufficiently available. Their syphilis-only model and
the full coinfection models undergo the phenomenon of
backward bifurcation due to syphilis reinfection after recov-
ery from a previous syphilis infection. They have got the
treatment of primary and secondary syphilis in both singly
and dually infected individuals; especially with high treat-
ment rates for primary syphilis, this will result in a reduction
in the incidence of HIV and its coinfection with syphilis in
the community. Kaur et al. [6] formulated and analyzed a
mathematical model for HIV/AIDS-TB coinfection with
screening and treatment of both HIV and TB infective. Their
numerical results suggested that the rates of transmission of
both TB and HIV should be decreased, as an increase causes
a rise in the number of infective at the equilibrium level.

However, most microbiology, epidemiology, and medi-
cal sources like [7, 12] shows the coexistence of HIV/AIDS
and pneumonia infection but coinfection mathematical
models of HIV/AIDS and pneumonia are rare in literature
yet the coexistence between the two infections exist. In our
review of literatures, we have got one mathematical model
of HIV/AIDS and pneumonia infection in a population
and we used it as initial literature reviewed as follows.
According to Nthiiri et al. [4] maximum protection against
the HIV/AIDS-pneumonia coinfection was analyzed where
the maximum protection against HIV/AIDS and the maxi-
mum protection against pneumonia was the main concern
of their project. In their model, they did not considered max-
imum protection against the coinfection rather considered
maximum protection against single infections. Also, they
did not considered treatment on either the submodels or the
coinfection. Their analysis found that when protection is
high, the number of HIV/AIDS and pneumonia cases is low.

Our paper, therefore, presents a mathematical model
describing the transmission dynamics of HIV/AIDS and
pneumonia coinfection in a population where treatment
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for both HIV/AIDS and pneumonia are available in the
community. Basically, the model will be used to evaluate
the effect of treatment at every infection stage of either the
single infected individuals with HIV/AIDS or pneumonia
or HIV/AIDS and pneumonia coinfection as a control strat-
egy for minimizing incidences of coinfections in the target
population. In this work, we applied the center for disease
control and prevention (CDC) human immunodeficiency
virus (HIV) infection stages and the control measure treat-
ment at each stage of the single infections and coinfection
model. We have checked this case has never been done before.
We discussed the effects of treatment for single infected indi-
viduals with either HIV/AIDS or pneumonia and the coin-
fected patient with HIV/AIDS and pneumonia at each
infection stage. The paper is organized as follows. The model
is formulated in Section 2 and is analyzed in Section 3. Sensi-
tivity analysis, numerical results, and discussion are carried
out in Section 4. Finally, conclusion and limitations of the
study are carried out in Sections 5 and 6, respectively.

2. The Mathematical Model

According to the three center for disease control and preven-
tion (CDC) HIV infection stages, we have divide the total pop-
ulation N(¢) in to eleven mutually exclusive compartments
stated in Table 1, so that N(¢) = S(¢) + I,(¢) + H,(¢) + H,(¢)
+Hy(t) + Cy (1) + Cy(t) + Cy(t) + Tp(t) + Ty (t) + T(2).

We assumed that coinfected individuals can only trans-
mit either pneumonia or HIV but not both infections simul-
taneously. Individuals acquire HIV infection following
effective contacts with people infected with HIV only, (H,
and H, classes), at the rate given by

Au(t) = By (Hy (1) + pH, (1)), (1)

where p > 1 is the modification parameter accounting for
the assumed increased infectivity due to chronic HIV
infected than acute HIV-infected one and f8; is the HIV
transmission rate.

Also, individuals acquire pneumonia infection from
those in theI,, C,, C,, and C; infectious at the rate

Ap(t) = By (I, (1) + @, Cy (1) + 0, Cy (1) + ;G5 (1)), (2)

where w; > w, > w, are modification parameters accounting
for the assumed increased infectivity due to coinfections
and f, is the pneumonia transmission rate. The derivation
of the model differential equations is given in “Appendix A.”

2.1. Flow Chart of the Dynamical System. Here, parameter
descriptions in Table 2, state variable descriptions in
Table 1 above, and based on the model assumptions that
led to the formulation of the model (as stated in”Appendix
A®), the flow diagram for the transmission dynamics of
HIV/AIDS and pneumonia coinfection is given by Figure 1.

2.2.  Dynamical System of HIV/AIDS-Pneumonia
Coinfection. Based on Figure 1 above, the dynamical system
of HIV/AIDS-pneumonia coinfection becomes

3
TaBLE 1: Descriptions of state variables in model (3).
State variables Biological meaning
S Susceptible individuals for both HIV
and pneumonia
I, Individuals infected with pneumonia
H, Acute HIV-infected individuals
H, Chronic HIV-infected individuals
H, Number of AIDS patients
C Individuals coinfected with acute HIV
! and pneumonia
C Individuals coinfected with chronic HIV
2 and pneumonia
G, Individuals coinfected with AIDS and pneumonia
T Individuals on treatment of HIV/AIDS at
" different stages
Tp Individuals on treatment of pneumonia infection
T Individuals on treatment of coinfections at
different stages
ds
I =A+pyTp— (u+Ag+Ap)S,
dl,
g ApS = (p+y +0p)Ip,
dH,
ar AgS—(u+y; +a +9,Ap),
dH,
ar aHy = (p+y, + oy + 9,Ap)H,,
dH,
ar aHy = (u+y;+6, +9;Ap)H;,
dcC
d—tl =@ ApH; = (u+8p+& +0a3)Cy, (3)
dcC
d—tz =@ ApH, + 03Cy = (1 +0p + &, + ay) Gy,
dc
d—t3 =¢3ApHs + a,C) = (u+ 0, + &5)C;,
dTp
T YIp— (4 +py)Tp,
dTy
I ViHy +y,Hy +y;Hs —uTy,
ar
v £, C, +&C, +&C; —uT.

With initial conditions,
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TaBLE 2: Description of parameters in model (3).

Parameter Biological meaning Unit

u Natural death rate Time™!

A Recruitment rate of susceptible individuals size * Time ™

o The progression rate from acute HIV infection to chronic HIV Time™

o The progression rate from chronic HIV infection to AIDS Time™

P, The modification parameter accounting that acute HIV-infected individual is more susceptible to pneumonia Time™*

0, The modification parameter accounting that chronic HIV—infected individual is more susceptible to Time"!

pneumonia
0, The modification parameter accounting that AIDS pelltient individual is more susceptible to pneumonia Time"!
infection

Ay HIV/AIDS force of infection size™! % Time™

Ap Pneumonia force of infection size™! % Time™!

o The progression rate from acute HIV and pneumonia coinfection to chronic HIV and pneumonia coinfection Time™

ay The progression rate from coinfection of chronic HIV-pneumonia to AIDS-pneumonia coinfection Time™

Sp Pneumonia disease-induced death rate Time !

8, AIDS disease-induced death rate Time™

S, AIDS and pneumonia diseases-induced death rate Time™

y Treatment rate for pneumonia-infected individuals Time™
Portion of pneumonia infected who become susceptible again Dimensionless

Y1 Treatment rate for acute HIV-infected individuals Time

Y, Treatment rate for chronic HIV-infected individuals Time ™

Y3 Treatment rate for AIDS stage-infected individuals Time ™

& Treatment rate for acute HIV and pneumonia coinfected Time™

& Treatment rate for chronic HIV and pneumonia coinfection Time™

& Treatment rate for AIDS and pneumonia coinfection Time™

B, HIV/AIDS transmission rate size™! * Time™

B, Pneumonia transmission rate size™! % Time™!

F1GURE 1: Flow chart of the HIV/AIDS-pneumonia coinfection model (3) where A; and A, are given in (1) and (2), respectively.
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The sum of all the differential equations in (3) is given by

”;_Ij =A—uN = (8pIp+8,H; +8,C, +6,C, +8,C5). (5)

Since model (3) monitors human population, it is
assumed that all variables and parameters are nonnegative.
The dynamics of model (3) will be analyzed in the following
invariant region:

A
Q= {(s, H|,H,,H;,1p,C,Cy,Cy, Tp, Ty, T) € RM N < F}'
(6)

Then, we have proved the positivity and boundedness of
solutions of (3) in O in “Appendix B.”

3. Mathematical Model Analysis

Before we analyzed the HIV/AIDS-pneumonia coinfection
model (3), it is useful to gain some background about the
HIV-only submodel and pneumonia-only submodel trans-
mission dynamics.

