Hindawi

Journal of Applied Mathematics

Volume 2022, Article ID 2661343, 7 pages
https://doi.org/10.1155/2022/2661343

Research Article

@ Hindawi

Analytical Solution of the Fractional Linear Time-Delay Systems

and their Ulam-Hyers Stability

Nazim I. Mahmudov

Department of Mathematics, Eastern Mediterranean University, Famagusta, 99628 Northern Cyprus, Mersin 10, Turkey

Correspondence should be addressed to Nazim I. Mahmudov; nazim.mahmudov@emu.edu.tr

Received 28 July 2022; Accepted 8 September 2022; Published 23 September 2022

Academic Editor: Yansheng Liu

Copyright © 2022 Nazim I. Mahmudov. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

We introduce the delayed Mittag-Leffler type matrix functions, delayed fractional cosine, and delayed fractional sine and use the
Laplace transform to obtain an analytical solution to the IVP for a Hilfer type fractional linear time-delay system Df; z(t) + Az
(t) +Qz(t—h) =f(t) of order 1 <y <2 and type 0 <v <1, with nonpermutable matrices A and Q. Moreover, we study Ulam-
Hyers stability of the Hilfer type fractional linear time-delay system. Obtained results extend those for Caputo and Riemann-

Liouville type fractional linear time-delay systems with permutable matrices and new even for these fractional delay systems.

1. Introduction

Khusainov et al. [1] studied the following Cauchy problem
for a second order linear differential equation with pure
delay:

{ () + Qx(t-1)=f(t), t20,7>0,

where f : [0,00) — R", Q is a n X n nonsingular matrix, 7 is
the time delay and ¢ is an arbitrary twice continuously dif-
ferentiable vector function. A solution of (1) has an explicit
representation of the form ([1], Theorem 2):

x(t) = (cos,Qt)p(~) + Q7' (sin, Qt)g' (-7)
+Q_1J7 sin, Q(t — 7 —5)g"/(s)ds 2)

" Qljt sin, O — 7 — )f (s)ds,

where cos,Q : R — R™" and sin Q : R — R™" denote

the delayed matrix cosine of polynomial degree 2k on the
intervals (k—1)r <t <kt and the delayed matrix sine of
polynomial degree 2k + 1 on the intervals (k—1)7 <t <kr,
respectively.

It should be stressed out that pioneer works [1, 2] led to
many new results in integer and noninteger order time-delay
differential equations and discrete delayed system; see
[3-18]. These models have applications in spatially extended
fractional reaction-diffusion models [19], oscillating systems
[20, 21], numerical solutions [22], and so on.

Introducing the fractional analogue delayed matrices
cosine/sine of a polynomial degree, see Formulas (5) and
(6), Liang et al. [23] gave representation of a solution to
the initial value problem (3):

Theorem 1 (see [23]). Let h> 0, ¢ € C*([-h, 0], R"), Q be a
nonsingular n x n matrix. The solution x : [-h,00) — R”"
of the initial value problem

(3)

{CDahx(t) +Px(t-h)=0, t20,h>0,

x(t)=g(t),x' (t)=9¢'(t), -h<t<o,


https://orcid.org/0000-0003-3943-1732
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/2661343

has the form

x(t) = (c08;, ") p(=h) + Q7 (siny, Ot = 1)) (0)

0
+ Q’IJ ) €08, 2t —h—5)"¢' (s)ds,
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where cos;, ,Qt* is the fractional delayed matrix cosine of a
polynomial of degree 2ka on the intervals (k—1)h <t <kh,
siny, Q1% is the fractional delayed matrix sine of a polynomial
of degree (2k + 1)a on the intervals (k— 1)h <t < kh defined
as follows

e, —00<t<—h,
cosh,aQt"‘ = L o ~h<e<0, (5)
2a o
12 t +oot( 1)k92kw, (k—1)h <t <kh,
T(2a+1) I(2ka+1)
) —0o<t<—h,
(t+h) ’ —h<t<0,
siny, ,Ot" = I'(a+1) (6)
o 3 (k-1 (2k+1)a
(t+h) _0? t +...+(_1)k_()2k+1 (t- (k-1)h) » (k=1)h<t<kh,
I'(e+1) I'Ga+1) I'((2k+1)a+1)

and I is the identity matrix and ® is the null matrix.

