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In this paper, we analyze an M/G/1 priority queueing model with finite and infinite buffers under the ðN , nÞ-preemptive priority
discipline, under which preemption decisions are made based on the number of high-priority customers. This priority queueing
model can be used for the performance analysis of communication systems accommodating delay- and loss-sensitive packets
simultaneously. To analyze the proposed model, we extend the method of delay cycle analysis and develop a queue length
version of it for finite-buffer queues. Throughout our analysis, we demonstrate that by the proposed method the analysis of the
complex priority queueing model can be reduced to that of simple delay cycles, so two different preemption modes of the
queueing model can be dealt with in a unified way. The numerical study reveals that adjusting the decision variables N and n
allows us to fine-tune system performance for different classes of customers, and N operates as a primary control variable,
regardless of the preemption mode and service-time distributions.

1. Introduction

In this paper, we consider an M/G/1 priority queueing
model with a finite buffer for high-priority customers and
an infinite buffer for low-priority customers. We call this
an M/G/1/ðK ,∞Þ priority queue. The priority queue oper-
ates under the ðN , nÞ-preemptive priority discipline. This is
a flexible priority discipline in which the decision whether
to preempt a low-priority customer in service is made based
on the number of high-priority customers in the system.

In general, priority queueing models are extensively used
for the analysis of communication and computer systems
[1–6]. Priority queueing models with finite and infinite
buffers have been studied mainly for the analyses of commu-
nication systems used to service heterogeneous streams of
traffic simultaneously [7–12]. In such a system, there is
loss-sensitive traffic as well as delay-sensitive traffic arriving
at the system. To accommodate heterogeneous service needs
of these two types of traffic, the loss-sensitive traffic is offered
space priority with an effectively infinite buffer, while the
delay-sensitive traffic is given time priority with the privilege
of getting serviced earlier than the loss-sensitive traffic.

However, all the studies mentioned above are restricted to
priority queueing models with finite and infinite buffers
under the nonpreemptive priority discipline. Although the
nonpreemptive priority discipline is more straightforward
to implement than the preemptive priority discipline, there
is a major drawback that the service quality for high-
priority customers may degrade severely when the service
time of a low-priority customer is long or varies signifi-
cantly. For this reason, there have been recent studies on
preemption-based scheduling methods for communication
systems that accommodate both high-volume multimedia
traffic and delay-sensitive traffic [2–6]. In this line of
thought, [13] has recently analyzed an M/G/1/ðK ,∞Þ pri-
ority queueing model under the preemptive-resume prior-
ity discipline as well as under the nonpreemptive one. To
do this, [13] developed a delay cycle analysis of single-
class finite-buffer M/G/1 queues and combined it with
the traditional delay cycle analysis of infinite-buffer M/G/
1 priority queues. [14] also has studied M/G/1ðK ,∞Þ pri-
ority queues under the preemptive-repeat-different priority
discipline as well as under the preemptive-repeat-identical
discipline.
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In this study, we further extend the method proposed in
[13] to a more sophisticated M/G/1/ðK ,∞Þ priority queue-
ing model under the ðN , nÞ-preemptive priority discipline.
The ðN , nÞ-preemptive priority discipline was proposed in
[15] to deal with the drawbacks of the classical nonpreemp-
tive and preemptive priority disciplines. As mentioned in
[15], both nonpreemptive and preemptive disciplines are
extreme cases with respect to preemption conditions. During
servicing of a low-priority customer, the former never allows
high-priority customers to preempt the service, regardless of
how many high-priority customers are waiting for their ser-
vices in the system, while the latter always does preempt the
service on the arrival of high-priority customers. To refine
both extreme conditions for preemption, several
preemption-based dynamic priority disciplines have been
proposed [15–19], and the ðN , nÞ-preemptive priority disci-
pline is one of such priority disciplines. Under the ðN , nÞ
-preemptive priority discipline, high-priority customers can
preempt a low-priority customer in service when the num-
ber of high-priority customers in the system reaches N , N
≥ 1. Then, the preempted service of the low-priority cus-
tomer is restored when the number of high-priority cus-
tomers drops to n, 0 ≤ n ≤N − 1. [15] also showed that, in
the M/G/1 priority queue with infinite buffers for both high-
and low-priority customers under the ðN , nÞ-preemptive
priority discipline, the performance measures of both classes
of customers can be balanced and fine-tuned by adjusting
the thresholds N and n. While [15] dealt with infinite-
buffer M/G/1 queueing models under the ðN , nÞ-preemp-
tive resume and ðN , nÞ-preemptive repeat-identical priority
disciplines, [20] studied an infinite-buffer M/G/1 queueing
model under the ðN , nÞ-preemptive repeat-different priority
disciplines. There are also studies on discrete-time queueing
models with geometric service times under the ðN , nÞ-pre-
emptive priority discipline [21, 22]. However, all these stud-
ies are limited to priority queueing models with infinite
buffers for both high- and low-priority customers. To the
best of the author’s knowledge, there are no studies on prior-
ity queueing models with finite and infinite buffers under
any preemption-based dynamic priority discipline, including
the ðN , nÞ-preemptive priority discipline, rather than the
classical nonpreemptive and preemptive disciplines. Only
work on priority queueing models with finite and infinite
buffers under a sophisticated priority rule other than classi-
cal priority disciplines is [11, 12], where an arriving cus-
tomer can determine whether to join a finite high-priority
queue or an infinite low-priority queue. However, these
queueing models employ a nonpreemptive dynamic priority
discipline without preemption, so they are different from our
study because we consider a preemption-based dynamic pri-
ority discipline here. As mentioned above, since the classical
nonpreemptive and preemptive priority disciplines are rigid
and static, a more sophisticated preemptive-based dynamic
priority discipline needs to be applied to service systems
with finite and infinite buffers to balance service perfor-
mance between the classes.

