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Aerodynamic heating due to turbulence significantly affects the operation of high-speed vehicles and the entrainment of fluid by
turbulent plumes. In this paper, the heat generated and convected by fluid turbulence is examined by rearranging the Navier-
Stokes equations into a single equation for the fluctuating dependent variables external to unsteady chaotic motions. This
equation is similar to the nonhomogeneous heat equation where sources are terms resulting from this rearrangement. Mean and
fluctuating quantities are introduced, and under certain circumstances, a heat equation for the fluctuating density results with
corresponding mean and fluctuating source terms. The resultant equation is similar to Lighthill’s acoustic analogy and is a “heat
analogy.” A solution is obtained with the use of Green’s function as long as the observer is located outside the region of chaotic
motion. Predictions for the power spectrum are shown for high Reynolds number isotropic turbulence. The power spectrum
decays as the inverse of the wavenumber of the turbulent velocity fluctuations. The developed theory can easily be applied to

other turbulent flows if the statistics of unsteady motion can be estimated.

1. Introduction

Turbulence is the predominant state of fluid flow in most
engineering applications as well as many naturally occurring
physical and biological phenomena. When the intensity or
convection velocity of the turbulent flow is high, then signif-
icant aerodynamic heating occurs upon the surrounding
environment. This process is observed when examining the
aerodynamic heating upon high-speed aircraft or the heating
of the entrained fluid surrounding a turbulent jet plume. Tur-
bulence also contributes to the aft heating of vehicles or
meteors entering the Earth’s atmosphere. For example, a
recent study by Park et al. [1] illustrates the aerodynamic
heating behind a high-speed blunt body. Also, Dyakonov
et al. [2] show the heating of the surrounding environment
that is in part due to reaction control jets that are integral
to the Mars Science Laboratory entry capsule. Figure 1 shows
two numerical examples that include a reentry capsule (see
Sinha et al. [3]) and a turbulent jet (see Stich et al. [4]).
Numerous examples of heat transfer due to turbulent motion
in a biological phenomenon are shown by Datta [5]. Often,
aerodynamic heating is due to forced convection within tur-

bulent flows that are bounded by a surface. Alternatively, in
cases where the turbulence is unbounded by a solid surface
such as a jet engine exhaust or partially bounded such as a
boundary layer flow, aerodynamic heating of the ambient
fluid also occurs. Most investigations of aerodynamic heating
are concerned with the heating of solid surfaces.

2. Previous Investigations

There are numerous studies examining aerodynamic heating
effects upon flight vehicles. There are very limited studies
examining heating of the ambient environment from the
same turbulent flow. Due to the complex nature of turbu-
lence, the newly developed theory is demonstrated using
the simplifying assumptions of isotropy. A number of inves-
tigators have examined the temperature fluctuations of iso-
tropic turbulence. Kovasznay [6] examined the energy
spectrum of isotropic turbulence. He noted that the energy
spectrum is highly dependent on the kinematic viscosity
and the dissipation per unit mass. Corrsin [7] examined the
decay of isotropic temperature fluctuations within isotropic
turbulence with the assumption that the temperature
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FiGure 1: Example applications include (a) reentry capsule aerodynamic heating [3] and (b) heating of fluid by a turbulent jet flow [4].

fluctuations do not alter the dynamics of the turbulent field.
It was shown that the triple correlations of the temperature
fluctuations are zero. Corrsin [8] derived the fluctuating tem-
perature power spectrum and compared it with the velocity
spectrum of isotropic turbulence. Corrsin [9] also examined
the heat transfer within statistical isotropic turbulence and
utilized the assumption that the temperature gradients are
small and do not significantly affect the flow. Expressions
for the heat transfer coeflicient and correlation coeflicient
of the temperature fluctuations were formulated, and their
dependence on the field variables was shown. Dunn and Reid
[10], like Corrsin [7], examined the heat transfer within
isotropic turbulence with constant temperature gradients in
their final period of decay.