3.1. HIV/AIDS-Only Submodel Analysis. The HIV submodel
of (3) (obtained by settingl,=C, =C,=C;=T,=T=0) is
given by

ds

dr
dH,
dt
dH
d—t2 =oH, - (p+y,+a)H,, (7)
dH,
dt
dT

d—tH =y, Hy +y,H, +y;Hy —uTy,

= A= (u+Ay)S,

=AyS—(pu+y, +o)H,,

=a,H, = (p+y;+6,)H;,

where the total population is N (t) = S(¢) +H, (¢) + H,(¢)
+ H,(t) + Ty(t) and the HIV/AIDS force of infection is given
by Ay = B,(H, + pH,) with initial conditions:

S(0) >0, H,(0) >0, H,(0) >0, H;(0) >0, T;;(0) 0. (8)

The sum of all the differential equations in (7) is obtained as
“l = A-uN, -6,H,. (9)

Consider the region Q,={(S,H,,H,, H;, Ty) €R’,,
N, < A/p}. Ttis easy to show that the set 0, is positively invari-
ant and a global attractor of all positive solution of submodel.
Hence, it is sufficient to consider the dynamics of model (7)
in Q. In this region, the model is considered epidemiologically
and mathematically well posed.

3.1.1. Disease-Free Equilibrium Point of the HIV/AIDS-Only
Submodel. The disease-free equilibrium point (DFE) of the
HIV/AIDS-only submodel (7) is denoted by EY; = ($°, HY,
HY, HY, TY,) and obtained by making the right hand side of
the system as zero and setting all the infectious classes and
treatment class to zero as H, =H, =H; =Ty =0 we have
got §° = A/u such that EY, = (A/,0,0,0,0).

3.1.2. The Basic Reproduction Number of the Submodel. The
basic reproduction number of HIV/AIDS-infected individ-
uals denoted by %, is defined as the average number of
secondary infections produced by a single HIV/AIDS infec-
tious individual introduced in a wholly susceptible popula-
tion during his or her entire infectious period [14, 20].
This definition is given for the dynamical system that repre-
sents the spread of infection in a population. We calculate
the basic reproduction number by using the next-
generation operator method on the dynamical system (7).
The basic reproduction number is obtained by taking the
largest (dominant) eigenvalue (spectral radius) of the matrix:
FV! = [0%,(E,°)/0x;)[9v,(Ey°)/0x;] " [21, 22] where F, is
the rate of appearance of new infection in compartment i, v;
is the transfer of infections from one compartment i to
another, and E° is the disease-free equilibrium point.

After some calculations we have got F=
Bi(Alu)  Bip(Alu) s [HENTE 0
0 0 , -0y ut+y,+a, ’
— V(u+a,+v,) 0 ]
a/((p+ra+y)(p+a+y,)) U(p+a+y,)

and FV=' = [ (B, A/(u(p+yy + o) )pu(p+yy + o)) + (B pA
o/ (plpt+y, +ag)(pty, +a))ulp+y, +a)(B+y, +ay))

Bip A (p(p+ 1y, + y))00].

Then, the spectral radius (reproduction number %) of
FV~!' of the HIV/AIDS subdynamical system (7) is p

(FV) =Ry = (B A u(p +y, + ) + (B pAay /(u(p +y,
ta)(pty,+ay)))= Ry, + Ry,

3.1.3. Local Stability Submodel Disease-Free

Equilibrium Point

of the

Theorem 1. The disease-free equilibrium point EY, of the
HIV/AIDSonly submodel is locally asymptotically stable
(LAS) if By < 1, and unstable if By < 1.

Proof. “Appendix C” O

Biologically speaking, Theorem 1 implies that HIV can be
eliminated from the population when %, < 1if the initial
sizes of the subpopulation of the submodel are in the region
of attraction of EY;.

3.1.4. Existence and Stability of Endemic Equilibrium Point of
the Submodel. Before investigating the global asymptotic sta-
bility of the DFE, it is instructive to determine the number of



endemic equilibrium solutions of the model (7). Let an arbi-
trary equilibrium point of a HIV/AIDS-only dynamical sys-
tem (7) is denoted by Ej; = (S*, H}, H;, H;, T5;). Moreover,
let Aj;=p,(H} +pH;) be the associated infection rate
(“force of infection”) at endemic equilibrium point. After
some calculations, we have got A}, = u(%Zy - 1).

=A;; >0 if #;; > 1 and hence an endemic equilibrium
point E}; = (S*, H}, H;, H}, Tj,) of the HIV/AIDS submodel
(7) exist whenever %, > 1

where §* = A/uRyy, HY = A(Ry — 1)/1d,Ryy with d; =
+ ¥y + 0, Hy = (y A(Ry —1)/dyd,Roy)  with dy=p+y,
+ay, Hy = (aou( Ry — 1)/d;) with dy=p+y,+8, and T
= ((A(Ry = 1)y,/d\ Ry ) ARy = 1)y, /d Royg + (0, ARy
—1)y,/d\d,Rop ) A(Ryy = 1)y,/dydyRopy + (oot ( Ry — 1)
y5/ds))/u all are positives if Ry > 1.

Theorem 2. The submodel (7) has a unique endemic equilib-
rium point if and only if Ry > 1.

3.1.5. Global Asymptotic Stability (GAS) of the Disease-Free
Equilibrium Point

Theorem 3. The disease-free equilibrium point EY, = (Alu, 0
,0,0,0) of the dynamical system (7) is globally asymptotically
stable if Ry < 1 otherwise unstable.

Proof. To show global stability of the DFE applied Lyapunov
function method as [13, 23]. U

Let the Lyapunov function L: R} — R, is defined by: L
(S, Hy, Hy, Hs, Tyy) = a,H, + a3H,

where EY =(A/u,0,0,0,0) disease-free equilibrium is
point where a,=1/((u+y, +a;)(p+7y,+a,)) and a;=
(1-Ry )(p+y,+a,) are positive constants. Then, dL
/dt = a,(dH,/dt) + a;(dH,/dt):

dL
:E:%(AHS_ (p+y, +a)H) +ag(aHy - (p+y,+0y)H,)

A
< (5‘231; —a(pty o) +‘13"‘1)1'11
A
+ azﬁmﬁ_%(#‘*)’z"’“z) H,.

(10)

Since S<$°=A/u to find values of a,and a,
take  a,f,(Alu) —a,(p+y, + &) + a0, =0 = a; = (-a,
Bi( AW Alp+a,(u+vy, +ay))la;;  then, we obtained
as dL/dt < (a, 3, p(Alp) +a, B, (Alp+y, + o) pay) = (a (p
+ Y1+ o) (+y, +ay))la ) Hy.

Here, we can take a, = 1/((u+y, + ;) (1 +y, + a,)) and
ay=(1-Ry )(p+y,+ay) with Ry =p Al (u(p+y, +
o)) which is the reproduction number for acute HIV infec-
tion (H,) and a; is positive for #y <1.
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Then, we obtained

dL < BipA N BiA 1

— < - — =0 (%y-1),
dt ~p(p+y +a)(pry, + o) pag(pty o) o 1(Fn 1)
(11)

=dL/dt<o;(Ry —1)=dL/dt<0 if B <1and dL
/dt=0 if and only if S=S°,H, =H,°,H, = H,°, H, = H,",
and Ty, = Ty". Therefore, the largest compact invariant set
in {(SSH,H,,H;,Ty) €O, : dL/dt=0} is the singleton
{E},} where E%is the disease-free equilibrium point of
the model (7).

Thus, by LaSalle’s invariance principle [24], it implies
that the disease-free equilibrium point EY, = (A/y, 0,0,0,0)
is globally asymptotically stable in Q, if %, < 1.