In this study, the delay cycle analysis of finite-buffer M/
G/1 queues proposed in [13], where the waiting time distri-
bution of the delay cycle is derived, is extended to develop a

queue length version of the delay cycle analysis of finite-
buffer M/G/1 queues. The reason for this is that the deriva-
tion of queue length distributions is more straightforward
under the ðN , nÞ-preemptive priority discipline. This is due
to the nature of the discipline depending on the queue length
of high-priority customers. Using the proposed queue length
version of the delay cycle analysis of finite-buffer M/G/1/K
queues, we then analyze the structure of the effective service
time of a low-priority customer under two different preemp-
tion modes of the ðN , nÞ-preemptive disciplines: the pre-
emptive resume (PR) and preemptive repeat-identical
(PRI) modes (see Section 2). Then, combining the developed
finite-buffer delay cycle analysis with the traditional delay
cycle analysis of infinite-buffer priority queues, we derive
the customer loss probability and queue length distribution
of high-priority customers and the queue length distribution
of low-priority customers for M/G/1/ðK ,∞Þ priority queues
under the ðN , nÞ-PR and the ðN , nÞ-PRI disciplines.

Furthermore, we demonstrate by numerical examples
that we can balance and fine-tune system performance mea-
sures between high-priority and low-priority customers by
adjusting the decision variables of N and n. The impact of
the thresholds N and n on the system performance is differ-
ent between the preemption modes and between the service-
time distributions of a low-priority customer (see Section 7).
However, regardless of the preemption mode, the threshold
N can be used as a primary control variable to tune the sys-
tem performances between the classes of customers, while
the threshold n as a secondary control variable to fine-tune
the balance between the classes.

Compared to the previous studies [13–15, 20], there are
a couple of distinguishable contributions in this article.
Unlike [15, 20], where infinite-buffer priority queues are
considered, this study deals with a priority queue with finite
and infinite buffers. Thus, the service-time structure of a
low-priority customer is different from that in [15, 20],
and the analysis of the service-time structure is more
involved (see the first and second paragraphs in Section 4).
With this new analysis, we can analyze the effect of the finite
buffer size on the system performance under the ðN , nÞ
-preemptive priority discipline. On the other hand, unlike
[13, 14], where the waiting-time version of the delay cycle
analysis is used, this study develops a queue length version
of the delay cycle analysis of finite-buffer M/G/1 queues,
because it is more suitable for the analysis of finite-buffer
priority queues with sophisticate preemption decisions made
based on queue lengths (see Section 4).

