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We study the triangular equilibrium points in the framework of Yukawa correction to Newtonian potential in the circular
restricted three-body problem. The effects of α and λ on the mean-motion of the primaries and on the existence and stability
of triangular equilibrium points are analyzed, where α ∈ ð−1, 1Þ is the coupling constant of Yukawa force to gravitational force,
and λ ∈ ð0,∞Þ is the range of Yukawa force. It is observed that as λ⟶∞, the mean-motion of the primaries n⟶ ð1 + αÞ1/2
and as λ⟶ 0, n⟶ 1. Further, it is observed that the mean-motion is unity, i.e., n = 1 for α = 0, n > 1 if α > 0 and n < 1 when
α < 0. The triangular equilibria are not affected by α and λ and remain the same as in the classical case of restricted three-body
problem. But, α and λ affect the stability of these triangular equilibria in linear sense. It is found that the triangular equilibria
are stable for a critical mass parameter μc = μ0 + f ðα, λÞ, where μ0 = 0:0385209⋯ is the value of critical mass parameter in the
classical case of restricted three-body problem. It is also observed that μc = μ0 either for α = 0 or λ = 0:618034, and the critical
mass parameter μc possesses maximum (μc max) and minimum (μc min) values in the intervals −1 < α < 0 and 0 < α < 1,
respectively, for λ = 1/3.

1. Introduction

The general theory of relativity is the base of Modern Phys-
ics, and its predictions are confirmed by a wide variety of
experiments. Since many of the present theories of gravita-
tion and elementary particles predict forces coupled to grav-
itation, the investigation for the deviations from Newtonian
gravity is of interest. For instance, Muecket and Treder [1]
have considered a logarithmic correction to the post-
Newtonian gravitational potential acting on a satellite which
is moving on the vicinity of a primary body. This correction
predicts a perihelion shift that depends neither on the pri-
mary mass Mp nor on the semimajor axis a. Similarly,
another potential, which is widely used in the study of vari-
ous celestial mechanics scenarios, is the Manev potential [2].
Haranas and Mioc [3] have studied the motion of a satellite
in such a potential with results similar to those predicted by
general relativity. This potential provided unexpected results
which, statistically as well as observationally, match better

the astronomical reality when compared to those of the clas-
sical Newtonian model.

The classical Newtonian model in the framework of
three or more body problem in different aspects is studied
by many researchers in the last decades. For instance, the
effect of albedos on the infinitesimal mass in restricted
three-body problem is studied by Idrisi [4, 5] and Idrisi
and Ullah [6–9]. Jain and Aggarwal [10], Idrisi and Jain
[11], and Idrisi and Ullah [12] have investigated the circular
restricted three-body problem under the consideration
Stokes drag. The effect of variable mass and the topology
of basins of convergence linked to the libration points in
the modified three-body problem are studied by Suraj et al.
[13–15].

The Yukawa potential was proposed by Yukawa in 1935
[16] to modify the Newtonian one is an effective nonrelativ-
istic potential describing the strong interactions between
particles. Let us consider a two-body problem describing
the motion of a secondary body of mass m under the influ-
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ence of massive primary of massM. The effects of gravity on
the primary m in the presence of the Yukawa correction can
be described in terms of the modified potential energy [17]

V rð Þ = −
GMm
r

1 + αe−r/λ
� �

= −
GMm
r

−
GMm
r

αe−r/λ = VN rð Þ + VY rð Þ,

ð1Þ

where VN ðrÞ is the Newtonian potential between the two
bodies M and m, VY ðrÞ is the Yukawa correction to the
Newtonian potential, r is the distance between m and M, G
is the Newtonian gravitational constant, α ∈ ð−1, 1Þ is the
coupling constant of the Yukawa force to the Gravitational
force, and λ ∈ ð0,∞Þ is the range of the Yukawa force [18].
Therefore, the corresponding force between M and m can
be expressed as

F
!