3.1.6. Local and Global Stabilities of Endemic Equilibrium
Point of the HIV/AIDS-Only Submodel

Theorem 4. The endemic equilibrium point Ej; = (S*, HJ,
H3,Hj,Hy) is locally asymptotically stable for the basic
reproduction number Ry > 1.
Proof. Appendix D O
Theorem 5. The endemic equilibrium point Ef; = (S*, Hj,
H;, H3, T;;) is globally asymptotically stable for the basic
reproduction number Ry > 1, otherwise unstable.
Proof. Let the Lyapunov function V : R} — R, is defined
by
* * S
L(S,Hy, Hy, Hy, Tyy)=ay (=87 =87 In

+a2(H1—H;‘—H;‘ In (gi)) (12)
)

% * H2
+a;| H,—H; -Hj In 7))
2

Here, we have dL/dt = a,((dS/dt) — ((S*/S)(dS/dt))) + a,((d
H,/dt) - ((H;/H,)H}/H,dH,/dt)) + a;((dH,/dt) — ((H,"/
H,)H,*/H,(dH,/dt)))

_dL_(,_SN\dS_(  H\dH,
a- v\ s)arelw)a

O

(13)

At the endemic equilibrium point Ej; =(S*,H}, H;,
H;,T}), we obtain from the system (7): A= (u+2Ay)
8 AgS =(u+y, +a)H] and aH," = (u+y,+a,)H;

=A = (u+Ay)S", (w+y, +a)H, = ARS"(H /H,")
and (u+1y, +a,)H, = a,H} (H,/H).
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Then, we obtained

o (1-5) @S e

H? H
va,(1- L) [ AgS-Ars =2
( Hl)(” . Hi‘)

f{; * f{2
+as;|1- —= | H, —aH —

H, Hj

VRS 3
dt Ty
+[ay +ay]BH{S" + [ay + )] B pH,"S”
+[ay —a, B H S+ [a, — a,] B, pH,S (14)

S*Z X 8*2 X
—a,— B H," —a,—B,pH;
S S

H:
+ - S* —ZIH
[‘13“1 a,p,p HT] 1

§ — o, L1
+ a1 Bp a3“1H* 2
2

+a,fH,S" —a, H,S" - a, p, H} S
H? H: )
- azﬂlpHZSH—i —aso H, Fz +asoH;.

Choose a,, a,, and a; such that the expressions in the
brackets vanish and take a; = a, and solve for a;, by making
expressions in the closed bracket zero, we obtain as a;a; —
a,B,pS* (H3/H}) =0

*

=a;=a,5,p5" TI'ZIT fora, =a,,
dL S—8*)’
= —aly% +2a,8,H;S" +2a,3,pH;S"

S*Z S*Z
—a; Tﬁ1H1 —a TAPHz +a,8,H,S

s % H
-a, B H,S" —a,fH{S - alﬁ1Pstﬁl
1

*HZ*ZH * P
—a,B,pS ?Fi +a,8,pS"H;.
1

(15)
Grouping some terms in the expression above yields

S . s s
—g ) +a,,H;S {2_—8* _—S}
(16)

s*  SH,H* H:H
+ H*S* 3 _2 2441 _ 2 1 )
a1 pH; [ S SH;H, H,H

Using the arithmetic-geometric mean inequality prop-
erty, we have 2 —(5/8*) - (§%/S) <0 and 3 - (S*/S) - (SH,
H}/S*H;H,) - (H;H,/H,H}) <0.

Hence, we conclude that dL/dt <0, and hence, L is the
representative Lyapunov function.

Furthermore, dL/dt=0 if and only if (S, H,, H,, H;,
Ty)=(S,H;j,H;,H;, Ty), and the largest invarjant
subset contained in the set E. ={(S,H,,H, H;, Ty)€
Q, :dL/dt=0} is the set contained only the endemic
equilibrium point:

E; =(S",H],H;,H;, Ty). (17)

Therefore, we conclude by LaSalle’s invariance princi-
ple [24] that E}; = (S, H}, H;, H}, T};) is globally asymp-
totically stable (GAS) if %, > 1.

3.2. Pneumonia Submodel Analysis. We have the pneumonia
submodel of (3) when H, =H,=H;=C,=C,=C; =Ty =
T =0, which is given by

ds
T A+pyTp = (p+Ap)S,

dl
d—: =ApS—(p+y+0p)lp, (18)

ar
d—tP =ylp— (u+py)Tp,

where the total population is N, (t) = S(t) + 1,(t) + T,(t)
and the pneumonia force of infection is given by A, = 3,1,
with initial conditions

S(0) > 0,1,(0) =0, T(0) > 0. (19)

The sum of all the differential equations in (18) above is
obtained as

dN,
- = A uN =81, (20)

Consider the region Q, = { (8,1, Tp) € R®,,N, < Alu }.
It is easy to show that the set 2, is positively invariant and a
global attractor of all positive solution of submodel (18).
Hence, it is sufficient to consider the dynamics of model
(18) inQ;. In this region, the model is epidemiologically
and mathematically well posed.

3.2.1. Disease-Free Equilibrium Point (DFE) of the
Pneumonia-Only Submodel. The disease-free equilibrium
point (DFE) of the system (18) is obtained by making the
right hand side of the system as zero and setting all the infec-
tious classes and treatment class to zero as I, =T, =0 we
have got §° = A/u such that E} = (A/y, 0,0).

3.2.2. The Reproduction Number of the Pneumonia-Only
Submodel. We calculate the basic reproduction number
denoted by %, using the van den Driesch and Warmouth
next-generation matrix approach from [22]. The basic
reproduction number is obtained by taking the largest (dom-

inant) eigenvalue (spectral radius) of the matrix: FV~! =0
Fi(Ep)10x;] [av,.(E?,)/axj]*‘, where & is the rate of appear-
ance of new infection in compartmenti, v; is the transfer
of infections from one compartment ito another, and EJ, is



the disease-free equilibrium point. The reproduction
number %, of the pneumonia-only dynamical system (18)
is obtained by rearrange the differential equation of the
dynamical system (18) above in terms of dX,/dt=%, v,
=%, - (v;_ —v,*). Then, after some calculations, we have

B,Al(p(p+y+68p)) 0

0 0
radius (reproduction number %;) of FV™! of the pneumonia
subdynamical system (18) is Zp = B, A/(u(p+y +6p)) .

got FV!= and the spectral

3.2.3. Local Stability Submodel Disease-Free

Equilibrium Point

of the

Theorem 6. The disease-free equilibrium point of the
pneumonia-only submodel is locally asymptotically stable
(LAS) if Rp < 1, otherwise unstable.

Proof. The local stability of the disease-free equilibrium of
the system (18) can be studied from its Jacobian matrix at
the disease-free equilibrium point ES = (8%, I,%, T") = (A/
#,0,0)and Routh-Hurwitz stability criteria. Then, the
Jacobian matrix of the dynamical system (18) at E9 = (A/
4, 0,0) is given by

¢ /32#/\ py
ME= o eyesy 0 | @Y

0 y

Then, the characteristic equation of the above Jacobian
matrix is given by

BA
—u-2 L
H u py
0 {[SZTA—(‘u+y+8P)}—A 0 =0
0 Y —(u+py) -2

— W[ =y ran)] -3 cwepn -2 -0

A
=\ =i, = /327 —(u+y+0p) A =—(u+py)

B A [ P\ ]
ZA = — + +8 = + +8 —— -1 >
2=, (uty+8p)=(u+y+0p) PPETETS

=M, =(p+y+8p)[#p—1]<0if Bp < 1.

(22)

Therefore, since all the eigenvalues of the characteristics
polynomial of the system (18) are negative for %, < 1, the
disease-free equilibrium point of the system (18) is locally
asymptotically stable.
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3.24. Existence of Endemic Equilibrium Point of the
Pneumonia Submodel. Before investigating the global asymp-
totic stability of the DFE, it is instructive to determine the
number of endemic equilibrium solutions of the model (18).
Let an arbitrary endemic equilibrium point of the
pneumonia-only dynamical system (18) be denoted
by Ep* = (8%, Ip*, Tp*). Now, after some calculations, we
have got a unique endemic equilibrium point E,* = (S*, I},
T3) where §* = (dyAm, + dyAm;D,[Rp — 1] + Dypy[Rp — 1
1/((dymy + dym; Dy [Rp — 1]) (4 + Dy [Rp = 1])) > 0,1} = (d,
AD|[Rp - 1])/(my + myD[#p—1]) >0 and T} = (D,[%p
- 1))/(dymy + dym;D,[Rp —1]) >0 if Bp > 1 where D, =
((u+y+8p)(u+py)w)/((u+y+8p)(u+py)—py’)  and
D, =d,yAD,.

Theorem 7. The model (18) has a unique endemic equilib-
rium point if Rp> 1.

3.2.5. Globally Asymptotically Stability (GAS) of the Disease-
Free Equilibrium Point

Theorem 8. The disease-free equilibrium point ES = (S°, I,,°,
Tp%) = (Alu, 0,0) of the dynamical system (18) is globally
asymptotically stable if R, < 1, otherwise unstable.

