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In this paper, the prey-predator model of five compartments is constructed with treatment given to infected prey and infected
predator. We took predation incidence rates as functional response type II, and disease transmission incidence rates follow
simple kinetic mass action function. The positivity, boundedness, and existence of the solution of the model are established and
checked. Equilibrium points of the models are identified, and local stability analyses of trivial equilibrium, axial equilibrium, and
disease-free equilibrium points are performed with the method of variation matrix and the Routh-Hurwitz criterion. It is found
that the trivial equilibrium point E, is always unstable, and axial equilibrium point E, is locally asymptotically stable if Sk — (¢,
+d,) <0, qp k—d;(s+k) <0 and gp;k— (t, +d,)(s+k) <0 conditions hold true. Global stability analysis of an endemic
equilibrium point of the model has been proven by considering the appropriate Lyapunov function. The basic reproduction
number of infected prey and infected predators are obtained as Ry, = (qp, — d;)°kBdss2/(qp, — d5){(qp, — d3) ks(t, +d,) + rsqp,
(kqp, —kd; —dss)} and Ry, = (qp, — d;)(qpsds )k + arsq(kqp, — kdy — d;s)/(qp, —d;)*(t, + d,)k, respectively. If the basic
reproduction number is greater than one, then the disease will persist in the prey-predator system. If the basic reproduction
number is one, then the disease is stable, and if the basic reproduction number is less than one, then the disease dies out from

the prey-predator system. Finally, simulations are done with the help of DEDiscover software to clarify results.

1. Introduction

Mathematical modeling of prey-predator systems of interac-
tion of species have a long history since the original remark-
able work done by the Lotka-Volterra Model in the 1920s [1-
4], and the SIR model compartment of systems of population
is another vital area of research after the pioneering work of
Kermack and Mckendrick [1-9]. Anderson and May were
the first who combined these two modeling systems, while
Chattopadhyay and Arino were the first who used the term
“ecoepidemiology” for such models [2, 3, 6]. The dynamics
of disease in prey-predator systems now become an interest-
ing area of research due to the fact that prey-predator inter-
action is rich and complex in nature [4, 6, 10-13]. Several
mathematical models have been proposed and studied on
prey-predator systems [1-6, 8-12]. Many studies focused
on the study of disease in prey only [1-3, 5, 6, 10, 12, 14-
20], other researchers were interested in the study of disease
within the predator population only [18, 21], and there are

also some studies on diseases in both prey and predators [4,
8, 11]. In this paper, we proposed and studied infectious dis-
ease in both prey and predator interaction of species with
treatment given to infected prey and infected predator.

2. Mathematical Model Formulation
and Assumptions

In this paper, the prey-predator population is divided into
five compartments. Let us denote X(¢) as the susceptible
prey, W (t) as the infected prey, Y(t) as the susceptible pred-
ator, Z(t) as the infected predator, and H(¢) as both infected
prey and infected predator population under treatment. In
the absence of infectious disease, the susceptible prey popula-
tion grows logistically with intrinsic growth rate r and envi-
ronmental carrying capacity k, and only susceptible prey
can reproduce. In the presence of infectious disease, suscep-
tible predators become infected predators when they come
into contact with infected predators, susceptible prey become
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FIGURE 1: Model diagram.

infected prey when they come into contact with infected
prey, and the contact process is assumed to follow bilinear
functional with convolution rate a, f3, respectively. The pre-
dation functional response of predator towards the prey is
assumed to follow a different Holling type II functional
response form with p,, p, respective predation coefficients
of X(t), W(t) due to susceptible predator, and ps, p, respec-
tive predation coefficient of X(t), Y(¢) due to infected preda-
tor. Suppose consumed prey converted into predator with
efficiency g and also half-saturated constants. It is also
assumed that infected prey W (¢) and infected predator Z(¢)
can only recover through treatment and are treated at a treat-
ment rate of ¢, t,, respectively. The prey-predator popula-
tion H(t), W(t),Y(t), and Z(t) suffers from infectious
disease with death rate d,, d,, d5, and d,, respectively. More-
over, assume that all variables and parameters used in the
model are nonnegative.

According to the above assumption, we have the follow-
ing model flow diagram.

From the model flow diagram in Figure 1, we have the
following set of differential equations:

(fi_)t( =g(X, W)+ H=BXW -p,f(X,Y) = p:f3(X, Z),
(1)
‘Z_V:] =BXW —t;W =d, W = p,/,(W,Y) = p,fy(W, Z),
()
dy

o =qp.f, (X, Y) +qpofo, (W, Y) +1r,H—aYZ~d,Y, (3)

az
b apafs(X, Z) + qpuf(W, Z) + aYZ — t,Z - d,Z, (4)
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%I =t,W+t,Z-dH-rH-r,H, (5)
with initial conditions X(0) =0; W(0)>0;Y(0)>0;Z(0)
>0;H(0)>0;andp;>0,i=1,2,3,4,and0<g< 1.

