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In this work, we model the relationship between prey and predators by studying the interactive behavior of this prey-predator
model and using the change of prey. The objective is to maximize the profit function of each predator by seeking the strategy
provided by each predator to maximize its profit. To do so, we maximize this utility function being constrained by balance
equations between biomass and trophic, and we show that this last problem is completely equivalent to finding the generalized
Nash equilibrium point. To calculate it, we use the conditions of Karush-Kuhn-Tucker and we show that it is indeed a linear

complementarity problem.

1. Introduction () In the first phase, at the base of the pyramid, we find
the phytoplankton. They are planktonic organisms
The Lotka-Volterra model is one of the primeval predator- that produce half of the oxygen that all heterotrophic
prey models to be based on sturdy mathematical principles. living things and volcanoes consume and end up on
It forms the key of many models used nowadays in the anal- the surface of the water in the form of colored
ysis of population dynamics [1-4]. Unfortunately, the Lotka- expanses. We note that phytoplankton is preyed
Volterra model, unworkable though it is, proposes that upon by other sea creatures
uncomp 11cgted P redatorjprey interactions canister In peri- (ii) In the second phase of the pyramid, we find the zoo-
odic behavior of the species. Reasoning drastically this unan- : . .
. A o . plankton, which are plankton animal organisms.
ticipated since if a prey species increment, it boosts growth of . .
) These creatures produce light and energy and rise
its predator. More predators however devour more prey and .
. . . to the surface at night to feed on phytoplankton
the species of which starts to decrease. With less food around, .
) . and descend during the day to deeper waters.
the predator species decreases, and when it is under enough, A . .
. . mong these organisms, mention may be made of
this avows the prey species to escalate and the whole cycle mesozoonlankton
starts over again. Depending on the detailed system, such p
oscillations can grow or decay or go into a stable limit cycle (iii) In the third phase, we find the prey that feeds on

oscillation or even exhibit chaotic behavior, although in the
latter case there must be at least three interaction species or
the model has to have some delay terms.

The pyramid of the marine food chain is grouped into
five phases as shown in Figure 1.

phytoplankton and zooplankton. As an example of
prey, the five small pelagic are mentioned, namely,
Sardina pilchardus, Sardinella, Engraulis encrasico-
lus, Trachurus, and Scomber colias. In this paper,
we focus on Sardina pilchardus and Engraulis
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F1GURE 1: The pyramid of the marine food chains.

encrasicolus. Sardina pilchardus belongs to the Clu-
peidae family and is a coastal pelagic species. High-
density aggregates are distributed throughout
Morocco. However, the highest concentrations
are very unstable from year to year and season
to season. Engraulis encrasiculis is a species fished
mainly by pelagic trawls and purse seines; it is
found in the shallows of coastal areas and is found
up to 150m depth. We add, in this work, as a
hypothesis predation between these last two spe-
cies of prey and planktonic organisms as well as
predators. Let us add that the two preys interact
for food

(iv) In the fourth phase of the pyramid, we find preda-
tors. Examples of predators that we cite are squid
(tenths), hake (Merlangius merlangus), whales (pha-
laina), and seals. Squids (tenths) mainly attack fish,
crustaceans, and other molluscs and feed on zoo-
plankton. Hake (Merlangius merlangus) can be
found at a depth between 10 and 200 m but, more
commonly, between 30 and 100 m. Hakes breed
from January to July and lay their eggs mainly (but
not exclusively) in March and April. Whales (pha-
laina) are recognized as playing an important eco-
logical role in the oceans (keystone species), but it
has also been shown that this role continues after
their death. For millions of years, dead whales have
played an important role in food webs. Whales act
as a biological pump; they feed on zooplankton. In
this paper, he assumes that these species are both
predatory and prey

(v) In the last phase of the pyramid, we find that super-
predators like sharks (selachimorphs) are present in
all the oceans of the globe and in some large rivers;
most sharks breed in the ocean

The ecologist Murdoch [5] was the premier person who
purposed the term switching in 1969 to characterize the situ-

ation where a predator eats improperly more of the most typ-
ical of prey. Ahead of Murdoch precisely eight years previous
in 1962, the geneticist Clarke [6] described an akin phenom-
enon and termed it “apostatic selection.” Since this instant,
the term switching has principally been used by ecologists,
whilst apostatic selection has been used by reason of this;
they have been used to describe different attitudes of
frequency-dependent selection. The modification of prey
has been part of the scientific literature since around 1960,
but since the first works, Hassel [7] has proposed that the
interest in prey switching decayed since it is difficult to dem-
onstrate whether it has or is occurring.