Proof. Let the Lyapunov function L: R? — R, is defined
by: L(S, Ip, Tp) = a,Ip

where E%=(S° 1% Tp°) = (A/p,0,0) is disease-free
equilibrium point where a, =1 is a positive constant. U

Then dL/dt = a,(dI,/dt)

dL dIl
:’E:‘hd—f =a;(ApS—(u+y+6p)lp)

=a;[BIpS— (u+y +0p)Ip]

dL
=>E =a,[B,S— (u+y+0p)|p

A
<a [BS" = (u+y+0p)|IpsinceS< S ==,

IS
(23)
— s |8 -y
=a,(u+y+6p) [ﬁzm —1},
— sy + 8,) (- o

=(u+y+0p)[Rp-1],

=dL/dt <0 if &, <1. Hence, the disease-free equilib-
rium point EY = (A/u, 0,0) is globally asymptotically stable
whenever %, < 1.

3.2.6. Local and Global Stabilities of Endemic Equilibrium
Point. The following theorem studies the local stability of
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the endemic equilibrium. The result is obtained by means of
the Routh-Hurwitz stability criteria.

Theorem 9. The endemic equilibrium point of the system (18)
is locally asymptotically stable if R, > 1.

Proof. To show the local stability of the endemic equilibrium
point, we use the method of the Jacobian matrix and Routh
Hurwitz stability criteria. Then, the Jacobian matrix of the
dynamical system (18) at the endemic equilibrium point
E;=8%1;,Tp) whereS* = (d,Am, + d,Am;D,[%, — 1] +
Dypy[%p —1))/((dym, + dyms Dy [Rp - 1]) (4 + Dy [Rp — 1])

) Ip = (d,AD,[#p — 1))/ (m, + m3D, [#p — 1]) and T} = (D,
[Zp—1))/(dym, + dymyD,[Rp - 1]), D, =d,yAD, for the
system (18) whenever %, > 1 is given by

—u=Plp B8 py
](E;;) = ﬁzl; ﬁzS* -d, 0 > (25)
0 Y —d,

9
A Ay py
=J(E;)=]| As A, O where A, = —p - B,I,"
0 y A
VA, =B,8" —d,Ay=—d,, A, =-,S*, and A; = B,1}. O

Then, the characteristic equation of the above Jacobian
matrix is given by

A, A=A 0 |=0, (26)
0 Y As—-A
=a;)° + a,A> + a;A + ay =0 whereas = 1,a, = — (A, +

A, +A3),a,=(A1A, + AJ Ay + A A — ALAs), and g, =-A,
AyA; + AJA LA — py*As.

Here, we apply the necessary condition of Routh-
Hurwitz stability criteria since a; = 1 is positive in sign, indi-
cating all a,,a,, and g, should be positive.

Hence, a,=—(A, + A, + A;) =u+ B,I; - B,S" +d, +d,

_ H(dymy + dymy Dy [Rp — 1)) (1 + Dy [Rp —1]) + By Do [Rp = 1]((4 + Dy [Rp — 1)) = Bydy Amy = Bydy Amy Dy [Rp — 1] = B, Dopy[Rp — 1]

=—=a,

(dymy + dymyDy [Rp — 1)) (p + Dy [Rp - 1))

+(d, + d,)(dymy + dym3 D[R — 1]) (4 + D, [Rp — 1]) > 0if RBp > 1,

ay=A1A, + Aj Ay + AYA; - AAs = (P‘ + B,

d,AD,[Zp - 1] ) < d,Amy + d,Am;D,[Rp — 1] + D,py[Rp — 1] 4 )
my + myD, [Rp - 1] ? (dym, +d,myD, [Rp—1]) (4 + Dy [R#p - 1)) '
e d <y+,8 d,AD,[Rp—1] ) B d,Am, + d,Am;D,[Rp — 1] + D,py[Rp - 1] <,B d,AD,[Rp —1] ) 0 RS 1
2 >m, +myD; [Z#p—1] : (dymy + dyms Dy [Rp — 1]) (e + Dy [Rp — 1]) my +msD, [Z#p—1] g
(27)
ay=—-AAA; + A;ALAs - py*As
= (1 + Bolp")(ByS™ —dy)dy + dy 8" (BI5) - Bulipy?
B d,AD,[%, - 1]
- (‘M b my +myD, [Rp — 1]
‘ <ﬁ dyAm, + dyAmyD,[Rp — 1] + Dypy[Rp - 1] J )
: (dymy +dymyDy [Rp = 1]) (1 + Dy [Rp - 1]) ) (28)

dyAmy + dyAm; D, [Rp — 1] + D,py[Rp — 1]

+hps (dymy +dymyDy [Rp = 1]) (4 + Dy [Rp - 1])

dyAD, [P - 1]
1)

. (ﬁz my + myD, [Rp -
_p,_ADFp-1]
2 my + myD, [Rp — 1]

Thus, all the coefficients of the characteristic’s poly-
nomial a,, 4, a,, and a; have the same sign. Then, applying
the Routh-Hurwitz criteria to determine the sign of the root
without calculating their values of the root of the character-

istics equation a;A* +a,A* +a,A+a,=0 and we have got

py? > 0if Bp > 1.

the Routh-Hurwitz array that has no sign change, indicating
the roots of the characteristics equation of the dynamical
system (18) are negatives. Hence, the endemic equilibrium
point Ep=(S*,I},T;) of the dynamical system (18) is
locally asymptotically stable.
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3.2.7. Global Stability of Endemic Equilibrium of Pneumonia
Submodel

Theorem 10. If %, >1 the unique endemic equilibrium
point Ey = (S*, I}, Tp) is globally asymptotically stable in the
interior of Q.

Proof. Let us take the Lyapunov function L:R*, — R
by L(S, Ip, Tp) = A, [(S = 8°) + (Ip = Ip)+ (Tp = T3) + A, [T,
— It =1 In (Ip/T3)] + Ay [Tp - T3> for  positive  con-
stants A} = 1/2,A, = (6p +2u)/B,  and A;=(8p +2u)/2y.
Then, L is C' on the interior of Q,, Ep=(8",13, Tp) is the
global minimum of L on ,, and L(S*, I}, T}) = 0.

Then, the time derivative of L is given by

dL . . o dS+Ip+ T
O =24[(5- ")+ (p~ 1) + (T, ~ 3 L0 22 T0)
dI, dT,
Ay|1- 2| SR 24, [T, - T3 22,
" 2{ IP] ar T4l T

== 55+ a1+ (- T {

Op+2u Iy]dl,  6p+2u o dTp
+ 5 [1 —}W+ " [Tp TP}W.
(29)
O

Using expressions at the endemic equilibrium,
A=u(S* +1,+Tp) +6pl;,
B,S =ty +dp (30)
0= (pu+py)Tp=vIp

we have got

=S8+ (= 1) + (Tp = TR){u(S" + I + T})
+8pls —u(S+1p+Tp)—Splp}

e )
P

1) +2 ;
# S T = Tyl -

+(u+py)Tp —yIp},

(u+py)Tp

—(Op+u)Ip- 11*))2
= (8p+2u)(u+py)(Tp—Tp)* <0

— (5 + (Ta- TP

(31)

Hence, dL/dt is negative. Note that dL/dt = 0 if and only if
§=8",1,=1; and Tp=T}. Therefore, the largest compact
invariant set in {(S, Ip, Tp) € 2, : dL/dt =0} is the singleton
{Ep} set where Ej the endemic equilibrium point. Then, by
LaSalle’s invariant principle, [24] then implies that E}, is glob-
ally asymptotically stable in the interior of Q, if #, > 1.

Journal of Applied Mathematics

3.3. Analysis of the HIV-Pneumonia Coinfection Model (3).
In this section, we analyze the main dynamical system (3).
Epidemiologically, the HIV/AIDS-pneumonia coinfection
dynamical system (3) will have four equilibrium points,
namely, HIV/AIDS- pneumonia coinfection model disease-
free equilibrium point E%,, HIV/AIDS-only endemic equi-
librium point E};, pneumonia-only endemic equilibrium
point Ej, and the endemic equilibrium point of the coexis-
tence of HIV-pneumonia denoted by Ej;,.

3.3.1. Disease-Free Equilibrium Point of the HIV-Pneumonia
Coinfection Model. The disease-free equilibrium point EY,,
= (8%, HY, HS, HY, €%, CY, C9, T9, T%,, T°) of the system (3)
is obtained by setting all the infectious classes and treatment
classes to zero and making the right hand side of the system
as zero. Then, the disease-free equilibrium of the HIV/AIDS
coinfection model is E?;, = ( A/u,0,0,0,0,0,0,0,0,0).

