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At the end of 2019, the world knew the propagation of a new pandemic named COVID-19. This disease harmed the exercises of
humankind and changed our way of life. For modeling and studying infectious illness transmission, mathematical models are
helpful tools. Thus, in this paper, taking into account the effect of the intensity of the noises, we define a threshold value Πs of
the model, which determines the extinction and persistence of the COVID-19 pandemic. We give numerical simulations to
illustrate the analytical results.

1. Introduction

The world knew the born of a new pandemic named
COVID-19 at the end of 2019 in Wuhan, China. It causes
by a novel coronavirus family known as SARS-CoV-2. The
coronavirus was spread and developed fastly according to
the climate of each country. For every period, another strain
was appeared, such as Delta and Omicron. This pandemic
caused a great degas economics and a high number of deaths
of persons of different ages.

On 31st December, 2019, the first case infected by a
novel coronavirus (2019-nCoV) had been discovered. Then,
in the first two months of 2020, COVID-19 was widely dis-
tributed throughout the world. On 30 May, 2020, the WHO
declared officially the coronavirus as a pandemic. This dis-
ease has rapidly spread around the world and caused a large
number of deaths worldwide. According to World Health
Organization (WHO) report, the number of deaths and con-
firmed cases caused by coronavirus, respectively, was 5 224
519 and 262 866 050 from January 13, 2020, to November

29, 2021, worldwide. The new coronavirus is a viral illness
that spreads by direct contact with an infected individual
or indirectly by connection with a virus-infected environ-
ment. The degree of hardness induced by the coronavirus
varies depending on immunological strength. Chills, weak-
ness, stiffness, and a loss of smell or taste are common symp-
toms of this infection. The seriousness of this pandemic is
revealed in its ability to fluctuate with rage. A new strain
appears after every time. Recently, the World Health Orga-
nization (WHO) stated on November 26, 2021 that a new
variant of COVID-19 has been discovered in South Africa
named Omicron.

The COVID-19 pandemic has caused negative impacts
in different domains such as economic, agriculture, and edu-
cation. In particular, in the education domain, universities
and schools were closed in April 2020. Additionally, it is also
affected 1 542 412 000 students, according to IAU survey
data. The assessments and teaching of students were trans-
ferred to the online mode that involves the probability of
error in the evaluation of students, in addition to the lack
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of means in subdeveloped countries. Therefore, all these fac-
tors will cause long-term consequences in levels of study and
graduates. In addition to the education field, the COVID-19
pandemic also was damaged the economic area. The sanitary
protocol imposed by countries worldwide led to the closure
of production centers and some firms. Also, the airline firms
have suffered significant losses of halted flight operations
and the closure of borders by counties. The global markets
had registered a drop in oil prices. Various economic activi-
ties stopped during this period. As well, the global gross
domestic product growth was reduced in 2020. The agricul-
tural area also did not escape from the impacts of this pan-
demic. This field has impacted in terms of the demand and
the supply of food products. Globally, there was a decrease
in food demand due to a fall in purchasing power and limi-
tation on movement.

On March 2, 2020, Morocco discovered the first case
infected by the coronavirus in Casablanca city. It is a Moroc-
can expatriate who came from an endemic country (Italy) to
Morocco for visiting her family. After that, the number of
infected cases has increased rapidly, which prompted
Morocco to decide on the closure of schools, universities,
sports halls, restaurants, etc. Precisely, a total confinement
has been posed by the Moroccan government on April, 16,
2020. According to World Health Organization (WHO)
report, Morocco registered 950088 as confirmed cases of
coronavirus disease and 14779 of deaths From January, 3,
2020 to December 2, 2021.

SARS-CoV-2 mainly assaults the respiratory system as it
is caused by a virus [1]. As mentioned above, the most com-
mon symptoms caused by COVID-19 are dry cough, tired-
ness, fatigue, running nose, shortness of breath, and fever
[2]. This infection can be proliferated basically from
individual-to-individual across beads via coughing, sniffling,
or talking. Vulnerable people will too be kindled by way of
touching contaminated surfaces. A few sufferers may have
nasal congestion, aches and pains, a sore throat, and diar-
rhea. The signs and the symptoms are normally slight, how-
ever, can regularly worse [3]. Hand washing, covering of the
nose or mouth whilst sneezing or coughing, fending off
touching the nostril, mouth or eyes, and social distancing
are encouraged preventive measures to keep away from
contamination.

A part from almost all nations have implemented strict
conditions to curtail the diseases in terms of avoiding public
gatherings, closure of institutes, public locations and bor-
ders, banning of domestic and international journeys, put-
ting lockdown, and so forth. Lockdown is at the main edge
of those limitations. More than half of the world’s populace
will be exposed to a lockdown with severe regulation mea-
sures by spring 2020. In history, for the first time, such
apportions are implemented in a massive scale (Organisa-
tion for Economic Co-operation and Development
(OECD)), [4]). Besides, following health advices: wearing
masks, social distances, awareness programmers, and have
benefited maximum that carried out in advance than others.
Though those techniques have been beneficial, they caused
socioeconomic damages. In reality, during the lockdown,
social disconnectedness and fear of an unsure future have

fueled intellectual health issues, and domestic violence has
multiplied. Many workers have lost their respective jobs.
Business closure disrupted supply chains and reduced
productivity.

Scientists in different disciplines such as science, tech-
nology, and engineering have shifted their interest, time,
and energies to understand and combat this new enemy of
humanity to pop out normal scenario of the countries. Many
works to discover new and adequate vaccine are undergoing
in many labs in distinct nations around the globe. Some out-
standing outcomes were acquired as ventilators, and other
items used to get some recovered patients in many nations.

The contributions from biologists and mathematicians
have been playing a crucial role in forecasting and control-
ling the COVID-19 disease with their outstanding findings
regularly by using mathematical models. The investigations
from [5] revealed that the COVID-19 pandemic may be sup-
pressed through a lockdown. However, lockdown measures
can have a profound terrible effect on people, communities,
and societies by way of bringing social and economic life-
styles to a near stop. Such measures disproportionately affect
deprived organizations, inclusive of human beings in pov-
erty, migrants, internally displaced people, and refugees,
who most often live in overcrowded and beneath-resourced
settings, and depend upon daily exertions for subsistence
[6]. Quarantine is another measure taken into consideration
as pretty effective countermeasures for the COVID-19 (Hou
et al., [7]), but it increases the concern that the risks and
advantages need to be taken into consideration in-domestic
quarantine for confirmed cases, which can result in family
case clusters if they transmit the virus to different individuals
of the same family (Khan et al., [8]). The studies from Mar-
graf et al. [9] and Lin Chen [10] suggested that the disease
spread/impact is extensively less when governments need
to interact in conduct amendment at the societal, commu-
nity, and personal levels.