The switching prey has been widely studied by
researchers from a variety of backgrounds, which has been
a rich and varied literature. In 2017, Suebcharoen [8] studied
the behavior of a predator-prey model with switching and
stage structure for predators. The bounded positive solution,
the equilibria, and the stability are determined for the differ-
ential delay equation system. In [9], Tansky defined a math-
ematical model of two preys and one predator system in
which the switching property of predation is investigated.
Based on an assumption that predators captured prey in an
abundant habitat, after a decrease in the population of prey
species, the predator moves to another abundant habitat.
Khan et al. [10] studied an interaction of prey and predator
species where the prey species have the defense capacity of
the group. They used the carrying capacity of prey as the
bifurcation parameter. You can find more examples on
switching models in [11-16]. Recently, Serra [17] discussed
a preliminary study on the possible connection between the
Lotka-Volterra model and predator-prey utility functions.
Also, they defined a generalization of the utility functions
to the predator-prey population, seeing that the utility func-
tions depend on parameters such as the strategies adopted,
physical efficiency of the predator versus the prey, environ-
mental conditions, and prey prudence. In the second work
in 2014, Serra [18] considered a mathematical model to
describe the interacting behavior of predator and prey. This
model is based on the utility functions of the competing
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FIGURE 2: Interaction between ten species.

individuals. Such functions depend on various parameters
that suitably describe animal instincts, considering both
physical and environmental conditions. Two possible strate-
gies have been considered for each individual: to race or to be
quiet.

This paper is formulated as follows. In the next section,
we propose a model for ten species based on a usual balance
equation. In Section 3, we define the utility function of pred-
ators and prey and some parameters that depend on the envi-
ronmental and physical conditions of these species. In
Section 4, we gave a Nash equilibrium problem which is the
equivalence of our problem and then we transfer it into a lin-
ear complementarity problem to solve it.

2. Switching-Prey Model

We use the prey switching to describe the choice between dif-
ferent species as shown in Figure 2. The evolution of the bio-
mass of the species is given by the following mathematical
equation:

B‘ n m
B, =B, (l - k—’) + injBi - B ij,-Bi, (1)
i j=1 =1

where B; is the biomass of species i, x;; is the trophic flow of
species i (predator) to species j (prey), r; is the growth rate of
species i, and k; is the load capacity of species i and 3, = 1/k;.

The model is formulated under the following assump-
tions: (i) interactions with other species and (ii) interaction
between these predators.

Phytoplankton is among the best food for mesozooplank-
ton, anchovy, and sardine with x,,, x5,, and x,, strategies
associated to each species, respectively, as shown in
Figure 2. The evolution of the biomass of phytoplankton is
given by

: B
B, =nB, (1 - k_1> = By (%51 + X531 +x4)B;. (2)
1

Mesozooplankton eats phytoplankton with x,,, and it
was eaten by anchovy, sardine, and squid with x;,, x,,, and

X5, strategies associated to each species, respectively, as
shown in Figure 2. The evolution of the biomass of mesozoo-
plankton is given by

. B
B,=r1,B, (1 - k_z) + (X1 +%2)By = By (%2 + X35 + X4y + X5,) B,
2
3)

Anchovy eats phytoplankton and mesozooplankton with
x5, and x5, strategies, and it was eaten by squid, hake, birds,
seals, whales, and sharks with x5, %3, %73, Xg3, Xg3, and X3
strategies associated to each species, respectively, as shown
in Figure 2. The evolution of the biomass of anchovy is given

by

: B
By =1;B; (1 - ki) + (%31 +X35)By — B3 (X53 + X3 + X3 + Xg3 + Xo3 + X103)Bs.
3
(4)

Sardine eats phytoplankton and mesozooplankton with
x,, and x,, strategies, and it was eaten by squid, hake, birds,
seals, whales, and sharks with x4, Xe4> X745 Xg4> X4, and X0,
strategies associated to each species, respectively, as shown
in Figure 2. The evolution of the biomass of sardine is given

by
By=r,By(1- T + (g1 +X4) By = By(Xsy + Xgq + X7y + Xgy + Xoy + X104) By
4

(5)

Squid eats mesozooplankton, anchovy, sardine, and hake
with xs,, X553, X5, and x4 strategies, and it was eaten by hake,
birds, seals, whales, and sharks with x¢;, x5, Xg5, Xg5, and x5
strategies associated to each species, respectively, as shown in
Figure 2. The evolution of the biomass of squid is given by

. B
Bs =r5B; <1 - ki) + (Xsp + X3 + X5y + X56) Bs — 5 (X5 + X75 + Xgs5 + Xo5 + X105)Bs.
5
(6)

Hake eats anchovy, sardine, and squid with x;, x4, and



X¢5 Strategies, and it was eaten by squid, birds, seals, whales,
and sharks with x5, X6, Xg6, Xo6, and x;,¢ strategies associ-
ated to each species, respectively, as shown in Figure 2. The
evolution of the biomass of hake is given by

