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In this paper, the prey-predator model of five compartments is constructed with treatment given to infected prey and infected
predator. We took predation incidence rates as functional response type II, and disease transmission incidence rates follow
simple kinetic mass action function. The positivity, boundedness, and existence of the solution of the model are established and
checked. Equilibrium points of the models are identified, and local stability analyses of trivial equilibrium, axial equilibrium, and
disease-free equilibrium points are performed with the method of variation matrix and the Routh-Hurwitz criterion. It is found
that the trivial equilibrium point Eo is always unstable, and axial equilibrium point EA is locally asymptotically stable if βk − ðt1
+ d2Þ < 0, qp1k − d3ðs + kÞ < 0 and qp3k − ðt2 + d4Þðs + kÞ < 0 conditions hold true. Global stability analysis of an endemic
equilibrium point of the model has been proven by considering the appropriate Lyapunov function. The basic reproduction
number of infected prey and infected predators are obtained as R01 = ðqp1 − d3Þ2kβd3s2/ðqp1 − d3Þfðqp1 − d3Þ2ksðt1 + d2Þ + rsqp2
ðkqp1 − kd3 − d3sÞg and R02 = ðqp1 − d3Þðqp3d3Þk + αrsqðkqp1 − kd3 − d3sÞ/ðqp1 − d3Þ2ðt2 + d4Þk, respectively. If the basic
reproduction number is greater than one, then the disease will persist in the prey-predator system. If the basic reproduction
number is one, then the disease is stable, and if the basic reproduction number is less than one, then the disease dies out from
the prey-predator system. Finally, simulations are done with the help of DEDiscover software to clarify results.

1. Introduction

Mathematical modeling of prey-predator systems of interac-
tion of species have a long history since the original remark-
able work done by the Lotka-Volterra Model in the 1920s [1–
4], and the SIR model compartment of systems of population
is another vital area of research after the pioneering work of
Kermack and Mckendrick [1–9]. Anderson and May were
the first who combined these two modeling systems, while
Chattopadhyay and Arino were the first who used the term
“ecoepidemiology” for such models [2, 3, 6]. The dynamics
of disease in prey-predator systems now become an interest-
ing area of research due to the fact that prey-predator inter-
action is rich and complex in nature [4, 6, 10–13]. Several
mathematical models have been proposed and studied on
prey-predator systems [1–6, 8–12]. Many studies focused
on the study of disease in prey only [1–3, 5, 6, 10, 12, 14–
20], other researchers were interested in the study of disease
within the predator population only [18, 21], and there are

also some studies on diseases in both prey and predators [4,
8, 11]. In this paper, we proposed and studied infectious dis-
ease in both prey and predator interaction of species with
treatment given to infected prey and infected predator.

2. Mathematical Model Formulation
and Assumptions

In this paper, the prey-predator population is divided into
five compartments. Let us denote XðtÞ as the susceptible
prey, WðtÞ as the infected prey, YðtÞ as the susceptible pred-
ator, ZðtÞ as the infected predator, and HðtÞ as both infected
prey and infected predator population under treatment. In
the absence of infectious disease, the susceptible prey popula-
tion grows logistically with intrinsic growth rate r and envi-
ronmental carrying capacity k, and only susceptible prey
can reproduce. In the presence of infectious disease, suscep-
tible predators become infected predators when they come
into contact with infected predators, susceptible prey become
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infected prey when they come into contact with infected
prey, and the contact process is assumed to follow bilinear
functional with convolution rate α, β, respectively. The pre-
dation functional response of predator towards the prey is
assumed to follow a different Holling type II functional
response form with p1, p2 respective predation coefficients
of XðtÞ,WðtÞ due to susceptible predator, and p3, p4 respec-
tive predation coefficient of XðtÞ, YðtÞ due to infected preda-
tor. Suppose consumed prey converted into predator with
efficiency q and also half-saturated constants. It is also
assumed that infected prey WðtÞ and infected predator ZðtÞ
can only recover through treatment and are treated at a treat-
ment rate of t1, t2, respectively. The prey-predator popula-
tion HðtÞ,WðtÞ, YðtÞ, and ZðtÞ suffers from infectious
disease with death rate d1, d2, d3, and d4, respectively. More-
over, assume that all variables and parameters used in the
model are nonnegative.

According to the above assumption, we have the follow-
ing model flow diagram.

From the model flow diagram in Figure 1, we have the
following set of differential equations:

dX
dt

= g X,Wð Þ + r1H − βXW − p1 f1 X, Yð Þ − p3 f3 X, Zð Þ,
ð1Þ

dW
dt

= βXW − t1W − d2W − p2 f2 W, Yð Þ − p4 f4 W, Zð Þ,
ð2Þ

dY
dt

= qp1 f1 X, Yð Þ + qp2 f2 W, Yð Þ + r2H − αYZ − d3Y , ð3Þ

dZ
dt

= qp3 f3 X, Zð Þ + qp4 f4 W, Zð Þ + αYZ − t2Z − d4Z, ð4Þ

dH
dt

= t1W + t2Z − d1H − r1H − r2H, ð5Þ

with initial conditions Xð0Þ ≥ 0 ;Wð0Þ ≥ 0 ; Yð0Þ ≥ 0 ; Zð0Þ
≥ 0 ;Hð0Þ ≥ 0 ; and pi > 0, i = 1, 2, 3, 4, and 0 < q ≤ 1:

Depending on the assumptions of per capita growth of
function gðX,WÞ for susceptible prey, and different type II
functional responses f i, i = 1, 2, 3, 4, we have a more feasible
model (8) emanating from model (3) as

dX
dt

= rX 1 − X +W
k

� �
+ r1H − βXW −

p1XY
s + X

−
p3XZ
s + X

= f X,W, Y , Z,Hð Þ,
ð6Þ

dW
dt

= βXW − t1W − d2W −
p2WY
s +W

−
p4WZ
s +W

= g X,W, Y , Z,Hð Þ,
ð7Þ

dY
dt

= q
p1XY
s + X

+ q
p2WY
s +W

+ r2H − αYZ − d3Y

= h X,W, Y , Z,Hð Þ,
ð8Þ

dZ
dt

= q
p3XZ
s + X

+ q
p4WZ
s +W

+ αYZ − t2Z − d4Z

= i X,W, Y , Z,Hð Þ,
ð9Þ

dH
dt

= t1W + t2Z − d1H − r1H − r2H = j X,W, Y , Z,Hð Þ,
ð10Þ

with initial conditions Xð0Þ ≥ 0 ;Wð0Þ ≥ 0 ; Yð0Þ ≥ 0 ; Zð0Þ
≥ 0 ;Hð0Þ ≥ 0 ; p1, p2, p3, p4 > 0, and 0 < q ≤ 1, it is possible
to arrange model (6)–(10) and express it in more compact
forms with excellent patterns in

dX
dt

= X r 1 − X +W
k

� �
− βW + p1Y + p3Z

s + X

� �� �
+ r1H,

dW
dt

=W βX − t1 + d2 +
p2Y + p4Z
s +W

� �� �
,

dY
dt

= Y q
p1X
s + X

+ p2W
s +W

� �
− αZ + d3ð Þ

� �
+ r2H,

dZ
dt

= Z q
p3X
s + X

+ p4W
s +W

� �
+ αY − t2 + d4ð Þ

� �
,

dH
dt

= t1W + t2Z − d1 + r1 + r2ð ÞH, ð11Þ

with initial conditions Xð0Þ ≥ 0 ;Wð0Þ ≥ 0 ; Yð0Þ ≥ 0 ; Zð0Þ
≥ 0 ;Hð0Þ ≥ 0 ; p1, p2, p3, p4 > 0 ; and 0 < q ≤ 1.
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Figure 1: Model diagram.
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3. Mathematical Analysis of the Model

In this section, positivity, boundedness, and existence of the
solution of the model are checked. This mathematical analy-
sis of the model could be considered as the primary results.

