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We provide sufficient conditions for the existence of periodic solutions for an idealized electrostatic actuator modeled by the Liénard-
type equation ¥ + Fp(x, x) + x = f7%(t)/(1 - x)*, x € ]-00,1[ with B € R*, 7 € C(R/TZ), and F(x, %) = kx/(1 - x)°, k € R* (called
squeeze film damping force), or Fp,(x, x) = cx, ¢ € R* (called linear damping force). If F, is of squeeze film type, we have proven that
there exists at least two positive periodic solutions, one of them locally asymptotically stable. Meanwhile, if F, is a linear damping
force, we have proven that there are only two positive periodic solutions. One is unstable, and the other is locally exponentially
asymptotically stable with rate of decay of ¢/2. Our technique can be applied to a class of Liénard equations that model several

microelectromechanical system devices, including the comb-drive finger model and torsional actuators.

1. Introduction

This paper presents a mathematical study of the existence and
stability of periodic solutions of a Liénard-type equation that
describes the motions of the movable plate (movable elec-
trode) in an idealized parallel-plate electrostatic actuator, now-
adays known as the Nathanson model. This actuator is an
example of a large set of devices composed of microscale
(one or more of their dimensions are in the micrometers
range) mechanical and electronic elements integrated in a
common silicon substrate. This recent technology, known in
the literature as microsystem technology (MST) or microelec-
tromechanical systems (MEMS), has become very successful
in the commercial front (a complete and recent survey of
MEMS literature with applications can be found in [1]). Due
to their size, they can fit in several devices such as TVs, micro-
waves circuits, cardiac pacemakers, pressure sensors, acceler-
ometers and gyroscopes for automobiles, and wearable
electronic devices [2]. Examples of MEMS are the acceleration
sensor and scanner developed and produced by Bosch [3, 4].
The mathematical formulation of the Nathanson model was
initially presented in 1967 by the American electrical engineer
H. C. Nathanson et al. [5]. The study focuses on the structural

instability phenomenon which results from the variations in
voltage load and leads to a saddle-node bifurcation, called
pull-in. After more than 50 years, the Nathanson model con-
tinues to draw a lot of attention. Many researchers have been
devoted to its analytical and numerical study, mainly to under-
standing and characterizing the pull-in phenomenon through
different techniques and mathematical formulations (see for
instance [1, 2, 6-10]).

The fundamental configuration of the Nathanson model
assumes rectangular electrodes. One stationary and the other
are allowed to move. The electrodes can have any shape, but
for simplicity, rectangular electrodes are more commonly
used. If d is the initial distance between the electrodes and
both are biased by a voltage V, then an electrostatic force
will be generated which pulls the movable electrode.

If the schematic diagram of the Nathanson model is like
the one shown in Figure 1, the electrostatic force Fp(t,X)
acting on the movable electrode is expressed as

Fy(1,3) = eAV3(T)

= a7 % €]-c0, d], (1)
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Parallel plate capacitor with one movable plate.
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FIGURE 2: Squeeze film damping on parallel plate capacitors.

where 7 is an independent variable related to time, V(7) is
the potential difference between the two plates, A is the area
of the plate that is facing the other, ¢ is the dielectric con-
stant of the medium in between the plates, and X is the posi-
tion of the movable electrode with respect to d. The other
forces involved are the restoring Fy(X) and the damping
force Fp(%,%'), where X' represents the induced velocity of
the movable electrode. For the restoring force, we have con-
sidered a linear stiffness force, in such case Fy(X) = kx with
k >0, and for the damping force, two types were considered:

(2)

F D (E, 2/) =&, (linear damping),

Y

(d-%)°

~/

X,

_ (squeeze film damping),

(3)

Fp(%%')
with ¢, y € R*. The first comes from simplifying the problem
to a moving sphere in fluid at a velocity '. The second cor-
responds to the most common and dominant dissipation
mechanism in MEMS, which is related to the study of the
damping force on a microstructure with a big surface that
traps a fluid in a small space. When the plates separate, the

inner pressure is smaller than the outer pressure as shown
in Figure 2(a). When the plates get closer, the opposite

occurs, as seen in Figure 2(b). This effect is called squeeze
film damping, and it is significantly present in parallel plate
actuators, which have a proportionally bigger surface area in
comparison with the distance in between the plates. For
more details on damping in MEMS, see [2] and the refer-
ences therein.

Under the previous considerations and from Newton’s
second law, the equation of motion of the movable electrode
is given by the following second order nonlinear differential
equation:

eAV3(T)
2(d-x)*

I
mx +

=1
X

Py (x (4)

)+k?c:

where X" =%" (1), represents the induced acceleration of the
position X =%(7). The gravitational force is not considered
because it is too small compared to the electrostatic force
in microstructures. In order to reduce the number of param-

eters, we can normalize X with respect to d and 7 with

respect to I =+/m/k. Therefore, our nondimensional vari-

ables x and f satisfies
X

xd, (5)
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and the corresponding nondimensional equation from (4) is

_ B0

X+ Fp(x,x)+x ,
bl ) +x= (1

x €]-00, 1|, (6)
with

g2 .
Fyxi)= —F, <xd xd>, 7()=V(tT), and p= %-

(7)

Throughout this document, we consider a DC-AC
voltage source 7'(t) of the form

V(t) =vy + 6v(t), (8)

with v, € R* (DC-voltage source) and v(t) € C(R/TZ)
with zero average. Voltage 7° will also be nonnegative;

therefore, from now on we assume 8 € [0,—v,/v,,;,[ where
Vmax = Eg[l(ixﬂv(t)) Vmin = tIEl’[})l)l%]V(t). (9)