Mahmudov in [16] studied the following R-L linear frac-
tional differential delay equation of order 1<2a<2 by
introducing the concept of fractional delayed matrix cosine
cosh)u)ﬁ{A, Q;t} and sine sinh)a)ﬁ{A, Q;t} ([16], Definitions
2 and 3).

BDS,, (D%, )x(t)A(t) + (= h) = f(£), £ 2 0,h >0,

x(t) = (1), (I53x) (=h") = (~h),~h <t <0,
KDY, x(t) =""D%, (1),
(I55(D%,.x)) (-h*) ="D%, ,9(~h),~h < t <0,

(7)

where RLth , stands for the R-L fractional derivative of
order 0 < a <1 with lower limit —h, A, Qe R™", f e C([0,
00), R"), and ¢ € C'([~h, 0], R"). Obviously, the derivative
can be started at —h instead of 0, since the function x(t) gov-
erned by (7) actually originates at —h. However, as is known,
changing the starting point of the derivative modifies the
derivative and leads to a different problem. In this article,
we study the case when the derivative started at 0.

Recently, Liu et al. [24, 25] have studied the analytical
representations of the solutions of the inhomogeneous
Caputo type fractional delay oscillating differential
equations.

Motivating by the above works, we study the following
Hilfer type linear fractional differential time-delay equation

of order 1 <y <2 and type 0<v<1I:

Dy} z(t) + Az(t) + Qz(t — h) = f (1), t € (0, T),
zZ(t) = (t)~h <t <0,

D(;)(tz—y)(l—v)ﬂ,vz(t) —a, (8)
t=0
—(2-p)(1-v),
Doy M 2(1)| =ay,
t=0

where Dfj}’ stands for the Hilfer fractional derivative of order
1< <2 and type 0 <v <1 with lower limit 0, A, Q € R>,
fec([o, T], R, and ¢ € C'([~h, 0], RY).

Delayed perturbation of Mittag-Leffler matrix functions
serves as a suitable tool for solving linear fractional continu-
ous time-delay equations. First, the delayed matrix exponen-
tial function (delayed matrix Mittag-Leffler function) was
defined to solve linear purely delayed (fractional) systems
of order one. Then, the second order differential systems
with pure delay were considered and suitable delayed sine
and cosine matrix functions were introduced in [1]. Later,
Liang et al. [23] introduced the fractional analogue of
delayed cosine/sine matrices and obtained an explicit solu-
tion of the sequential fractional Caputo type equations with
pure delay—the case A = © (zero matrix). Recently, Mahmu-
dov [26] introduced the fractional analogue of delayed
matrices cosine/sine in the case when A and Q commutes
to solve the sequential Riemann-Liouville type linear time-
delay system. It should be noticed that the model investi-
gated here is not sequential and differs from that of dis-
cussed in [23, 26]. For the sake of completeness, we also
refer to studies of discrete/continuous variants of delayed
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matrices used to obtain exact solution to linear difference
equations with delays and related problems [1-18, 23-26].

The main contributions of this paper is presented as
below:

(i) We introduce the delayed Mittag-Leffler type matrix
function YZ,Y (A, Q;t) by means of the determining

function Qfﬁ. We give an exact analytical solution
of the Hilfer type fractional problem (8) with non-
permutable matrices A,Q by using Y];’y(A,Q;t)
and study their Ulam-Hyers stability. Obtained
results are new even for Caputo and Riemann-
Liouville type fractional linear time-delay systems,
since matrices A, (2 are nonpermutable

(ii) Although the problem considered by us is fractional
of order 1 < y <2 and type 0 <v < 1, our approach is
also applicable to the classical second-order equa-
tions. Thus, our results are new even for the classical
second order oscillatory system

The article contains significant updates in the theory of
fractional differential equations with delay and is structured
in the following way. Section 2 is a preparatory section in
which we introduce the main definitions and recall concepts
of the fractional calculus, the Laplace transform, and the
Ulam-Hyers stability. Moreover, we introduce the delayed
Mittag-Leftler type matrix function of two parameters YZ)V
: [0,00) — R and study their properties. In Section 3, we
provide the analytical representation formulas of classical
solutions to linear homogeneous and nonhomogeneous Hil-
fer type linear fractional differential time-delay equation of
order 1<pu<2 and type 0<v<1 using the delayed
Mittag-Leftler type matrix function YZ,Y(A,Q;t). Finally,
we study the Ulam-Hyers stability of the problem (8).