3.3.2. The Basic Reproduction Number (Ryp) of the HIV-
Pneumonia Coinfection Model. The basic reproduction num-
ber of the dynamical system (3) by applying the next-
generation operator method [21, 22] is the largest (dominant)
= [0F(E}p)/
0x;)[0v;(Epp)/0x;]” !, where %, is the rate of appearance of
new infection in compartment i, v; is the transfer of infections
from one compartment i to another, and EY;» is the disease-free
equilibrium point. Here, we obtained the following matrices:

eigenvalue (spectral radius) of the matrix: FV~!

B0 00 Bl Bet far 0 0 0
0 /31% Bp= 0 0 0 0 00 0
0 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 00 0
F=1 o 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 00 0
Lo o 0 0 0 0 0 00 0]
fm, 0 0 0 0 0 0 0 0 0]
00 my, 0 0 O 0 0 0 00
0 -, my 0 0 0 0 0 0 0
0 0 - mq 0 0 0 0 00
solo 0 0 0o om0 0 0 0o (32)
0 0 0 0 -a mg O 0O 0 0
0o 0 0 0 0 -a m 0 0 0
- 0 0 0 0 0 0 m 0 O
0 v v -vs O 0 0 0 u O
1 0 0 0 0 -& -& -& 0 0 pj
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Then, using Mathematica, we have got the spectral
radius (dominant eigenvalue) of the matrix FV™' is &yp
=max {(AB,/u(p+y, + ay)) + (Apay By /(u(p +y, + o) (u
+9, +0,))), AR, /u(p+y +8p)} where Rp=AB,/u(u+y
+0p) is the basic reproduction number for pneumonia
infection and Zy; = (AB,/u(p+y, + a;)) + (Apa, B,/ ((p +
y,+a)(p+7y,+a,))) is the basic reproduction number
for HIV/AIDS infection, and hence, Zp;p = max {Zp, Z }
is the basic reproduction number of the HIV and pneumonia
co-infection.

i A A A
—# P— B~ P 0

2 # IM 1 [/l
0oz 0 0 0

A
0 0 Z Bp= O

3 1 u
0 0 a Z, 0
J(EYp)=]0 0 0 a  Zs
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
y 0 0 0 0
0 0 Y1 Y2 Y3
L0 0 0 0 0

O

The eigenvalues of the above Jacobian matrix are A, =\, =
Ay=-pu<0 or A\y=Z,=B,(Alu) = (u+y+08p) or As=Z;
=—(u+y;+a3)<0or Ag=Z;=—(u+68p+& +a;3) <0 or
A=Z,=—(p+0p+e&+a,)<00rdg=Zg=—(pu+0, +¢;)
<0ordg=Zy=—(u+py)<0 or aAM+ar+ay=0
fora,=1,a,=-Z; - Z,anday = Z;Z, - 3, pa; (Al ).

Here, Ay=Z,=p,(Alp)—(u+y+8p)=(pu+y+6p)[(
BoAlu(p+y+8p)) = 1] = (u+y+8p)[Rp-1] = Ay = (u
+y+0p)[Bp—1]<0ifRBp<1.

To check the remaining eigenvalues are negatives for the
quadratic equation a,A” + a, A + a, = 0, we can apply Routh-
Hurwitz stability criteria since a,=1>0 both 4, and g,
should be positives.

Now, ay=(u+y,+a)+(p+y, +a)[l-Ry]=a
>0 if Ry <1 anday=(p+y, +a)(p+y, +ay) [1-(Byp
g Al(p(p+y, +a)(p+y +ap))) = ag=(u+y, +a,)(u
+ty toag)[l-Ry ) >0if Ry <L

Hence, the last two eigenvalues are negatives if %y
<1 and thus all the eigenvalues are negatives if %y, =

11

3.3.3. Local Stability of the Disease-Free Equilibrium Point
Theorem 11. The disease-free equilibrium point of the model

(3) above is locally asymptotically stable if Ryp <1 and
unstable if Ryp > 1.

Proof. The Jacobian matrix J (E%,) of the model at EY;, is
given by

A A A ]

—Brw, ; —B,w, ; —B,ws ; py 0 0
ﬂz‘%% /32“)2% ﬁz“’s% 0 0 0
0 0 0 0 o 0
0 0 0 0o o 0
0 0 0 0 0 0 (33)
Z, 0 0 0 0 0
ay Z, 0 0 0 0
0 oy Zg 0 0 0
0 0 0 Zy, 0 0
0 0 0 -u 0
g & & 0 0 -—u|

max {Zy, Ap} <1. Thus, since all the eigenvalues are
negatives, the disease-free equilibrium point of the
HIV/AIDS-pneumonia coinfection dynamical system (3)
above is locally asymptotically stable if

Ryp=max { Ry, Rp} < 1. (34)

3.3.4. Existence of Endemic Equilibrium Point for the Full
HIV/AIDS-Pneumonia Coinfection Model. The endemic
equilibrium point (EEP) of the model (3) above is
denoted by Ej,=(S", I}, H},H;,H;,C,C;,C5, Ty, Thps
T*) which occurs when the disease persist in the com-
munity. From the analysis of the HIV-only submodel
(7) and the pneumonia-only submodel (18), we have
shown that there is no endemic equilibrium point if
Ry <land Rp<1 implies that there is no endemic
equilibrium point if #yp <1 for the coinfection model.
The endemic equilibrium of the system (3) above can
be obtained as
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o ATy L RS .
(ARt (ury )
_ AuS® . _ a Hj H*
(uty, +o + @A) ? (H+y, + o +edp) 7
a,H; . _ ¢, ApH; «

(.‘4+V3+81+(P3A;), b (u+8p+e +ay) :

_ @A H; +a3C

_ _ ¢sApHS + o, Gy
(y+8p+82+(x4)’

(H+0;,+¢&)

*

3

(35)

*

T* = YIp T = v Hi +y,H; +y;H; T= £Cl +6C; +&C;
= * = T = .

(u+py)’ u u

(36)

Summary of endemic equilibrium point. The explicit
computation of the endemic equilibrium of the full model
(3) given in equations (35) and (36) in terms of model
parameters is difficult analytically; however, the model
(3) above endemic equilibrium Ej,, = (S%, I}, H}, H3, Hj,
C,C,Cy, Th, Ty, T)  exists if Ry >land Rp>1, e,
Rup>1. We will give an explanation of E; in our
numerical simulations.

4. Sensitivity Analysis of the Model Parameters
and Numerical Simulations

Results of sensitivity analysis and the numerical simulation
are given in this section, and the set of parameters used are
given in Table 3 below. The full model (3) is now simulated,
using the parameter estimates in Table 3 (unless otherwise
stated), to assess the potential impact of treatment strategies
against pneumonia and HIV/AIDS coinfection, as follows.

4.1. Sensitivity Analysis of the Model Parameters. Sensitivity
is performed to identify the most dominant parameters for
the spreading out as well as control of infection in the com-
munity. To go through sensitivity analysis, we follow the
technique described in [9, 17]. Results of sensitivity analysis
are given in this section, and the set of parameters used are
given in Table 3 below where N is the total number of the
assumed initial population under consideration in the model
numerical simulation part.

We are able to know how important each parameter is
to the spread of the disease through sensitivity indices of
Ryp to all different parameters. We carried out the sensi-
tivity analysis to determine the model robustness to
parameter values.

The normalized forward sensitivity index of a variable
Rp that depends differentiably on a parameter p is defined
as SI(p) = (0Ryp/0p) * (p/ Rpp) [9].

These sensitivity indices allow us to determine the rela-
tive importance of different parameters in pneumonia and
HIV/AIDS transmission and prevalence. The most sensitive
parameter has the magnitude of the sensitivity index larger
than that of all other parameters. We can calculate the sen-
sitivity index in terms of &, and &, since
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TaBLE 3: Standard parameter values from literatures.

Parameter Nominal value Source

A 0.0413%N,, Estimated

U 0.01 Estimated
s, ORI
P1.925 P 6, 7, and 10, respectively Assumed
Op 0.135 [18]

o, 0.333 Assumed
5, 0.42 Assumed

4 0.2 [25]
Y1>Y2s V3 O.Z,r(i.slsécetlirifilglll [5, 25],Assumed
€1, &), & 0.20, 0.201, and 0.230 [25], Assumed
B, Variable [26]

B, Variable Assumed

Ps W), Wy, Wy 12,1, 1,and 1 Assumed

TABLE 4: Sensitivity indices of &y, =Ry.