In summary, the novelty of this study is twofold. First, to
the best of the author’s knowledge, this is the first study deal-
ing with a queueing model with finite and infinite buffers
under a preemption-based dynamic priority discipline other
than the classical priority disciplines. Second, the method of
delay cycle analysis of finite-buffer M/G/1 queue is extended
to a queue length version of it. The proposed method is help-
ful for the analysis of complex priority queueing models with
finite and infinite buffers because it can be so easily com-
bined with the traditional delay cycle analysis of infinite-
buffer queues that the analysis of a complex priority queue-
ing model with finite and infinite buffers can be reduced to
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the analysis of several simple finite- and infinite-buffer delay
cycles. As a result, we can analyze similar priority queues in
a unified manner by exploiting a common delay cycle struc-
ture. We will demonstrate this point throughout our
analysis.

2. Model and Notation

In this paper, we consider the following M/G/1 priority
queueing model with finite and infinite buffers. There are
two classes of customers, namely, class 1 and class 2, arriving
at the system. We assume that class-i customers arrive at the
system according to a Poisson process with rate λi, i = 1, 2.
The service times Si of class-i customers follow an i.i.d. gen-
eral distribution SiðtÞ, t ≥ 0. The Laplace-Stieltjes transform
(LST) of SiðtÞ is denoted by S∗i ðsÞ, RðsÞ ≥ 0. While there is
an infinite buffer for class-2 customers, there is a finite buffer
of size K , K ≥ 0, for class-1 customers. Hence, when a class-1
customer is in service, there can be at most K + 1 class-1 cus-
tomers in the system (one in service and at most K in the
buffer). However, when a class-2 customer is in service, there
can be at most K class-1 customers in the system (only in the
buffer).

Class-1 customers are given priority over class-2 cus-
tomers according to the following ðN , nÞ-preemptive prior-
ity rule. Once the service of a class-2 customer has been
started, preempting the service is not allowed if the number
of class-1 customers in the system is less than a certain
threshold N , N ≥ 1. As soon as the number of class-1 cus-
tomers reaches N , the class-2 customer service is immedi-
ately preempted, and a service period for class-1 customers
begins. The server then works continuously for class-1 cus-
tomers until the number of class-1 customers drops to
another threshold n, 0 ≤ n ≤N − 1. As soon as the number
of class-1 customers reaches n, the preempted service of
the class-2 customer is restored in one of the following two
modes: the preemptive resume (PR) and preemptive
repeat-identical (PRI) modes. Under the PR mode, the pre-
empted service is resumed when it is restored, whereas
under the PRI mode, it is completely restarted with the orig-
inal service time of the class-2 customer. Notice that, when
N ≥ K + 1, no preemption occurs so that the ðN , nÞ-pre-
emptive priority discipline reduces to the nonpreemptive
priority discipline, and that when N = 1 and n = 0, preemp-
tion occurs on every arrival of class-1 customers so that
the ðN , nÞ-preemptive priority discipline reduces to the clas-
sical preemptive priority discipline. To exclude trivial cases,
we assume 0 ≤ n <N ≤ K throughout the paper. Since we
only consider the loss probability and the queue length dis-
tributions, we assume that the service order between cus-
tomers of the same class is one of impartial service orders
such as the FCSF (first come first serve), LCFS (last come
first serve), or ROS (random order of service) orders. Under
any impartial service order between customers of the same
class, the customer loss probability and the queue length dis-
tributions are unaffected by the service order between cus-
tomers of the same class.

In this paper, we derive the queue length distributions of
both classes and the customer loss probability of class 1. Let

ΠiðzÞ and Li, i = 1, 2, denote the PGF (probability generating
function) and mean of the number of class-i customers in
the system in a steady state. Let also Pb denote the loss prob-
ability of class-1 customers in a steady state due to no
vacancy in the buffer.