When the damping force Fp, is given by (2) (namely,
the linear damping force), the authors in [7, 9] present a
rigorous analysis of the existence and stability of exactly
two positive T-periodic solutions of (6) for the non-
conservative (¢#0) and for the conservative case (¢c=0),
respectively. In both papers, classical functional and topo-
logical techniques were employed such as the upper and
lower solution method, Leray-Schauder degree, and the
topological index of a periodic solution. As far as we are
aware, no papers have been published regarding the study
of periodic solutions of (6) when the damping force is
given by (3). Hence, this paper pursues two goals: firstly,
to provide an alternative and accurate stability criteria
for the two periodic solutions of (6) with linear damping
force, and secondly, to present sufficient conditions for
the existence and linear stability of periodic solutions of
(6) with under squeeze film damping force. We remark
that the techniques and ideas in this document can be
applied to study periodic motions in other MEMS devices
and microstructures, for example, torsional actuators,
comb-drive devices, atomic force microscope microcantile-
vers (see [2]), and the recent graphene-based Nathanson
model (see [11]).

We have divided the document into four sections: fol-
lowing the introduction, in Section 2, we developed the main
tools for the proofs. Sections 3 and 4 are devoted to state and
prove the main results. In addition, numerical validations
are provided to illustrate the results applied to (4) using
explicit values of the parameters taken from the specialized
literature [2]. Finally, to provide a self-contained manu-
script, we included an appendix in which we established
well-known results about the method of lower and upper
solutions for second order differential equations and multi-
plicity and stability of periodic solutions of Liérnard
equations.

2. Preliminary Results

Different approaches can be used to study the existence of
solutions of the boundary value problem:

B+ f(tx %) =0,

(10)
x(0)=x(T), x(0)=x(T),

for f : D— R continuous function, where D € R x ],
L[ x R is an open connected set with —co < I; <1, < co. Topo-
logical degree, averaging method, and lower and upper solu-
tions are perhaps the most common used tools from
nonlinear analysis to address this problem. In this section,
we use the lower and upper solution method to obtain exis-
tence results for Liénard type families of (10). It is worth to
mention thatif f is a T-periodic function in the variable ¢, then

all the solutions of (10) would be also T-periodic.

Theorem 1. Let {,n € C*([0, T]) be a lower and an upper
solution of the boundary value problem (10) such that n<(.
Define

E:={(t,x,y)eD|t [0, T],n(t) <x<{(t)}. (11)

() Assume that there exists N > 0 such that [0,f(t,x, y)
| <N for all (t,x,y) in E. Then for any solution u(t) of (10)
such that n(t) <u(t) <{(t) on [0, T], there exists R:=R(N)
> 0 such that —R < u(t) <R for all t in [0, T].

(1) If the assumption in (1) holds. Let

W:={(t,x,y) €Et € [0, T|,-R<y <R}, (12)

and assume that there exists M >0 such that for all
(t,x,y) in W

aJ(t,x,y)sMs(%)z, o(t)<L, N<H(L), (13)

for some L€ [M, (n/T)°] where

F(820,80) ~f (0, 7(1)
o(t)= ,

¢(t) —n(1)
H(L)= (L= M) cot (T\/Z> .

NG 2

Then, the boundary value problem (10) has at least
one solution y such that

n(t) <w(t) <¢(1),

Proof. The existence of N>0 such that [d,f(t,x,y)| <N
and Theorem 13 (see Appendix) lead us to the conclu-
sion that there exists R>0 such that for any solution
u, of (10) and any solution u,, u; of

Vte [0, T]. (15)

i> f(t x %), X(0)=x(T),  (16)



E<f(txk), x(0)=x(T), #(0)=x(T), (17)

respectively, with (#,u;(¢),4;,(¢)) in E also satisfies |i;(¢)]
<R for all ¢ in [0, T] and i=1,2,3. This proves the first
statement (1). The second statement (1) follows the
same lines of the proof of Theorem 3.2 of Chapter 5 in
[12] relative to W. O

Now, we consider the family of boundary value prob-
lems

X+c(t,x)x+K(x) = E,

(x)
(18)

where ¢: [0,T]XxI —R, K:I— R, G:[—R, F: ]
0, T] — R be continuous functions, I C R. Define

= min F(t). (19)
te[0,T]

Following the notation of (10), we have
f(tx, %) =c(t, x)% + K(x) — F(t)/G(x). (20)

Regarding the existence of periodic solutions of (18), we
lead to the following results.

Theorem 2. Assume that F_,,F, .. €¢(I), G(x)>0 and
¢(x) is decreasing with isolated critical points in 1. Then,
(18) admits unique constant lower and upper solution {
and n, respectively, such that { <n satisfying

¢(C) = Fmax and ¢(17) = Fmin' (21)

Moreover, there exists a solution ¢(t) of (18) such that

{<o(t)<n, Vtelo,T]. (22)

Proof. Since ¢ is decreasing with isolated critical points in
Iand F,,, F.« € $(I), then there exist unique solutions ¢,
n, in I for

(/)(() = Fmax’ and ¢(’1) = Fmin’ (23)

respectively. Moreover, { <#. Additionally, notice that

K(1)G(1) = Fnin < F(1) < Frnax = K(6)G(0),  VE€[0, T],
(24)
which implies
K(n) - F(t)/G(n)<0 and K({) - F(t)/G({)=0. (25)
It is equivalent to

f(t,n,0)<0 and f(£,{,0)>0. (26)
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Therefore, { <#, and they are lower and upper solu-
tions, respectively.
Let

E=[0,T]x[{,y]xR and N= max |c(t,x)]. (27)
(0.T]x[G.r]

Notice that for all (¢, x,v,), (¢, x, v,) € E, it follows

(82 v1) = f(6:2%,v,)| = [e(t X)[[vy = Vo <Nvy =y
(28)

Then, the positive function p(s)=Ns+ max |f(t, x,0)]

satisfies

J:OTss)ds:oo and |f(t,x,v)|<p(]v|), VY(tx,v)€E.
(29)
O

Hence, f satisfies the Nagumo condition and Theorem 12
(see Appendix); we can conclude that there exists a solution
¢ of (18) such that

{<o(t)y<sy, Vtelo,T]. (30)

Theorem 3. Let ICR and ¢: [0, T|xI— R, K:T—R,
G :T— R be differentiable functions and F : [0, T| — R
continuous.