2. Auxiliary Lemmas

We introduce a concept of delayed Mittag-Leftler type
matrix function of two parameters

Definition 2. Delayed Mittag-Leffler type matrix function of
two parameters Yﬁ)y : [0,00) — R? is defined as follows:

_ii )k th_mh)kmyl’
m=0 k=0 " (k[’l + Y)
9)

h Sf) =
Yh(A,Q;1) =
where (t), =max {0, ¢} and

Qi ZAk‘JQQAlm . (10)

om=0,1,2, -

(11)

=0,Q =A" Q) =Lk=0,1,2,

In this definition, the determining function erf plays
the role of a kernel, see [17, 26]. It is clear that

Q
Qk+1m_A +0 km 1’
oM _6,qi0 -1, (12)
k=0,1,2,---,m=0,1,2,--

We state the main novelties of our article as below:

(i) We introduce a novel delayed Mittag-Leftler type
matrix function YZ,Y (A, Q31).

(ii) If Q =0, then

Crpa s (an

Mg

Y5, (A% 0;1) =

pari (2K)!
W © g 2R .
AY3, (A% 05t) =AkZ:(;(—1) A k1) =sin (At),
h (a2 \ ok
YMJ(A ,051) = k;)(_l) A kit 1)
Yh, (A% 05t :i )* 2’<—tkwl Jl<pu<2.
k=0 I(ky+2)’

(13)

Yﬁ)l (A%,®;1) and YZ)Z (A%,©;1) can be called fractional
cosine and sine for 1<y <2. Similar cosine/sine matrix
functions were defined in [16, 23] to solve 1 < 2y < 2 order
sequential fractional differential equations.

(i) If A =0, then we have

0 t— h mu+y—1
an)?nzgm, (A Q51 =Z L
’ =0 I(my+y)
(14)
Moreover,

00 m my
(©,0%;1) n;o(_l)m o (my}f;) = cosy(Q5 1),
mh)""

u
=0 sinz(Q;t).
(15)

Similar delayed cosine/sine matrix functions were
defined in [4, 16] to solve 1 <2y <2 order sequential frac-
tional linear differential equations with pure delay.

Before introducing properties of YZ)Y (A, Q;t), we recall
the definition of the Hilfer fractional derivative and Ulam-
Hyers stability:



Definition 3. Let me Nom—1<u<m, 0<v<1,a€elR, and
f €C™a,b]. Then the Hilfer fractional derivative of f of
order y and type v is given by

(m—p) d"

DLYf(t) =10 18 p ), (16)

a1

where

e ROl (17)

()l

is the R-L fractional integral of f of order y > 0.

The main tool we use in this paper is the Laplace trans-
form  F(s)=L{f(t)} = [ e *'f(t)dt.Res >a, which is

defined for an exponentially bounded function f. Here are
some of properties of the Laplace transform.

Lemma 4. The following equalities hold true for sufficiently
large Re(s) and appropriate functions f, g:

(i) L{af(t) + bg(t)} = aL{f (1)} + bL{g(t)},a. b e R

(i) L e sy = 1,t>h>0

(iii) L{F(s)G(s)} = (f * g)(¢)

(iv) L{DG F(0)} = *L{f ()} = Tty st

Io " 0)

(v) L1} = 8(t),where 8(t) is Dirac delta distribution

(vi) L e s} = (¢
(vii) LH{e™"F(s)} = f(t-h),h=0
(viii) L {ehs@rB(s* — A) 7} = (¢ — h)F IEX,B(A
(t=h)"), t=h, where E! 5(2) = Xi2o(2 25T (ak + B

() /kY) is the three parameter Mittag-Leffler
function, a, B,y >0, te R and (), =y(y+1) - (
y+k-1)

—nh)"(n-1),h>0,neN

Definition 5. System (8) is Ulam-Hyers stable on [0, T] if
there exists C > 0 such that for any & >0 and for any func-
tion z*(¢) satisfying inequality

| DGy 2" (t) + Az (t) + Qz"(t - h) - (1) <&, (18)

and the initial conditions in (8), there is a solution z(¢)of (8)
such that

12° () = 2(t)]| < Ce, (19)

for every t € [0, T].
We reduce the notations of Yﬁ,y (A, Q31), erf to a mere
YZ,y(t)’ and Qk,m in the sequel.
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Theorem 6. The following formulae hold:
The function Yﬁ,y(-) is continuous on (0, +00),

d
dl’ YZyH( ) = Yﬁ,y(t)7 ’

d 20
Y ha(t)= Y (20)

DY), =AY (1) - QY (t-h).