Numerous studies of epidemiological models of the dis-
ease COVID-19 were constructed based on dividing the
populations into various compartments/classes highlighted
the possibility of the disease transmission and the necessary
steps to reduce its impact in populations through the analyt-
ical and stochastically analysis, some of which can be found
from (Zhang [11], Bhadauria et al. [12], Li and Zhang [13],
Higazy [14], Ramos et al. [15], Batistela et al. [16], and Paré
et al. [17]). The incubation period of the disease and its
recovery time are dealt by Zhu and Zhu [18] and Scheiner
et al. [19] considering time delay epidemic models. Further-
more, control strategies play an important role to find effec-
tive strategies in controlling the disease transmission among
the individuals which facilitate the policy makers to imple-
ment necessary steps in public sectors. Some investigations
incorporating control strategies of which is better to carry
out immediately to the community were explored in the
studies of Ali et al. [20], Djaoue et al. [21], Kassa et al.
[22], Mumbu and Hugo [23], Mwalili et al. 2020, Ndairou
et al. 2020, Oluyori Adebayo, 2020, Pal et al. 2020, and C.
Yang Wang 2020.

The organization of this paper is as follows. In Section 2,
we formulate our stochastic model. Preliminaries are
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explored in Section 3. In Section 4, we introduce the repro-
duction number of the deterministic model. Extinction and
persistence in mean results are explored in Section 5 and
Section 6, respectively. In Section 7, the theoretical results
are illustrated with the support of numerical examples.

2. Model Formulation

As in [24], we consider a population divided into five classes
(see, Figure 1): susceptible (S), exposed (E), quarantined (Q),
hospitalized infected (I), and recovered (R) and presented by
the following system

_S tð Þ = A − β 1 − ρ1ð Þ 1 − ρ2ð ÞSE + b1Q − θS − pSM,
_E tð Þ = β 1 − ρ1ð Þ 1 − ρ2ð ÞSE − b2 + α + ϑ + θð ÞE,
_Q tð Þ = b2E − b1 + c + θð ÞQ,
_I tð Þ = αE − cQ − η + θ + δð ÞI,
_R tð Þ = ηI + ϑE − θR + pSM,

8>>>>>>>><
>>>>>>>>:

ð1Þ

with initial values Sð0Þ ≥ 0, Eð0Þ ≥ 0, Qð0Þ ≥ 0, Ið0Þ ≥ 0, and
Rð0Þ ≥ 0,

where SðtÞ, EðtÞ, QðtÞ, IðtÞ, and RðtÞ denote the numbers
of susceptible, exposed, quarantined, infective, and removed
individuals at time t, respectively. The parameters of the
above model have the following meaning: A represents the
recruitment rate of the susceptible population, and β
denotes the disease transmission rate. If the susceptible indi-
viduals regroup with exposed ones, the epidemic propagates
exponentially. However, the parameters ρ1ð0 < ρ1 < 1Þ rep-
resent the proportion of susceptible individuals with prudent
precaution, ρ2ð0 < ρ2 < 1Þ is the proportion of the exposed
individuals with prudent precaution, and ð1 − ρ1ÞS repre-
sents the proportion of ðSÞ class due to the contact of ð1 −
ρ2ÞE portion of exposed individuals. The parameters α and
b2 signify, respectively, the portions in which the exposed
individuals and quarantined individuals goes to the infected
class; θ is the natural death rate in the population, and δ rep-
resents the death rate due to the COVID-19. The terms cQ
and b1Q represent the proportion in which the quarantined
individuals goes to the infected class and susceptible class,
respectively. The parameters η and ϑ represent the recovery

rates for the hospitalized infected individuals and exposed
individuals, respectively. M and p represent the government
policy parameters [24].

The quantity βSE represents the incidence rate of the
population that models the number of new infections
recruited in the population per unit of time. In literature,
most works used the bilinear incidence to model the new
infection cases in their models. And others used the stan-
dards incidence rate presented by βSE/N (with N is the total
population number). So, in many situations existing in the
natural environment, the bilinear incidence is not the perfect
incidence to describe them. Therefore, we use the saturated
incidence rate developed by Capasso and Serio [25] when
the number of the infected groups in the population is large,
and this situation conducts leading to an increase slowly of
the incidence rate.

On the other hand, natural systems can generally be
affected by environmental noise such as white noise
[26–28] and Lévy noise [29–31]. Then, random fluctuations
affect the distribution of infectious diseases since this type of
epidemic spreads randomly. Therefore, some authors have
expressed the random effect in their deterministic models
by employing the direct perturbation of parameter approach
[32–35]. For example, El Koufi et al. in [26] have assumed
that the stochastic perturbations are of white noise type
and affect the transmission rate of disease. In addition, they
showed the global existence and uniqueness of a positive
solution to their stochastic model. Also, they established
conditions for the extinction and the persistence of the
epidemic in their model. In [36], the authors have sup-
posed that the random perturbations are of white noise
type, and that they are proportional to the variables of S,
E,Q,I, and R.

However, natural and massive phenomena such as
Covid-19, earthquakes, tsunamis, and volcanoes cannot be
modeled by the stochastic differential equation because these
phenomena cause to break the continuity of the solution and
provoke jumps in the system. Consequently, including a
jump process (Lévy process [30, 37, 38]) in a stochastic sys-
tem may well model these phenomena.
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Figure 1: Compartment model for COVID-19.

Table 1: Parameter value used in simulation of models (2) and (1).