Depending on the assumptions of per capita growth of
function g(X, W) for susceptible prey, and different type II
functional responses f, i = 1,2, 3,4, we have a more feasible
model (8) emanating from model (3) as

ax X+ W XY XZ
P ox(1- 2N o pxw - DAL P
dt k s+X s+ X
= f(X, W, Y, Z, H),
(6)
aw WY Wz
Y _pxw—t,w—aw -2 Pa
dt s+W o os+W o (7)
=g(X, W, Y, Z, H),
dy p XY p,WY
—= - H-aYZ-d,Y
ar Torx Thaw TR ? (8)
= h(X, W, Y, Z,H),
daz  pXZ p,WZ
—= YZ-t,Z-d,7
ar Tsrx Tsyw T = (9)
=i(X, W, Y, Z H),
dH .
W=t1W+tZZ—le—rlH—rZsz(X,W,Y,Z,H),
(10)

with initial conditions X(0) =0; W(0)>0;Y(0)>0;Z(0)
>0;H(0)>0;p,,p, P3Py >0,and0<g<1, it is possible
to arrange model (6)-(10) and express it in more compact
forms with excellent patterns in

ax X+W 1Y +p,Z
E-X{r(l— T )—(BW+7S+X +r H,

dd_vz}/ = W{/J’X— <t1 +d, + p72Y+p4Z>}’

s+ W
Z_j - Y{q(spf; ¥ fi%) - (ocZ+d3)} +1ryH,
‘Z_f :Z{q(sp-if{ + %) +aY - (t2+d4)},
‘;_I;I =t,W+t,Z— (d, + 1, +1,)H, (11)

with initial conditions X(0)>0; W(0)>0;Y(0)>0;2(0)
>0;H(0)>0;p,,p, P3Py >0;and0<g< 1.
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3. Mathematical Analysis of the Model

In this section, positivity, boundedness, and existence of the
solution of the model are checked. This mathematical analy-
sis of the model could be considered as the primary results.

Theorem 1 (boundedness). All solutions of model (8) are
bounded in feasible region R>.

Proof. Each solution X(t), W(t), Y(¢), Z(t), and H(¢) of the
model is bounded if and only if total population N is
bounded. Let total population of prey-predator N=X+ W
+Y+Z+H.

For A >0 to be constant,

dN dX dw dY dz dH AN 2

E+ _E+W+E+E+E+ . (12)

By substituting all model Equations (8) into (12) and
removing all negative terms, we have the following results:
dAN/dt + AN <rX +q(p,XY/(s + X)) + q(p, WY /(s + W)) +
qp,WZIi(s+ W)) +q(p;XZ/(s + X)) + AN = p. Then, solv-
ing the differential inequality dN/dt + AN < u yields N(¢) <
(W A)(1-e)+N(0)e™! for t — co,N — u/A. We know
that total prey-predator population is nonnegative, and
hence, 0 < N(t) < u/A. So we have invariant feasible region
Q={(X, W, Y, Z H)eR] : 0<N(t) <u/A}. This proves
the theorem and the model is mathematically well posed

Theorem 2 (positivity). All solutions of model (6)-(10) are
positive.

Proof. To prove Theorem 2, we have to show that variables
X (1), W(t), Y (t), Z (¢), H (t) of the models (8) are nonnega-
tive V£ > 0.

(i) Positivity of X(t): from the susceptible prey model
in (8), dX/dt=rX(1-(X+W)/k)+rH-BXW
-p XY/(s+X) - p,XZ/(s+X) without loss of
generality. After removing all the positive terms
from the right-hand side of the differential equa-
tion, we have the following differential inequality:
ax/dt>—((rX* + rXW)/k + BXW + (P, XY + P;XZ)
/(S+X)) divide both sides by negative yields —(d
X/dt) < (RX* + RXW)/k + BXW + (p, XY + p,XZ)/
(S+X). But it is also clear that the following
inequality holds: (rX?+rXW)/k+ BXW + (P, XY
+P,XZ)/(S+X) <rX* +rXW + fXW + p, XY +p,
XZ=X(rX+rW+pBW+p, Y +p,Z). Assume that
tW+BW+p,Y+p,Z=C, then the differential
inequality is reduced to —(dX/dt)<X(rX+C).
This inequality can be arranged for integration
by partial fraction as [(1/X(rX +C))dX> [ -dt,
integrating the integral inequality [((1/C)/X + (-r
IC)/(rX + C))dX>~ [dt will give us (1/C)In |X]
—(1/C) In |rX + C|=—t + Q, where Q is integration
constant. Using rules of logarithm, the inequality
can be written as In |X/(rX + C)|>-Ct+ CQ.

Finally, solving for X will give us X(t) > ACe™“'/(
1-rAe ), for A=e“? Therefore, X(t)>0 for 1
—rAe " > 0. That is, X(t) is nonnegative for t >
(1/C) In (rA).

(ii) Positivity of W(t): from the infected prey model in
(7), dWidt=BXW —t,W —d, W — p, WY/(s + W)
- psWZ/(s + W), without loss of original generality,
after removing the positive term (SXW). We obtain
the following differential inequality: dW/dt>—(t; W
+d,W+p,WY/(s+ W) +p,WZ/(s+W)) if and
only if —(dW/dt)<(t,W+d,W +p,WY/(s+ W)
+p,WZ/(s+ W)). But it is clear that ;W +d, W
+p,WY/(s+ W) +p,WZ/(s+ W) <t; W+ d, W +
pWY+p,WZ=(t,+d,+p,Y +p,Z)W holds
true. Now assume that t, +d,+p,Y+p,Z=C.
Then, we have —(dW/dt) < CWt. Now applying
integration yield In |W|>-Ct + Q, where Q is the
integration constant, then solving for the variable
W(t) gives the equation W (t) > e"*Q which is the
exponential function and positive at all times.
Hence, W(t) is positive.

(ili) Positivity of Y(t): from the susceptible predator
model in (8), dY/dt =q(p,XY/(s+X)) +q(p, WY/(
s+ W))+r,H—-aYZ-d,Y, without loss of original
generality, after removing all positive terms (g(p, X
Y/(s+X))+q(p,WY/(s+ W))+r,H), we obtain
differential equation dy/dt>—(az +d;)y. Then,
applying integration by separation of variable
method results, In |y|>—(az + d;)t + Q, where Q is
integration constant, and solving for variable Y (t)
,we obtain the solution |y| > ¢™(®**%)Q_ Therefore,
y(t) = e (@42 Q 5 3 positive exponential function;
hence, y(t) is positive.