(t)forallte.

Proof. The proofs of the properties 1 and 2 are obvious.
Proof of the property 3 is based on the following formula

I'(a+1)

Dhgo= "
o I(a—p+1)

" t>0,n-1<u<n0<v<la>-1.

(21)
The main tool we use in this paper is the Laplace trans-
form  F(s)=L{f(t)} = [ e *'f(t)dt.Res >a, which is
defined for an exponentially bounded function f. O
Lemma 7. We have
(s 1+ 4) ) " (s 4+ A) }

~ o) ke (t_mh)li,ﬁy—l (22)
= 20y

where Q. is defined in (10).
Proof. For n =0 by Lemma 4(viii) we have

LNV T+ A =07 E, (A9,
Lt {e’s}’(s”l + A)‘Y} = (t =) IE,,, (~A(t — h)"), t 2 h.

Let Q. = AX. For n =1, we use the convolution property
(Lemma 4(iii)) of the Laplace transform to get

Lt {e‘hs(sﬂl +A) QY (T + A },
=L {e‘hs(s"l + A)’IQ} «L7! {sf“?(sﬂl +A)"! }

o

- h)ﬁilEW(—A(S -h)H)0(t - S)yilEW(_A(t =s)")ds,

00 00 k k iAi p
- Z Z (-)Ate(-1)’A r(s_ h)#kﬂt—l(t _ S)W'erflds
ko,ofﬂkw I(uj+y) ’
= i y (-1)kAkQ(-1)iA7 G
k=0 j=0 I(pk+pj+p+y)
$ btttz
k=0 =0 T(pk+p+y)’
= § e S asigu T
k=1 =0 I'(uk+y)
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Now, to use the mathematical induction, suppose that it
holds for n = m. Then convolution property yields

Lt { (e-’“(sfq + A)’IQ) "y (4 AY }
=1yl (A e a) ) e s )

j -1
(t—s—mh)kremy

U Q™ i )

>

oS

=jh<s—h)i‘lEﬂ,ﬂ(—A@—h)”)Q

2 -

> i kAkQ 1)'Q; I (s h)kM+M Y(s- mh)¥ pjtumy-1
k=0 j=0 gemm ) U T(ku+u)  T(pj+um+y)
= i i (-DfAre(-1yQ [Lh (t=s =) (s— mhrrernt
T T
= i i (_l)kAkQ( )JQ (t - (m + l)h)lin‘”jl”(mﬂ)qu
o T (R j+ (m+ D+ y)
&, k—m C s i
= Z (-1) k-m-1 ZlAk JQQ+mm(t (m+1)h)+}4+];4+( L)ty 1)
k=l =0 ] T(kp+ju+ (m+Du+y)
(25)
what was to be proved. -

Lemma 8. We have
-1
Yl (t)=L" {SM-V (S”I +A+ Qe"“) }

Z ka

(t- mh)]fr’”y_l (26)

I'(ku+y)

ng

Proof. It is easy to see that
-1
Lt {s"_y (s"I +A+ Qe‘hs> },

-1
=L V (s“T+A) 1+(sM1+A)(s“1+A)‘IQe"”) }

1]
h‘

0
L~ 1 z e—mhs

m=0

1{ (I+ (s*I+A) 1Qe‘hs) s"_y(s"I+A)1},
{ 5"1 +A) Q) ms”_y(s”I +A)71 },

il b (
L{e"”

((s"[ +A) Q) T+ A) }

m=0
(27)
Hence, by Lemma 7 we have
-1
! {s’”’ (s"I +A+ Qe’hs) },
00 00 t _ mh)]i‘uwfl (28)
- 55,
m=0 k=0 ( [/l + Y)

3. Exact Analytical Solution and Ulam-
Hyers Stability

We obtain the exact analytical solution of the Hilfer type
fractional second order problem (8) using delayed Mittag-
Leffler type matrix function Yﬁ’y(A,Q;t) and study their

Ulam-Hyers stability.