Theorem 1 (boundedness). All solutions of model (8) are
bounded in feasible region ℝ5

+.

Proof. Each solution XðtÞ, WðtÞ, YðtÞ, ZðtÞ, and HðtÞ of the
model is bounded if and only if total population N is
bounded. Let total population of prey-predator N = X +W
+ Y + Z +H.

For Λ > 0 to be constant,

dN
dt

+ΛN = dX
dt

+ dW
dt

+ dY
dt

+ dz
dt

+ dH
dt

+ΛN: ð12Þ

By substituting all model Equations (8) into (12) and
removing all negative terms, we have the following results:
dN/dt +ΛN ≤ rX + qðp1XY/ðs + XÞÞ + qðp2WY/ðs +WÞÞ +
qðp4WZ/ðs +WÞÞ + qðp3XZ/ðs + XÞÞ +ΛN = μ. Then, solv-
ing the differential inequality dN/dt +ΛN ≤ μ yields NðtÞ ≤
ðμ/ΛÞð1 − e−ΛtÞ +Nð0Þe−Λt for t→∞,N → μ/Λ. We know
that total prey-predator population is nonnegative, and
hence, 0 ≤NðtÞ ≤ μ/Λ. So we have invariant feasible region
Ω = fðX, W, Y , Z, HÞ ∈ℝ5

+ : 0 ≤NðtÞ ≤ μ/Λg. This proves
the theorem and the model is mathematically well posed

Theorem 2 (positivity). All solutions of model (6)–(10) are
positive.

Proof. To prove Theorem 2, we have to show that variables
X ðtÞ,WðtÞ, Y ðtÞ, Z ðtÞ,H ðtÞ of the models (8) are nonnega-
tive ∀t ≥ 0.

(i) Positivity of XðtÞ: from the susceptible prey model
in (8), dX/dt = rXð1 − ðX +WÞ/kÞ + r1H − βXW
− p1XY/ðs + XÞ − p3XZ/ðs + XÞ without loss of
generality. After removing all the positive terms
from the right-hand side of the differential equa-
tion, we have the following differential inequality:
dX/dt≥−ððrX2 + rXWÞ/k + βXW + ðP1XY + P3XZÞ
/ðS + XÞÞ divide both sides by negative yields −ðd
X/dtÞ ≤ ðRX2 + RXWÞ/k + βXW + ðp1XY + p3XZÞ/
ðS + XÞ. But it is also clear that the following
inequality holds: ðrX2 + rXWÞ/k + βXW + ðP1XY
+ P3XZÞ/ðS + XÞ ≤ rX2 + rXW + βXW + p1XY + p3
XZ = XðrX + rW + βW + p1Y + p3ZÞ. Assume that
rW + βW + p1Y + p3Z = C, then the differential
inequality is reduced to −ðdX/dtÞ ≤ XðrX + CÞ.
This inequality can be arranged for integration
by partial fraction as

Ð ð1/XðrX + CÞÞdX≥ Ð −dt,
integrating the integral inequality

Ð ðð1/CÞ/X + ð−r
/CÞ/ðrX + CÞÞdX≥− Ð dt will give us ð1/CÞ ln jXj
− ð1/CÞ ln jrX + Cj≥−t +Q, where Q is integration
constant. Using rules of logarithm, the inequality
can be written as ln jX/ðrX + CÞj≥−Ct + CQ.

Finally, solving for X will give us XðtÞ ≥ ACe−Ct/ð
1 − rAe−CtÞ, for A = eCQ. Therefore, XðtÞ > 0 for 1
− rAe−Ct > 0. That is, XðtÞ is nonnegative for t >
ð1/CÞ ln ðrAÞ.

(ii) Positivity of WðtÞ: from the infected prey model in
(7), dW/dt = βXW − t1W − d2W − p2WY/ðs +WÞ
− p4WZ/ðs +WÞ, without loss of original generality,
after removing the positive term (βXW). We obtain
the following differential inequality: dW/dt≥−ðt1W
+ d2W + p2WY/ðs +WÞ + p4WZ/ðs +WÞÞ if and
only if −ðdW/dtÞ ≤ ðt1W + d2W + p2WY/ðs +WÞ
+ p4WZ/ðs +WÞÞ. But it is clear that t1W + d2W
+ p2WY/ðs +WÞ + p4WZ/ðs +WÞ ≤ t1W + d2W +
p2WY + p4WZ = ðt1 + d2 + p2Y + p4ZÞW holds
true. Now assume that t1 + d2 + p2Y + p4Z = C.
Then, we have −ðdW/dtÞ ≤ CWt. Now applying
integration yield ln jWj≥−Ct +Q, where Q is the
integration constant, then solving for the variable
WðtÞ gives the equation WðtÞ ≥ e−Ct+Q which is the
exponential function and positive at all times.
Hence, WðtÞ is positive.

(iii) Positivity of YðtÞ: from the susceptible predator
model in (8), dY/dt = qðp1XY/ðs + XÞÞ + qðp2WY/ð
s +WÞÞ + r2H − αYZ − d3Y , without loss of original
generality, after removing all positive terms ðqðp1X
Y/ðs + XÞÞ + qðp2WY/ðs +WÞÞ + r2HÞ, we obtain
differential equation dy/dt≥−ðαz + d3Þy. Then,
applying integration by separation of variable
method results, ln jyj≥−ðαz + d3Þt +Q, where Q is
integration constant, and solving for variable YðtÞ
,we obtain the solution jyj ≥ e−ðαz+d3Þt+Q. Therefore,
yðtÞ ≥ e−ðαz+d3Þt+Q is a positive exponential function;
hence, yðtÞ is positive.

(iv) Positivity of ZðtÞ: from the infected predator model
in (9), dZ/dt = qðp2WZ/ðs +WÞÞ + qðp3XZ/ðs +WÞ
Þ + αYZ − t2Z − d4Z after removing all positive
terms ðqðp2WZ/ðs +WÞÞ + qðp3XZ/ðs +WÞÞÞ, we
obtain the differential inequality dz/dt≥−ðt2 + d4Þz.
Applying integration by separation of variable
method yields ln jzj≥−ðt2 + d4Þt +Q where Q is
integration constant by separation of variable
method. Then, solving for Z will result in zðtÞ ≥
e−ðt2+d4Þt+Q which is the exponential function that is
positive at all time. Hence, ZðtÞ is positive.