They found that the magnitude of heat transfer is propor-
tional to the mean temperature gradients within the turbu-
lent field. The Prandtl number was found to only have an
effect on heat transfer when it is small. Libby and Scragg
[11] examined the heating from a line source within a turbu-
lent field downstream of a grid and predicted the heat trans-
fer within the field. This study illustrated heat transfer effects
without a bounding surface. Traci and Wilcox [12] examined
the heat transfer from convecting turbulence at a stagnation
point. Hyde et al. [13] and Ko and Liu [14] examined the
aerodynamic heating and cooling, respectively, due to turbu-
lence convecting over surfaces from wall jets. In both these
later studies, the entrained fluid and bounding surface are
under the effects of heat transfer. Very recently, de Marinis
et al. [15] examined the temperature variance spectrum
within isotropic turbulent fields containing a term specifi-
cally for heat production. They observed that the power spec-
trum with respect to wavenumber varies as k7", where k is
the turbulent kinetic energy, for very diffusive fluids. Balak-
rishnan et al. [16] performed a direct numerical simulation
of the heating from a high Reynolds number diftusive flame.
A number of recent studies have used either experimental or
computational techniques [17-21] and analytical techniques
[22]. Investigations of heat transfer and the fluctuations due
to high-intensity turbulence are usually restricted to the
region within the turbulent field or surrounding solid bodies.

3. Present Approach

In this paper, we examine the aerodynamic heating of the
fluid that surrounds high-intensity turbulence. We formulate
an exact closed-form equation to quantify the aerodynamic

heating effect due to high-intensity turbulence. The Navier-
Stokes equations are rearranged into a heat conduction oper-
ator equated to the equivalent source of aerodynamic heat-
ing. This approach is similar to that of Lighthill [23] who
rearranged the equations of motion and predicted the acous-
tic intensity due to turbulent fluid motion. The sources con-
sist of various operations involving the spatial and temporal
varying dependent variables of the Navier-Stokes equations.

Evaluation of the developed closed-form equation
requires knowledge of the time and spatially dependent
variables of the Navier-Stokes equations. Solutions of the
Navier-Stokes equations for even the simplest flows are
unavailable or difficult to obtain even with powerful com-
puters. However, statistical quantities of simplified turbulent
flows are predictable. One such case is isotropic turbulence.
To demonstrate the developed theory, we examine the spec-
tral density of fluctuating quantities outside the region of tur-
bulent motion and model the statistical quantities using the
theory of isotropic turbulence. This example is similar to that
of Proudman [24] who used well-known models of two-point
cross-correlations of velocity fluctuations within isotropic
turbulence to predict the resultant acoustic intensity.

Next, a physical description of the problem is shown
along with the development of an equation for the fluctuating
far-field density. We then demonstrate the methodology by
using well-known models of isotropic turbulence statistics.
Finally, we summarize the aerodynamic heating upon the
surrounding fluid as a function of wavenumber and turbu-
lent kinetic energy.

4. A Finite Region of Isotropic Turbulence in an
Infinite Space

Heat conduction due to turbulent motion is examined in an
infinite space of three dimensions containing an ideal com-
pressible fluid. A finite region of the domain contains fluid
that is in turbulent motion and moves with a constant mean
velocity through space. The external region that is not in tur-
bulent motion only experiences fluctuations due to heat
transfer and acoustic waves. These disturbances are indepen-
dent and can be summed linearly. The properties of the tur-
bulent region are statistically stationary, homogeneous, and
isotropic. For this particular investigation, the turbulence is
assumed to be bounded in a cube and the boundaries of the
fluid with the property of isotropic turbulence are assumed
to be moving with the same mean velocity as the turbulence.
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F1GURE 2: Homogeneous isotropic turbulence generated by a grid
within a domain with source and observer vectors.

The boundary only acts to separate a finite region with the
properties of fully turbulent flow and the infinite region
disturbed by the perturbations due to heat transfer. The
equations of motion are valid through the entire domain
including the boundary. The actions of the natural evolution
of isotropic turbulence cause the surrounding fluid to experi-
ence aerodynamic heating in all directions. Figure 2 shows
one example of isotropic homogeneous turbulence, which
heats the surrounding environment. The turbulence is
photographed with a camera, and the turbulence is a smoky
airflow moving through a coarse screen.