(iv) Positivity of Z(t): from the infected predator model
in (9), dZ/dt = q(p, WZ/(s + W)) + q(p, XZ/(s + W)
Y+aYZ-t,Z—d,Z after removing all positive
terms (q(p,WZ/(s+ W)) + q(p;XZ/(s + W))), we
obtain the differential inequality dz/dt>—(t, + d,)z.
Applying integration by separation of variable
method vyields In |z|>—(t, +d,)t + Q where Q is
integration constant by separation of variable
method. Then, solving for Z will result in z(t) >
e~ (24 Q which is the exponential function that is
positive at all time. Hence, Z(t) is positive.

Alternative verification: in mode (6)-(10), dZ/dt = q(p,
WZI(s+ W))+q(p;XZI(s+ W))+aYZ - t,Z - d,Z Can be
written as dZ/dt = (q(p,W/(s+ W)) + q(p;X/(s + W)) + aY
—t,—d,)Z if only if (1/2)dZ = (q(p,W/I(s+ W)) + q(psX/(
s+ W))+aY —t, —d,)dt. This equation can be arranged as
[(1Z)dZ = [(q(p,WI(s+ W)) +q(p;X/(s + W)) +aY —t,
—d,)dt, which after computing the integration yields, In |Z
|=(q(p,Wi(s+ W))+q(p:XI(s+W))+aY —t,—d,)t+Q,
where Q is the integration constant. Thus, Z(t)=
el WIstW))+q(p; X/ (st W) +aY=1-d1)1+Q g the exponential func-
tion which is positive, and hence, Z(t) is positive.



+ 1, +71,)t+ Q. Then, solving the variable H yields |
H| > e (@#n+2)5Q which is an exponential function
which is positive at all times. Therefore, H(¢) > 0,
and hence, H(¢) is positive. Thus, variables X(¢), W
(1), Y(¢), Z(t), and H(¢) are all positive quantities

and remain in R? for all .

Theorem 3 (existence). All solutions of model (8) together
with the initial conditions X(0) > 0, W(0) =0, Y(0) > 0, Z(0)

4 Journal of Applied Mathematics
TaBLE 1: Partial derivatives.
For f}: For f,:
== - w2 oo - <o
5= - x| oo 35| = ] <o
Bl=|-25] <. % =[5 + 25 -0z - ds| <o,
[ =|- 2] < oo B =|-ay - dy| <o,
%:|r1|<00’ %:r2<oo,
For f,: For f,:
% =|BW| < oo, % = (;qf}Z)z <00,
ol = ‘/S’X— t,—d, - Si%i;j’)f) <00, AUl = (;31’;5)2 <00,
%% :‘—fiv‘f, <00, I = |az| < co,
%= |- <o, %= |85 + By —a¥ —t,~dy| <o,
% =0<o00, % =0<o00.
For f.:
% =0< o0,
’% =t <00,
% =0< o0,
%| = Ita] < oo,
%l =-d =1 —n)| <o0.

TaBLE 2: Notations and description of variables. > 0, and H(0) > 0 exist in R, i.e., the model variables X (t),
Variables Descriptions W(t), Y(t), Z(t), and H(t) exist for all t and remain in R.
X(®) Population size of susceptible prey Proof. Let the system of differential equation (8) be given as
W(t) Population size of infected prey
Y(1) Population size of susceptible predator f=1X <1 _ y) +rH - BXW — p XY 3 P3XZ)
Z(t) Population size of infected predator s+X  s+X
H(t) Population size of infected population under treatment PWY  p,WZ

o= PXW =, W=d, W = 52+ W 54+ w’
(v) Positivity of H(t): from infected prey and infected p XY  p,WY
predator population under treatment model in (8) d f3= s+ X W +rH-aYZ-d,Y,
H/dt=t;W+t,Z-dH-rH-r,H, without loss

of generality, after removing al.l positive terms, we f,= qP X2 ot wz +aYZ-t,72-d,Z,

have dH/dt > —(d, + r, + r,)H if and only if dH/H s+X +W

>—(d, +r| +r,)dt integrating results, In |H| > —(d, fo=t,W+ 6,2 —dyH — 1 H - rH. (13)

According to the Derrick and Groosman theorem, let Q2
denote the region Q={(X, W, Y, Z,H)eR};N<(u
/A)}. Then, model (8) have a unique solution if (df;)/(dx;),
i,j=1,2,3,4,5 are continuous and bounded in Q. Here, x,

=X,x,=W,x;=Y, x, =Z,and x; = H. The continuity and
the boundedness can be shown as follows.
Thus, all the partial derivatives in Table 1, (9f;)/(0x;), i

,j=1,2,3,4,5 exist, continuous, and bounded in a region
Q for all positive values of model variables in Table 2 and



Journal of Applied Mathematics

TaBLE 3: Notations and description of parameters.

Parameters Description of parameters

rk Intrinsic growth rate and carrying capacity of susceptible prey
o, B Disease transmission rates of prey and predator

t,t Treatment rate of infected prey and infected predator

T, 1y Recovery rate of infected prey and infected predator
ppi=1,2,3,4 Predation coefficients

fpi=1,2,3,4 Functional response

d,i=1,2,3,4 Death rates

q,s Efficiency of predation and half-saturation constant

model parameters in Table 3. Hence, by the Derrick and
Groosman theorem, a solution for the model (6)-(8) exists
and is unique.