Alternative verification: in mode (6)–(10), dZ/dt = qðp2
WZ/ðs +WÞÞ + qðp3XZ/ðs +WÞÞ + αYZ − t2Z − d4Z Can be
written as dZ/dt = ðqðp2W/ðs +WÞÞ + qðp3X/ðs +WÞÞ + αY
− t2 − d4ÞZ if only if ð1/ZÞdZ = ðqðp2W/ðs +WÞÞ + qðp3X/ð
s +WÞÞ + αY − t2 − d4Þdt. This equation can be arranged asÐ ð1/ZÞdZ = Ð ðqðp2W/ðs +WÞÞ + qðp3X/ðs +WÞÞ + αY − t2
− d4Þdt, which after computing the integration yields, ln jZ
j = ðqðp2W/ðs +WÞÞ + qðp3X/ðs +WÞÞ + αY − t2 − d4Þt +Q,
where Q is the integration constant. Thus, ZðtÞ =
eðqðp2W/ðs+WÞÞ+qðp3X/ðs+WÞÞ+αY−t2−d4Þt+Q is the exponential func-
tion which is positive, and hence, ZðtÞ is positive.
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(v) Positivity of HðtÞ: from infected prey and infected
predator population under treatment model in (8) d
H/dt = t1W + t2Z − d1H − r1H − r2H, without loss
of generality, after removing all positive terms, we
have dH/dt ≥ −ðd1 + r1 + r2ÞH if and only if dH/H
≥ −ðd1 + r1 + r2Þdt integrating results, ln jHj ≥ −ðd1
+ r1 + r2Þt +Q. Then, solving the variable H yields j
Hj ≥ e−ðd1+r1+r2Þt+Q which is an exponential function
which is positive at all times. Therefore, HðtÞ > 0,
and hence, HðtÞ is positive. Thus, variables XðtÞ,W
ðtÞ, YðtÞ, ZðtÞ, and HðtÞ are all positive quantities
and remain in ℝ5

+ for all t.

Theorem 3 (existence). All solutions of model (8) together
with the initial conditions Xð0Þ > 0,Wð0Þ ≥ 0, Yð0Þ ≥ 0, Zð0Þ

≥ 0, and Hð0Þ ≥ 0 exist in ℝ5
+, i.e., the model variables XðtÞ,

WðtÞ, YðtÞ, ZðtÞ, and HðtÞ exist for all t and remain in ℝ5
+.

Proof. Let the system of differential equation (8) be given as

f1 = rX 1 − X +W
k

� �
+ r1H − βXW −

p1XY
s + X

−
p3XZ
s + X

,

f2 = βXW − t1W − d2W −
p2WY
s +W

−
p4WZ
s +W

,

f3 = q
p1XY
s + X

+ q
p2WY
s +W

+ r2H − αYZ − d3Y ,

f4 = q
p3XZ
s + X

+ q
p4WZ
s +W

+ αYZ − t2Z − d4Z,

f5 = t1W + t2Z − d1H − r1H − r2H: ð13Þ

According to the Derrick and Groosman theorem, let Ω
denote the region Ω = f X, W, Y , Z ,Hð Þ ∈ℝ5

+ ;N ≤ ðμ
/λÞg. Then, model (8) have a unique solution if ð∂f iÞ/ð∂xjÞ,
i, j = 1, 2, 3, 4, 5 are continuous and bounded in Ω. Here, x1
= X, x2 =W, x3 = Y , x4 = Z, and x5 =H. The continuity and
the boundedness can be shown as follows.

Thus, all the partial derivatives in Table 1, ð∂f iÞ/ð∂xjÞ, i
, j = 1, 2, 3, 4, 5 exist, continuous, and bounded in a region
Ω for all positive values of model variables in Table 2 and

Table 1: Partial derivatives.

For f1:
∂f1
∂X

��� ��� = r − 2rx
k − rW

k − βW − s p1Y + p3Zð Þ
s + Xð Þ2

��� ��� <∞,
∂f1
∂W

��� ��� = − rX
k − βX

�� �� <∞,
∂f1
∂Y

��� ��� = − p1X
s + X

��� ��� <∞,
∂f1
∂Z

��� ��� = − p3X
s + X

��� ��� <∞,
∂f1
∂H

��� ��� = r1j j <∞,

For f3:
∂f3
∂X

��� ��� = sqp1Y
s + Xð Þ2
��� ��� <∞,

∂f3
∂W

��� ��� = sqp2Y
s + Xð Þ2
��� ��� <∞,

∂f3
∂Y

��� ��� = qp1X
s + X + qp2W

s + W − αZ − d3
��� ��� <∞,
∂f3
∂Z

��� ��� = −αy − d3j j <∞,
∂f3
∂H

��� ��� = r2 <∞,

For f2:
∂f2
∂X

��� ��� = βWj j <∞,
∂f2
∂W

��� ��� = βX − t1 − d2 −
s p2Y + p4Zð Þ

s + Wð Þ2
��� ��� <∞,

∂f2
∂Y

��� ��� = − p2W
s + W

��� ��� <∞,
∂f2
∂Z

��� ��� = − p4W
s + w

��� ��� <∞,
∂f2
∂H

��� ��� = 0 <∞,

For f4:
∂f4
∂X

��� ��� = sqp3Z
s + Xð Þ2
��� ��� <∞,

∂f4
∂W

��� ��� = sqp4Z
s + Wð Þ2
��� ��� <∞,

∂f4
∂Y

��� ��� = αZj j <∞,
∂f4
∂Z

��� ��� = qp3X
s + X + qp4W

s + W − αY − t2 − d4
��� ��� <∞,

∂f4
∂H

��� ��� = 0 <∞:

For f5:
∂f5
∂X

��� ��� = 0 <∞,
∂f5
∂W

��� ��� = t1 <∞,
∂f5
∂Y

��� ��� = 0 <∞,
∂f5
∂Z

��� ��� = t2j j <∞,
∂f5
∂H

��� ��� = −d1 − r1 − r2j j <∞:

Table 2: Notations and description of variables.

Variables Descriptions

X tð Þ Population size of susceptible prey

W tð Þ Population size of infected prey

Y tð Þ Population size of susceptible predator

Z tð Þ Population size of infected predator

H tð Þ Population size of infected population under treatment
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model parameters in Table 3. Hence, by the Derrick and
Groosman theorem, a solution for the model (6)–(8) exists
and is unique.

4. Stability Analysis

Stability analysis in the absence of predators in the model,
that is, when yðtÞ and ZðtÞ are zero, model (8) can be written
as

dX
dt

= rX 1 − X +W
k

� �
+ r1H − βXW = f X,W,Hð Þ,

dW
dt

= βXW − t1W − d2W = g X,W,Hð Þ,

dH
dt

= t1W − d1H − r1H = h X,W,Hð Þ: ð14Þ

This system has trivial Eo 0, 0, 0ð Þ, axial EA

k, 0, 0ð Þ, and positive Eo X, W, Hð Þ equilibrium
points where

X = k −
kβ
r

−
β

d2 + t1
+ kβr1t1
r d1 + r1ð Þ d2 + t1ð Þ ,

W = β

d2 + t1
,

H = β

d1 + r1ð Þ d2 + t1ð Þ , ð15Þ

with Jacobian matrix

J X, W, Hð Þ =
r −

2rX
k

−
rW
k

− βW −
rX
k

− βX r1

βW βX − t1 − d2 0
0 t1 −d1 − r1

0
BBB@

1
CCCA:

ð16Þ

Theorem 4. The trivial equilibrium Eo is a saddle point with
unstable manifold in X-direction and stable manifold in the
WY-plane.