() Assume that F_, ,F_. € ¢$(T), G(x)>0, and ¢'(x)
>0 with isolated critical points in 1. Then, (18) admits
unique constant reversed-ordered upper and lower solutions
#,{, respectively, such that ¢(n) = F, ;. and $({) = F,,

($%) If the assumptions in (}) holds, define

ax’

E=[0,T]x [,{] xR,
N = m§x|c(t, x)|, @=max {N, m§x|K(x) - F(t)/G(x)|},
(31)
and let R the unique positive solution of
R-In (R+1)=a({-y). (32)
Assume that there exists M > 0 such that

max % (c(t, x)i + K(x) - %)

1a <M< (5)2, (33)

T

where

W={(t,x,y) €E|ye[-R R]}, (34)
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M, (71/T)?] such that

(L-M) cot (T;/f) (35)

and there exists L € |

N<H(L), with H(L)=

VL

Then, the boundary value problem (18) has at least one
solution y such that

n<w(t)<{, Ve, T). (36)

Proof. Suppose that G(x) >0 and ¢'(x) >0 with isolated
critical points in T. This implies that there exists only one
pair of values {,# in T such that

¢(<’) = Fmax’

(37)

(p(ﬂ) =F min*
Notice that # < C because ¢ is monotone non-decreasing
function and F Additionally #,{ are upper and

min — max

lower solutions of (18) because

f(t, C) 0) ( )GG((z) F( ) — Fmaé;(_C)F(t) >0, VteR,

Fltn.0) = K(’?)GG(’(?;) F(r) _ Fmi&(_ﬂf(t) <0, VieR
(38)

which proves part (4). In order to prove part (%), first
notice that

|0,f (£, %, )| = |c(t, x) |<max\ (t,x)|=N, V(txy)€E.
(39)
with
=[0,T] x [1,{] x R. (40)

Then, by Theorem 1 part (1), there exists R >0 such
that for any solution u(t) of (18) such that y<u(t)<{
n [0, T], we have —R<id(t) <R on [0, T], and following
Theorem 13 and its remark, the value R is the unique pos-
itive solution of

R-In (R+1)=a({-n). (41)

Notice that by the mean value theorem:

f(£,6,0) - f(t:1,0)
n

o(t)= = SmV?x|Bxf(t,x,y)|sMsL, vt e 0, T].

(42)

Therefore, by Theorem 1, the boundary value problem

5

(18) has at least one solution y such that
n<y(t)<f, Vtelo,T]. (43)
O

2.1. Multiplicity and Stability of Periodic Solution for Duffing
Equations. We end this section by showing some results
about multiplicity and stability of periodic solutions for the
Duffing-type equation:

X+cx+g(t,x)=0, (44)

where ¢>0 and g: Rx|l;,,[— R, —co<l, <, <00, a
continuous function, T-periodic with respect to t, and
having a continuous partial derivative with respect to x.
The following notation will be used throughout the rest of
the paper.

The positive part of a given a function f is defined as

f(#) = max {f(#), 0}.

(1) Given a pair of function f,geL?[0, T], we write
f>g, if f>g for almost every t and f>g in a
subset of positive measure

(2) LP(R/TZ): T-periodic function f € LP[0, T] with the
norm

1l = flpars PEloO)  (45)

(3) For some p € [1,00] and p, =p/(p — 1), K(gq) denotes
the best Sobolev constant in the following inequality:

Cllull7s < [l 72 Vu € H([0, 7). (46)

Let us start with some results over the linear differential
operator:

L, W —L'0,T) (47)

w—> L,[w] =0+ cw + a(t)w,

where

W ={we W' (0,T): w(0) =w(T),@(0) =d(T)}, (48)

¢ is a positive constant and a € I' o with

I, = {a €10, T): ||(a-c14) ||, <K(2p*)}, (49)

for some p € [1,00].

Proposition 4. Suppose that a,a;,a, €I,  for some p € [0,
00[. Then, we have the following conclusions:



(1) Each possible T-periodic solution w=w(t) of
L,jw]=0 is either trivial or different from zero
for each te[0,T]

(2) If a, > a,, then L, [w] = 0(i = 1, 2) cannot admit non-
trivial T-periodic solutions simultaneously

(3) L,jw]=0 does not admit

multipliers
(i) Ifa=1/T [} a(t)dt satisfies a> c/4, then L [w] = 0
does not admit real Floquet’s multipliers, i.e.,

L,[w] =0 is elliptic and has no nontrivial T-peri-
odic solutions

negative  Floquet’s

The trivial solution w = 0 is locally exponentially asymp-
totically stable with rate of exponential decay c/2.

The proof of Proposition 4 can be found in several
papers, see, for example, [13-16]. It is worth pointing out
that the arguments in [14-16] are not precise but easy to
fix by choosing correctly the set I', ..