4. Stability Analysis

Stability analysis in the absence of predators in the model,
that is, when y(t) and Z(t) are zero, model (8) can be written
as

dx X+ W

B x(1- 220 o H - BXW = £(X, W, H),

dt k

AW

W:ﬁXW—tIW—d2W=g(X>WaH))

H

% = t,W —d,H - r,H = h(X, W, H). (14)

This system has trivial E (0, 0, 0), axial E,

(k, 0, 0), and positive E,(X, W, H) equilibrium
points where
sz—@— B + kprit, ’
r dy+ty r(d+r)(dy+ 1)
w-_P
d, +t

= (dy+r)(dy+1,) 15)

with Jacobian matrix

2rX  rW rX
xRV oo o

J(X, w, H)= pw BX—t,~dy, 0
0 t

r—

—dy -1

(16)

Theorem 4. The trivial equilibrium E, is a saddle point with
unstable manifold in X-direction and stable manifold in the
WY-plane.

Proof. The Jacobian matrix at E, is given by

r 0 r
JENY=|0 -t,-d, 0 |, (17)
0 t -d, -

to compute eigenvalues compute the det (J(E,) — Al;) =0,

r—A 0 rl
0 -t,-d,-A 0 =0. (18)
0 t -d,-r -\

Then, (r = A)(-t; —d, = A)(=d; = r; = A) =0 is the char-
acteristic polynomial.

Thus, eigenvalues are A, =r> 0,4, =—t, —-d, <0, A; =—
d, —r; <0 which is a saddle point with unstable manifold
in the X-direction and stable manifold in the WY -plane.

Theorem 5. The axial equilibrium E, is a saddle point if Bk
—t, —d, > 0 and unstable manifold in X-direction if Sk —t,
—d, <0, then E, is stable.

Proof. The Jacobian matrix at E, is given by

-r  —r—pk r
J(E =] 0 Bk—t,—d, 0 , (19)
0 t —-d, -1,

to compute eigenvalues compute the det (J(E,) — AlL)
= 0,

-r—A -r— Bk r1
0 pPk-t,—-d,-A 0 =0. (20)
0 t -d,-r -A
Then, (-r—A)(Bk—t,—d,—A)(-d,—r,—A)=0 is

characteristic polynomial.
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TABLE 4: Parameter value used in simulation.

Name Value Description

r 22.4000 Growth rate of susceptible prey

k 1.0000E03 Carrying capacity of susceptible prey

rl 1.0000 Recovery rate of

Beta 2.4000 Disease transmission rate in prey

P71 1.0000 Predation coefficient of susceptible prey due to susceptible predator

s 1.0000 Half-saturated rate

P73 1.0000 Predation coefficient of susceptible prey due to infected predator

t'1 1.0000 Treatment rate of infected prey

d?2 1.0000 Death rate of infected prey

P2 1.0000 Predation coeflicient of infected prey due to predators

P4 1.0000 Predation rate of infected prey due to infected predator

q 1.0000 Efficiency of predation

r2 1.0000 Recovery rate of susceptible predator

Alpha 2.6000 Disease transmission rate in predator

ds3 1.0000 Death rate of susceptible predator

172 1.0000 Treatment rate of infected predator

d4 1.0000 Death rate of infected predator

d1 1.0000 Death rate of both infected and infected predator under treatment

Thus, A =-r<0,A,=pk—t;—-dy,Ay=—d, -1, <0;
hence, the axial equilibrium point is the saddle point if Sk
—t; —d, >0 and stable if fk—t, —d, <0.

Stability analysis in the absence of infectious disease in
system (8), that is, when there is no disease, W(¢), Z(t),
and H(t) are all zero and model (8) becomes

=f(X,Y),

dX _ | X+W\ _ pXY
a k s+X

dY_ P, XY
E_qs+X

~d;Y=g(X,Y).

This system contains trivial E,(0, 0), axial E,(k, 0),
and positive E,( X, Y ) equilibrium points, where

r(k—s)+ \/?\/kzr +2krs + rXs? — 4kp,
2r ’

X =

Y= 9P,
d, (s + (r(k -5+ \/?\/kzr +2krs +rs? — 4kp1> /Zr)

(22)

>

TABLE 5: Initial conditions used for model variables.

Name Value Description

X[t0] 1.2000E04 Initial # susceptible prey
W(t0] 200.0000 Initial # infected prey

HJt0] 1.0000 Initial # under treated prey predator
Y[t0] 160.0000 Initial # susceptible predator
Z|[t0] 180.0000 Initial # of infected predator

and Jacobian matrix is given by

22X pYS qp, X
ko (s+X)? s+k
J(X,Y)= (23)
qplys qplx —d
(s+X)? s+X

Theorem 6. The trivial equilibrium E, is a saddle point with
unstable manifold in the X-direction and stable manifold in
the Y-direction.

Proof. The Jacobian matrix at E, is given by

r 0
w0 )

hence, eigenvalues are A, =7 >0, 1, =—d; <0 which is a
saddle point.

(24)
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Theorem 7. The axial equilibriumE,, is stable if qp,k/(s + k)
—d; < 0, otherwise unstable.

Proof. The Jacobian matrix at E, is given by

+k
J(Eq) = , ) (25)
_FT
0 s+k d;

-r—A pik
=0. (26)
qp,k

sk BA

Eigen values are A, = —r <0, A, = qp,k/(s + k) — d;.
Thus, E, is stable if qp,k/(s + k) — d; <0 and otherwise
unstable.

Theorem 8. The positive equilibrium E is stable if [r — 2rX/k
—p,YSI(s+X)] + [qp,ki(s + k) —d;] >0 and [r—2rX/k -
p,YSI(s+ X)) [qp,ki(s + k) — ds] + qp,2XYSI(s + X)* > 0.