Proof. The Jacobian matrix at Eo is given by

J Eoð Þ =
r 0 r1

0 −t1 − d2 0
0 t1 −d1 − r1

0
BB@

1
CCA, ð17Þ

to compute eigenvalues compute the det ðJðEoÞ − λI3Þ = 0,

r − λ 0 r1

0 −t1 − d2 − λ 0
0 t1 −d1 − r1 − λ

��������

�������� = 0: ð18Þ

Then, ðr − λÞð−t1 − d2 − λÞð−d1 − r1 − λÞ = 0 is the char-
acteristic polynomial.

Thus, eigenvalues are λ1 = r > 0, λ2 = −t1 − d2 < 0, λ3 = −
d1 − r1 < 0 which is a saddle point with unstable manifold
in the X-direction and stable manifold in the WY-plane.

Theorem 5. The axial equilibrium EA is a saddle point if βk
− t1 − d2 > 0 and unstable manifold in X-direction if βk − t1
− d2 < 0, then EA is stable.

Proof. The Jacobian matrix at EA is given by

J EAð Þ =
−r −r − βk r1

0 βk − t1 − d2 0
0 t1 −d1 − r1

0
BB@

1
CCA, ð19Þ

to compute eigenvalues compute the det ðJðEoÞ − λI3Þ
= 0,

−r − λ −r − βk r1

0 βk − t1 − d2 − λ 0
0 t1 −d1 − r1 − λ

��������

�������� = 0: ð20Þ

Then, ð−r − λÞðβk − t1 − d2 − λÞð−d1 − r1 − λÞ = 0 is
characteristic polynomial.

Table 3: Notations and description of parameters.

Parameters Description of parameters

r, k Intrinsic growth rate and carrying capacity of susceptible prey

α, β Disease transmission rates of prey and predator

t1, t2 Treatment rate of infected prey and infected predator

r1, r2 Recovery rate of infected prey and infected predator

pi, i = 1, 2, 3, 4 Predation coefficients

f i, i = 1, 2, 3, 4 Functional response

di, i = 1, 2, 3, 4 Death rates

q, s Efficiency of predation and half-saturation constant
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Thus, λ1 = −r < 0, λ2 = βk − t1 − d2, λ3 = −d1 − r1 < 0;
hence, the axial equilibrium point is the saddle point if βk
− t1 − d2 > 0 and stable if βk − t1 − d2 < 0.

Stability analysis in the absence of infectious disease in
system (8), that is, when there is no disease, WðtÞ, ZðtÞ,
and HðtÞ are all zero and model (8) becomes

dX
dt

= rX 1 − X +W
k

� �
−
p1XY
s + X

= f X, Yð Þ,

dY
dt

= q
p1XY
s + X

− d3Y = g X, Yð Þ: ð21Þ

This system contains trivial Eo 0, 0ð Þ, axial EA k, 0ð Þ,
and positive Eo X, Yð Þ equilibrium points, where

X =
r k − sð Þ + ffiffi

r
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2r + 2krs + rXs2 − 4kp1
q

2r ,

Y = qp1

d3 s + r k − sð Þ + ffiffi
r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2r + 2krs + rs2 − 4kp1

q� �
/2r

� � ,

ð22Þ

and Jacobian matrix is given by

J X, Yð Þ =
r −

2rX
k

−
p1YS

s + Xð Þ2
qp1X
s + k

qp1YS

s + Xð Þ2
qp1X
s + X

− d3

0
BBB@

1
CCCA: ð23Þ

Theorem 6. The trivial equilibrium Eo is a saddle point with
unstable manifold in the X-direction and stable manifold in
the Y-direction.

Proof. The Jacobian matrix at Eo is given by

J Eoð Þ =
r 0
0 −d3

 !
, ð24Þ

hence, eigenvalues are λ1 = r > 0, λ2 = −d3 < 0 which is a
saddle point.

Table 4: Parameter value used in simulation.

Name Value Description

r 22.4000 Growth rate of susceptible prey

k 1.0000E03 Carrying capacity of susceptible prey

r¯1 1.0000 Recovery rate of

Beta 2.4000 Disease transmission rate in prey

P¯1 1.0000 Predation coefficient of susceptible prey due to susceptible predator

s 1.0000 Half-saturated rate

P¯3 1.0000 Predation coefficient of susceptible prey due to infected predator

t¯1 1.0000 Treatment rate of infected prey

d¯2 1.0000 Death rate of infected prey

P¯2 1.0000 Predation coefficient of infected prey due to predators

P¯4 1.0000 Predation rate of infected prey due to infected predator

q 1.0000 Efficiency of predation

r¯2 1.0000 Recovery rate of susceptible predator

Alpha 2.6000 Disease transmission rate in predator

d¯3 1.0000 Death rate of susceptible predator

t¯2 1.0000 Treatment rate of infected predator

d¯4 1.0000 Death rate of infected predator

d¯1 1.0000 Death rate of both infected and infected predator under treatment

Table 5: Initial conditions used for model variables.

Name Value Description

X t0½ � 1.2000E04 Initial # susceptible prey

W t0½ � 200.0000 Initial # infected prey

H t0½ � 1.0000 Initial # under treated prey predator

Y t0½ � 160.0000 Initial # susceptible predator

Z t0½ � 180.0000 Initial # of infected predator
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Figure 2: Infected prey-predator with treatment.
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Figure 3: Plots for W, Z, and H.
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Figure 4: High infection and predation.
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Theorem 7. The axial equilibriumEA is stable if qp1k/ðs + kÞ
− d3 < 0, otherwise unstable.

Proof. The Jacobian matrix at EA is given by

J EAð Þ =
−r −

p1k
s + k

0 −
p1k
s + k

− d3

0
BB@

1
CCA: ð25Þ

To find eigenvalues, compute det ðJðEAÞ − λI3Þ = 0,

−r − λ −
p1k
s + k

0 qp1k
s + k

− d3 − λ

��������

�������� = 0: ð26Þ

Eigen values are λ1 = −r < 0, λ2 = qp1k/ðs + kÞ − d3.
Thus, EA is stable if qp1k/ðs + kÞ − d3 < 0 and otherwise

unstable.

Theorem 8. The positive equilibrium E is stable if ½r − 2rX/k
− p1YS/ðs + XÞ2� + ½qp1k/ðs + kÞ − d3� > 0 and ½r − 2rX/k −
p1YS/ðs + XÞ2�½qp1k/ðs + kÞ − d3� + qp1

2XYS/ðs + XÞ3 > 0.

Proof. The Jacobian matrix at E is given by

J X, Yð Þ =
r −

2rX
k

−
p1YS

s + Xð Þ2
qp1X
s + k

qp1YS

s + Xð Þ2
qp1X
s + X

− d3

0
BBB@

1
CCCA: ð27Þ

Then, compute det ðJðEÞ − λI3Þ = 0,

r −
2rX
k

−
p1YS

s + Xð Þ2 − λ
qp1X
s + k

qp1YS

s + Xð Þ2
qp1X
s + X

− d3 − λ

���������

���������
= 0: ð28Þ

Then,

r −
2rX
k

−
p1YS

s + Xð Þ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
a

− λ

0
BBBBB@

1
CCCCCA

qp1X
s + X

− d3|fflfflfflfflfflffl{zfflfflfflfflfflffl}
b

− λ

0
BBBB@

1
CCCCA + sqp1

2XY

s + Xð Þ3|fflfflfflfflffl{zfflfflfflfflffl}
c

= 0,

ð29Þ

is a characteristic polynomial.