We also introduce a standard notation with respect to a
random variable Y which denotes the length of a certain
time period. Y can be one of the random variables in
Table 1; the definitions of which will be given when they
are first used in the subsequent sections. Throughout the
paper, AðYÞ, AaðYÞ, and AbðYÞ denote the numbers of
class-1 customers who arrive, who arrive and enter the sys-
tem, and who arrive but are lost due to no vacancy in the
buffer during the time period Y , respectively. Thus, AðYÞ
= AaðYÞ + AbðYÞ. Let Y∗ðsÞ denote the LST of Y , and Y∗ðs
, z,wÞ denote the following joint transform:

Y∗ s, z,wð Þ = E e−sYzA
a Yð ÞwAb Yð Þ

h i
,R sð Þ ≥ 0, zj j, wj j ≤ 1: ð1Þ

Hence, Y∗ðsÞ = Y∗ðs, 1, 1Þ from the definition. We also
define the partial transform Y∗ðs ; jÞ as

Y∗ s ; jð Þ = P A Yð Þ = jf g · E e−sY ∣ A Yð Þ = j
� �

: ð2Þ

Hence, Y∗ðsÞ =∑∞
j=0 Y

∗ðs ; jÞ and Y∗ð0 ; jÞ = PfAðYÞ = jg
from the definition. In addition, we define ΠYðzÞ and LY to
be the PGF and mean of the number of class-1 customers
during the Y period, Pb

Y to be the loss probability of a
class-1 customer during the Y period, and πY to be the prob-
ability that a class-1 customer arrives during an Y period in
a steady state.

3. A Queue Length Version of the Delay Cycle
Analysis of Finite-Buffer M/G/1 Queues

Let ΘðkÞ denote the length of the standard busy period, start-
ing with only one customer and terminating when the sys-
tem becomes empty of customers, in the M/G/1/k + 1
queue where the buffer size is k, the service time is S1, and
the arrival rate is λ1. Then, the joint transform of ΘðkÞ, A

að
ΘkÞ, and AbðΘkÞ can be obtained by the recursive equation
(4) in [13], and the customer loss probability Pb

ΘðkÞ
during

the ΘðkÞ period is also given by the equation (5) in [13].
Hence, we assume that the moments of ΘðkÞ, A

aðΘkÞ, and
AbðΘkÞ, and the customer loss probability Pb

ΘðkÞ
are given

throughout this paper.
In order to derive the queue length distribution, we now

extend the delay cycle analysis of single-class finite-buffer M/
G/1 queues proposed in [13], where the waiting time distri-
bution is derived rather than the queue length distribution.
The reason why the queue length distribution is considered
here is that the derivation of queue length distributions is
more straightforward under the ðN , nÞ-preemptive priority
discipline because the queue length plays a main role in
the decision of whether to preempt.
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LetΠΘðkÞ ðzÞ denote the PGF of the number of customers

during the ΘðkÞ period in a steady state. Also, let Θðk;a,bÞ
denote the busy period starting with a customers and termi-
nating when the queue size reaches b, 0 ≤ b ≤ a ≤ k, in the M/
G/1/k + 1 queue with λ1 and S1 as its arrival rate and service
time. Hence, ΘðkÞ is identical to Θðk;1,0Þ. Observe that the
ΘðkÞ period can be viewed as a delay cycle with the first ser-
vice time S1 as the initial delay and the remaining part of
ΘðkÞ as the delayed busy period of the delay cycle (see Sec-
tion 3 in [13]). Consider also the number AðS1Þ = j, j ≥ 0,
of customers who arrive at the system during the initial
delay S1. If AðS1Þ = j < k, the delayed busy period following
the initial delay S1 starts with j customers and lasts until
the system is empty of customers. Thus, the delay cycle
ΘðkÞ period is decomposed into the initial delay of S1 and
the delayed busy period of Θðk;j,0Þ when AðS1Þ = j < k. If Að
S1Þ ≥ k, the delayed busy period following the initial delay
S1 starts with k customers, due to the finite buffer, and lasts
until the system is empty of customers. Thus, the delay cycle
ΘðkÞ period is decomposed into the initial delay of S1 and the
delayed busy period of Θðk;k,0Þ when AðS1Þ ≥ k. Therefore, if
we letΠS1,ðkÞðzÞ denote the PGF of the number of customers
during the initial delay S1, and ΠΘðk;a,bÞ ðzÞ denote the PGF of

the number of customers during the Θðk;a,bÞ period, we have
[13]