3. An Improvement for the Linear
Damping Case

In this section, we consider the Duffing equation:

B7() 50)

X+cx+x= >
(1-x)

with x € ]-00,~1[. This equation corresponds to the
Nathanson model (6) with linear damping force Fp,(x, x) =
cx, ¢20, and c € R. The existence and stability of periodic
solutions of (50) have been considered in [9] for the case
c¢=0 and also in [7] for ¢>0. The results exposed here
respect to (50) have the purpose to combine the ideas
found in the mentioned papers and the results of Theorems
15 and 16 in the Appendix.

Theorem 5. Assume the following conditions:

a1 o<v?

min

<V <427P

(I) 1-2B73(t) €T, and 14+ 2p7>(t) <1 for all t
€ [0, T| and some p € [1,00]

Then, Equation (50) has exactly two positive T-periodic
solutions y, and v, such that

<G =y,(t)<ny, VEE€[0,T], (1)

W~

with i, G, i = 1,2 the corresponding solutions of

x(1-x)=B7?

min

and x(1-x)*=B7? (52)

max’

in 0, 1[, respectively. Moreover, y, is asymptotically stable,
and vy, is unstable.

Journal of Applied Mathematics

Additionally, if

e 1-3,
Z < 1_—(1, (53)
then v, is locally exponentially asymptotically stable with rate
of exponential decay c/2.

Proof. We divide the proof in 4 steps following the ideas
in [9].
Step 1: Constant lower and upper solutions
Equation (50) is Equation (18) with
G(x)=(1-x)’, F(t)=B77(1).
(54)

c(t,x)=¢, K(x)=x

In such a case, ¢(x)=K(x)G(x) is given by ¢(x)=x
(1 -x)%. Direct computations prove that ¢(x) is monotone
increasing in T =10, 1/3[ and monotone decreasing in I =]1
/3, 1] with isolated critical points at x = 1/3 and x = 1. There-
fore, by the assumption (I) and Theorems 2 and 3, it follows
directly that the solutions of

(55)

provide constant upper solutions #;, i=1,2 with 0 <7, <1/
3<n, <1 and constant lower solutions (;, i=1,2 with 0 <
{, <1/3 <{, < 1, respectively. Moreover,

1
’71<(1§§SC2<’72<1~ (56)

Step 2: Existence of periodic solutions
Applying Theorem 2, there exists at least one T-periodic
solution v, of (50) such that

G yy(t)<my, VEE[O,T]. (57)

In order to apply Theorem 15 (part A) on the set

E={(t.x) eRx]0,1/3]jy, <x<(}, (58)

it is necessary to study the condition

0,9(t,x) <a(t), V(t x)€E, (59)

for some function a such thata > c¢*/4and a€ T . SOME

p € [1,00], where g(t,x) = x — ((B7%(t))/((1 - x)?)). Then, a
direct computation shows that

3.g(t,x)=1- 2/1372(? <1-2877(t), (60

for all (t,x) e Rx[0,1]. Let a(t)=1-2p7>(t), teR.
The previous inequality along with the assumptions (I) and
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(1) imply the inequality (59) with a > ¢*/4, and ae I’ e for
some p € [1,00]. This proves the existence of at least one
T-periodic solution y, of (50) which is asymptotically sta-
ble and such that
m <y, (t) <G, Vie[o,T], (61)

if the number of T-periodic solutions of (50) between #,
and (; is finite.

Step 3: Multiplicity of periodic solutions

Assume that ¢, and ¢, are two different nontrivial
T-periodic solutions of (50). Define v(t)=¢,(t)—¢,(t),
t € R. Then, v is a nontrivial T-periodic solution of the
equation:

V+cv+a(t)v=0, (62)

with a(t) = [10,9(t,9, () + mlg,(t) - @, (0)))dm. By the
inequality (60), the condition (II) and part 1 of Proposi-
tion 4, we conclude that v(¢) >0 or v(t) <0 for all t€R.
Therefore,

Pa() <@(1) or (1) <gy(t) (63)
for all t € R. Now, assume that there exists a third non-
trivial T-periodic solution ¢, of (50). The preceding
arguments allow us to assume that

P1(t) <py(t) <gs(t) V[0, T]. (64)

In consequence, the nontrivial T-periodic functions
vi(t) =@, (t) —;(t), i=1,2 satisty the equations:

(1) +cv+a (=0, i=1,2, (65)

where a,(t) = jlaxg(t, @;(t) + m(g,,,(t) — @,(t)))dm. Since

gt =970,

it follows that a,(t) <ay(t) for all te€R. Therefore, by
part 2 of Proposition 4, we reach a contradiction. This
proves that there is at most two positive T-periodic
solutions of (50).

To sum up, under the assumptions (I) and (II), Equation
(50) has exactly two positive T-periodic solutions which are
precisely the functions v, and v, satisfying

V(t,x) € Rx]-00,1], (66)

IN

Gy, (t)<ny, VEEO, T (67)

Wl =

Moreover, by Step 1, y, is asymptotically stable, and v,
is unstable.

Step 4: Exponential stability

Finally, we want to apply Theorem 16. We need to find a
lower bound of 9, g(t, x) for all (¢, x) € E. Then, direct com-
putations show that

_ zﬁ%.z(t) >1-— zﬁ%.fnax 1_3(1

(1-¢,)° (1-¢,) - >0, V(tx)€E.

0.9(t,x)>1

1-0,
(68)

Then, by (60) and the previous inequality, we have

1-3(,
1-0,

for all (t,x) € E. Define I(t):=1—- ((287(t))/((1-¢,)));
therefore, I € C(R/TZ). From (53), we can deduce that />
c*/4. Then, by Theorem 16, the T-periodic function v, is
exponentially asymptotically stable with rate of exponential
decay ¢/2. This completes the proof. O

0< <0,g(t,x) <1-2B77(t), (69)

Remark 6. Condition (53) can be replaced by

7 N9, (70

where 7 = l/Tf()T‘Wz(t)dt.