Using the Routh-Hurwitz criterion, the quadratic poly-
nomial is stable if a + b > 0, ab + c > 0, otherwise unstable.

Equilibrium points in model (8) are steady state points
of the form X, W, Y , Z, Hð Þ of model ((8)) that
satisfies dX/dt = dW/dt = dY/dt = dZ/dt = dH/dt = 0, pro-
vided that each variable is nonnegative. In model ((8)),
five steady state points are identified and listed here: trivial
steady state Eo 0, 0, 0, 0, 0ð Þ, axial steady state EA

k, 0, 0, 0, 0ð Þ, disease-free steady state �E
�X, 0, �Y , 0, 0ð Þ, and endemic steady state E∗ðX∗,

W∗, Y∗, Z∗,H∗Þ. Computation of disease free and endemic
equilibrium points is presented as follows.

Disease-free equilibrium points (DFEP) of model (8) are
steady state solutions when there is no infectious disease in
the population. In the absence of infectious disease in the
prey-predator system, the variables WðtÞ = ZðtÞ =HðtÞ = 0
and dX/dt = dW/dt = dY/dt = dZ/dt = dH/dt = 0. Then,
model (8) become

r�X 1 −
�X
k

� �
−
p1�X�Y
s + X

= 0,

qp1�X�Y

s + �X
− d3�Y = 0:

8>>><
>>>: ð30Þ

Thus, solving �X and �Y , it is found that �X = d3s/ðqp1 −
d3Þ and �Y = rsqðkqp1 − kd3 − d3sÞ/ðqp1 − d3Þ2k, and hence,
disease-free equilibrium point (DFEP) of model (8) is given
by

�E = �X, 0, �Y , 0, 0f g
= d3s

qp1 − d3
, 0, rsq kqp1 − kd3 − d3sð Þ

qp1 − d3ð Þ2k
, 0, 0

� �
:

ð31Þ

The endemic equilibrium point (EEP) is positive equilib-
rium point E∗ðX∗,W∗, Y∗, Z∗,H∗Þ obtained by solving
model equation (8) as dX/dt = dW/dt = dY/dt = dZ/dt = d
H/dt = 0 for which all variables are nonzero

rX∗ 1 − X∗ +W∗

k

� �
+ r1H

∗ − βX∗W∗ −
p1X

∗Y∗ + p3X
∗Z∗

s + X∗ = 0,

βX∗W∗ − t1W
∗ − d2W

∗ −
p2W

∗Y∗ + p4W
∗Z∗

s +W∗ = 0,

q
p1X

∗Y∗

s + X∗ + q
p2W

∗Y∗

s +W∗ + r2H
∗ − αY∗Z∗ − d3Y

∗ = 0,

q
p3X

∗Z∗

s + X∗ + q
p4W

∗Z∗

s +W∗ + αY∗Z∗ − t2 + d4ð ÞZ∗ = 0,

t1W
∗ + t2Z

∗ − d1 + r1 + r2ð ÞH∗ = 0:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð32Þ

Then, solving for the variables X∗,W∗, Y∗, Z∗, andH∗,
the endemic equilibrium points of the model exists and a
simplified result is obtained
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To study the stability analysis of equilibrium points of
model (8), it is better to linearize model (8) using variation
matrix. Let us represent the model (8) as system of parame-
trical equations as follows:

dX
dt

= f X,W, Y , Z,Hð Þ = rX 1 − X +W
k

� �
+ r1H − βXW −

p1XY
s + X

−
p3XZ
s + X

,
ð34Þ

dW
dt

= g X,W, Y , Z,Hð Þ = βXW − t1W

− d2W −
p2WY
s +W

−
p4WZ
s +W

,
ð35Þ

dY
dt

= h X,W, Y , Z,Hð Þ = q
p1XY
s + X

+ q
p2WY
s +W

+ r2H − αYZ − d3Y ,
ð36Þ

dZ
dt

= i X,W, Y , Z,Hð Þ = q
p3XZ
s + X

+ q
p4WZ
s +W

+ αYZ − t2Z − d4Z,
ð37Þ

dH
dt

= j X,W, Y , Z,Hð Þ = t1W + t2Z − d1H − r1H − r2H:

ð38Þ
Then, the variation matrix of these functions (36) is given

by

V X,W, Y , Z,Hð Þ =

f X f W f Y f Z f H

gX gW gY gZ gH

hX hW hY hZ hH

iX iW iY iZ iH

jX jW jY jZ jH

0
BBBBBBBB@

1
CCCCCCCCA
, ð39Þ

where each element of the matrix represents partial deriva-
tives of functions (36) with respect to model variables and com-
putations of each element of the variation matrix are given as

V X,W, Y , Z,Hð Þ =

f X −
rX
k

− βX −
p1X
s + X

−
p3X
s + X

r1

βW gW −
p2W
s +W

−
p4W
s +w

0

sqp1Y

s + Xð Þ2
sqp2Y

s + Xð Þ2 hY −αy − d3 r2

sqp3Z

s + Xð Þ2
sqp4Z

s +Wð Þ2 αZ iz 0

0 t1 0 t2 −d1 − r1 − r2

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

,

ð40Þ

where, f X = r − 2rx/k − rW/k − βW − sðp1Y + p3ZÞ/ðs + XÞ2,
gW = βX − t1 − d2 − sðp2Y + p4ZÞ/ðs +WÞ2, hY = qp1X/ðs +
XÞ + qp2W/ðs +WÞ − αZ − d3, iz = qp3X/ðs + XÞ + qp4W/ðs
+WÞ − αY − t2 − d4:

Theorem 9 (TEP). Trivial equilibrium point Eo

0, 0, 0, 0, 0ð Þ exists and always locally asymptotically
unstable.

Proof. Consider the variation matrix (40) at Eo.

V Eoð Þ =

r 0 0 0 r1

0 −t1 − d2 0 0 0
0 0 −d3 0 r2

0 0 0 −t2 − d4 0
0 t1 0 t2 −d1 − r1 − r2

0
BBBBBBBB@

1
CCCCCCCCA
:

ð41Þ

Eigenvalue of variation matrix can be computed from the
characteristic polynomial det ðVðEoÞ − λI5Þ = 0

X∗ = −rβd1 + 2kr − rs − 2kβ½ �d1d2 − rβr1 + 2krd2r1ð Þ,

W∗ =
β − s d2 + t1ð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 sβ − p2 − p4ð Þ t1 + d2ð Þ + s t1 + d2½ � − βð Þ2

q
2 t1 + d2ð Þ ,

Y∗ = 1
d3

−α −
rr2
r1

+ rβr2
r1

+ rβr2
2kr1 t1 + d2ð Þ −

rsd2r2
2kr1 t1 + d2ð Þ −

rsr2t1
2kr1 t1 + d2ð Þ

� �
,

Z∗ = 1
t2 + d4

α + qp4

s + β − t1 + d2ð Þ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 sβ − p2 − p4ð Þ t1 + d2ð Þ + s t1 + d2½ � − βð Þ2

q� �
/2 t1 + d2ð Þ

0
BB@

1
CCA,

H∗ = 1
r1

β − r + rβ − rsd2 − rst1
2k t1 + d2ð Þ

� �
: ð33Þ
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r − λ 0 0 0 r1

0 −t1 − d2 − λ 0 0 0
0 0 −d3 − λ 0 r2

0 0 0 −t2 − d4 − λ 0
0 a1 0 a2 −d1 − r1 − r2 − λ

��������������

��������������
= 0,

ð42Þ

⟹ðr − λÞð−t1 − d2 − λÞð−d3 − λÞð−t2 − d4 − λÞð−d1 −
r1 − r2 − λÞ = 0 is the characteristic polynomial. The eigen
values are λ1 = r, λ2 = −t1 − d2, λ3 = −d3, λ4 = −t2 − d4, λ5 =

−d1 − r1 − r2. Thus, the trivial equilibrium point is locally
asymptotically unstable due to the parameter r is
nonnegative.