Sensitivity index Value
0Ry A
I(A) = [Z2H] o | 2
=[5 [ "
SI(By) = [0R /0B, ] X [B, /R Y] +1
_ [0%y P
SI(p) = {W} x {9‘7}{] +0.6134
SI(a) = [0Ry10a;] X [/ R Y] -0.0639
0Ry ¢
I(y) = |—H L .
SI(w) { o ] x {%H] 0.3150
SI(yy) = [0Ry/0y,] X [y,/R] -0.1371
SI(y,) = [0F /0y,] X [y, k] -0.0264
SI(a,) = [0Ry/10a,] X [, Ry -0.0141
TABLE 5: Sensitivity indices of Zpp = Zp.
Sensitivity index Value
0Rp A
TRIRE ﬂ
SI(B,) = [0FpI0B,] x [By/ K] +1
0Rp U
I(pu) = — -
SI(w) { P } x {@J 0.4421
SI(y) = [0%p/0y] x [y/Rs] -0.6559
SI(8p) = [0Z p/08p] X [Op/ Rp] -0.3852
Ryp=max { Ry, Rp}. (37)

The sensitivity indices in terms of Ry, =Ry = (AB,/p
(u+yy+ay)) + (Apa, B, /(u(p+y; + o)) (4 +y, +ay)))and
the sensitivity indices in terms of Zyp=Rp=AB,/u(u+y
+0,) are given in Tables 4 and 5, respectively.
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Infectious classes for the full model at reproduction number less than unity
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= 1000
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F1GURE 2: Behavior of infected classes of the full HIV/AIDS-pneumonia coinfection model at %;; < 1 and %, < 1 where f3; =0.00000289 and

3, =0.0000079.

Stability of endemic equilibrium point of the full model
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F1GURE 3: The stability analysis of the endemic equilibrium of the HIV/AIDS-pneumonia coinfection model at 3, =0.00029 and 3, =0.00079.

Using the parameter values in Table 3, the sensitivity
indexes are computed in Tables 4 and 5 as above.

4.2. Numerical Results and Discussion. Using the data pro-
vided in Table 3 and different initial conditions, the numer-

ical results are generated for the dynamics of model (3) using
MATLAB numerical solver (ode45) which generate results
for ode45. The ode45 was chosen because of its computa-
tional speed and increased level of accuracy for solving non-
stiff ordinary differential equations and we simulated the
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Effect of treatment on pneumonia reproduction number (Rp)

. Pneimonia reproduction number (RP)

JRP=1

0.89

Pneumonia reproduction number Rp

0 T T T
0 01 02 03

04 05 06 07 08 09 1

Pneumonia treatment rate (y)

FIGURE 4: Pneumonia reproduction number. Simulation at variable
treatment rate (y).
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10 4 . HIV/AIDS repraduction:; : : :
number simulation graph Pneumonid reproduction

er simulation

Reproduction Numbers (Rp and Ryy)

T T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1
x10~4

Transmission rates (81 and f3;)
F1GURE 5: Graphs of % and %), at different values of 3, and 3,,
respectively.

model using different initial conditions for different values of
B, and f3,. It shows the effect of 8, on R and the effect of
B, on Zp. Here, we have done numerical simulation for the
HIV/AIDS-pneumonia coinfection dynamical system (3) for
the purpose of verifying some of the analytical results and
results which are difficult to be done analytically. This is done
by using a set of parameter values in Table 3 above whose
sources are mainly calculated from literatures in order to have
realistic simulation results. In this analysis, we also discussed
the effect of parameters change on the basic reproduction
number graphically using MATLAB ode45 software.

4.2.1. HIV/AIDS-Pneumonia Coinfection Model Simulation
for Various Thresholds. Here, simulations are carried out to
monitor the dynamics of the HIV/AIDS-pneumonia coin-
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Pneumonia reproduction number simulati/
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FIGURE 6: Pneumonia reproduction number. Simulation at variable
transmission rate 3,
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- HIV/AIDS reproduction number simulation:
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HIV/AIDS reproduction number Ry

0

0i2 0i3 0j4 Oi5 0j6 0i7 0i8 0:9 1
-3
HIV/AIDS transmission rate (f31) x10

0 0.1

Ficure 7: HIV/AIDS reproduction number simulation at variable
transmission rate (3,).

fection model (3) for different values of the associated repro-
duction thresholds %, and %, and we plot the graphs of
the time verses infected population for different values of
reproduction numbers.

Figure 2 above was plotted using MATLAB ode45 pro-
gram under consideration of the basic reproduction num-
bers being less than a unity and shows the behavior of the
infectious classes of the HIV/AIDS-pneumonia coinfection
model (3) at % < 1and %, <1 (ie., Bpyp < 1). The simula-
tion given in Figure 2 above shows that each of infectious
classes (Ip, H,H,,H,,C,,C,,C;) is converging to the
disease-free equilibrium point of the model. This was
obtained when %,=0.1445 at 8, =0.0000079 and %y =
0.1374 at 3, =0.00000289 with all other parameters are
given as in Table 3. This indicates that the disease-free equi-
librium point of the full HIV/AIDS-pneumonia coinfection
model is globally asymptotically stable.
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Figure 3 was plotted using the values #,=7 at f3, =
0.00079 and Ry =17 at 3, =0.00029 with all other param-
eters are given in Table 3. The simulation in Figure 3 above
shows the stability of the HIV/AIDS-pneumonia coinfection
model endemic equilibrium point. From Figure 3 above, in
the long run, the convergence of the solutions is observed
at the values greater than 7 years. The plot shows that the
HIV/AIDS-pneumonia coinfection model (3) endemic equi-
librium point is locally asymptotically stable.

4.2.2. Reproduction Number Simulations with Variable
Parameter Values. Here, we have taken parameters from
Table 3, and we have done numerical simulations of repro-
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FiGURE 11: The population of acute-infected Individual’s response
to treatment.

duction numbers with variable parameter values using
ode45 method, and we obtained figures from Figures 4-9.
Thus, Figure 4 shows the pneumonia-only submodel repro-
duction number simulation at variable treatment rate, and
from the graph, we see that pneumonia infection dies out
at pneumonia treatment rate y > 0.89. Figure 6 showed that
pneumonia infection dies out whenever f3, <0.00003.
Figure 7 shows that in the long run the HIV/AIDS
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transmission decreases whenever 3, <0.00002. Figure 8
shows the HIV/AIDS reproduction number simulation at var-
iable acute-infected treatment rate, and from the graph, we see
that the HIV/AIDS-only submodel reproduction number is
less than unity whenever y, >0.93 at 8, =0.00015, and
Figure 9 shows the HIV/AIDS reproduction number simula-
tion at variable chronic-infected treatment rate, and from the
graph, we see that the HIV/AIDS-only submodel reproduction
number is less than unity whenever the y, >0.75 at f3; =
0.00015. Similarly, using parameter values from Table 3, the
numerical simulation in Figure 5 shows that comparison of
the basic reproduction numbers %, and %, at different
values of 3, and f3,, respectively; also, from the simulations,
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we see that the basic reproduction number for HIV/AIDS is
greater than the basic reproduction number of pneumonia-
only infection where HIV/AIDS-only submodel reproduction
number is also the basic reproduction number of the coinfec-
tion model. Also, #; < 1 whenever f3; < 0.000006 and % < 1
if 8, < 0.000014. Antiretroviral therapy (ART) is used to sup-
press the HIV virus and stop the progression to AIDS stage,
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and WHO recommends the immediate use of ART soon after
diagnosis especially at the early stage in order to prevent the
onward transmission and pneumonia antibiotics are used to
treat bacterial pneumonia.

4.2.3. Simulations of Infected Population with Various
Treatment Rates. In this subsection, from the numerical sim-
ulation, we have shown the effects of treatment at each
infected stages of the model (3). Simulations from
Figures 10-16 show the effects of variations of treatment
rates on the infected population. Figure 10 shows that when
pneumonia treatment ratey increases from 0.035 to 0.072
the pneumonia infection decreases. Figure 11 shows that
when acute HIV infection treatment ratey, increases from
0.81 to 0.91 the acute HIV infection decreases. Figure 12
shows that when chronic HIV infection treatment ratey,
increases from 0.59 to 0.89 the chronic HIV infection
decreases. Figure 13 shows that when AIDS patients treat-
ment rate y, increases from 0.061 to 0.192 the AIDS patients
decreases. Figure 14 shows that when acute HIV/AIDS-
pneumonia coinfection treatment ratee, increases from
0.0.1 to 0.6 the acute HIV/AIDS-pneumonia coinfection
decreases. Figure 15 shows that when chronic HIV/AIDS-
pneumonia coinfection treatment ratee, increases from
0.0.34 to 0.69 chronic HIV/AIDS-pneumonia coinfection
decreases. Figure 16 shows that when AIDS-pneumonia
coinfection treatment ratee, increases from 0.32 to 0.75
AIDS-pneumonia coinfection decreases. Thus, our model
considers treatment at every infection stages of the full
HIV/AIDS-pneumonia coinfection model; all numerical
simulation graphs from Figures 10-16 show those effects of
treatment on the infected population in the corresponding
compartments, and also, all simulated curves show that the
infected population in the compartment decreases whenever
the corresponding treatment rate increases which is the find-
ing of this work.