rð Þ = GMm
r2

1 + α 1 + r
λ

� �
e−r/λ

n o
r!: ð2Þ

As α⟶ 0, the Newtonian gravitational force can be
obtained. Kokubun [18] has studied restricted three-body
problem including a Yukawa term to the Newtonian gravita-
tional potential. He observed that the modified gravitational
potential changes some important aspects of restricted
three-body problem. Because of coupling constant α,
motions obtained in pure Newtonian case are qualitatively
different when Yukawa term is included. Kolosnitsyn and
Melnikov [19] have found that, for the artificial Earth satel-
lites LAGEOS and LAGEOS II, a minimum value of the
Yukawa coupling constant is αmin = 1:38 × 10−11 for λ =
6:081 × 106 m. Massa [20] has studied the Newton +
Yukawa type potential in the framework of the Sciama linear
approach to Mach’s principle. The Yukawa-type effects in
satellite dynamics are studied by Haranas and Ragos [21].
Pricopi [22] has studied the stability of celestial orbits under
the influence Yukawa potential in the two-body problem.
Haranas et al. [23] have studied the circular and elliptical
orbits of Earth under the consideration of Yukawa potential
combined with Poynting-Robertson effect. Cavan et al. [24]
have studied the dynamics and stability of the two-body
problem with Yukawa correction.

In the present work, we consider a circular restricted
three-body problem with Yukawa correction to Newtonian
potential and studied the effects of α and λ on the existence
and stability of triangular equilibrium points, where α ∈ ð−
1, 1Þ is the coupling constant of Yukawa force to Gravita-
tional force, and λ ∈ ð0,∞Þ is the range of Yukawa force.
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Figure 1: Variation in mean-motion curves.
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Figure 2: Triangular equilibria L4,5 for various values of μ.
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Figure 4: μc versus λ for different values of α (the dashed line
represents μc for α = 0).
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2. Equations of Motion

The equations of motion of the infinitesimal mass in a bary-
centric synodic coordinate system ðx, yÞ and dimensionless
variables are [18]:

€x − 2n _y =Ux, €y + 2n _x =Uy, ð3Þ

and the potential function U can be expressed as

U = n2

2 x2 + y2
� �

+ 〠
2

i=1

mi

ri
1 + αe−ri/λ

� �
, ð4Þ

∣α ∣ <1 is the coupling constant of Yukawa force to Grav-
itational force, and λ ∈ ð0,∞Þ is the range of Yukawa force,

m1 = μ,m2 = 1 − μ, ð5Þ

r1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x − μð Þ2 + y2

q
, ð6Þ

r2 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x + 1 − μð Þ2 + y2

q
, ð7Þ

0 < μ ≤ 1/2 is the ratio of mass of the smaller primary
(m2) to the total mass of the primaries (m1 +m2), n is the
mean-motion of the primaries, and r1 and r2 are the dis-

tances of infinitesimal mass from the more massive and less
massive primaries, respectively.

The integral analogous to Jacobi integral is

v2 = 2U − C, ð8Þ

v is the velocity of infinitesimal mass, and Eqn. (8) is
Jacobi integral associated with the problem. The square of
the velocity cannot be negative, therefore, v2 = 2U – C ≥ 0.
Thus, the motion of the infinitesimal mass is possible in
the region where U ≥ C/2, and C is known as Jacobi
constant.

3. Mean-Motion of the Primaries

To maintain the configuration, the sum of the mutual grav-
itational forces must be equal to the centrifugal force, i.e.,

m1ρ1n
2 = Gm1m2

R2 1 + α 1 + R
λ

� �
e−R/λ

	 

, ð9Þ

m2ρ2n
2 = Gm2m1

R2 1 + α 1 + R
λ

� �
e−R/λ

	 

, ð10Þ

where R = ρ1 + ρ2, ρ1 and ρ2 are the distances of m1 and m2
from the center of mass of the system, respectively. On
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Figure 5: μc versus λ for α < 0.
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simplifying and then adding Eqns. (9) and (10), we have