Theorem 10 (AEP). Axial equilibrium point EAðk, 0, 0, 0, 0Þ
exists and always locally asymptotically stable in model (8) if
and only if model parameters satisfy the conditions: βk − t1
− d2 < 0, qp1k/ðs + kÞ − d3 < 0, and qp3k/ðs + kÞ − t2 − d4 < 0.
Otherwise, EA is locally asymptotically unstable.

Proof. Consider the variation matrix (40) at JðEAÞ

Then, it is possible to find eigenvalue of this variation
matrix as det ðVðEA − λI5Þ = 0,

Use first column to find the determinant,

V EAð Þ =

−r −r − βk −
p1k
s + k

−
p3k
s + k

r1

0 βk − t1 − d2 0 0 0

0 0 qp1k
s + k

− d3 d3 r2

0 0 0 qp3k
s + k

− t2 − d4 0

0 t1 0 t2 −d1 − r1 − r2

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
: ð43Þ

−r − λ −r − βk −
p1k
s + k

−
p3k
s + k

r1

0 βk − t1 − d2 − λ 0 0 0

0 0 qp1k
s + k

− d3 − λ d3 r2

0 0 0 qp3k
s + k

− t2 − d4 − λ 0

0 t1 0 t2 −d1 − r1 − r2 − λ

������������������

������������������

= 0: ð44Þ

⟹ −r − λð Þ

βk − t1 − d2 − λ 0 0 0

0 qp1k
s + k

− d3 − λ d3 r2

0 0 qp3k
s + k

− t2 − d4 − λ 0

t1 0 t2 −d1 − r1 − r2 − λ

��������������

��������������
= 0: ð45Þ
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Use first row to compute the remaining determinant,

Use first column to get the characteristic polynomial,

⟹ −r − λð Þ βk − t1 − d2 − λð Þ qp1k
s + k

− d3 − λ

� �

�
qp3k
s + k

− t2 − d4 − λ 0

t2 −d1 − r1 − r2 − λ

�������
������� = 0,

⟹ −r − λð Þ βk − t1 − d2 − λð Þ qp1k
s + k

− d3 − λ

� �

� qp3k
s + k

− t2 − d4 − λ

� �
−d1 − r1 − r2 − λð Þ = 0,

ð47Þ

is characteristic polynomial. Then, eigenvalues are

λ1 = −r, λ2 = −d1 − r1 − r2, λ3 = βk − t1 − d2, λ4

= qp1k
s + k

− d3, λ5 =
qp3k
s + k

− t2 − d4:
ð48Þ

The axial equilibrium point EA is locally asymptotically
stable, if

βk − t1 − d2 < 0, qp1k
s + k

− d3 < 0, qp3k
s + k

− t2 − d4 < 0: ð49Þ

Otherwise, EA is locally asymptotically unstable.

Theorem 11 (DFEP). The disease-free equilibrium point �E
�X, 0, �Y , 0, 0ð Þ = d3s/ðqp1 − d3Þ , 0, rsqðkqp1f −

kd3 − d3sÞ/ðqp1 − d3Þ2k,0,0g exists and is always locally
asymptotically stable if and only if the model parameter satisfy
conditions (i) β�X − t1 − d2 − sp2�Y/s2 ≤ 0, (ii) qp3�X/ðs + XÞ −
α�Y − t2 − d4 ≤ 0, (iii) fr − 2r�X/k − sp1�Y/ðs + �XÞ2g + fqp1�X/ð
s + �XÞ − d3g > 0, and (iv) fr − 2r�X/k − sp1�Y/ðs + �XÞ2gfqp1�X/
ðs + �XÞ − d3g + sqp1

2�X2/ðs + �XÞ3 > 0.

Proof.Consider the variation matrix (40) at disease-free equi-
librium point �Eð�X, 0, Y ,0, 0Þ such that

⟹ −r − λð Þ βk − t1 − d2 − λð Þ

qp1k
s + k

− d3 − λ d3 r2

0 qp3k
s + k

− t2 − d4 − λ 0

0 t2 −d1 − r1 − r2 − λ

�����������

�����������
= 0: ð46Þ

V �E
	 


=

r −
2r�X
k

−
sp1�Y

s + �X
	 
2 −

r�X
k

− β�X −
p1�X

s + �X
−
p3�X

s + �X
r1

0 β�X − t1 − d2 −
sp2�Y
s2

0 0 0

sqp1�X

s + �X
	 
2 sqp2�Y

s + �X
	 
2 qp1�X

s + �X
− d3 −α�Y − d3 r2

0 0 0 qp3�X

s + �X
− α�Y − t2 − d4 0

0 t1 0 t2 −d1 − r1 − r2

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

: ð50Þ
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Then, it is possible to find the determinant of the varia-
tion matrix as det ðVð�EÞ − λI5Þ

To find eigenvalues, compute the determinant using sec-
ond row

Now again use third row to find determinant:

β�X − t1 − d2 −
sp2�Y
s2

− λ

� �
qp3�X

s + �X
− α�Y − t2 − d4 − λ

� �

∗

r −
2r�X
k

−
sp1�Y

s + �X
	 
2 − λ −

p1�X

s + �X
r1

sqp1�X

s + �X
	 
2 qp1�X

s + �X
− d3 − λ r2

0 0 −d1 − r1 − r2 − λ

��������������

��������������
:

ð53Þ

Then, use third row to find characteristic polynomial

β�X − t1 − d2 −
sp2�Y
s2

− λ

� �

� qp3�X

s + �X
− α�Y − t2 − d4 − λ

� �
−d1 − r1 − r2 − λð Þ

∗

r −
2r�X
k

−
sp1�Y

s + �X
	 
2 − λ −

p1�X
s + X

sqp1�X

s + �X
	 
2 qp1�X

s + �X
− d3 − λ

�����������

�����������

r −
2r�X
k

−
sp1�Y

s + �X
	 
2 − λ −

r�X
k

− β�X −
p1�X

s + �X
−
p3�X

s + �X
r1

0 β�X − t1 − d2 −
sp2�Y
s2

− λ 0 0 0

sqp1�X

s + �X
	 
2 sqp2�Y

s + �X
	 
2 qp1�X

s + �X
− d3 − λ −α�Y − d3 r2

0 0 0 qp3�X

s + �X
− α�Y − t2 − d4 − λ 0

0 t1 0 t2 −d1 − r1 − r2 − λ

�����������������������

�����������������������

:

ð51Þ

β�X − t1 − d2 −
sp2�Y
s2

− λ

� �
∗

r −
2r�X
k

−
sp1�Y

s + �X
	 
2 − λ −

p1�X

s + �X
−
p3�X

s + �X
r1

sqp1�X

s + �X
	 
2 qp1�X

s + �X
− d3 − λ −αY − d3 r2

0 0 qp3�X

s + �X
− αY − t2 − d4 − λ 0

0 0 0 −d1 − r1 − r2 − λ

������������������

������������������

:

ð52Þ
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� β�X − t1 − d2 −
sp2�Y
s2

− λ

� �
qp3�X
s + X

− α�Y − t2 − d4 − λ

� �

� −d1 − r1 − r2 − λð Þ ∗ r −
2r�X
k

−
sp1�Y

s + �X
	 
2 − λ

 !(

� qp1�X

s + �X
− d3 − λ

� �
+ sqp1

2�X2

s + �X
	 
3

)
= 0:

ð54Þ

Eigenvalues are

λ1 = β�X − t1 − d2 −
sp2�Y
s2

, λ2 =
qp3�X

s + �X
− α�Y − t2 − d4, λ3 = −d1 − r1 − r2,

ð55Þ

and the remaining eigenvalues can be obtained from the
roots of quadratic equation:

r −
2r�X
k

−
sp1�Y

s + �X
	 
2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
a

− λ

0
BBBBB@

1
CCCCCA

qp1�X

s + �X
− d3|fflfflfflfflfflffl{zfflfflfflfflfflffl}

b

− λ

0
BBBB@

1
CCCCA + sqp1

2�X2

s + �X
	 
3
|fflfflfflffl{zfflfflfflffl}

c

= 0:

ð56Þ

It is known that a quadratic equation ða − λÞðb − λÞ + c
= 0 is locally asymptotically stable if and only if a + b > 0
and ab + c > 0, using such Routh-Hurwitz criterion, the
disease-free equilibrium point �Eð�X, 0, Y ,0, 0Þ is locally
asymptotically stable if

r −
2r�X
k

−
sp1�Y

s + �X
	 
2

( )
+ qp1�X

s + �X
− d3

� �

> 0, r −
2r�X
k

−
sp1�Y

s + �X
	 
2

( )
qp1�X

s + �X
− d3

� �
+ sqp1

2�X2

s + �X
	 
3 > 0,

λ1 = β�X − t1 − d2 −
sp2�Y
s2

≤ 0, λ2 =
qp3�X
s + X

− α�Y − t2 − d4 ≤ 0,

ð57Þ

where �X = d3s/ðqp1 − d3Þ and �Y = rsqðkqp1 − kd3 − d3sÞ/
ðqp1 − d3Þ2k. Otherwise, the disease-free equilibrium point
is asymptotically unstable.

Now let us see again the global stability analysis of model
(8) around the endemic equilibrium point or positive equilib-
rium point E∗ðX∗,W∗, Y∗, Z∗,H∗Þ which shows coexis-
tence. For that, let us state the following theorem and prove
by taking appropriate Lyapunov function L.

Theorem 12 (global stability). Endemic equilibrium point E∗

ðX∗,W∗, Y∗, Z∗,H∗Þ exists and globally asymptotically stable.

Proof. Define appropriate Lyapunov function L

X, W, Y , Z, Hð Þ = ð1/2ÞðX − X∗Þ2 + ðα1/2Þ
ðW −W∗Þ2 + ðα2/2ÞðY − Y∗Þ2 + ðα3/2ÞðZ − Z∗Þ2 + ðα4/2Þ
ðH −H∗Þ2, where α1, α2, α3, α4 > 0 are chosen properly such
that dL/dt = 0∀ðX∗,W∗, Y∗, Z∗,H∗Þ ∈ℝ5

+ and dL/dt ≤ 0∀ð
X,W, Y , Z,HÞ ∈ℝ5

+.This implies E∗ of the system is Lyapu-
nov stable and dL/dt < 0, ∀ðX,W, Y , Z,HÞ ∈ℝ5

+ near E∗.
This implies E∗ is globally asymptotically stable point. Now
differentiate the Lyapunov function L with respect to t

dL
dt

= X − X∗ð Þ dX
dt

+ α1 W −W∗ð Þ dI
dt

+ α2 Y − Y∗ð Þ dY
dt

+ α3 Z − Z∗ð Þ dZ
dt

+ α4 H −H∗ð Þ dH
dt

:

ð58Þ

Now substitute the model equation (8) into (58), we have
the following equation:

dL
dt

= X − X∗ð Þ rX 1 − X +W
k

� �
+ r1H

�

− βXW −
p1XY
s + X

−
p3XZ
s + X

�
+ α1 W −W∗ð Þ

� βXW − t1W − d2W −
p2WY
s +W

−
p4WZ
s +W

� �

+ α2 Y − Y∗ð Þ q
p1XY
s + X

+ q
p2WY
s +W

+ r2H − αYZ − d3Y
� �

+ α3 Z − Z∗ð Þ q
p3XZ
s + X

+ q
p4WZ
s +W

+ αYZ − t2Z − d4Z
� �

+ α4 H −H∗ð Þ t1W + t2Z − d1H − r1H − r2H½ �:
ð59Þ

Take out X,W, Y , Z,H from each bracket and write a
change as follows

dL
dt

= X − X∗ð Þ X − X∗ð Þ r 1 − X +W
k

� �
+ r1H

X

�

− βW −
p1Y
s + X

−
p3Z
s + X

�
+ α1 W −W∗ð Þ W −W∗ð Þ

� βX − t1 − d2 −
p2Y
s +W

−
p4Z
s +W

� �
+ α2 Y − Y∗ð Þ Y − Y∗ð Þ
� q

p1X
s + X

+ q
p2W
s +W

+ r2H
Y

− αZ − d3

� �

+ α3 Z − Z∗ð Þ Z − Z∗ð Þ q
p3X
s + X

+ q
p4W
s +W

+ αY − t2 − d4

� �

+ α4 H −H∗ð Þ H −H∗ð Þ t1W
H

+ t2Z
H

− d1 − r1 − r2

� �
:

ð60Þ
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By rearranging, it is obtained that

dL
dt

= − X − X∗ð Þ2½

−rð1 − X + W
k Þ − r1H

X + βW + p1Y
s + X + p3Z

s + X� − α1ðI − I∗Þ2½−βX
+ t1 + d2 + p2Y

s + W + p4Z
s + W� − α2ðY − Y∗Þ2½−q p1S

s + X − q p2W
s + W −

r2H
Y + αZ + d3� − α3ðZ − Z∗Þ2½−q p3X

s + X − q p4W
s + W − αY + t2 + d4

� − α4ðH −H∗Þ2½− t1W
H − t2Z

H + d1 + r1 + r2�: Thus, it is
possible to set α1, α2, α3, α4 such that dL/dt ≤ 0 and endemic
equilibrium point E∗ is globally stable point.

5. Basic Reproduction Number

The basic reproduction number denoted by R0 and defined as
the expected number of people getting secondary infection
among the whole susceptible population. This number shows
a potential for spread of disease within a given population.
When R0 < 1, each infected individual produces on average less
than one new infected individual so that the disease is expected
to die out. On the other hand, if R0 > 1, then each individual
produces more than one new infected individual so that the dis-
ease is expected to continue spreading in the population.