Heat that is the result of the viscous conversion of kinetic
energy within the fluid is radiated into the ambient environ-
ment. The effect of aerodynamic heating on the evolution of
the small and finite turbulent part of the fluid field is consid-
ered small and in thermal equilibrium. Turbulence within the
source region is incompressible though the fluid is compress-
ible. The Reynolds number based on the velocity fluctuations
is large relative to the turbulent Mach number and mean
velocity of the source. The entire flow field is in thermal equi-
librium. Using these assumptions, which are reasonable for
fully developed turbulence in both numerical and theoretical
studies and in some select natural experimental instances, the
properties of turbulence can be found from well-known the-
ory. The advantage of this approach, which will be apparent
in the following mathematical analysis, yields insight into
the aerodynamic heating of a quiescent environment by tur-
bulent motion.

5. Mathematical Theory: The Heat Analogy

In this section, we start with the governing equations for con-
servation of mass and momentum of an ideal fluid and rear-
range them into a single equation. The equation contains the
heat conduction operator on the left-hand side with a coeffi-
cient related to the viscosity. The right-hand side contains the
terms that result from the rearrangement and are considered
the source of aerodynamic heating. The governing equations
are the continuity equation

dp , OpY
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where t is the time, u is the velocity vector, y is the viscosity, p
is the density, and §;; is the Kronecker delta function. The

subscripts represent Einstein notation where i, j, and k are
the principle indexes associated with the Cartesian coordi-
nate system. Using the chain rule of calculus, it can be shown:
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A convenient form of the momentum equation is created
by combining equations (2) and (4),
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Dividing equation (5) by u;u;, taking the divergence, and
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multiplying by the kinematic viscosity, v, yield
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The continuity equation (equation (1)) and the modified
form of the momentum equation (equation (6)) are com-
bined, and the terms are rearranged:
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The resultant vector equation is summed, and moving
select left-hand side terms to the right yields
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We write the right-hand side of equation (8) as the source
term I

ap v p
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Equation (9) is an exact rearrangement of the governing
equations of motion of a fluid. No assumptions have been
made. The left-hand side is the heat equation operator but
has a dependent coefficient of the kinematic viscosity divided
by three. Equation (9) is a nonlinear partial differential equa-
tion, and its general solution is not known at this time; how-
ever, under special conditions, it is possible to find an analytic
solution if the right-hand side is treated as a known source.

At this point, it is important to compare equation (9)
with Lighthill’s [23] acoustic analogy:

fﬂ_g rp _ Ty (10)
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where c is the speed of sound and T; is Lighthill’s stress ten-
sor. The heat analogy (equation (9)) and the acoustic analogy
both have a heat equation and wave equation operator on the
left-hand side. The source in the heat analogy partly contains
the divergence of I, and the source in the acoustic analogy is
the double divergence of the Lighthill stress tensor. Some
assumptions must be made to obtain a solution for the fluc-
tuating field variables due to turbulent flow. The next section
will demonstrate one approach that alters equation (9) with
minimal loss of accuracy and retains the benefits of a first
principle model.

6. Solution of the Heat Analogy

Here, we seek a solution of equation (9) in a region outside the
volume undergoing chaotic motions. We assume that the coef-
ficient v is constant and view equation (9) as a heat operator
and a source. It can easily be shown that free-space Green’s
function of the heat equation in three dimensions is

LGk IS I o) N
[471(1//3)”2(1‘—1)]3/2 4(v13)"(t-7)
(11)

where H is the Heaviside step function, x is the observer posi-
tion, y is the source position, and 7 is the retarded time. The
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vectors x and y are shown in Figure 2. Using g(x,t;,7)
and assuming I" is known, we can immediately form the solu-
tion of equation (9):

p(x,t) = JOO JOO g(x, t;y, T)I(y, t)drdy, (12)

where I is the right-hand side of equation (8) and *---* repre-
sents more than three consecutive integrals. Equation (12) is
valid outside the source region. If knowledge of I' is known
and is integrable over space and time for a turbulent flow, then
the fluctuating density outside the flow is known, or for that
matter any other field variable. Unfortunately, knowledge of
T’ is nearly as difficult to obtain as the general solution of the
Navier-Stokes equations. Thus, we are forced to form a solu-
tion based on the statistics of the turbulence and in turn for-
mulate a solution that is also statistical. We change Green’s
function within equation (12) to be frequency dependent with
the use of the inverse Fourier transform:

p(x,t) = %Jm Jio g(x;y,w) exp [iw(t — 7)]I(y, t)dwdzdy,
(13)