Parameter Value

A 50

β 0.5

ρ1 0.9

ρ2 0.8

θ 0.2

b1 0.25

b2 0.8

ϑ 0.2

η 0.25

α 1/5.2

δ 0.25
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This paper is aimed at studying the effect of environ-
mental fluctuations on the model (1). Then, we suppose that
the stochastic perturbation is of the white and Lévy noise

type and proportional to the variable S, E, Q, I, and R.
Therefore, we present the stochastic version of the determin-
istic model (1) by the following stochastic equation system:

where WiðtÞði = 1, 2, 3, 4, 5Þ are independent standard
Brownian motions defined on a complete probability space
ðΩ,F , ðF tÞt≥0,ℙÞ with the filtration ðF tÞt≥0 satisfying the
usual conditions, and σi (i =1,2,3,4,5) represents the intensi-
ties of WðtÞði = 1, 2, 3, 4, 5Þ, where Sðt − Þ, Eðt − Þ,Qðt − Þ, I
ðt − Þ, and Rðt − Þ are the left limit of SðtÞ, EðtÞ, QðtÞ, IðtÞ,
and RðtÞ, respectively, Nðdt, dαÞ is a Poisson counting mea-
sure with the stationary compensator νðdαÞ, ~Nðdt, dαÞ =N
ðdt, dαÞ − νðdαÞdt, and ν is defined on measurable subset
Y of ½0,∞Þ, satisfying νðY Þ <∞; πi : Y ×Ω⟶ℝ and i =
1,2,3,4,5 are the effects of random jumps which are assumed
to be bounded and continuously differentiable.

3. Preliminaries

Throughout this paper, we let ðΩ,F , ðF tÞt≥0,ℙÞ be a com-
plete probability space satisfying the usual conditions (i.e.,
it is increasing and right continuous, while F0 contains all
P-null sets).

A standard Brownian motion (Wiener process) is a sto-
chastic process fBtgt≥0 indexed by positive real numbers t
and satisfying the following properties:

(i) Bð0Þ = 0 with probability 1

(ii) 0 ≤ s ≤ t and BðtÞ − BðsÞ are independent of F s

(iii) 0 ≤ s ≤ t and BðtÞ − BðsÞ ~N ð0, t − sÞ
Let fp∗ = p∗ðtÞ, t ≥ 0g represent the stationary F t

-adapted and ℝn-valued Poisson point process. Then, for
K belongs to the Borel σ-field Bðℝn − 0Þ, with 0 ∉ �K , we
define the Poisson counting measure N associated with p∗

by

N 0, t½ � × Kð Þ≔ # 0 < s ≤ t, p∗ ∈ Kf g = 〠
t0<s≤t

IK p∗ sð Þð Þ, ð3Þ

where # is the cardinality of set f:g. We pose Nðt, KÞ =Nð

ð0, t� × KÞ. It is known that there exists a σ-finite measure
π such that

E N t, Kð Þ½ � = π Kð Þt, ℙ N t, Kð Þ = nð Þ = e−tπ Kð Þ π Kð Þtð Þm
m!

,

ð4Þ

where π denotes the Lévy measure (for more detail, see
[39]). Therefore, by Doob-Meyer’s decomposition theorem,
there exists a unique compensated Poisson random measure
~Nðt, KÞ and a unique compensator process νðKÞt such that

~N t, Kð Þ≔N t, Kð Þ − ν Kð Þt: ð5Þ

The differential operator L (see, [40]) is associated with
the following stochastic differential equation with Lévy pro-
cesses:

dZ tð Þ = f Z tð Þ, tð Þdt + g Z tð Þ, tð ÞdW tð Þ +
ð
Y

h Z t −ð Þ, αð Þ~N dt, dαð Þ

ð6Þ

is presented by

LZ t −ð Þ = ∂Z t −ð Þ
∂t

+ 〠
n

i=1

∂Z t −ð Þ
∂Zi

f i Z, tð Þ

+ 1
2 〠

n

i,j=1

∂2Z t −ð Þ
∂Zi∂Zj gT Z, tð Þg Z, tð Þ� �

ij

+
ð
Y

Z t −ð Þ + h Z t −ð Þ, αð Þð Þ − Z t −ð Þ½

−
∂Z t −ð Þ
∂Zi h x t −ð Þ, αð Þ

�
ν dαð Þ:

ð7Þ

dS tð Þ = A − β 1 − ρ1ð Þ 1 − ρ2ð ÞSE + b1Q − θS − pSM½ �dt + σ1SdW1 tð Þ +
ð
Y

π1 αð ÞS t −ð Þ~N dt, dαð Þ,

dE tð Þ = β 1 − ρ1ð Þ 1 − ρ2ð ÞSE − b2 + α + ϑ + θð ÞE½ �dt + σ2EdW2 tð Þ +
ð
Y

π2 αð ÞE t −ð Þ~N dt, dαð Þ,

dQ tð Þ = b2E − b1 + c + θð ÞQ½ �dt + σ3QdW3 tð Þ +
ð
Y

π3 αð ÞQ t −ð Þ~N dt, dαð Þ,

dI tð Þ = αE − cQ − η + θ + δð ÞI½ �dt + σ4IdW4 tð Þ +
ð
Y

π4 αð ÞI t −ð Þ~N dt, dαð Þ,

dR tð Þ = ηI + ϑE − θR + pSM½ �dt + σ5RdW5 tð Þ +
ð
Y

π5 αð ÞR t −ð Þ~N dt, dαð Þ,

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð2Þ
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Figure 2: Dynamical simulation of SðtÞ, EðtÞ, and QðtÞ for the deterministic system (1) and stochastic system (2) with the parameter’s value
presented in Table 1 and noise parameter values: σ1 = 0:6, σ2 = 0:7, σ3 = 0:6, σ4 = 0:6, σ5 = 0:6, π1ðαÞ = 0:01, π2ðαÞ = 0:1, π3ðαÞ = 0:04, π4
ðαÞ = 0:01, and π5ðαÞ = 0:01.
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If L acts on a function P ∈C1,2ðℝn ×ℝ+ ;ℝ+Þ, then

LP Z tð Þð Þ =P t Z t −ð Þð Þ +P Z Z t −ð Þð Þf Z t −ð Þ, tð Þ
+ 1
2 trace gT Z t −ð Þ, tð ÞP ZZ Z t −ð Þð Þg Z t −ð Þ, tð Þ� �

ij

+
ð
Y

P Z t −ð Þ + h Z t −ð Þ, αð Þð Þ −P Z t −ð Þð Þ½
−P Z Z t −ð Þð Þh Z t −ð Þ, αð Þ�ν dαð Þ,

ð8Þ

where P t = ∂P /∂t, P Z = ðð∂P /∂Z1Þ,⋯, ð∂P /∂ZnÞÞ, and
P ZZ = ð∂2P /∂Zi∂ZjÞnn.