. B
Bg =1¢B; (1 - f) + (g3 + X4 + Xg5) Bg = B (X6 + X76 + Xgg + Xog + X106) Bs-
6
(7)

Birds eat anchovy, sardine, squid, hake, and seals with x.,
» Xo45 X755 X76, and X, strategies associated to each species,
respectively, as shown in Figure 2. The evolution of the bio-
mass of birds is given by

. B7
B;=r;B;| 1- T + (X753 + X7y + X5 + X5 + X75)Bg. (8)
7

Seals eat anchovy, sardine, squid, and hake with xg;, xg,4,
Xg5, and xg¢ strategies, and they were eaten by birds and
sharks with x,4 and x4 strategies associated to each species,
respectively, as shown in Figure 2. The evolution of the bio-
mass of seals is given by

. B
By =rgBg (1 - k_s) + (g3 + Xgy + Xg5 + Xg6) By — By (%75 + X105) By
8

©)

Whales eat anchovy, sardine, squid, and hake with x,,,
Xq4» Xg5, aNd Xoq strategies associated to each species, respec-
tively, as shown in Figure 2. The evolution of the biomass of
whales is given by

B
By =14By <1 - k9) + (Xg3 + Xo4 + Xg5 + Xo6 ) By. (10)
9

Sharks eat anchovy, sardine, squid, hake, and seals with
X103> X104> X105> X106> A0 Xg Strategies associated to each spe-
cies, respectively. The evolution of the biomass of sharks is
given by

- B
_ 10
By =r10Byo (1 N + (X103 + X104 + X105 + X106 + X108) Bio-
10

The expression of the biomass is given by

n 1111

k.
Bi=ki+ ) x;= — ) x;B; (12)

ij:l ij:1
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TaBLE 1: Strategies of ten species.

P M A G§a Sq H B Se w Sh
P 10 1 8
M 8 10 6
A 3 3 16 4 5 1 0.9
Sa 29 20 1 0.2 6 0.02
Sq 2 63 2 0.04 1
H 0.05 8 20 28 30

Se 0.1 45

TABLE 2: Values of parameters and utility function of each species.

B10r1118§s * kx10® r a b B Utilityfunction U
P 0.01 2 1 4 0 005 0
M 0.03 1 2 3 -05 01 189.5
A 2.45 9 5 2 03 0.01 113.626
Sa 1.63 5 9 1 02 0.02 1580.684
Sq 0.51 2 54 1 04 0.05 2022.598
H 2.05 3 6 1 -02 0.03 11341.11
B 3.15 3 8§ 1 02 0.03 7907.544
Se 15.05 5 1 1 0.05 001 6855.469
W 0.80 1 5 1 01 01 7688.382
Sh 2.99 2.5 7 1 02 0.04 10443.3844

where e is the vector whose all coefficients are zero

except that of index j and this coeflicient of index j is equal
to 1 and we have

inj = eiTZXj. (14)

Using (13) and (14), we have

1
B =diag <§>

where K;; = k;0;; with §;; is Kronecker’s symbol, AV =1k

10 and 10 =19 =8,, Vk=1,---,n,and R = (ry,. -+, 7,)""
We introduce that the utility functions depend on cer-

tain parameters that describe the species behavior (prefer-

ence, accessibility of prey, and togetherness) by the
following functions

n
KR - ZI:AU)XJ.
e

) (15)

U](X) = Zxkj (Cjk + akBk) + b]B], (16)
k=1
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where ¢;; is the preference of predator i for prey j, a; is AsB;=k;+ (kj/rj)ejTZZ:le = (Ur) Y- 1ekX we have
related to the accessibility of prey j, and b; is related to . .
the togetherness of predator i. Ui(X)=x7 (cj +D-DY AVX, | +bjk;+ %e} z X, - b Z elx
Now, we will give the expression of utility functions U; in : e k] i bk
function of x in matrix form. =x7 (cﬁD—DZA(")Xk) +bk; - rJZ el X+ bk X+ e TZX,(
J k#j

According to (16), we have U;(X) :X]-T(cj + diag (a)B)
+ b;B; with the notation xy = (x,y,, -+, x,,)" for all vectors
x and y and ¢; = (¢}, ¢ ,¢,;)". We use (15) to find U;(X Hence,
)=X][¢;+D(KR- Y7 AJX)]+bB where D is the nx n

iP5 N
Uy(X)=X] <c]. +D-DY AMX,

diagonal matrix with D; = a;/r; for all i and D;; =0 for all i
#J.