—00

where w is the radial frequency. The autocorrelation of p is
formed. The power spectral density (PSD), S(x, w), is the Fou-
rier transform of the autocorrelation:

S(x, w) = JOO p(x, t)p(x, t +7%) exp [-iwt"]dr*.  (14)

—00

This equation represents fluctuations of density due to tur-
bulent heating within a distribution of frequency components
that composes the time-domain signal (see Stoica and Moses
[25] for details). Integration with respect to 7* in equation
(14) is performed using the autocorrelation of equation (13)
and results in

1 (o)
Seow)= 5| glesyrwlglesy +n,w) x ROy, 7) exp

—00

- [~ewrt|dTdndy,
(15)

where n=z-y and R(y,n,7) is the two-point cross-
correlation of I'. The variables y and z are two independent
source vectors within the turbulent field. This approach pro-
vides an opportunity to specify two-point statistics. Green’s
function of the heat equation in equation (15) can be simpli-
fied with the use of equation (11). The Fourier transform of
equation (11) is
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Examining the form of Green’s function in equation (15)

and assuming that x is large relative to || yields a simplified
equation

3 exp [—\/2/71 |w]|x —y|/(v/3)1/4}
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Equation (17) controls the propagation of the energy from
the source to the observer in a quiescent medium. The magni-
tude of the fluctuations of the field variables due to aerody-

namic heating falls off as ~exp [~|x|]/|x|*. Equation (17) is
inserted into equation (15):

647'[31/|w\2 o oo
exp [—\/2/71\ /|w]|x —y|/(v/3)”4}
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S(x,w) =

R(y,n, 7) exp
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A statistical model of R(y, #, T) is required to evaluate the
model. To do this, we reexamine I" with the view of isotropic
turbulence. The stress tensor 7;; is the term that is primarily
responsible for heat generation from isotropic turbulence,
and the other terms of I" are small in comparison and are dis-
regarded. Examining 7;; in I and expanding

0 u oT;; 0 7 0T L 321’1-]-
ox; \ 3pu;u; u; 8x ax 3puju; ) 0x;  3puu; ax,.axj’
(19)

note that the summation is dropped and subscript i implies
summation from one to three. We choose to write each
dependent variable as an ensemble averaged component and
a fluctuating component, g=¢g+ q', where g represents an

independent variable, the overline represents the ensemble
average, and the prime denotes a fluctuating quantity. We
assume that i; is positive. Averaging equation (19) and retain-
ing the dominant term result in

) 83u]'-
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(20)
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Note that derivatives of the averaged quantities are zero.
We now construct the two-point cross-correlation of I':

311
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satisfies an isotropic turbulent flow. It is well known that for
isotropic turbulence,

and a model is required for u]'(y, t)

(22)

where g2 is the trace of the Reynolds stress tensor. The turbu-
lent kinetic energy is

1/~ 1—
k=~ (u]’uj') = —q¢% (23)
The Reynolds number relation with L is
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U

where Re; is the Reynolds number based on the integral scale
of turbulence L. A simple model for the Reynolds stress within
an isotropic turbulent field is
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Substituting equation (26) into equation (18) and simpli-
fying yield
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Integrations involving 7, #, and y need to be performed.
The integration with respect to 7 is isolated and results in

2T

v exp _ exp [—iwt|dT= ———. (28)
o T, 1+ 72w?

The integration with respect to # should encompass the
source region. Here, we choose the source region as a cubic
volume with side length a. The statistics of turbulence are
independent of y. Performing the spatial integrations results
in
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Equation (29) is a closed-form equation for the PSD of
density fluctuations due to aerodynamic heating from isotro-
pic turbulence. Spectral densities of other fluid dynamic
quantities such as pressure or temperature can be formulated
by exactly the same methodology. Outside the source region,
they are related by simple thermodynamic relations in the
time domain. These later quantities are thermodynamic,
and it is preferential to work with density. In the next section,
equation (29) will be evaluated for a high Reynolds number
isotropic turbulent flow.