Then, the generalized Itô’s formula (see, [39]) is defined
by

dP Z tð Þð Þ =LP Z t −ð Þð Þdt +P Z Z t −ð Þð Þg Z tð Þ, tð ÞdW tð Þ
+
ð
Y

P Z t −ð Þ + h Z t −ð Þ, αð Þð Þ −P Z t −ð Þð Þ½ �~N dt, dαð Þ:

ð9Þ

In this paper, we assume the following assumptions.

Assumption 1. For each N > 0, there exists CN > 0 such that

ð
Y

Hi x, αð Þ −Hi y, αð Þj j2ν dsð Þ ≤ CN x − yj j2, ð10Þ

for i = 1, 2, 3, 4, 5, where

H1 z, αð Þ = π1 αð Þz for z = S t −ð Þ,
H2 z, αð Þ = π2 αð Þz for z = E t −ð Þ,
H3 z, αð Þ = π3 αð Þz for z =Q t −ð Þ,
H4 z, αð Þ = π4 αð Þz for z = I t −ð Þ,
H5 z, αð Þ = π5 αð Þz for z = R t −ð Þ,

ð11Þ

with jxj∨jyj ≤N:

Assumption 2. jlnð1 + πiðαÞÞj ≤ K , for πiðαÞ > −1, ði = 1, 2, 3
, 4, 5Þ where K is positive constant.

Theorem 3. Let Assumptions 1 and 2 hold. For any initial
condition ðSð0Þ, Eð0Þ,Qð0Þ, Ið0Þ, Rð0ÞÞ∈ℝ5

+, there exists a
unique positive solution ðSðtÞ, EðtÞ,QðtÞ, IðtÞ, RðtÞÞ∈ℝ5

+
∀t ≥ 0a:s:

To show that the solution of the system (2) is positive
and global, we use the Lyapunov method (see, [41]). Then,
using the same technique as in [33], we can prove the above
theorem.

Lemma 4. (see [42]). Let ðSðtÞ, EðtÞ,QðtÞ, IðtÞ, RðtÞÞ be the
solution of model (2) with any initial value ðSð0Þ, Eð0Þ,Qð0

Þ, Ið0Þ, Rð0ÞÞ ∈ℝ5
+. Then,

lim
t⟶∞

Ð t
0S sð ÞdB1 sð Þ

t
= 0,  lim

t⟶∞

Ð t
0E sð ÞdB2 sð Þ

t
= 0,

lim
t⟶∞

Ð t
0Q sð ÞdB3 sð Þ

t
= 0,

lim
t⟶∞

Ð t
0I sð ÞdB4 sð Þ

t
= 0,  lim

t⟶∞

Ð t
0R sð ÞdB5 sð Þ

t
= 0, a:s:,

lim
t⟶∞

Ð t
0

Ð
Y
π1S sð Þ~N dt, dαð Þ

t
= 0,

lim
t⟶∞

Ð t
0

Ð
Y
π2E sð Þ~N dt, dαð Þ

t
= 0,

lim
t⟶∞

Ð t
0

Ð
Y
π3Q sð Þ~N dt, dαð Þ

t
= 0,

lim
t⟶∞

Ð t
0

Ð
Y
π4I sð Þ~N dt, dαð Þ

t
= 0,

lim
t⟶∞

Ð t
0

Ð
Y
π5R sð Þ~N dt, dαð Þ

t
= 0, a:s:

ð12Þ

Lemma 5. (see [42]). Let ðSðtÞ, EðtÞ,QðtÞ, IðtÞ, RðtÞÞ be the
solution of model (2) with any initial value ðSð0Þ, Eð0Þ,Qð0
Þ, Ið0Þ, Rð0ÞÞ ∈ℝ5

+. Then,

lim
t⟶∞

S tð Þ + E tð Þ +Q tð Þ + I tð Þ + R tð Þ
t

= 0 a:s:: ð13Þ

Moreover,

lim
t⟶∞

S tð Þ
t

= 0,  lim
t⟶∞

E tð Þ
t

= 0,  lim
t⟶∞

Q tð Þ
t

= 0,

lim
t⟶∞

I tð Þ
t

= 0,  lim
t⟶∞

R tð Þ
t

= 0, a:s:

ð14Þ

Lemma 6. (see [37]). Suppose that YðtÞ ∈CðΩ × ½0,∞Þ ;ℝ+Þ
, under Assumption 2, then

(a) If positive constants a0 and T exist such that

ln Y tð Þ ≤ at − a0

ðt
0
Y sð Þds + 〠

n

i=1
kiBi tð Þ + 〠

n

i=1
qi

ðt
0

ð
A

ln 1 + li uð Þð Þ~N dt, duð Þ a:s:,

ð15Þ

for all t ≥ T , where a, ki, and qi are constants, then

Y tð Þ∗ ≤ a
a0

 a:s: if a ≥ 0,

lim
t⟶∞

Y tð Þ = 0 a:s: if a < 0:

8><
>: ð16Þ

(b) If there exists three positive constants a, T and a0
suchthat
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ln Y tð Þ ≥ at − a0

ðt
0
Y sð Þds + 〠

n

i=1
kiBi tð Þ + 〠

n

i=1
qi

ðt
0

ð
A

ln 1 + li uð Þð Þ~N dt, duð Þ a:s:,

ð17Þ

for all t ≥ T , then YðtÞ∗ ≥ a/a0a:s.

4. Basic Reproduction Number

In epidemiology, the basic reproduction number, noted R0,
represents “the expected number of secondary cases pro-
duced by a single infection in a completely susceptible pop-
ulation” [43]. Also, the reproduction number indicates the
dynamic behavior of the deterministic system:

(i) If the value of R0 is less than one, then the disease
dies out

(ii) If the value of R0 is greater than one, then the epi-
demic persists

To calculate the number R0, there exists many methods
(see, [43]). According to the next-generation approach, the
reproduction number of system (1) is given by

R0 =
Aβ 1 − ρ1ð Þ 1 − ρ2ð Þ

θ + pMð Þ b2 − α − ϑ − θð Þð : ð18Þ

For more description, see [24].