5. Conclusion

In this work, we formulated a mathematical model of eleven
nonlinear differential equations on HIV/AIDS and pneumo-
nia coinfection with the assumption of mass action inci-
dence and incorporating treatment at each stage of the
infection. We have shown the positivity and boundedness
of the solutions of the model. The threshold parameter
Ryp was calculated and used to determine the conditions
under which the HIV/AIDS and pneumonia could be trans-
mitted and remained endemic in the population. We thus
showed that three disease-free equilibrium points EY;, E9,
and EY,, respectively, for the HIV submodel, pneumonia
submodel, and full model are locally asymptotically stable
when Rpp <1, ie, Ry <1 and Rp<1. We also showed
that the population with both HIV/AIDS and pneumonia
infection have three endemic equilibrium points Ej, Ej,
and Ej;p respectively, for the HIVsub model, pneumonia
submodel, and full model which were locally asymptotically
stable when % > 1,1, £y > 1 or ;> 1. Global stability
analysis of the submodels disease-free equilibrium points
was established whenever %, <1, i.e., Zy <1 and Bp< 1
. To investigate, the effect of treatment at each infected com-
partment was considered for both the submodels and the full
model, namely, treatment of pneumonia infection, treatment
of acute HIV infection, treatment of chronic HIV infection,
treatment of AIDS patients, treatment of acute HIV/AIDS-
pneumonia coinfection, treatment of chronic HIV/AIDS-
pneumonia coinfection, and treatment of AIDS-pneumonia
coinfection. We have showed the most sensitive parameters
of our model which can be epidemiologically controlled are
the HIV/AIDS transmission rate 8, and pneumonia trans-
mission rate f3, so it is reasonable to recommend the use of
intervention strategy for HIV/AIDS transmission in
making S, less than 0.00014 and treatment for pneumonia
transmission in making f3, less than 0.00006.
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Numerical simulations were used to compare the
endemic scenarios showed by analytical results. From the
numerical results, we obtained that #,; =17 and &, =7 at
B, =0.00029 and f3, =0.00079 and all other parameters used
are from Table 3. We observed that treatment against a dis-
ease has the effect of reducing the progression rate of HIV
infection to the AIDS stage and the disease prevalence. From
the numerical results and discussion above, we would like to
recommend the following to control the spread of
HIV/AIDS and pneumonia coinfection. Thus, we can inter-
pret the situation in an epidemiological manner that a soci-
ety with some individuals infected with HIV/AIDS and
without HIV/AIDS treatment is at risk of being coinfected
with pneumonia which in turn creates socioeconomic effects
if no intervention is implemented in time for either or both
HIV/AIDS and pneumonia infection. We conclude that
HIV/AIDS treatment for individuals with HIV/AIDS infec-
tions results in a significant reduction of the number of indi-
viduals progressing to AIDS stage and reduction of the
coinfected individuals and reduction of the disease-induced
death. Also, effective treatment of pneumonia for the coin-
fected individuals also reduced the number of individuals
that progress to AIDS class. Here, we conclude that
HIV/AIDS treatment for only HIV/AIDS individuals (HIV
submodel) and coinfected individuals could be a better
approach to studying the dynamics of HIV/AIDS and pneu-
monia and could be the best measure to reduce %, and
coinfection. Models which incorporate other protective mea-
sures such as vaccination for pneumonia infection, educa-
tion of population, and using condom for HIV/AIDS
infection may be considered for further research

6. Limitations of the Study

There was a lack of literatures about HIV/ADS and pneumo-
nia coinfection and well-organized standard parameter
values for the determination of model parameters.

Appendix

A. Model Assumptions and Descriptions

We considered the three center for disease control and
prevention (CDC) human immunodeficiency virus (HIV)
infection stages and divide the total population N(¢) into
eleven compartments which are the susceptible individuals
to both HIV/AIDS and pneumonia denoted as S(t) with
recruitment by birth at a rate A, the acute HIV-infected
individuals denoted as H,(t), the chronic HIV-infected
individuals denoted as H,(t), the AIDS stage individuals
denoted as H,(t), the acute HIV and pneumonia coin-
fected individuals denoted as C,(¢), the chronic HIV and
pneumonia coinfected individuals denoted as C,(t), the
AIDS and pneumonia coinfected individuals denoted as C;
(t), the pneumonia-infected individuals denoted as I,(t),
the treatment group denoted as Tp(#) which contains indi-
viduals on treatment of pneumonia infection, the treatment
group denoted as T;(t) which contains individuals on treat-
ment of HIV/AIDS entered from the three HIV stages H, (t),

Journal of Applied Mathematics

H,(t), and H;(t) infected groups, and the treatment group
denoted as T(¢) contains individuals who are on treatment
of the coinfection from C,(t), C,(t), and C5(t) such that
N(t)=8(t) +Ip (t) + H () + Hy(t) + H5(t) + Cy(t) + Cy(t)
+C5(t) + Tp(t) + Ty(t) + T(t) and in order to formulate
the dynamical system, the following assumptions have
been taken:

(i) We assume that all individuals in a given compart-
ment are identically infectious

(ii) HIV-infected class is considered susceptible to
pneumonia infection. However, we assumed that
pneumonia-infected population is not susceptible
to HIV infection

(iii) The susceptible class, S(¢), contains individuals at
risk of either HIV or pneumonia infection

(iv) The susceptible population is increased by the
recruitment of individuals into the population
by A.

(v) The susceptible individual is infected with pneu-
monia (I(t)) at infection rate (“the force of infec-
tion”) A,(t) and infected with HIV at infection rate
(“the force of infection”)A(t)

(vi) The constant ,; be rate of progression of acute HIV-
infected individuals (H,(¢t)) to chronic HIV-
infected individuals (H,(t)), «, be the rate of
progression of the chronic HIV-infected individuals
(H,(t)) to AIDS patients (H,(t)) ,a; be the rate of
progression of the acute HIV-pneumonia coinfected
individuals (C, (¢)) to the chronic HIV-pneumonia
coinfected individuals (C,(¢)), &, be the rate of pro-
gression of the chronic HIV-pneumonia coinfected
individuals (C,(t)) to the AIDS-pneumonia coin-
fected individuals (C;(¢))

(vil) ybe the treatment rate for pneumonia-infected
individuals I(t), y,, y,, and y, are treatment rates
for the infected groups H,(t), H,(t), and H,(¢)
respectively; ¢,,¢,, and ¢, are the modification
parameters of H,(t), H,(t), and H;(t)to C,(t),
C,(t), and C4(t) respectively, at the force of infec-
tion rate Ap(f); and ¢, €,, and &, are treatment
rates of the coinfections C,(t), C,(t), and C4(t)
respectively

(viii) Infected individuals in the classes I(t), H;(t), and
all the coinfected groups have reduced daily activ-
ities due to morbidity and are less involved in
HIV/AIDS transmission and we assume no HIV
transmission from these classes

(ix) All individuals are subject to a natural death at the
rate u

(x) The population is not constant

(xi) No vertical transmission for HIV infection and no
natural recovery for pneumonia infection
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(xii) No permanent immunity for pneumonia-infected
individuals and become susceptible again after
treatment

(xiii) Since pneumonia is a population density-
dependent transmission, we assumed the mass
action incidence rate defined as the rate at which
individuals acquire pneumonia Ap(t) = f,(I,(t) +
w,C, (£) + 0, C, (t) + w;C;5(t)) where w; > w, > w,
are modification parameters accounting for the
assumed increased infectivity due to coinfection

(xiv) Also the rate at which individual acquire HIV/AIDS is
defined as Ay (t) = B, (H,(t) + pH,(t)) wherep > 1
is the modification parameter accounting for the
assumed increased infectivity due to chronic HIV
infection than the acute HIV-infected one

B. Positivity and Boundedness of Solutions

Proof of Positivity. Assume S(0) > 0,1,(0) >0, H,(0) >0,
H,(0)>0,H,(0)>0,C,(0)>0,C,(0) >0, C5(0) >0, Tp(0)

>0, Ty(0) and T(0) > 0 then for all ¢ > 0, we have to prove
that S(¢) > 0,1,(t) >0, H,(¢) >0, H,(£)>0, H5(t) >0, C,(¢)
>0, C,(£)>0, C5(t) >0, Tp(t) > Ty(t) >0,and T(¢) >0. O

We define t=sup {t>0:8(t)>0,Ip(t) >0,H,(t) >0,H,
(t) >0, H;(t) >0, C,(t) >0,C,(t) >0,C5(t) >0, Tp(t) >0
Ty(t)>0and T(¢) > 0}.