7. Analysis

Equation (29) is now examined as a function of frequency. A
cubic source region with lengths a = 1 m contains a turbulent
field with turbulent kinetic energy of k=1 x 10* m?s2. The
integral length scale is 1/3 the cube length. The magnitude
of the mean velocity is 100 ms ', and the mean fluid density
is 1.205kgm™>. Viscosity of the fluid is 4 =1.827 x 10~ kg
m™!s7!. These flow properties result in an integral Reynolds
number of Re; =2 x 107. Figure 3 shows the PSD of p per
unit Strouhal number at x =a™!. The Strouhal number, St,
is the nondimensional frequency based on u and a. The
PSD is adjusted by 10 log,,(fau™") to conserve energy. A ref-
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FIGURE 4: The power spectrum of density outside the region of
isotropic turbulence at x=1/a relative to the integral Reynolds
number and the turbulent kinetic energy.

erence density of p ¢ =2.38 X 10 — 10 is selected that corre-
sponds to the standard acoustic reference pressure for air.
The PSD of equation (29) has two distinct regions. At
low- through mid-frequencies, the PSD follows a constant
w™! decay. Near a Strouhal number of 107>, a transition
occurs in the relation between the PSD and frequency. At
high frequencies, the PSD falls off exponentially. Typically,
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acoustic intensities due to turbulence occur in the range of
0.01 < St < 10 for engineering problems. At lower frequencies
near the turbulent flow field, the fluctuations due to heat
from isotropic turbulence dominate the fluctuations of
acoustic waves.

Next, the variation of the PSD relative to Re; and k is
examined. Figure 4 shows the variation of the PSD relative
to Re; (top horizontal axis) and k (lower horizontal axis).
The frequency is held constant at f =20Hz, and all other
parameters remain the same. S goes as k, and Re; increases
as the square of k. This is reflected by examining the powers
on the x-axis of Figure 4.

The variation of the PSD with increasing observer dis-
tance is examined in Figure 5. The observer distance is varied
from x/a =1 through x/a = 1000. As before, the frequency is
f =20 Hz, and the other parameters remain the same. As dic-
tated by Green’s function of the heat equation, the fall-off of
the fluctuating density goes as ~exp [—|x|]/|x|. The influ-
ence of the exponential term can be seen relatively close to
the source (x/a = 1/2) and not at large x/a. Relative to acous-
tic perturbations that fall off as ~x™!, the fall-off due to the
heat conduction is much larger. It is not surprising that
acoustic waves dominate measured signals for large x/a
(compact source) for practical purposes. Also, very close to
the source, it is likely that the acoustic perturbations are
completely dominated by the fluctuations due to heat trans-
fer, as evanescent waves are present.

8. Summary and Conclusion

A heat analogy that is similar to the acoustic analogy is for-
mulated based on the Navier-Stokes equations. If the turbu-
lent field is convecting at a constant speed, a solution can
be formulated for the heat analogy with the use of Green’s
function of the free-space heat equation. The time-
dependent variation of the field variables due to unsteady
aerodynamic heating can be found if the fluctuating quanti-

ties of the source are known. A statistical solution is formu-
lated that relates the power spectrum of the fluid density to
statistical quantities of the unsteady aerodynamics. An exam-
ple analysis using this statistical approach is conducted by
using the theory of isotropic turbulence. This analysis shows
that the energy due to unsteady aerodynamic heating from
slowly convecting isotropic turbulence falls off from the
source as exp [—|x|]|x|-1. Also, the power spectrum of
the fluid density falls off with the characteristic frequency as
the inverse of frequency or corresponding wavenumber.
Future experimental measurements would help to validate
this theoretical investigation. Applications of this theory
can easily be extended to flows with high-intensity convect-
ing turbulence that includes heated turbulent plumes, super-
sonic or hypersonic boundary layers, and combustion. The
theory can also be used for other turbulent flows (for exam-
ple, low Reynolds number flows), but the effect of heat trans-
fer from the turbulent motions would be smaller by many
orders of magnitude relative to traditional turbulent convec-
tive heat transfer flows.
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