Proof. The Jacobian matrix at E is given by

2rX  pYS ap, X
P22
ko (s+X)? s+k
J(X,Y)= (27)
qp, Y'$S X
(s +X)? s+x 7
Then, compute det (J(E) — Al;) =0,
2rX  p,YS qap, X
(R — -1
k (5+X)2 s+k
=0 (28
qPIYS qPIX _ A
(s+X)? s+X 3
Then,
2
SA LCENY | - JLSRF R T S
ko (s+X) s+X (s+X)
—_— T ——
(29)

is a characteristic polynomial.

Using the Routh-Hurwitz criterion, the quadratic poly-
nomial is stable if a + b > 0, ab + ¢ > 0, otherwise unstable.

Equilibrium points in model (8) are steady state points
of the form (X, W, Y, Z, H) of model ((8)) that
satisfies dX/dt =dW/dt=dY/dt=dZ/dt=dH/dt =0, pro-
vided that each variable is nonnegative. In model ((8)),
five steady state points are identified and listed here: trivial
steady state E,(0, 0, 0, 0, 0), axial steady state E,
(k, 0, 0, 0, 0), disease-free steady state E
(X, 0, Y, 0, 0), and endemic steady state E*(X*,
W*,Y*, Z*, H"). Computation of disease free and endemic
equilibrium points is presented as follows.

Disease-free equilibrium points (DFEP) of model (8) are
steady state solutions when there is no infectious disease in
the population. In the absence of infectious disease in the
prey-predator system, the variables W(t)=Z(t)=H(t)=0

and dX/dt=dW/dt=dY/dt=dZ/dt=dH/dt=0. Then,
model (8) become
r)_((l _ §> _pXY
k s+X
S (30)
PXY v
s+ X

Thus, solving X and Y, it is found that X = d,s/(qp, —
dy)and Y = rsq(kqp, — kd; — d;s)/(qp, — d;)°k, and hence,
disease-free equilibrium point (DFEP) of model (8) is given

E={X, 0, Y, 0, 0}
rsq(kqp, — kd; — dss)
(gp, - d3)2k

0, 0}.

(31)

The endemic equilibrium point (EEP) is positive equilib-
rium point E*(X*, W*,Y*,Z*,H") obtained by solving
model equation (8) as dX/dt=dW/dt=dY/dt=dZ/dt=d
H/dt = 0 for which all variables are nonzero

X"+ W XY +p,X*Z"
X (1- o H - pxwr oL TR 2
k s+X
W*Y* +p, W*Z*
,BX*W*—tIW*—dZW*—p—Z pj =0,
s+ W
X*Y* W*Y*
AL - trH —aY'Z  —dyY* =0,
s+X s+ W*
Xz w*z*
Ps . +qp4 — +aY*Z - (t,+d)Z" =0,
s+ X s+ W
LW+ 6,Z" —(d, +r +1,)H =0.
(32)

Then, solving for the variables X*, W*, Y*, Z*, and H",
the endemic equilibrium points of the model exists and a
simplified result is obtained
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X" = (-rBd, + [2kr —rs - 2kf3|d,d, — rfr, + 2krd,r,),

By 1) = JAB—pa =) 1+ ) + sl + ) - B

2(ty +dy)

>

rsd,r,

1 rr rf3r rf3r
Y= - —(x——2+/32+ Br,
dsy rl rl

_ 3 rsryty
2kri(t, +d,)  2kri(t,+dy)  2kri(t;+dy))’

ap,

. 1 rf —rsd, — rst,
H = (B-r+ L0270
" (ﬁ o 2k(t, +d,)

To study the stability analysis of equilibrium points of
model (8), it is better to linearize model (8) using variation
matrix. Let us represent the model (8) as system of parame-
trical equations as follows:

dX X+ W
d—:f(X,W,Y,Z,H)er(l— * )
t XY XZ (34)
v H - pxw - P2 PR
s+X s+ X
aw
— =9 W, Y, Z,H) = BXW -, W 5
_aw_ WY pWZ
2 b
s+W o s+ W
dy XY
—=h(X,W,Y,Z,H)=q‘D1
dt s+X
(36)
WY
+q +r,H-aYZ-d,Y,
s+ W
dz XZ
—=i(X,W,Y,Z,H)=qp3
dt s+X
W7 (37)
+qp4 +aYZ-t,Z-d,Z,
s+ W
dH |
= SIW Y, ZH) =t WA 2~ dH - H =, H.
(38)

Then, the variation matrix of these functions (36) is given
by
fx fw fy fz fu
9x 9w Y9y 9z Yu
VXCW, Y, ZH)= | hy hy hy hy, hy |, (39)
ix iy iy iz iy

x Jw Jy Jz

R
s+ (ﬂ— (11 + o) + \J4(sB = p, = py) (11 +d3) + (st + o] - /s>2)/2<t1 +d)

>

(33)

where each element of the matrix represents partial deriva-
tives of functions (36) with respect to model variables and com-
putations of each element of the variation matrix are given as

rX X p3X
- _BX - —
fx k B s+X s+X n
LW W
w , Y - MM £ 148 0
B Iw s+ W stw
VW, Y, ZH) = | Y sapY hy  —ay—d, )
(s+X)*  (s+X)?
U i, 0
(s+X) (s+W)
0 t) 0 t, -d,—-r -1,
(40)

where, f, =7 2rxtk— Wik — W —s(p,Y + p,Z)/(s + X)?,
Gy = BX —t, = dy = s(p, Y +p,Z)/(s+ W)" hy = qp, X/ (s +
X)+qp,Wi(s+ W) —aZ —ds,i,=qpX/(s+X) +qp,Wi(s
+W)—aY —t, - d,.