ΠΘ 0ð Þ
zð Þ =ΠS1, 0ð Þ zð Þ, ð3Þ

ΠΘ kð Þ
zð Þ = E S1½ �

E Θ kð Þ
h iΠS1, kð Þ zð Þ + 〠

k−1

j=1

P A S1ð Þ = jf gE Θ k;j,0ð Þ
h i

E Θ kð Þ
h i ΠΘ k; j,0ð Þ

zð Þ

+
P A S1ð Þ ≥ kf gE Θ k;k,0ð Þ

h i
E Θ kð Þ
h i ΠΘ k;k,0ð Þ

zð Þ, k = 1, 2,⋯:

ð4Þ

We now derive the term ΠS1,ðkÞðzÞ. Let SE1 denote the

elapsed service time of S1 and AðSE1Þ and the number of cus-
tomers who arrive during SE1 . Then, from PASTA and

renewal theory, we have

P A SE1
� �

= j
� �

= P A S1ð Þ > jf g
λ1E S1½ � =

∑∞
h=j+1 S

∗
1 0 ; hð Þ

λ1E S1½ � , j = 0, 1,⋯:

ð5Þ

Observe that there are min fAðSE1 Þ, kg plus one cus-
tomers in the system during the the initial delay S1 in a
steady state. More specifically, min fAðSE1 Þ, kg customers
who arrive and enter the system during SE1 are in the buffer,
and one customer who initiates the ΘðkÞ period is in service.
Thus, ΠS1,ðkÞðzÞ is given by

ΠS1, kð Þ zð Þ = z 〠
k−1

j=0
P A SE1

� �
= j

� �
zj + P A SE1

� �
≥ k

� �
zk

" #

=
∑k−1

j=0 z
j+1∑∞

h=j+1 S
∗
1 0 ; hð Þ + zk+1∑∞

j=k ∑
∞
h=j+1 S

∗
1 0 ; hð Þ

λ1E S1½ � , k = 0, 1,⋯:

ð6Þ

We now argue that the Θðk;a,bÞ period can be decom-
posed into the Θðk−a+1Þ, Θðk−aÞ, …, Θðk−bÞ periods, 0 ≤ b ≤ a
≤ k. Without loss of generality, we can assume the LCFS ser-
vice order when considering the length of a busy period and
the queue length distribution during that busy period. From
the definition of Θðk;a,bÞ, there are a customers in the system
at the beginning of the Θðk;a,bÞ period. Consider the jth cus-
tomer among those initial a customers in the order of their
arrivals (we assume that ties are broken arbitrarily). Under
the LCFS order, the jth customer, b + 1 ≤ j ≤ a, can begin
his/her service when there are only j customers in the sys-
tem. More specifically, in the order of their arrival, the 1st,
2nd, ⋯, ðj − 1Þth, jth customers who were initially present
in the system. Thus, the Θðk;a,bÞ period can be decomposed
into consecutive periods initiated by the jth customers, j =
a, a − 1,⋯, b + 1, in the reverse order of their arrivals, that
starts from the beginning of the jth customer’s service and
lasts until the number of customers in the system drops to
j − 1 for the first time. Note that these periods initiated by
the jth customer, b + 1 ≤ j ≤ a, are stochastically identical to
the standard busy periods Θðk−j+1Þ, except for j − 1more cus-
tomers in the buffer, because the buffer of size k is already

Table 1: Random variables representing a certain time period.