5. Extinction

In this section, we investigate a condition for the extinction
of the disease in model (2). For this, we introduce the follow-
ing number, which coincides with the basic reproduction

number R0 of the system (1).

Πs =
β 1 − ρ1ð Þ 1 − ρ2ð ÞA

θ + pM
− b2 + α + ϑ + θð Þ − σ22

2

−
ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ

= b2 + α + ϑ + θð Þ R0 − 1½ � − σ22
2 −

ð
Y

π2 αð Þ
− log 1 + π2 αð Þð Þν dαð Þ:

ð19Þ

Theorem 7. Let ðSðtÞ, EðtÞ,QðtÞ, IðtÞ, RðtÞÞ be the solution of
the system (2) with any initial value ðSð0Þ, Eð0Þ,Qð0Þ, Ið0Þ,
Rð0ÞÞ∈ℝ5

+. If Πs < 0, then

limsup
t⟶∞

log E tð Þ
t

≤Πs a:s: ð20Þ

In other words, EðtÞ will go to zero exponentially a.s.
Moreover,

lim
t⟶∞

1
t

ðt
0
S sð Þds = A

θ + pM
 a:s: ð21Þ

Proof. Applying the Itô’s formula to the function log EðtÞ, we
obtain

d log E tð Þ = β 1 − ρ1ð Þ 1 − ρ2ð ÞS tð Þ − b2 + α + ϑ + θð Þ − σ2
2
2

�

−
ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þ½ �ν dαð Þdt + σ2dW2 tð Þ

+
ð
Y

log 1 + π2 αð Þð Þ~N dt, dαð Þ:

ð22Þ
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Figure 3: Dynamical simulation of EðtÞ for the deterministic system (1) and stochastic system (2) with the parameter’s value presented in
Table 1 and noise parameter values: σ1 = 0:2, σ2 = 0:2, σ3 = 0:1, σ4 = 0:1, σ5 = 0:1, π1ðαÞ = 0:01, π2ðαÞ = 0:1, π3ðαÞ = 0:04, π4ðαÞ = 0:01, and
π5ðαÞ = 0:01.
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Integrating the above equality from 0 to t and dividing
by t on both sides, we get

log E tð Þ
t

−
log E 0ð Þ

t
= β 1 − ρ1ð Þ 1 − ρ2ð Þ 1

t

ðt
0
S sð Þds − b2 + α + ϑ + θð Þ − σ2

2
2 −

ð
Y

π2 αð Þ

− log 1 + π2 αð Þð Þν dαð Þ + 1
t

ðt
0
σ2dW2 sð Þ

+ 1
t

ðt
0

ð
Y

log 1 + π2 αð Þð Þ~N ds, dαð Þ:

ð23Þ

On the other hand, from the system (2), one can derive
that

dS tð Þ + dE tð Þ + b1
b1 + c + θ

dQ tð Þ = A − θ + pMð ÞS tð Þ − K1E tð Þ + σ1S tð ÞdW1 tð Þ

+
ð
Y

π1 αð ÞS t −ð Þ~N dt, dαð Þ + σ2E tð ÞdW2 tð Þ

+
ð
Y

π2 αð ÞE t −ð Þ~N dt, dαð Þ + b1σ3
b1 + c + θ

Q tð ÞdW3 tð Þ

+ b1
b1 + c + θ

ð
Y

π3 αð ÞQ t −ð Þ~N dt, dαð Þ,

ð24Þ

where K1 = α + ϑ + θ + b2 − b1b2/b1 + c + θ. Integrating from
0 to t on both sides of the equation (24) gives us

S tð Þ − S 0ð Þ
t

+ E tð Þ − E 0ð Þ
t

+ b1
b1 + c + θ

Q tð Þ −Q 0ð Þ
t

= A − θ + pMð Þ 1
t

ðt
0
S sð Þds − K1

1
t

ðt
0
E sð Þds

+ 1
t

ðt
0

ð
Y

π1 αð ÞS s −ð Þ~N ds, dαð Þ + 1
t

ðt
0
σ2E sð ÞdW2 sð Þ

+ 1
t

ðt
0

ð
Y

π2 αð ÞE s −ð Þ~N ds, dαð Þ

+ b1σ3
b1 + c + θ

1
t

ðt
0
Q sð ÞdW3 sð Þ

+ b1
b1 + c + θ

1
t

ðt
0

ð
Y

π3 αð ÞQ s −ð Þ~N ds, dαð Þ,

ð25Þ

and then

1
t

ðt
0
S sð Þds = A

θ + pMð Þ −
K1

θ + pM
1
t

ðt
0
E sð Þds − ϕ tð Þ, ð26Þ

where

ϕ tð Þ = 1
θ + pM

S tð Þ − S 0ð Þ
t

+ E tð Þ − E 0ð Þ
t

+ b1
b1 + c + θ

Q tð Þ −Q 0ð Þ
t

�

−
1
t

ðt
0
σ2E sð ÞdW2 sð Þ − 1

t

ðt
0

ð
Y

π1 αð ÞS s −ð Þ~N ds, dαð Þ

−
1
t

ðt
0

ð
Y

π2 αð ÞE s −ð Þ~N ds, dαð Þ − b1σ3
b1 + c + θ

1
t

ðt
0
Q sð ÞdW3 sð Þ

−
b1

b1 + c + θ

1
t

ðt
0

ð
Y

π3 αð ÞQ s −ð Þ~N ds, dαð Þ
�
:

ð27Þ

In view of Lemmas 4 and 5, we obtain

lim
t⟶∞

ϕ tð Þ = 0 a:s:: ð28Þ

Next, substituting (26) in (23), we have

log E tð Þ
t

≤
β 1 − ρ1ð Þ 1 − ρ2ð ÞA

θ + pMð Þ − b2 + α + ϑ + θð Þ − σ22
2

−
ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ + φ tð Þ,

ð29Þ

where

φ tð Þ = −ϕ tð Þ + 1
t

ðt
0
σ2dW2 sð Þ + 1

t

ðt
0

ð
Y

log 1 + π2 αð Þð Þ~N ds, dαð Þ:

ð30Þ

Let GðtÞ = Ð t
0
Ð
Y
log ð1 + π2ðαÞÞ~Nðds, dαÞ. The quadratic

variation of GðtÞ satisfies

G tð Þ,G tð Þh i =
ð
Y

t log 1 + π2 αð Þð Þð Þ2ν dαð Þ ≤ tK2ν Yð Þ:

ð31Þ

Then,

limsup
t⟶∞

G tð Þ, G tð Þh i
t

≤ K2ν Yð Þ <∞: a:s: ð32Þ

According to the large number theorem for martingales,
we get

lim
t⟶∞

G tð Þ
t

= 0 a:s:, ð33Þ

lim
t⟶∞

φ tð Þ = 0 a:s:: ð34Þ

Taking the superior on both sides of (29) and combining
with (28), (33), and (34), we obtain

limsup
t⟶∞

log E tð Þ
t

≤
β 1 − ρ1ð Þ 1 − ρ2ð ÞA

θ + pMð Þ − b2 + α + ϑ + θð Þ

−
σ22
2 −

ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ

= b2 + α + ϑ + θð Þ R0 − 1½ � − σ2
2
2 −

ð
Y

π2 αð Þ
− log 1 + π2 αð Þð Þν dαð Þ < 0,

ð35Þ

which implies that

lim
t⟶∞

E tð Þ = 0 a:s:: ð36Þ

8 Journal of Applied Mathematics



From (26), we therefore have

lim
t⟶∞

1
t

ðt
0
S sð Þds = A

θ + pM
: ð37Þ

Integrating the third equation of (2) from 0 to t and
dividing by t on both sides, we have

Q tð Þ
t

−
Q 0ð Þ
t

= b2
1
t

ðt
0
E sð Þds − b1 + c + θð Þ 1

t

ðt
0
Q sð Þds

+ σ3
1
t

ðt
0
Q sð ÞdW3 sð Þ

+ 1
t

ðt
0

ð
Y

π3 αð ÞQ s −ð Þ~N ds, dαð Þ:

ð38Þ

According to the above results, we conclude that

lim
t⟶∞

1
t

ðt
0
Q sð Þds = 0 a:s: ð39Þ

By the same idea, we can prove that

lim
t⟶∞

1
t

ðt
0
I sð Þds = 0 a:s:

lim
t⟶∞

1
t

ðt
0
R sð Þds = 0 a:s:

ð40Þ

This completes the proof.

Remark 8. According to Theorem 7, if Πs < 0, then the dis-
ease goes extinct in the system (2). Thus, large environmen-
tal noises can make the disease extinct.

6. Persistence

Theorem 9. Let ðSðtÞ, EðtÞ,QðtÞ, IðtÞ, RðtÞÞ be the solution of
the system (2) with any initial value ðSð0Þ, Eð0Þ,Qð0Þ, Ið0Þ,
Rð0ÞÞ∈ℝ5

+. If Πs > 0, then

lim
t⟶∞

1
t

ðt
0
S rð Þdr = �S∗ a:s:,

lim
t⟶∞

1
t

ðt
0
E rð Þdr = �E∗ a:s:,

lim
t⟶∞

1
t

ðt
0
Q rð Þdr = �Q∗ a:s:,

lim
t⟶∞

1
t

ðt
0
I rð Þdr =�I∗ a:s:,

lim
t⟶∞

1
t

ðt
0
R rð Þdr = �R∗ a:s:,

ð41Þ

where �S∗, �E∗, �Q∗, �I∗, and �R∗ are positive constants.

Proof. Using the equation (23), we have

log E tð Þ
t

= β 1 − ρ1ð Þ 1 − ρ2ð Þ 1
t

ðt
0
S sð Þds − b2 + α + ϑ + θð Þ

−
σ22
2 −

ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ

+ 1
t

ðt
0
σ2dW2 sð Þ + log E 0ð Þ

t

+ 1
t

ðt
0

ð
Y

log 1 + π2 αð Þð Þ~N ds, dαð Þ:

ð42Þ

Then,

log E tð Þ
t

= Aβ 1 − ρ1ð Þ 1 − ρ2ð Þ
θ + pMð Þ − b2 + α + ϑ + θð Þ − σ22

2

−
ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ

−
K1β 1 − ρ1ð Þ 1 − ρ2ð Þ

θ + pM
1
t

ðt
0
E sð Þds

+ 1
t

ðt
0
σ2dW2 sð Þ + log E 0ð Þ

t

+ 1
t

ðt
0

ð
Y

log 1 + π2 αð Þð Þ~N ds, dαð Þ
− β 1 − ρ1ð Þ 1 − ρ2ð Þϕ tð Þ:

ð43Þ

According to Lemma 6, we have

lim
t⟶∞

1
t

ðt
0
E sð Þds = K2

Aβ 1 − ρ1ð Þ 1 − ρ2ð Þ
θ + pMð Þ − b2 + α + ϑ + θð Þ

�

−
σ2
2
2 −

ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ
�

= K2 b2 + α + ϑ + θð Þ R0 − 1½ � − σ22
2

�

−
ð
Y

π2 αð Þ − log 1 + π2 αð Þð Þν dαð Þ
�
> 0 a:s:,

ð44Þ

where θ + pM/K1βð1 − ρ1Þð1 − ρ2Þ.
From the system (2), we have

Q tð Þ −Q 0ð Þ
t

= b2
1
t

ðt
0
E sð Þds − b1 + c + θð Þ 1

t

ðt
0
Q sð Þds

+ 1
t

ðt
0
σ3Q sð ÞdW3 sð Þ +

ð
Y

π3 αð ÞQ s −ð Þ~N ds, dαð Þ:

ð45Þ
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Then,

lim
t⟶∞

1
t

ðt
0
Q sð Þds = b2

b1 + c + θð ÞΠs = �Q∗ a:s: ð46Þ

By the same process, we can prove

lim
t⟶∞

1
t

ðt
0
S sð Þds = �S∗ a:s:,

lim
t⟶∞

1
t

ðt
0
I sð Þds =�I∗ a:s:,

lim
t⟶∞

1
t

ðt
0
R sð Þds = �R∗ a:s:

ð47Þ

7. Conclusion and Numerical Simulation

In this paper, we have proposed a stochastic COVID-19 epi-
demic model with Lévy noise. We have presented the model
and its advantage compared with the corresponding deter-
ministic and stochastic systems. Employing some stochastic
calculus background, we have proved that the extinction
and persistence of the COVID-19 epidemic are determined
by the value of Πs, namely, if Πs < 0, the COVID-19 epi-
demic is extinct. Furthermore, ifΠs > 0, the COVID-19 pan-
demic persists. In the rest of this section, we present some
numerical examples to confirm our theoretical results
achieved. To simulate, we use the Milstein method presented
in [44].