Additionally, respect to the results over the Nathanson
model with constant damping given in [7, 9], the criteria
that we illustrated over the function 0,g(t,x)—c*/4 in
Theorem 5 have the advantage that considers the L
norms (p €[1,00]), and not over the supremum of its
range. In consequence, Theorem 5 leads to a refinement
of the results founded in [7, 9].

Example 1. The values required to determine the existence of

y, are F .., F., and T. In order to test different combina-
tions of parameters, let
i:Fmax"'Fmin A:Fmax_Fmin. (71)
27 2 2

If A<2/27, then F_, <4/27. Figure 3 shows the combi-
nation of parameters that allowed to prove the existence and
exponentially asymptotical stability, only existence, or did
not allow to prove the existence of y, with Theorem 5.

To test the exponentially asymptotical stability property
of one of the combination of parameters, let c=0.9, A=
0.07, T=2, and 7'(¢t)=0.1579 cos (2nt/T) + 0.2217. Fol-
lowing the results depicted in Figure 3, with that combina-
tion, it is possible to prove the existence of v, and it is
exponentially asymptotically stable.

Let the error between any other solution ¢ of (50) and
the periodic solution v, be defined as

e(t) = p(t) =y, (D] +[9(2) =¥, (1)) (72)
Following the results of Theorem 5, v, is locally expo-

nentially asymptotically stable with rate of exponential decay
¢/2. Then, there exists an adequate positive value d such that

€(n)=In (¢(nT))<Ind+ ;n =0(n). (73)
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FIGURE 3: (a) With ¢=0.9. The values of Aand T that satisfied the conditions of Theorem 7 for existence and exponentially asymptotical
stability are plotted in the green area. In blue, only where the conditions of Theorem 7 for the existence are satisfied and in red where
they are not. (b) Boundary between satisfying and not satisfying the conditions for existence of Theorem 7 for different values of c.

For this example, Figure 4 depicts v(n) in blue for 10
different solutions of (50) and v in red with In d = -2.

4. On the Squeeze Film Damping Case

In this section, we present some analytic and numerical val-
idation on the existence and linear stability of periodic solu-
tions for the Nathanson model under the squeeze film
damping effect. Therefore, the boundary value problem

B kex= 7
(1-x)’

, 74
(1-x)° )

with « = p/d° >0 and x € |-00,1].

Our approach to the existence of solutions of (74) is
again throughout the Theorems 2 and 3. Therefore, from
the notation of those theorems,

K
c(t, x) = a —x)3 ,
G(x) = (1-x)%, (75)
K(x)=x,

F(t) = B77%(0),

with G(x) > 0 for all x in |-00, 1[. As before, the function ¢ is
given by

¢(x)=x(1-x)%, xeR. (76)

Recall that ¢ is monotone non-decreasing in |—c0,1/3]
and monotone non-increasing in the interval [1/3, 1] with a
unique local maximum at x = 1/3.

Theorem 7. Assume that 0< 72, <¥?2  <4/27B. Then,

min —

there exists {;, n; with i =1, 2 such that

0<n,<(;<1/3, and 1/3<{,<n,<1, (77)
where {; and n, satisfy
$(1) =BV i $(8) =BT e i=12. (78)

Furthermore,

(1) The problem (74) admits a T-periodic solution v,

such that
Ly s, Ve T) (79)
(2) Let

B K S _ _ 3kR 1-3n,

N_(l_(l)s’ a=max {N,{, -}, (1_(1)4"' -5~
(80)

with R > 0 the unique solution of

R-In (R+1)=a({, -n,). (81)

Assume that the following conditions hold:

M<(n/T)* and N<H(L,)= L*JL_M cot (T‘QL_> (82)

*

with L, € [M, (/T)*] the unique value that satisfies H'
(L) =0 which is equivalent to
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FIGURE 4: (a) Poincaré map of nine different solutions of (50). The periodic solution is painted in black, while the others are in red with their
initial point in green. (b) Plot in blue of € for nine different solutions of the differential equation (50). Plot in red of (73) which shows that it

is an upper bound of €.

(83)

sin (T\/f) = T\/f(li ;ﬁ)

Then, there exists a periodic solution vy, of (74)

such that

mEv(0 <G, Ve[0T, (84)
Proof. Under the existence of {;,#,; follows directly from
the monotonicity properties of the function ¢ in each
of the considered intervals.

For part 1 by Theorem 2 applied over I=[1/3,1], the
problem (74) admits constant lower and upper solutions
that correspond to (, and 7,, respectively. Additionally,
there exists a solution vy, of (6) such that

G =y,(t) <m,, VEE[O,T]. (85)

For part 2 by Theorem 3 (part (%)) applied over T = [0,
1/3], the problem (74) admits constant lower and upper
solutions that correspond to {, and #,, respectively. Further-
more, since ¢(17,) = B7 2., we have

BT BT,
(1-x?2""" (1-9,)? (86)
=0 -, Y(tx) €0, T] X [, Gy].
Define,
N := max * = £ >
Rem ] |(1= %)) (1-¢))° (87)

a=max {N,{, -, }.