Theorem 9 (TEP). Trivial equilibrium point E,
(0, 0, 0, 0, 0) exists and always locally asymptotically
unstable.

Proof. Consider the variation matrix (40) at E,,.

r 0 0 0 r

0 -ty,-d, 0 0 0
V(E,)=1] 0 0 —d, 0 Ty

0 0 0 t,—dy 0

0 t 0 t, -d,—-r -1,

(41)

Eigenvalue of variation matrix can be computed from the
characteristic polynomial det (V(E,) — Al;) =0
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r—A 0 0 r —d, —r; —r,. Thus, the trivial equilibrium point is locally
0 —t—d -1 0 0 0 asymptotically unstable due to the parameter r is
b nonnegative.
0 0 —dy -\ 0 r =0,
0 0 0 —t,—d, = A 0 Theorem 10 (AEP). Axial equilibrium point E,(k, 0,0, 0, 0)
0 a 0 a, ~dy -1 —r,—A exists and always locally asymptotically stable in model (8) if
(42) and only if model parameters satisfy the conditions: Sk —t,
—d, <0,qp,kl(s+k)—d; <0, and qp;ki/(s+k) —t,—d, <0.
—(r=A)(=t, —dy — A)(=ds - N)(~t, —d,~A)(~d, - Otherwise, E, is locally asymptotically unstable.
r, —r,—A)=0 is the characteristic polynomial. The eigen
values are A, =1, A, =—t, —d,, Ay =—d;, Ay, =—t, —d,, As = Proof. Consider the variation matrix (40) at J(E,)
e _hk _ Pk
' r-pk s+k s+k n
0 pk—t,—d, 0 0 0
k
VE)=| o 0 ;ﬂilk —d, d, r (43)
apsk
0 0 S d, 0
0 t 0 t, -dy—r -1,
Then, it is possible to find eigenvalue of this variation
matrix as det (V(E, — Al5) =0,
L . _ ik _ bk
r=A r=pk s+k s+k n
0 Pk—t,—d, - A 0 0 0
k
0 0 —fil e A dy 7 =0. (44)
0 0 0 L ) 0
s+k 2!
0 t 0 t, -d,—r, —r,—A
Use first column to find the determinant,
Pk—t, —d, - A 0 0 0
k
0 q’;lk —d, -2 d r
= (-r-1) T . - 0. (45)
b’ _ -
0 0 S hmdi-A 0
f 0 t, -d—-r —r,—A
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Use first row to compute the remaining determinant,

k
P —dy-2 d, r,
-r=A)(Bk—-t,—d, - A =0 46
SErNE bk . (46)
s+k
0 t, -dy—r—-r,—-A
Use first column to get the characteristic polynomial, The axial equilibrium point E, is locally asymptotically
stable, if
e (TR
= (-r=A)(pk—-t, -d, - }) <s+ p ds /\)
ap, k qp;k
qp3k—t2—d4—A 0 ﬁk—tl—d2<0,ﬁ—d3<0,ﬁ—t2—d4<0. (49)
LS+ k = 0)
t, -d—r —r,—A
Otherwise, E, is locally asymptotically unstable.
= (-r=A)(Pk—t, —d, - }) (qp;l]lz —d; - ,\) Theorem 11 (DFEP). The disease-free equilibrium point E
; ST 47) (X, 0, Y, 0, 0)={dss/(qp,~ds), 0, rsq(kqp, -
) (qp3 —ty—d, - )L) (=d, —r =1, = 1) =0, kdy —dys)/(qp, — d;)°k,0,0} exists and is always locally
s+k asymptotically stable if and only if the model parameter satisfy

conditions (i) BX —t, —d, —sp,YIs* <0, (ii) qp;X/(s + X) -
oY —t,—d, <0, (iii) {r—2rX/k—sp,Y/(s+X)’} + {gp,X/(
s+X)—d;} >0, and (iv) {r - 2rX/k —sp,Yi(s + X)*{qp, X/
(s+X) —d;} +sqp,2X°1(s+ X) > 0.

is characteristic polynomial. Then, eigenvalues are

M=-tA=-d -1 -1, A=6k—t,—dy, A4

_ ap,k du . = qapsk i d (48) Proof. Consider the variation matrix (40) at disease-free equi-
stk s+k 7Y librium point E(X, 0, Y,0, 0) such that
B D _pX X
Tk (5+X)2 k pX s+X s+X n
0 BX —t, - 27517522Y 0 0 0
V(E)= sap X sap,Y X, eV d . (50)
(s+X)° (s+X) s+X } z
0 0 0 P2y t,—d, 0
s+

0 t 0 t, -d,-r, -1,
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Then, it is possible to find the determinant of the varia-

tion matrix as det ( V(E) — AL)

2rX Y X X X
T—L— spl 2_)‘ —r——ﬁX _pl_ _p3_ r
k (s+X) k s+X s+X
- Y
0 BX—t,—dy— L22 _) 0 0 0
X Y X
i 2l 42" P2 g, -2 oY — d, r
(s +X (s + X) s+X
0 0 0 4P —aY —t,—d,— A 0
s+
0 t 0 t, -dy—ry—r,—-A
(51)
To find eigenvalues, compute the determinant using sec-
ond row
2rX Y X X
poArA 5P17 ) hA Ps r
k (5 + X) s+X s+X
sqp X qp, X
S s — -d; - A -aY —d r
<ﬁX—t1—d2——522 —A)* (s+X)° s+X ’ ’
0 0 4P —aY —t,—d,— A 0
s+
0 0 0 -dy—r—-r,—-A
(52)
Now again use third row to find determinant: Then, use third row to find characteristic polynomial
_ sp,Y X o - sp,Y
(ﬁX—tl—dZ— %2 -A) (S+3)_( —aY—tz—d4—A) (ﬁX—f1 —d, - 522 -y
2rX  spY X %
- - -2 il qp;X _
TR (S+X)2 s+X "1 '<S+3X—06Y—t2_d4_/\>(—d1—7’1 r,—A)
X 2rX Y X
" s x PX g r, po 22 SPEZ—A _h
(s+X) s+X k (s+X) s+X
*
0 0 —d =1 -1, =4 sqp, X qp, X
(53) B = —d;—A
(s+X) s+X