Example 10. Taking the parameter values described in
Table 1 and the noise values: σ1 = 0:6, σ2 = 0:7, σ3 = 0:6, σ4
= 0:6, σ5 = 0:6, π1ðαÞ = 0:01, π2ðαÞ = 0:1, π3ðαÞ = 0:04, π4ð
αÞ = 0:01, and π5ðαÞ = 0:01, we obtain that R0 = 0:4358 < 1
and Πs = −1:2258 < 0. Then, by Theorem 7, EðtÞ will tend
to zero exponentially with probability one, and Figure 2
exposes this result. If we choose the parameters β = 1:2, ρ1
= 0:2, and ρ2 = 0:3 and the noise values: σ1 = 0:2, σ2 = 0:2,
σ3 = 0:1, σ4 = 0:1, and σ5 = 0:1, then we obtain Πs > 0.
According to Theorem 9, the disease will persist in the pop-
ulation (see, Figure 3). From the discussion above, we
deduce that the epidemic disappears from the population if
the value of the noise is very large. And if it is weak, the pan-
demic persists.

Data Availability

The data used to support the findings of this study are
included within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] A. C. Palmenberg, D. Spiro, R. Kuzmickas et al., “Sequencing
and analyses of all known human rhinovirus genomes reveal

structure and evolution,” Science, vol. 324, no. 5923, pp. 55–
59, 2009.

[2] Centers for Disease Control and Prevention, Symptoms of
coronavirus, 2020, https://www.cdc.gov/coronavirus/2019-
ncov/symptoms-testing/symptoms.html.

[3] Who, Global situation, 2021, November 2021 https://covid19
.who.int/.

[4] Organisation for Economic co-Operation and Development
(OECD), The Territorial Impact of COVID-19: Managing the
Crisis across Levels of Government, Organisation for Economic
Co-operation and Development Paris, 2020.

[5] A. Atalan, “Is the lockdown important to prevent the COVID-
19 pandemic? Effects on psychology, environment and econ-
omy-perspective,” Annals of medicine and surgery, vol. 56,
pp. 38–42, 2020.

[6] Who, Coronavirus disease (COVID-19): Herd immunity, lock-
downs and COVID-19, 2020, October 2021 https://bit.ly/
3rbE87i.

[7] L. Hou, F. Long, Y. Meng, X. Cheng, W. Zhang, and R. Zhou,
“The relationship between quarantine length and negative
affect during the COVID-19 epidemic among the general pop-
ulation in China: the roles of negative cognition and protective
factors,” Frontiers in Psychology, vol. 12, 2021.

[8] M. Khan, H. Khan, S. Khan, and M. Nawaz, “Epidemiological
and clinical characteristics of coronavirus disease (COVID-19)
cases at a screening clinic during the early outbreak period: a
single-centre study,” Journal of Medical Microbiology, vol. 69,
no. 8, pp. 1114–1123, 2020.

[9] J. Margraf, J. Brailovskaia, and S. Schneider, “Behavioral mea-
sures to fight COVID-19: an 8-country study of perceived use-
fulness, adherence and their predictors,” PLoS One, vol. 15,
no. 12, p. e0243523, 2020.

[10] H. C. Lin and C. C. Chen, “Disease prevention behavior during
the COVID-19 pandemic and the role of self-esteem: an
extended parallel process model,” Psychology Research and
Behavior Management, vol. Volume 14, pp. 123–135, 2021.

[11] Z. Zhang, “A novel covid-19 mathematical model with frac-
tional derivatives: singular and nonsingular kernels,” Chaos,
Solitons Fractals, vol. 139, p. 110060, 2020.

[12] A. S. Bhadauria, R. Pathak, and M. Chaudhary, “A SIQ math-
ematical model on COVID-19 investigating the lockdown
effect,” Infectious Disease Modelling, vol. 6, pp. 244–257, 2021.

[13] Y. Li and Q. Zhang, “The balanced implicit method of preserv-
ing positivity for the stochastic SIQS epidemic model,” Physica
A: Statistical Mechanics and its Applications, vol. 538,
p. 122972, 2020.

[14] M. Higazy, “Novel fractional order SIDARTHE mathematical
model of COVID-19 pandemic,” Chaos, Solitons Fractals,
vol. 138, p. 110007, 2020.

[15] A. M. Ramos, M. R. Ferrández, M. Vela-Pérez, A. B. Kubik,
and B. Ivorra, “A simple but complex enough θ-SIR type
model to be used with COVID-19 real data. Application to
the case of Italy,” Physica D: Nonlinear Phenomena, vol. 421,
p. 132839, 2021.

[16] C. M. Batistela, D. P. Correa, Á. M. Bueno, and J. R. C.
Piqueira, “SIRSI compartmental model for COVID-19 pan-
demic with immunity loss,” Chaos, Solitons Fractals, vol. 142,
p. 110388, 2021.

[17] P. E. Paré, C. L. Beck, and T. Basar, “Modeling, estimation, and
analysis of epidemics over networks: an overview,” Annual
Reviews in Control, vol. 50, pp. 345–360, 2020.

10 Journal of Applied Mathematics

https://www.cdc.gov/coronavirus/2019-ncov/symptoms-testing/symptoms.html
https://www.cdc.gov/coronavirus/2019-ncov/symptoms-testing/symptoms.html
https://covid19.who.int/
https://covid19.who.int/
https://bit.ly/3rbE87i
https://bit.ly/3rbE87i


[18] C. C. Zhu and J. Zhu, “Dynamic analysis of a delayed COVID-
19 epidemic with home quarantine in temporal-spatial hetero-
geneous via global exponential attractor method,” Chaos, Soli-
tons Fractals, vol. 143, p. 110546, 2021.

[19] S. Scheiner, N. Ukaj, and C. Hellmich, “Mathematical model-
ing of COVID-19 fatality trends: death kinetics law versus
infection-to-death delay rule,” Chaos, Solitons Fractals,
vol. 136, p. 109891, 2020.

[20] M. Ali, S. T. H. Shah, M. Imran, and A. Khan, “The role of
asymptomatic class, quarantine and isolation in the transmis-
sion of COVID-19,” Journal of Biological Dynamics, vol. 14,
no. 1, pp. 389–408, 2020.