(17)

k

7126 + ” >+b” TZXk+bk

J k#j

(18)



Strategy of species should not result in nonsense situations.
There are constraints. For all species j, its predation is enough to
get biomass larger than a constant B, which is positive B(X)

2 B, >0, that is, AU)Xj <I-B,- ZZ?&jA(k)Xk, and its strategy
must be positive X; > 0 for all j.

3. Generalized Nash Equilibrium

We recall that (X7, X5, -, X)) is called a generalized Nash
equilibrium point, if and only if, for all j, Xiisa solution of

problem (P;)

Max Uj (X)

subject to

(P) AUX, <I-B,- Y AVX, (19)

ktj

X;20

(Xk)kﬁ is given.

For all , the essential conditions of Karush-Kuhn-Tucker
applied to the problem (Pj) require that if X7 is a solution of
the problem (P;) then there exist constants u; € RY, v; € R,
and A; € RY such that

v d by bk
X - ¢ - Wxr Y g = N TA —y =
DAVX; —¢; DKR+D];A Xk+rjk;ek : e+ Al A —u;=0,

AUX? +v,=KR-By - ) AMX;,
k#j

(20)

It is immediately seen from (20) that

, " b & bk,
* k) v *
u; = DAVX; 7cijKR+Dk§ ARX; + 7;,;16“ %ej +AM,
=1 =

v;=KR-B,- Y AMXj,
k=1
() TX]’-‘ = (vj)T/\j =0.

(21)

To maintain the biodiversity of species, it is natural to
assume that all biomasses remain positive, that is, B; > 0 for

all j; therefore, v > 0. As the scalar product of v; and A, is zero,
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FIGURE 6: Prey trophic flow.

so A; =0 for all j. In what follows of this paper, we denote by
v=v;. So we have the following expressions

. " b & bk,
* k) v+
u; = DAVX —¢; —DKR+Dk§1A( X5+ r_]{kil e — %ej,

n
v=KR-B,- » APX],
k=1

(22)

Let us denote by z = (X*, X2, -, X*,0)" and w = (u, ..
..’un, V)
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[2DAM)  DA®) DA™ [
DA®M  2DA?) DA™ T
u DAY DA® DA™
DAY DA® 2DAM T
| —A A —A™ T
b b,k
—IZek - e —¢, - DKR (23)
" 7,
b, bk,
—~>e¢.— —=e,—¢,— DKR
q _ rz % k 72 2 2
b b k
T—”Zek— ~"e,—c,—DKR
n ok n

Hence, our problem is equivalent to the linear complemen-
tarity problem LCP(M, q). (For more details, see El Fou-
tayeni [19].) Find vectors z and we R™" such that
w=Mz+q>0, w,z>0 and z'w=0. It is simple to verify
that matrix M is P-matrix, which proves the existence and
the uniqueness of the solution. For more details, see [20-
24]. We use the method of Achik et al. [22] because of the
rapidity of convergence to calculate this solution.

4. Conclusion and Discussion

In this part, we have done the strategies of 10 species (phyto-
plankton, mesozooplankton, anchovy, sardine, squid, hake,
birds, seals, whales, and sharks). Then, we calculate the bio-
mass of all species and the utility function.

Table 1 shows the interaction of each species compared
to the other species.

Phytoplankton has no interaction with itself. It is a prey
of the mesozooplankton, anchovy, and sardine; these three
species want to maximize their gains, so they must make a
strategy that equals 10, 1, and 8, respectively.

Mesozooplankton has no interaction with itself. It is a
prey of the anchovy, sardine, and squid, so they must make
a strategy that equals 8, 10, and 6, respectively.

Anchovy has no interaction with itself. It is a prey of the
sardine, squid, hake, birds, seals, whales, and sharks; there-
fore, they must make a strategy which equals 3, 3, 16, 4, 5,
1, and 0.9, respectively, and so on for the other species.

In the following table, we give the parameters (biomass, k,
r, a, b, and B) that we will be needed to calculate the utility
function and strategies for each species. The last column rep-
resents the utility function for each species as shown in
Table 2.

It shows the key role of certain hake species in our imple-
mentations (Figures 3 and 4), which presents the opposite of
the key species, situations of great variability and adaptability
to new ones.

Figures 5 and 6 represent the best strategies adopted by
the ten species to maximize its gains; the difference is that
Figure 5 gives the ten species as predators and Figure 6 gives
the ten species as preys.

The study of the balance of the model revealed a high sen-
sitivity compared to the definition of the utility functions.

This article deals with a preliminary methodological
approach to the study of animal behaviors, in particular, with
regard to the struggle between predators and preys, in order
to make a prediction of the behavior of interactive individ-
uals. The utility functions proposed in this study are condi-
tioned by more parameters which describe the physical
conditions, the environmental conditions, and the strategies
they adopt.

Data Availability
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