13
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s+X (s+ X)3
(54)
Eigenvalues are
_ sp,Y qp;X
M=pX-ti-d- =5 b= 70 (55)

—aY —t,—dy,Ay=—d, -1, —1,,

and the remaining eigenvalues can be obtained from the
roots of quadratic equation:

SO VY | SR I S
ko (s+X)’ s+X O (s+X)°
b S——

(56)

It is known that a quadratic equation (a—A)(b—A) +¢
=0 is locally asymptotically stable if and only if a+b>0
andab+c>0, using such Routh-Hurwitz criterion, the
disease-free equilibrium point E(X,0,Y,0,0) is locally
asymptotically stable if

+
Y \Y Y 2
>0, po 22X SPQ”Z {qplX_d} sqp13(3>0’
k (s+X)7) Ls+X (s +X)
_ Y X
A =BX-t —d, p22 <0, Azzqi3x—aY—t2—d4so,
N N

(57)

where X =dss/(qp, —d;) and Y =rsq(kqp, — kd; — dss)/
(gp, — d;)*k. Otherwise, the disease-free equilibrium point
is asymptotically unstable.

Now let us see again the global stability analysis of model
(8) around the endemic equilibrium point or positive equilib-
rium point E*(X*, W*,Y*,Z*, H*) which shows coexis-
tence. For that, let us state the following theorem and prove
by taking appropriate Lyapunov function L.
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Theorem 12 (global stability). Endemic equilibrium point E*
(X*, W*,Y*, Z", H*) exists and globally asymptotically stable.

Proof. Define appropriate Lyapunov function L
(X, W, Y, Z, H)=(12)(X-X")"+(a,/2)
(W=W*)?+ (ay/2) (Y = Y*)? 4 (a/2)(Z = Z°) + (t,]2)
(H - H*)*, where «,, ay, s, &, > 0 are chosen properly such
that dL/dt =0Y(X*, W*,Y*,Z*,H*) € R and dL/dt < 0V(
X, W,Y,Z,H) € R;.This implies E* of the system is Lyapu-
nov stable and dL/dt <0, V(X,W,Y,Z, H) € R> near E*.
This implies E* is globally asymptotically stable point. Now
differentiate the Lyapunov function L with respect to ¢

dL_ X-X" dX+ W-Ww* dI+ Y-Y* dy
il )+l )77 ) ar
N4 . dH
toy(Z-2Z )E+0¢4(H—H )E
(58)

Now substitute the model equation (8) into (58), we have
the following equation:

dL . X+W
—:(X—X)[rX(l— T >+r1H

dt
XY XZ
—ﬁXW—p1 b }Hxl(W—w*)
s+X  s+X
wY wWZzZ
-ﬁXW—t1W—d2W—p2 _ PV
s+W o s+ W
XY wY
+0c2(Y—Y*)[qp1 +qf2 +r2H—¢xYZ—d3Y}
s+X s+ W
o | P XZ  pWZ
Z-Z YZ-t,Z-d,Z
+a( )[qs+X+qs+W+a t,Z —d,

+o,(H-H")[t,W+t,Z-d H-rH-r,H|.
(59)

Take out X, W, Y, Z, H from each bracket and write a
change as follows

%z(X—X*)(X—X*){r(l

W pY pZ
s+ X s+ X

Y

Xt —d, - -
{ﬁ Lot w

+a,(Y-Y")(Y-Y")

X+ W> rH

- + —
k X

+a (W=W(W-W*)

PaZ
s+ W

. {q‘DlX +q—p2W +$—(x2—d3]

s+ X s+ W

+a;(Z-2")(Z-Z7) {q

+a,(H-H")(H-H") {— + =

X w
Ps +qp4 +aY-t,—d,
s+ X s+ W
LW t,Z
lH ;_I—dl—rl—rz}.
(60)
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By rearranging, it is obtained that

o x-x

(-7

—r(1 - X*,;W)— ’H+ﬁW+S YX+ 22) —q (1-1")’[-BX
w

+t1+d+s+W s+W] ( - )[qs+X qspiw_

T+(xZ+d] N VAS Z)[qSP+X qHW—ocY+t2+al4

|-o,(H-H*)’[-8% - 5244 +r +r,). Thus, it is
possible to set a;, a,, a5, &, such that dL/dt <0 and endemic
equilibrium point E* is globally stable point.

5. Basic Reproduction Number

The basic reproduction number denoted by R, and defined as
the expected number of people getting secondary infection
among the whole susceptible population. This number shows
a potential for spread of disease within a given population.
When R, < 1, each infected individual produces on average less
than one new infected individual so that the disease is expected
to die out. On the other hand, if R, > 1, then each individual
produces more than one new infected individual so that the dis-
ease is expected to continue spreading in the population.

Theorem 13. The basic reproduction number for infected prey
at disease-free equilibrium point (DFEP) E(X,0,Y,0,0) =

(dssl(ap; —ds), 0, rsq(kap, —kds —dss)/(qp, - d;)’k,0,
0) is given by

(gp; — ds)*kpd;s®
(qp, —d5){(ap, - ds)’ks(t, +d,) + rsqp,(kqp, — kd; - dss) } .
(62)

Ry =

Proof. Consider infected prey equation in (8), we have the fol-
lowing model equation

d—W—ﬁXW bw—dw - VY W2
s+W o s+ W

:<ﬁX—{tl+d2+ pY | P ])W
s+ W s+ W

Now let us define functions F and V, F= X, V=1t +
A, +p,YI(s+ W) +p,Zi(s+ W).