From the continuity of S(t), I (¢), H, (t), H,(t), H5(t),
Cy(1), Cy(8), C4(t), Tp (¢), Ty (t), and T(t), we deduce
that 7 > 0. If 7= +00, then positivity holds. But, if 0 <7<+

00,8(1)=00r Ip(r)=0 orH,(r)=00or H,(7)=0
orH;(7)=00rC,(7)=00rC,(7)=00r C5(7)=0o0r Tp
(1)=00r Ty(r)=0o0r T(0) =

From first equation of the model (1), we have dS/dt =
A+pyTp—(p+ Ay +Ap)S and it can be rewritten as dS/dt
+(u+ Ay +Ap)S=A+pyT,, which is a first-order linear
ordinary differential equation. To solve it, first find the inte-
grating factor IF = expf (kv 1)+, (1))
equation by the

expl OO g0 4 oo [ @Aty
AP)S — exp‘[((#"'/\H(t)"'/\P(t)))dt(A +pYTP)

!, then multiplying the

integrating factor we obtain as

:>%<S(t) expﬁwmya)mp(t)»dr) exp kO R Ot (4 | o )

(B.1)

Integrating both sides from 0 to 7 will give us

T

(( epr“ (g ( +/\P(t)))dt>)

:J expl (EOR O (A Loy g
0

0
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T

(s Tmns)
0

T
= | expl @O XNt 4 4 oo (1)) dt
0

=5(1) exp(””f Ot i) — 5(0)

:J expf ot
0

=5(1)

PR A 4 pyTy(1))dt

— M,S(0) + M J exp (+hu(tr+hp )i
0

(B.2)
(A +pyTp(t))dt>0.

Since M, = exp_<” 7 [ Q) e w)dw) >0,8(0) > 0,and

from the definition of 7, we see that T,(t) >0 and also the
exponential function is always positive; then, the
solution §(7) > 0, hence S(7) # 0. Similarly, all state variables
are positive at 7. Thus, based on the definition of T above, 7 is
not finite which means 7 = +00 and hence all the solutions of
the system (3) above are nonnegative.

Proof of Boundedness. From equation (13) and since all the
state variables are nonnegative by positivity in the absence
of infections, we obtained that(dN/dt) <A - uN. Now,
using a standard comparison theorem, we do have [dN/(A
—uN) < [dt and integrating both sides gives —(1/u) In (A
— uN) <t + c where c is some constant, and after some calcu-
lations, we got 0 < N (¢) < A/p which means all possible feasi-
ble solutions of the system (3) with positive initial conditions
will enter in the bounded region Q= { (S, H,, H,, H;,Ip, C;
,Cy, Cy, Tp, Ty, T) € RM U N(t) < At} O

C. Proof of Theorem 1

The local stability of the disease-free equilibrium point of

the system (7) can be studied from its Jacobian matrix at

the disease-free equilibrium point EY, = ($°, H,% H,°, H,°,

Ty°) = (A/,0,0,0,0) and Routh-Hurwitz stability criteria.

Then, the Jacobian matrix of the dynamical system (3) at
=(A/u,0,0,0,0,0) is given by

-4 A A, 0 0
0 M, -4, 0 0
JEN)=|0 a M 0 0 [, (C.1)
0 0 a M; 0
0 v v v —H

where A, =-f,(Alu), A, =-B,p(Alp), M, = B,(Alu) - (u
+y ), My=—(u+y,+ay), and My =—(u+y;+9,).
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Then, the characteristic equation of the above Jacobian
matrix is given by

—u-A A A, 0 0
0 M- -A, 0 0
0 a My,-A 0 0 |=0,
0 0 a M- 0
0 "1 Y2 Y3 -1
M,-A 0 0 a 0 0
=(-u-A) (M, -1)| «a, M;-A 0 |+A,]0 M;-A 0
L ¥, ys  —H-A noovs —u-A
0 0 0
~AA0 My-A 0 |=0,
T
= (M = A) (== A) (= V) [(M, = 1) (M, = A) + Ay, ] =0, (C2)

= =M;=—(u+y,+6;)<00rd,=A;=-u<0
or A> — (M, + M,)A* + (MM, + A,a) = 0.

For the quadratic equation A* — (M, + M,)A + (M, M,
+A,a;) =0 with its coefficients are given by a,=1
a,=—(M,+M,), and a,=(M;M,+A,a,) use Routh-
Hurwitz stability criteria. Since a, =1> 0, the sign of g,
and a, should be positive, ie., a; =—(M; + M,) =—(j3,(A/
=ty +a) = (p+y,+a))=(pu+y, +a)(1-Ry))
+(B+y, +a)>0if By <1 since all parameters are posi-
tive and a,= (MM, +Aya;) = (u+y, +ay)(a; +p+7y, +
a,)(1 =Ry ) >0if Ry <1 and all the elements of the first
column of the Routh-Hurwitz array have the same sign
means that eigenvalues are negative. Therefore, since all
the eigenvalues of the characteristics polynomial of the sys-
tem (3) are negative for %, < 1, the disease-free equilibrium
point of the system (3) is locally asymptotically stable.

D. Proof of Theorem 4

To show the local stability of the endemic equilibrium point,

we use the method of Routh-Hurwitz stability criteria. The

Jacobian matrix of the dynamical system (3) at the endemic
equilibrium point E}, = (S*, Hy, H;, H3, T};) is

A A A 0 0

Ay A, —A¢ 0 0

JEgp) =] 0 «a A3 0 O

0 0 a A, 0

0 Yr Y2 Vs —H

where A} = —uRy, Ay = B,S* = (u+y, +ay) = (B AluRy)
—(p+y, +oy) = (B AuRy) —d, withd, =p+y, +a;, A
=—(ut+y,+ta), Ay=—(u+y;+96,), As=-pAluRy,
and Ag = -, pAluRy.
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Then, the characteristic equation of the above Jacobian
matrix is given by

A-L A, Ag 0 0
At A —A —Aq 0 0
0 a A=A 0 0 |=0,
0 0 a  A,-A 0
0 "1 Y2 Vs —H-A

= (A - M[(A - V) (A3 - AN)(A, - A)(—p - A)

+ Aoy (Ay = A)(—pu = )] + As[Ay " (A5 = ) (A — A) (- — A)]

+ Ag[Ay o (Ay = A)(—p = A)] =0,
=[(Ay - A)(-u— A)]{"V +(A +A+ A3)A2
—(AJA, + A A+ AYAs + Agay + AsAy T )A
+ A A A+ A Aoy + A AT + Ay oy =0,
—A = Agordy = —por {-1+ (A + Ay + AN
—(AJA, + AJAS + A A + Agay + Aghy™)A
+ A AA + AJAga + AZAA LT + Ay "oy = 0.

(D.2)

Here, we have obtained that A, = A, = —(u + y, + 6;) <0,
Ay =-u<0,and a;A’ + a,A* +a; A +a, =0

where-
a;=1,a,= (A, + A, + A;) = [+ u(Ry — 1) = By A+
Ry(dy+ (u+y,+ ) uRy >0if By > 1,

ay = (Apay B,) uPRyy(u +y, + o) (p+y, + @)+ ((d
WAB W Ry (u+ yy + ) + (dop? Apay B 11 Ry (p+ 7y +
a)(p+y, + ) + (uB AluRy) > 0if By > 1and ay = A
poy By + BipAay + (dy By A( Ry = 1)/ Ry) + (B pAay (Ry -
1)/Ry) > 0if Ry > 1 implies all the coefficients of the char-
acteristic’s polynomial are positives if R, > 1.

Here, applying the Routh-Hurwitz method, we obtained
the Routh-Hurwitz array that has no sign change; then, the
roots of the characteristics equation of the dynamical system
(7) are negative. Hence, the endemic equilibrium point of
the dynamical system (7) is locally asymptotically stable.
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