ρ1 + ρ2ð Þn2 = G m1 +m2ð Þ
R2 1 + α 1 + R

λ

� �
e−R/λ

	 

: ð11Þ

Using the terminology of restricted three-body problem,
i.e., R = ρ1 + ρ2 = 1, m1 +m2 = 1, and G = 1, the mean-
motion of the primaries is given by

n2 = 1 + αΛ,Λ = 1 + 1
λ

� �
e−1/λ: ð12Þ

Now, as λ⟶∞, Λ⟶ 1 and hence n⟶ ð1 + αÞ1/2.
Also, as λ⟶ 0, Λ⟶ 0, and then n⟶ 1. The mean-
motion curves with respect to λ for different values of cou-
pling constant α are plotted in Figure 1. It is observed that
the mean-motion is unity, i.e., n = 1 for α = 0, n > 1 if α > 0
and n < 1 when α < 0.

4. Triangular Equilibria

The triangular equilibrium points are the solution of the
Eqns. Ux = 0 and Uy = 0 for y ≠ 0, i.e.,

n2x −
1 − μð Þ x − μð Þ

r31
1 + α 1 + r1

λ

� �
e−r1/λ

h i

−
μ x + 1 − μð Þ

r32
1 + α 1 + r2

λ

� �
e−r2/λ

h i
= 0,

ð13Þ

n2 −
1 − μð Þ
r31

1 + α 1 + r1
λ

� �
e−r1/λ

h i
−

μ

r32
1 + α 1 + r2

λ

� �
e−r2/λ

h i
= 0:

ð14Þ

The solution of Eqns. (13) and (14) is given by

r3i =
1
n2

1 + α 1 + ri
λ

� �
e−ri/λ

h i
, i = 1, 2: ð15Þ

Since ri = 1 satisfies Eqns. (15) and thus the coordinates
of triangular equilibrium points are x0 = μ – 1/2 and y0 = ±
√3/2 which are independent of α and λ. Hence, there is no
effect of α and λ on the locations of triangular equilibria.
The triangular equilibria affected by only mass parameter μ
and for each value of μ in the interval ð0, 1/2� there exist a
pair of triangular equilibrium points L4,5ðx0, y0Þ symmetric
with respect to x-axis and form equilateral triangles with
the primaries and as μ⟶ 1/2, L4,5 approaches to y-axis
(Figure 2).

5. Stability of Triangular Equilibria

The variational equations of motion can be obtained by
plugging x = xo + δ1 and y = yo + δ2 in Eqs. (3), where ðx0,

y0Þ are the coordinates of L4 and δi < <1, i = 1, 2, i.e.,

€δ1 − 2n _δ2 = δ1U
o

xx + δ2U
o

xy

€δ2 + 2n _δ1 = δ1U
o

xy + δ2U
o

yy

9>=
>;: ð16Þ

As δi < <1 and ∣α ∣ <1, therefore, consider only linear
terms in δ1, δ2, and α, the characteristic equation corre-
sponding to Eqn. (16) is given by

κ4 + 4n2 −U
o

xx −U
o

yy

� �
κ2 +U

o

xx U
o

yy − U
o

xy

� �2
= 0, ð17Þ

where

U
o

xx =
3
4 + 3λ2 + 3λ + 1

� �
4λ2

αe−1/λ,

U
o

xy =
3

ffiffiffi
3

p

2 μ −
1
2

� �
+

ffiffiffi
3

p
2μ − 1ð Þ 3λ2 + 3λ + 1

� �
4λ2

αe−1/λ,

U
o

yy =
9
4 + 3 3λ2 + 3λ + 1

� �
4λ2

αe−1/λ:

ð18Þ

The quadratic equation corresponding to Eqn. (17) is
given by

Λ∗2 + aΛ∗ + b = 0, ð19Þ

where

Λ∗ = κ2, a = 4n2 −U
o

xx −U
o

yy , b =U
o

xxU
o

yy − U
o

xy

� �2
: ð20Þ

The roots of Eqn. (19) are

Λ∗
1,2 =

1
2 −a ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − 4b

p� �
: ð21Þ

The motion near the equilibrium point L4ðx0, y0Þ is said
to be bounded if D = a2 – 4b ≥ 0, i.e., 27μ2 − 27μ + 1 +Qα
≥ 0, which gives