From here, we are able to find a unique positive constant
R that satisfies

R-In (R+1)=a({, —n,). (88)
Now consider the set
W={(t,x,y): t€[0,T],x€[n,¢,,ye[-R.R]}.  (89)

In order to fulfill the all the conditions in (%) in Theo-
rem 3, for the value M > 0, it is necessary to show that

2 (e )
0x \ (1-x)° (1-x)°

max

w
(90)
< % p 1Ty
(1- (:1)4 1-n,
Indeed, notice that
0 K . ﬁ%z(t)
max Ep ((1 _x)3x+x— a —x)2> ‘
_ ‘ B Zﬁ%z(t) (91)
W (1-x)* (1-x)’
< max 1 R+ max|1 - 2572(?
w1 -x) w (I-x)

The function 3x/(1 - x)* is monotone increasing in the
domain -0, 1[; then
3K 3K

= = (1-¢) 2

VX €[, G-
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Additionally,
_ 2Fmax _ 2ﬁ%2(t) _ 2Fmin
Gor Ty ey @
Since ¢((1) = Fmax and (/)(’71) = Fmin’ then
0< 1-36 2 S 2572(?
(1-4) (1-¢y) (1-x) (94)
<1- o 1-3n, i
(I-n) (A-n)
because (, €10, 1/3]. Hence,
a( x . B72(1)
nwxéz((l_@3x+x—(l_xy> <M, (9@

Then, by Theorem 3, there exists a solution vy, of (74)
such that

mE<vi(t)<t, Vie[o,T) (96)
O

Notice that it is fairly simply to prove the existence of v,.
However, to prove the existence of y, requires intermediate
computations of values that depend not only on parameters
such as «, f and T but also in other intermediate values.
Therefore, here we present the steps that allow us to prove
the existence of y, for a set of parameters (x, T, F(t, T)).

(1) Find F,;, and F,..
(2) f 0< Foy, < Foox <4/27, find {, #, in ]0, 1/3] such
that
C = Fmax’
¢(C1) (97)
(/)(7]1) = me
(3) Compute N and a.
(4) Find the positive value R > 0 such that
R-In (R+1)=a({, -n,). (98)

(5) Compute the value M given in Theorem 7

(6) If M < (n/T)?, find L, such that

L

sin (Tﬁ) - T\/Z(L: ;ﬁ) (99)

(7) Finally, if N < H(L,) we can conclude the existence
of y,.

If any of the conditions given in the Steps (3), (12) and
(16) are not satisfied, then we cannot use Theorem 7 to con-

Journal of Applied Mathematics

clude the existence of y,. Example 2 is based on these steps
for different parameters (x, T, F(t, T)).

4.1. Linear Stability. As a final contribution of this work, we
provide some results about the linear stability of any peri-
odic solution v, of (74) located in [, ;]. Our approach is
based on the analysis of the linear equation corresponding
to the given periodic solution. Direct computations shows
that the associated Hill’s equation is given by

W+ i+ g(thw=0,with
Ty ATt
% 2672(1) (100)
(I=y,(1)) (I-y,(1))

Proposition 8. Under the assumption of Theorem 7, then any
possible periodic solution v, of (74) located [n,,(,] is locally
asymptotically stable if

1-3(, K K
-, 21-¢,)" <3R+ 2(1 —C1)2>’ oy
(£>2> 1-3y, . K iR K(1-¢)*
T/ d-m 218 2(1-n,)°)
(102)

Proof. Under the change of variables,

_ 0 _L x
w(t)=u(t)v(t), v(t)=e"", P(t) ZJ(I 7 dt,
(103)
Equation (100) can be written as
i+ Q(H)u=0, (104)
with Q(t) given by
3k : K> 2BV (1)
= - - 1- .
WY e T o
(105)

Notice that if any solution u(t) of (104) is bounded, then
any solution w(t) of (100) converges to zero. Indeed, notice
that

m <y, ()< and |y, (t)|<R, VteR, (106)
with 0 <#, <{, <1/3. Direct computations show that
t t
K73 <P(t) < K73 VteR, (107)
2(1-m,) 2(1-6y)



Journal of Applied Mathematics

k= 0.3571

0 0.01 002 003 0.04 0.05 0.06 0.07 0.08

A
()

T 1.2 4

11

2

1.8 1

1.6 1

1.4 -

1 4

0.8 4-

0.6 4

0.4

0 0.01 0.02 003 0.04 0.05 0.06 0.07 0.08
A

(b)

FIGURE 5: (a) Areas in the plane A and T where the conditions for the existence are satisfied (blue) and where they are not (red) with
x=0.3674. (b) Boundary between satisfying and not satisfying the conditions of Theorem 7 for different values of .

then, v(¢#) — 0 if t — oco. Moreover,

3R 3xyr, (t) 3kR
21-¢)" T 20—y, ()' T 20-¢)"
(108)
> x> x>
h §=~ § =~ 6’
4(1-¢y) 4(1-y,(1)) 4(1-mn,)
and also,
— 2 —
0< 1230 Zﬁ%(t)3sl M (109)
N A G T
for all ¢ € R. From here, we deduce the following:
1-3¢, K K
- 3R+ <Q(t), VteR,
AT ( 20 —cm) "

1-3n, K B K(1_51)4
AT <3R —2(1_’11)6), VieR.

(110)

From the assumptions (101), (102) follows directly

0<Q(t)s(%)2, VteR. (111)

O

From the previous computations and Theorem 18, we
deduce that v, is locally asymptotically stable.

Remark 9. To arrive to the conclusion of Proposition 8, we
used the results of Theorem 18 that resemble the
Lyapunov-Zukovskii’s criteria for stability. We could also
arrive to the linear stability of the periodic solution v, of

(74) by asking the following conditions:
1-3
& > | 3R+ % ,
=0 2(1-¢)) 2(1-4y)
(2) P 1-3, Y
) 1-m 4(1_’71)6.
We arrive to this conclusion by Theorem 18 with the

conditions that resemble the Lyapunov-Borg’s criteria for
stability.