(63)

Evaluate F and V at DFEP E(X,0,Y,0, O) =
86)135/(‘1171 ~ds), 0, rsqlkqp, —kds—d;s)/(gp, —ds)’k0,
F(E)=px= P55 v(Ey=t,+d+ 22X o 1g,

qp1 — $
. "sap,(kap, — kd; — dss)
(ap, — d3)’ks
_ (ap, - d3)* (1, + dy)ks + rsqp, (kqp, — kds — dss) '
(apy = ds) ks
(64)
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Then, the basic reproduction number of infected prey is

Ry = V™!
_ Bds (ap, - d)hs
apr=ds  (qp, ~ds)’ (1, + dy)ks + rsqp, (kap, — kd; — dys)”
Ry, = (ap, — d,"Kpd :
(ap, — ds){(ap, — ds)* (t, +dy)ks + rsqp, (kap, — kd; — dss) }
(65)

Theorem 14. The basic reproduction number for infected
predators at disease-free equilibrium point (DFEP) E(X, 0, Y,

0,0) = (dss/(qp; —d3), 0, rsq(kqp, —kdy —djs)/
(qp, — d5)°k,0,0) is given by
r,, - (@1~ ds)apds)k s arsqlkap, ~kdy~dis)

(gp; —ds) (1, +dy)k

Proof. Consider the infected predator model equation in (8),
we have the following equation

az PzWZ+ P XZ

T w W+ocYZ—t2Z—d4Z
W X (67)
qs+W q +W+¢xY—(t2+d4)Z

Now let us define functions F and V as F=g(p, W/(s
+ W) +q(p;X/(s+ W))+aY, V=t, +d,. Then, evaluate

F and Vv at (DFEP) E(X,0,Y,0,0) =
(‘)135/(@1 —d3), 0, rsq(kqp, —kdy —dss)/(qp, - ds)zk’0>
0 >

F(E) = qp,dss . arsq(kqp, — kd32— d,s)

s(qp, — d5) (ap, —ds)"k
_ (qp, — d3)(apsds)k + arsq(kqp, — kd; — dss)
(ap, — )k
V(E) =t, +d,. (68)

Therefore, the basic reproduction number of infected
predator is R, = FV~! and hence,

Ry, = (qp, — ds)(qpsds)k + arsq(kqp, — kd; — dss) .

(s -~ da) (6 + dy)K ()

6. Simulation

In this section, simulation of model (8) is carried out using
DEDiscover version: 2.6.4. software. For simulation, a set of
meaningful values are assigned to model parameters in
Table 4, and initial values for model variables are given in
Table 5. The model is arranged in such a way for simulation
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purposes.
ax X+W B
—=rxX*[1l—-——— | +r'1*H-betax X W
dt k
—P1%Xx X -P3xXx S+X//suscept1bleprey,
dw
W:beta*X* W-t1xW-d2xW
B B zZ .
—P2% W= —P4x W=« /linfected prey,
s+ W s+ W
dy ) ) )
—=q*P1+X=% +q*P 2% Wk +r 2% H
dt s+X s+ W

—alpha * Y * Z —d"3 % Y//susceptible predator,

az B Z . Z
—=q*P3xXx* +gq*P4x W%
dt s+X s+ W

—alpha * Y %« Z —t"2 %« Z — d"4 * Z//infected predator,

dH ; ; _
E:tl*W+t2*Z—d1*H—r1*H

— 1”2 * H//both infected populations under treatment.
(70)

From simulation in Figures 2 and 3, it can be concluded
that treatment is a helpful tool to minimize or eradicate infec-
tion. It is shown that as the treatment rate increases on
infected prey-predator, then the infected prey-predator pop-
ulation decreases rapidly. This shows due to the fact that the
infected prey-predator population is recovering and moves to
susceptible classes and that contributes to the susceptible
prey-predator population to rise in number.

In the sample simulation in Figures 4 and 5, it is shown
that high infection and predation results in the whole prey-
predator population declining to a certain level. Therefore,
it is better to implement treatment mechanisms to sustain
stability of the prey-predator system.

7. Conclusions and Recommendation

In this paper, It can be concluded that the formulated model
is mathematically meaningful, valid, and biologically well
posed by proving the boundedness, positivity, and existence
of the solutions of the model. Trivial, axial, disease-free,
and endemic equilibrium points are investigated. Moreover,
It is observed that in our model, trivial equilibrium point is
always locally asymptotically unstable. Axial equilibrium
point is locally asymptotically stable if and only if the vari-
ables satisfy the following three conditions: (i) Sk — (t; + d,
) <0, (ii) gp,k —ds(s + k) <0, and (iii) gp;k— (¢, +d,)(s+k
) <0.

Treatment is a helpful tool to minimize or eradicate
infection in the prey-predator system. Therefore, providing
treatment in an infected prey-predator system creates oppor-
tunity to recover from illness and the prey-predator popula-
tion can be saved and exists in stable situation. Thus, it is

Journal of Applied Mathematics

recommended to apply treatment on infected prey-predator
to make the whole prey-predator population safe and abun-
dant in nature. One can extend this paper by assuming the
predator grows logistically or by adding parameter like death
rate on the prey or by including other variables like vaccina-
tion, immigration, migration on prey-predator system, and
these things can be considered as limitation of this paper.
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