Theorem 9. The analytical solution of the initial value prob-
lem (8) has the form

z(t) = Yﬁ,(M—Z)(I—v)Jr] () (Iélz_ Vxz_m‘/’) (0)
Y0 (T 9) 0
- Joh Yy (t=s—h)Qp(s)ds + J;Yﬁ’y(t —5)f(s)ds.
(29)
Proof. Assume that the function f and the solution of (8) is

exponentially bounded. By applying the Laplace transform
to the both sides of (8), we obtain the following relation

L{Dg:;'z(t)} +AL{z(t)} + QL{z(t - h)} = L{f()}. (30)
It follows that
(SMI +A+ Qe—hs>Z(s) — 52(1—1/)1-‘141/—1 (I(()};sz*/")q)) (0)
+ 20v)hv=2 (Igf[”)(z“‘)*(p) (0) - Qjme*“z(t — h)dt + F(s),
0
(31)

where Z(s) =L{f(t)}. For sufficiently large s,

such that

=L{z(1)}, F(s)

HA + Q|| < s, (32)

the matrix s“I + A + Qe is invertible, and it holds that
-1
Z(s) = g1=v)rav-l (s”l +A+ Qe‘hs) (If),lt_v)(m_”)(p) (0)
o
4 202 <s*‘I +A+ Qe'hs> (I((,; V)m4) 1(p> (0)

-1 -1
- (s*‘[ +A+ Qe'hs> Q¥ (s) + (s"I +A+ Qe'hs) F(s).

(33)
By Lemma 8
1-v)(m-
z(t) = Yh( 2)(1- v)+1(t)(1((),t . M)(P)(O)
1-v)(m-p)-1
+Yh< 2)(1-v)+ Z(t)<IE),t o0 ‘P)(O)

- J,h YZM(t — 5= h)Qp(s)ds + JOYZ)M(t —5)f(s)ds,
(34)



L-l{ (¢1+a4 Qe-hs)lmf(s)},
o { (¢1+44 ths)l} L QY
- [ hate 90w (35)
_ J:Yzyﬂ(t—s)!)(p(s—h)ds,

0
= J hYZ’”(t —s—h)Qg(s)ds.

Now the assumption on the exponential boundedness
can be omitted. We can easily check that (34) is a solution
of (8). O

Theorem 10. Let 1< <2, 0<v< Lf € C([0,00), R?). Sys-
tem (8) is stable in Ulam-Hyers sense on [0, T].

Proof. Let z*(¢) satisfy the inequality (18) and the initial con-
ditions in (8). Set

X(t)=Dgyz" (t) + Az* (1) + Qz* (t — h) - f (1), £ € [0, T).
(36)

It follows from definition 5 that || X(¢)|| < &. By Theorem
9 we have

(1) =Y} ayaa () (7" 9) (0)
+ YZ,(,kz)(kv)u(t) (Ig}t_w(m_m_l‘l’) (0)
- JO Y (t—s—h)Qgp(s)ds + Jt Yh(t=3$)(f(s) = X(s))ds.
—h 0
(37)

Thus, we can estimate the difference z*(¢) — z(t) as fol-
lows:

127 (t) = z(D)]],

L Yh (= 5)X(s)ds

= Ce.
Then, the problem (8) is Ulam-Hyers stable on [0, T]. [J

4. Conclusion

The article solves a problem of finding exact analytical solu-
tion of continuous linear time-delay systems using the delayed
Mittag-Leftler type matrix functions of two variables. In arti-
cles [1, 6] delayed exponential is suggested to obtain an exact
solution of delayed first order continuous equations. Similar
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results for sequential Caputo type and Riemann-Liouville type
fractional linear time-delay systems of order 1 <2« <2 were
obtained in [23, 26]. These results are obtained either for sys-
tems with pure delay or under the condition of commutativity
of A and . In this article, we drop the commutativity condi-
tion. The result has been obtained by defining the new delayed
Mittag-Leffler matrix function and employing the Laplace
transform. The work contained in this article will be useful
for future research on fractional time-delay systems.

One possible direction in which to extend the results of
this paper is toward fractional impulsive systems [27] and
conformable fractional differential systems of order 1 < a <
2. Another challenge is to study the qualitative properties
of the problem (8).
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