(112)

Example 2. Following the same definition (71) from Example
1 for parameter A, in Figure 5, we display the combination of
parameters that allowed or did not allow to prove the exis-
tence of y, for Equation (74) by means of Theorem 7. If
the existence is guaranteed, we attempt to prove with Prop-
osition 8 that vy, is asymptotically stable. The numerical
results of Figure 5 indicate that if we take low values of «,
it seems to be more possible to prove the existence of y, with
Theorem 7.

5. Conclusions and Outlook

In this work, we have rigorously shown the existence of at
least two positive periodic solutions for the Nathanson
model under squeeze damping forces, as a direct conse-
quence of a periodic voltage load with a maximum value
under V|, = 1/4/27f known as pull-in voltage, which is pre-
cisely the critical voltage associated with the pull-in phe-
nomenon. The location and the L®-norm of these
solutions are provided, and we have also been able to give
an algorithm to show the numerical conditions of Theorem
7. We also note that these analytical and numerical compu-
tations could be reproduced for other types of MEMS
devices and new algorithms could be developed to show
the existence and linear stability. Future work could explore
the upper boundaries of the number of positive periodic
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solutions, and more interestingly, the possibility of periodic
oscillations with a negative or nonconstant sign, for exam-
ple, for the comb-drive model under squeeze damping force.
We also revisited the Nathanson model under linear damp-
ing. Although this problem is considered in [7-9], Theorem
5 improves the existence and stability results as a result of
appropriate conditions over the voltage load and the viscous
damping coefficient ¢, providing new and significant knowl-
edge of the dynamics of this model.

Appendix
A.1. The Upper and Lower Solution Method

Consider the boundary value problem

X+ f(txx)=0, x(0)=x(T), x(0)=x(T)=0. (A.l)

where D C Rx ]I}, ,[ xR is an open connected set with
—00<l;<l,<00 and f:D—R, is a continuous func-
tion.We have that there exists a constant R>0 such that

[ill oo < R

Definition 10 Lower and upper solution. A function { € C*
(Jo, T[) n C*([0, T]) is called lower solution of (A.l) rela-
tive to the domain D if

Z(t)+f(t,c(t),é(t))zo forall telo,T[.  (A2)

C(t) €]l L[ for all t€)0,T[, and {(0)={(T), {(0)
2{(T).

A function € C*(]0, T[) n C'([0, T]) is called upper
solutions of (A.1) relative to the domain D if all the previous
conditions hold with the reverse inequalities.

The lower and upper solutions are well-ordered if

(A3)

{(t)<n(t), Vte|o,T].

Meanwhile, the lower and upper solutions are in the
reversed order if

n(t)<q(t), Vtelo,T]. (A4)

Given {,n € C([0, T]) such that { <#, define the set

2
Ep,={(txy) [0, T|xR*[{(t)<x<n(t)}.  (A.5)
Definition 11 Nagumo condition. Let f : E;, — R continu-
ous. The function f satisfies the Nagumo condition on E; , if

there exists a positive continuous function p: R* — R
such that

(A.6)

J“)Lds:oo and  [f(tx.)| <p(ly)),

o P(s)

for all (t,x,y) € E,.
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Theorem 12. Let { and n be lower and upper solution of (10)
such that {(t)<n(t) for all t in [0, T). If f satisfies the
Nagumo condition in E;,, then the problem (5) has at least

one solution u € C*([0, T]) such that

() <u(t) <q(t), Vtelo,T). (A7)

Theorem 13. Let f: DCR*— R a continuous function
with a continuous partial derivative on the third variable
such that |0 f(t,x,y)| <N in D where N > 0 and D is a con-
nected domain. Consider

E=[0,T]x [a f] x RCD, (A.8)

where T, a, B € R. Then, for any solution u(t) € [a, f3] for all t
in [0, T] of any of the following problems:

i f(txi),  x(0)=x(T), (A.9)
x<f(t,x, %), x(0)=x(T), (A.10)
x=f(t,x, %), x(0)=x(T). (A.11)

For sake of completeness, we will make the proof for the
boundary value problem (A.9) following the ideas of the
proof of Proposition I-4.5 in [12]. The procedures for
(A.10) and (A.11) are similar.

Proof. Since |0,f(t, x, y)| <N, then by the mean value theo-
rem, we have that

—p(I9]) <f(t:x.y) < p(19)), (A.12)
with p(9) = N9 + max |f(t, x, 0)|. Notice that
Jwidp oo, (A.13)
o P($)
Define R > 0 such that
JRSdD[;_m (A.14)
0 P(S)

Let u; be a solution of (A.9) such that u,(¢) € [a, 8] for
all ¢ in [0, T]. Suppose that there exists ¢, € [0, T] such that
i, (t;)=R. Let t,€[0,T] be the closest zero to t,; then,
it;(¢) >0 for all ¢ in Jmin {t,, t; }, max {¢,, t; }[. Notice that

R i (t) t gy i
J ids:J ids:‘l\ ulLfl dt,
0 P($) it (to) p(s) f —p([in])

since

(A.15)

—p(lin]) <f (b uy, i) < iy, (A.16)
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then, 1>1ii,/(-p(|i,])) and

JtO i iy dt<ra dt = uy (ty) — uy (¢ )<,B—oc<JR *_ds
f —p(jtm]) f ! o e 0 P(3) ’
(A.17)
hence,
R R
J Lds<J s, (A.18)
0 P(s) 0 P(s)
which is a contradiction. O