[21] S. Djaoue, G. G. Kolaye, H. Abboubakar, A. A. A. Ari, and
I. Damakoa, “Mathematical modeling, analysis and numerical
simulation of the _COVID-19_ transmission with mitigation
of control strategies used in Cameroon,” Chaos, Solitons Frac-
tals, vol. 139, p. 110281, 2020.

[22] S. M. Kassa, J. B. Njagarah, and Y. A. Terefe, “Analysis of the
mitigation strategies for COVID-19: From mathematical
modelling perspective,” Chaos, Solitons Fractals, vol. 138,
p. 109968, 2020.

[23] A. R. J. Mumbu and A. K. Hugo, “Mathematical modelling on
COVID-19 transmission impacts with preventive measures: a
case study of Tanzania,” Journal of Biological Dynamics,
vol. 14, no. 1, pp. 748–766, 2020.

[24] M. Mandal, S. Jana, S. K. Nandi, A. Khatua, S. Adak, and T. K.
Kar, “A model based study on the dynamics of COVID-19:
prediction and control,” Chaos, Solitons Fractals, vol. 136,
p. 109889, 2020.

[25] V. Capasso and G. Serio, “A generalization of the Kermack-
McKendrick deterministic epidemic model,” Mathematical
Biosciences, vol. 42, no. 1-2, pp. 43–61, 1978.

[26] A. El Koufi, J. Adnani, A. Bennar, and N. Yousfi, “Analysis of a
stochastic SIRmodel with vaccination and nonlinear incidence
rate,” International Journal of Differential Equations, vol. 2019,
Article ID 9275051, 9 pages, 2019.

[27] Y. Li and W. Zhouchao, “Dynamics and optimal control of a
stochastic coronavirus (COVID-19) epidemic model with dif-
fusion,” Nonlinear Dynamics, vol. 180, no. 1, pp. 1–30, 2021.

[28] A. Din, A. Khan, and D. Baleanu, “Stationary distribution and
extinction of stochastic coronavirus (COVID-19) epidemic
model,” Chaos, Solitons Fractals, vol. 139, p. 110036, 2020.

[29] A. El Koufi, J. Adnani, A. Bennar, and N. Yousfi, “Dynamics of
a stochastic SIR epidemic model driven by Lévy jumps with
saturated incidence rate and saturated treatment function,”
Stochastic Analysis and Applications, vol. 136, pp. 1–19, 2021.

[30] A. El Koufi, A. Bennar, N. El Koufi, and N. Yousfi, “Asymp-
totic properties of a stochastic SIQR epidemic model with L
evy Jumps and Beddington-DeAngelis incidence rate,” Results
in Physics, vol. 27, p. 104472, 2021.

[31] A. El Koufi, A. Bennar, and N. Yousfi, “Dynamics behaviors of
a hybrid switching epidemic model with Le ́vy noise,” Applica-
tions of Mathematics, vol. 15, no. 2, pp. 131–142, 2021.

[32] A. El Koufi, “The power of delay on a stochastic epidemic
model in a switching environment,” Complexity, vol. 2022,
Article ID 5121636, 9 pages, 2022.

[33] A. El Koufi, A. Bennar, and N. Yousfi, “A stochastic analysis
for a triple delayed SIR epidemic model with vaccination
incorporating Lévy noise,” International Journal of Biomathe-
matics, p. 2250038, 2022.

[34] R. Ikram, A. Khan, M. Zahri, A. Saeed, M. Yavuz, and
P. Kumam, “Extinction and stationary distribution of a sto-
chastic COVID-19 epidemic model with time-delay,” Com-
puters in Biology and Medicine, vol. 141, p. 105115, 2022.

[35] Q. Yang, X. Zhang, and D. Jiang, “Asymptotic behavior of a
stochastic SIR model with general incidence rate and nonlin-
ear Lévy jumps,” Nonlinear Dynamics, vol. 107, no. 3,
pp. 2975–2993, 2022.

[36] I. Ali and S. U. Khan, “Analysis of stochastic delayed SIRS
model with exponential birth and saturated incidence rate,”
Chaos, Solitons Fractals, vol. 138, p. 110008, 2020.

[37] M. Liu and C. Bai, “Dynamics of a stochastic one-prey two-
predator model with Levy jumps,” Applied Mathematics and
Computation, vol. 284, pp. 308–321, 2016.

[38] A. Tesfay, T. Saeed, A. Zeb, D. Tesfay, A. Khalaf, and
J. Brannan, “Dynamics of a stochastic COVID-19 epidemic
model with jump-diffusion,”Advances in Difference Equations,
vol. 2021, no. 1, 2021.

[39] B. Ã. ˜ksendal and A. Sulem, Applied Stochastic Control of
Jump Diffusions, Springer-Verlag, Berlin, Heidelberg, 2005.

[40] D. Applebaum, Lévy Process and Stochastic Calculus, Cam-
bridge Press, New York, 2011.

[41] C. Chen and Y. Kang, “Dynamics of a stochastic multi-strain
SIS epidemic model driven by Levy noise,” Communications
in Nonlinear Science and Numerical Simulation, vol. 42,
pp. 379–395, 2017.

[42] Y. Zhou and W. Zhang, “Threshold of a stochastic SIR epi-
demic model with Levy jumps,” Physica A: Statistical Mechan-
ics and its Applications, vol. 446, pp. 204–216, 2016.

[43] P. Van Den Driessche and J. Watmough, “Reproduction num-
bers and sub-threshold endemic equilibria for compartmental
models of disease transmission,” Mathematical Biosciences,
vol. 180, no. 1-2, pp. 29–48, 2002.

[44] E. Buckwar and T. Sickenberger, “A comparative linear mean-
square stability analysis of Maruyama- and Milstein- type
methods,” Mathematics and Computers in Simulation,
vol. 81, no. 6, pp. 1110–1127, 2011.

11Journal of Applied Mathematics


	The Impact of Random Noise on the Dynamics of COVID-19 Epidemic Model
	1. Introduction
	2. Model Formulation
	3. Preliminaries
	4. Basic Reproduction Number
	5. Extinction
	6. Persistence
	7. Conclusion and Numerical Simulation
	Data Availability
	Conflicts of Interest