Theorem 13. The basic reproduction number for infected prey
at disease-free equilibrium point (DFEP) �Eð�X, 0, �Y , 0, 0Þ =
d3s/ðqp1 − d3Þ , 0, rsqðkqp1 − kd3ð − d3sÞ/ðqp1 − d3Þ2k,0,
0Þ is given by

R01 =
qp1 − d3ð Þ2kβd3s2

qp1 − d3ð Þ qp1 − d3ð Þ2ks t1 + d2ð Þ + rsqp2 kqp1 − kd3 − d3sð Þ
 � :
ð62Þ

Proof.Consider infected prey equation in (8), we have the fol-
lowing model equation

dW
dt

= βXW − t1W − d2W −
p2WY
s +W

−
p2WZ
s +W

= βX − t1 + d2 +
p2Y
s +W

+ p2Z
s +W

� �� �
W:

ð63Þ

Now let us define functions F and V , F = βX, V = t1 +
d2 + p2Y/ðs +WÞ + p2Z/ðs +WÞ.

Evaluate F and V at DFEP �Eð�X, 0, �Y , 0, 0Þ =
d3s/ðqp1 − d3Þ , 0, rsqðkqp1ð − kd3 − d3sÞ/ðqp1 − d3Þ2k,0,
0Þ,

F �E
	 


= β�X = βd3s
qp1 − d3

, V �E
	 


= t1 + d2 +
p2�Y
s

= t1 + d2

+ rsqp2 kqp1 − kd3 − d3sð Þ
qp1 − d3ð Þ2ks

= qp1 − d3ð Þ2 t1 + d2ð Þks + rsqp2 kqp1 − kd3 − d3sð Þ
qp1 − d3ð Þ2ks :

ð64Þ

Then, the basic reproduction number of infected prey is

R01 = FV−1

= βd3s
qp1 − d3

∗
qp1 − d3ð Þ2ks

qp1 − d3ð Þ2 t1 + d2ð Þks + rsqp2 kqp1 − kd3 − d3sð Þ ,

R01 =
qp1 − d3ð Þ2kβd3s2

qp1 − d3ð Þ qp1 − d3ð Þ2 t1 + d2ð Þks + rsqp2 kqp1 − kd3 − d3sð Þ
 � :
ð65Þ

Theorem 14. The basic reproduction number for infected
predators at disease-free equilibrium point (DFEP) �Eð�X, 0, �Y ,
0, 0Þ = d3s/ðqp1 − d3Þ , 0, rsqðkqp1ð − kd3 − d3sÞ/
ðqp1 − d3Þ2k,0,0Þ is given by

R02 =
qp1 − d3ð Þ qp3d3ð Þk + αrsq kqp1 − kd3 − d3sð Þ

qp1 − d3ð Þ2 t2 + d4ð Þk : ð66Þ

Proof. Consider the infected predator model equation in (8),
we have the following equation

dZ
dt

= q
p2WZ
s +W

+ q
p3XZ
s +W

+ αYZ − t2Z − d4Z

= q
p2W
s +W

+ q
p3X
s +W

+ αY − t2 + d4ð Þ
� �

Z:
ð67Þ

Now let us define functions F and V as F = qðp2W/ðs
+WÞÞ + qðp3X/ðs +WÞÞ + αY , V = t2 + d4 . Then, evaluate
F and V at (DFEP) �Eð�X, 0, �Y , 0, 0Þ =
d3s/ðqp1 − d3Þ , 0, rsqðkqp1 − kd3 − d3sÞ/ðqp1ð − d3Þ2k,0,
0Þ,

F �E
	 


= qp3d3s
s qp1 − d3ð Þ +

αrsq kqp1 − kd3 − d3sð Þ
qp1 − d3ð Þ2k

= qp1 − d3ð Þ qp3d3ð Þk + αrsq kqp1 − kd3 − d3sð Þ
qp1 − d3ð Þ2k ,

V �E
	 


= t2 + d4: ð68Þ

Therefore, the basic reproduction number of infected
predator is R02 = FV−1 , and hence,

R02 =
qp1 − d3ð Þ qp3d3ð Þk + αrsq kqp1 − kd3 − d3sð Þ

qp1 − d3ð Þ2 t2 + d4ð Þk
: ð69Þ

6. Simulation

In this section, simulation of model (8) is carried out using
DEDiscover version: 2.6.4. software. For simulation, a set of
meaningful values are assigned to model parameters in
Table 4, and initial values for model variables are given in
Table 5. The model is arranged in such a way for simulation
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purposes.

dX
dt

= r ∗ X ∗ 1 − X +W
k

� �
+ r¯1 ∗H − beta ∗ X ∗W

− P¯1 ∗ X ∗
Y

s + X
− P¯3 ∗ X ∗

Z
s + X

//susceptible prey,

dW
dt

= beta ∗ X ∗W − t¯1 ∗W − d¯2 ∗W

− P¯2 ∗W ∗
Y

s +W
− P¯4 ∗W ∗

Z
s +W

//infected prey,

dY
dt

= q ∗ P¯1 ∗ X ∗
Y

s + X
+ q ∗ P¯2 ∗W ∗

Y
s +W

+ r¯2 ∗H

− alpha ∗ Y ∗ Z − d¯3 ∗ Y//susceptible predator,

dZ
dt

= q ∗ P¯3 ∗ X ∗
Z

s + X
+ q ∗ P¯4 ∗W ∗

Z
s +W

− alpha ∗ Y ∗ Z − t¯2 ∗ Z − d¯4 ∗ Z//infected predator,

dH
dt

= t¯1 ∗W + t¯2 ∗ Z − d¯1 ∗H − r¯1 ∗H

− r¯2 ∗H//both infected populations under treatment:
ð70Þ

From simulation in Figures 2 and 3, it can be concluded
that treatment is a helpful tool to minimize or eradicate infec-
tion. It is shown that as the treatment rate increases on
infected prey-predator, then the infected prey-predator pop-
ulation decreases rapidly. This shows due to the fact that the
infected prey-predator population is recovering andmoves to
susceptible classes and that contributes to the susceptible
prey-predator population to rise in number.

In the sample simulation in Figures 4 and 5, it is shown
that high infection and predation results in the whole prey-
predator population declining to a certain level. Therefore,
it is better to implement treatment mechanisms to sustain
stability of the prey-predator system.

7. Conclusions and Recommendation

In this paper, It can be concluded that the formulated model
is mathematically meaningful, valid, and biologically well
posed by proving the boundedness, positivity, and existence
of the solutions of the model. Trivial, axial, disease-free,
and endemic equilibrium points are investigated. Moreover,
It is observed that in our model, trivial equilibrium point is
always locally asymptotically unstable. Axial equilibrium
point is locally asymptotically stable if and only if the vari-
ables satisfy the following three conditions: (i) βk − ðt1 + d2
Þ < 0, (ii) qp1k − d3ðs + kÞ < 0, and (iii) qp3k − ðt2 + d4Þðs + k
Þ < 0.

Treatment is a helpful tool to minimize or eradicate
infection in the prey-predator system. Therefore, providing
treatment in an infected prey-predator system creates oppor-
tunity to recover from illness and the prey-predator popula-
tion can be saved and exists in stable situation. Thus, it is

recommended to apply treatment on infected prey-predator
to make the whole prey-predator population safe and abun-
dant in nature. One can extend this paper by assuming the
predator grows logistically or by adding parameter like death
rate on the prey or by including other variables like vaccina-
tion, immigration, migration on prey-predator system, and
these things can be considered as limitation of this paper.
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