Suppose that there exists ¢, € [0, T] such that i (¢;) =-R
. Let t, € [0, T] be the closest zero to t; then, i, (¢) < 0 for all
t in Jmin {t,, t, }, max {¢,, t; }[. Notice that

Ri o —itl(n)L . toM
JO o mero)P(S)d L gy b (A1)
—Pinl) < f(bu i) <iiy, (A.20)

then 1> ii,/(—p(|ity])) and

JtO i il dt<r’a dt—u(t)—u(t)<[3—oc<r * s
Lol ), e ) T () < ok
(A.21)
hence
R R
J Lds<J s, (A.22)
0 P(s) 0 P(s)

which is a contradiction.
Remark 14. Notice that an alternative definition for the func-
tion p is

p(9)=a(9+1), (A.23)

with @ =max {N, max |f(,x,0)|}. This allows us to com-
pute R as the positive real value that satisfies the inequality.

JRLds=%(R—ln(R+l))2/3—oc. (A.24)

In particular, we can select R such that R—In (R+1) =

a(f-a).

A.2. Multiplicity and Stability of Periodic
Solution for Duffing Equations

We finish this section showing some results that provide a
connection between lower and upper solution method and
the multiplicity and stability of periodic solutions of the
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Duffing equation:
X+cx+g(t,x)=0, (A.25)
where ¢>0 and g: Rx|l;,L,[— R, —co<!; <1, <00,
a continuous function, T-periodic with respect to ¢ and hav-

ing a continuous partial derivative with respect to x. Con-
sider the linear differential operator:

L,: W —L'0,T)
(A.26)
w— L,[w] =0+ cw+a(t)w,

where

W ={we W (0,T): ©(0)=w(T), @(0)=w(T)},
(A.27)

¢ is a positive constant and a € I', ., with

r,.= {aELP(O, T): ||(a- 1), ||, <K(2p*)}, (A.28)

for some p € [1,00] and p, = p/(p — 1). Here, K(q) is the best
Sobolev constant in the following inequality:

Cllulls < ||é]32,  Yu € Hy([0, T)). (A.29)

Explicitly (see [17]),

2n 2\ g\’
s \ 5 =vrurensyreeseul B 1< q<00,
qT"*#1\2+q I'(1/2 + (1/9))

4/T, q=00.

K(q) =

(A) If { > 7 and for some 1 <p < co, there exists a € I,
with a > ¢*/4 and verifying

g.(t,x)<a(t) ae Vxeln(t),{(t)], (A.32)
Theorem 15. Let g: Rx|l,,,[— R, —c0<l,<l,<00 a
continuous function, T-periodic with respect to t and having
a continuous partial derivative with respect to x. Assume that
{ and n are a couple of lower and upper solutions, respec-
tively, of the boundary value problem:

X+cx+g(t,x)=0,

x(0)=x(T), %(0)=%(T), (A.31)

with ¢> 0 and {(t),5(t) €]l,, [ for all t € R.

Then, (A.31) has at least an asymptotically stable solu-
tion (which is T-periodic) y, such that
n(t) <y(t) <¢(1),

VteR, (A.33)
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provided that the number of T-periodic solutions between
n and ( is finite.

(B) If { <7, then (A.31) has at least an unstable solution
(which is T-periodic) ¢ such that

VteR, (A.34)

§(t) <o(t) <n(t),
provided that the number of T-periodic solutions between
{ and 7 is finite.

Proof. For part (A), the proof can be found in [15, 18], and
for part (B) the proof can be found in [19]. O

Another and more accurate results about the stability of
periodic solutions of Duffing equations like (A.31) are found
in [14, 16] and indicate the following.

Theorem 16. Assume that g (t,x) exists and satisfies

I(t)<g.(t,x)<u(t), VY(t,x)e[0,T] xR, (A.35)
where | and u are T-periodic functions such that | > /4 and
uel,  for some p€[l,00]. Then (A.31) has a unique and
locally exponentially asymptotical stable T-periodic solution

x,(t). And the rate of exponential decay of x,(t) is c/2.

Remark 17. Following the lines of the proof of Theorem 16
given in [14, 16] it is easy to deduce that the exponential
decay of x,(t) only requires that

VieR, (A.36)

I(t) < g.(t, xo(1)) < u(?),
This follows if we are able to located x,(¢) for all € R
and compute a lower bound of g, (¢, x,(t)) for all £ € R.

Theorem 18 Stability test for Hill’s equations. Let Q be a
T-periodic function such that

T

Q=0, QeL'(0,T), J Q(t)dt > 0.

0

(A.37)

Assume that Q€ LP(0, T) for some p € [1,00], the Hill’s
equation:

i+ Q(tyu=0, (A.38)
is stable (elliptic) when
1Q,]l;« <K(2a,) if 1<a<oco, (A.39)
or
Qi <K(eo)= 7 if a=1  (A40)

Furthermore, the upper bounds K(2a,) for ||Q, ||« are
the best possible.
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Ifa=1, Q(t) 20 (ie, Q(t) > 0 for all t € R on a subset of
positive measure), Theorem 18 establishes that

T 4
1Qu I =J0 Q(t)dt < (A.41)

then, (A.38) is elliptic, which corresponds to the Lyapunov-
Borg’s stability criteria (see [20]). If « = 0o, Theorem 18 estab-
lished that if Qe L'(R\ TZ) (i.e, Q is T-periodic and Q €
L'(0,T)) such that

Q=0, 0< J:Q(t)dt, 1Q, [l <K(2) = (%)2 (A.42)

then (A.38) is elliptic, which corresponds to the Lyapunov-
Zukovskii’s stability criteria. The proof of Theorem 18 can
be found in [21, 22].
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