μ ≤ μc = μ0 +
Qα

3
ffiffiffiffiffi
69

p ;Q = 2 λ2 + λ − 1
� �

e−1/λ

λ2
, ð22Þ

where μ0 = 0:0385209⋯ is the critical mass parameter
in the classical restricted three-body problem [25]. Thus,
the triangular equilibria L4,5 are linearly stable for the critical
mass parameter μc defined in Eqn. (22). As shown in
Figure 3, Q < 0 in the interval 0 < λ < 0:618034, Q = 0 if λ
= 0:618034 and Q > 0 in the interval 0:618034 < λ <∞.
Thus, μc = μ0 either for α = 0 or λ = 0:618034. Figure 4, λ
= 1/3 is a critical point at which the critical mass parameter
μc has maximum and minimum values in the interval −1
< α < 1.
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Figure 5 shows that μc > μ0 in the interval 0 < λ <
0:618034 and μc < μ0 in the interval 0:618034 < λ <∞ for
all α ∈ ð−1, 0Þ. Also, μc has maximum value at λ = 1/3 for
all α ∈ ð−1, 0Þ, thus λ = 1/3 is a point of maxima if −1 < α
< 0.

Similarly, μc < μ0 in the interval 0 < λ < 0:618034 and
μc > μ0 in the interval 0:618034 < λ <∞ for all α ∈ ð0, 1Þ.
The critical mass parameter μc has minimum value at λ = 1
/3 for all α ∈ ð0, 1Þ (Figure 6), and hence, λ = 1/3 is a point
of minima if −1 < α < 0.

Thus, it can be easily verified that the critical mass
parameter μc at λ = 1/3 possesses maximum (μc max) and
minimum (μc min) values in the intervals −1 < α < 0 and 0
< α < 1, respectively, as given below:

μc = μ0 +
10αe−3

3
ffiffiffiffiffi
69

p =
μc max, −1 < α < 0,
μc min, 0 < α < 1:

(
ð23Þ

6. Conclusion

In this paper, we studied the triangular equilibrium points in
the framework of Yukawa correction to Newtonian potential
in circular restricted three-body problem. First, the effects of
α and λ on the mean-motion of the primaries has been
shown, where α ∈ ð−1, 1Þ is the coupling constant of Yukawa
force to gravitational force, and λ ∈ ð0,∞Þ is the range of
Yukawa force. We observed that as λ⟶∞, the mean-
motion of the primaries n⟶ ð1 + αÞ1/2 and as λ⟶ 0, n
⟶ 1. Further, we observed that the mean-motion is unity,
i.e., n = 1 for α = 0, n > 1 if α > 0 and n < 1 when α < 0
(Figure 1).

After a detailed analysis of mean-motion of the pri-
maries, we have investigated the triangular equilibria and
found that the locations of triangular equilibria are not
affected by α and λ and remain the same as in the classical
case of circular restricted three-body problem (Figure 2).
However, the positions of the triangular equilibria are not
affected by α and λ but their stability is influenced by α
and λ and which is quite different from the classical case.
It is found that the triangular equilibria are stable for a crit-
ical mass parameter μc defined in Eqn. (22), and it is
observed that μc = μ0 either for α = 0 or λ = 0:618034, where
μ0 = 0:0385209⋯ is the value of critical mass parameter in
the classical case of restricted three-body problem. Figure 4,
5, and 6 show that λ = 1/3 is a critical point at which the crit-
ical mass parameter μc has maximum and minimum values
in the interval −1 < α < 0 and 0 < α < 1, respectively. The
maximum (μc max) and minimum (μc min) values of critical
mass parameter in the intervals −1 < α < 0 and 0 < α < 1 for
λ = 1/3 are given in Eqn. (23).
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