Symbol Definition

Si The service time of a class-i customer, i = 1, 2
G The gross service time of a class-2 customer

C The completion time of a class-2 customer

R The occupation time of a class-2 customer

I The idle period

Θ kð Þ The standard busy period starting with a single customer in the M/G/1/k + 1 queue

Θ k;a,bð Þ
The busy period starting with a customers and terminating as soon as the queue size reaches b in the M/G/1/k + 1 queue, 0 ≤ b

≤ a ≤ k
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taken up by j − 1 customers who arrive earlier than the jth
customer so that the effective buffer size is k − j + 1. Thus,
the length of the Θðk;a,bÞ period is expressed as

Θ k;a,bð Þ = 〠
a

j=b+1
Θ k−j+1ð Þ = 〠

k−b

h=k−a+1
Θ hð Þ, ð7Þ

and the LST of Θðk;a,bÞ is given by [13]

Θ∗
k;a,bð Þ sð Þ =

Yk−b
h=k−a+1

Θ∗
h sð Þ ð8Þ

for 0 ≤ b ≤ a ≤ k. Note that, when a = b, Θ∗
k;a,aðsÞ = 1 from the

convention of the product. Also, from the same decomposi-
tion argument used for deriving (8), the PGF ΠΘðk;a,bÞ ðzÞ of
the number of customers during the Θðk;a,bÞ is given by

ΠΘ k;a,bð Þ
zð Þ = 〠

a

j=b+1

E Θ k−j+1ð Þ
h i
E Θ k;a,bð Þ
h i ΠΘ k− j+1ð Þ

zð Þ zj−1

= 〠
k−b

h=k−a+1

E Θ hð Þ
h i

E Θ k;a,bð Þ
h iΠΘ hð Þ

zð Þ zk−h
ð9Þ

for 0 ≤ b ≤ a ≤ k.
Plugging the expression of ΠΘðk;a,bÞ ðzÞ into (4) and rear-

ranging the terms leads to

ΠΘ 0ð Þ
zð Þ =ΠS1, 0ð Þ zð Þ = z, ð10Þ

ΠΘ kð Þ
zð Þ =

E S1½ �ΠS1, kð Þ zð Þ +∑k−1
h=1 E Θ hð Þ

h i
ΠΘ hð Þ

zð Þzk−h∑∞
j=k−h+1 S

∗
1 0 ; jð Þ

S∗1 0 ; 0ð ÞE Θ kð Þ
h i , k = 1, 2,⋯:

ð11Þ

Note thatΠΘðkÞ ðzÞ is different from the PGF of the num-

ber of customers in the M/G/1/k + 1 queue, where we have
to consider the number of customers during the idle period
as well as that during the busy period ΘðkÞ. Thus, if we let
ΠðkÞ denote the PGF of the number of customers in the
M/G/1/k +1 queue, then we have

Π kð Þ =
1/λ1 + E Θ kð Þ

h i
ΠΘ kð Þ

zð Þ
1/λ1 + E Θ kð Þ

h i : ð12Þ

Furthermore, when k = 0 and 1, we can obtain the PGF
of the number of customers for the M/G/1/1 and M/G/1/2

queues as follows:

Π 0ð Þ =
1 + λ1E S1½ �z
1 + λ1E S1½ � ,

Π 1ð Þ =
S∗1 0 ; 0ð Þ + z 1 − S∗1 0 ; 0ð Þð Þ + z2 S∗1 0 ; 0ð Þ − 1 + λ1E S1½ �ð Þ

S∗1 0 ; 0ð Þ + λ1E S1½ � ,

ð13Þ

which correspond the established results of the M/G/1/K
queues [23], pp. 206–208.

Let LΘðkÞ denote the mean number of customers during

the ΘðkÞ period. Then, from (6), (10), and (11), we have

LΘ 0ð Þ
=ΠΘ 0ð Þ

′ 1ð Þ = LS1, 0ð Þ = 1, ð14Þ

LΘ kð Þ
=ΠΘ kð Þ

′ 1ð Þ

=
E S1½ �LS1, kð Þ +∑k−1

h=1 E Θ hð Þ
h i

LΘ hð Þ
+ k − hð Þ

n o
∑∞

j=k−h+1 S
∗
1 0 ; jð Þ

S∗1 0 ; 0ð ÞE Θ kð Þ
h i , k = 1, 2,⋯,

ð15Þ
where

LS1, kð Þ =ΠS1, kð Þ ′ 1ð Þ = ∑k
g=0 ∑

∞
j=g ∑

∞
h=j+1 S

∗
1 0 ; hð Þ

λ1E S1½ � , k = 0, 1,⋯:

ð16Þ

Notice that LΘðKÞ is different from the mean number of

customers LðkÞ in the M/G/1/k + 1 queue with λ1 and S1 as
the arrival rate and service time because we need to consider
the mean number of customers during the idle period. Thus,
LðkÞ is given by

L kð Þ =
λ1E Θ kð Þ

h i
1 + λ1E Θ kð Þ

h i · LΘ kð Þ
: ð17Þ

The PGF ΠΘðkÞ ðzÞ and mean LΘðKÞ of the number of cus-

tomers in M/G/1/k + 1 queues can be derived with other
established methods such as the embedded Markov chain
technique and the supplementary variable technique. How-
ever, there are two reasons for developing the queue length
version of the delay cycle analysis of M/G/1/k + 1 queues.
One is that the proposed delay cycle analysis of finite-
buffer M/G/1/k + 1 queues can be combined with the well-
established delay cycle analysis of infinite-buffer M/G/1 pri-
ority queues so readily that the complicated analysis of M/G/
1/ðK ,∞Þ queues under a sophisticated priority discipline
can rely on the well-established terminology and approaches
(see Section 5). The other is that, as seen in (11) and (15), the
PGF ΠΘðkÞ ðzÞ and mean LΘðKÞ of the number of customers

are expressed in recursive equations only with their own
terms. As a result, as the buffer size K and the thresholds
N and n increase or decrease by one, changes in the system
performance can be recursively calculated. This makes it
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straightforward to perform a numerical study of M/G/1/ðK
,∞Þ priority queues because there is no need to repetitively
calculate the probabilities of the number of customers in the
system for all values of K , N , and n (see Section 7).

4. Service-Time Structure

In the ðN , nÞ-preemptive priority queue, three different ran-
dom variables can be viewed as the service time of a class-2
customer: the gross service time G, the completion time C,
and the occupation time R. The gross service time G is
defined to be a total of service effort on the class-2 customer
from the server to complete the class-2 customer service. If
we assume the ðN , nÞ-preemptive resume discipline, the
gross service time is identical to the original service time S2
. However, if we assume the ðN , nÞ-preemptive repeat disci-
pline, the gross service time may be different from the orig-
inal service time because the service is completely repeated
after every preemption. The completion time C is defined
to be a time from the beginning of the first service attempt
of the class-2 customer until the class-2 customer service is
completed. Note that C is composed of G and zero or more
class-1 busy periods, which will be called service interrup-
tion periods, that begins when the number of class-1 cus-
tomers reaches N and the class-2 customer service get
preempted, and ends when the number of class-1 customers
drops to n and the class-2 customer service get restored. The
occupation time R is defined as a time from the beginning of
the first service attempt of the class-2 customer until the
server is available for the next class-2 customer (if any). R
is composed of C and zero or one class-1 busy period which
begins if there are class-1 customers at the end of C and ends
when the system becomes empty of class-1 customers.
Under the classical preemptive priority discipline, R is iden-
tical to C because it is impossible to service class-2 customers
when there are any class-1 customers in the system. How-
ever, under the ðN , nÞ-preemptive priority discipline, it is
possible to service a class-2 customer even when there are
class-1 customers in the system, as long as the number of
class-1 customers in the system is less than N . See Figure 1
in [15] for the detailed structure of the gross, complete and
occupation times under the ðN , nÞ-preemptive queue with
infinite buffers for both classes, the overall structure of
which is similar to the structure of G, C, and R under the ð
N , nÞ-preemptive queue with finite and infinite buffers.

However, due to the limited buffer for class-1 customers,
a service interruption period of class-2 customers by class-1
customers after service preemption and a time from the ser-
vice completion of the class-2 customer until the server is
available to another class-2 customer (if any) are different
from those in the ðN , nÞ-preemptive priority queue with
infinite buffer for both classes. This causes the derivation
of the distributions of C and R to be more involved than
those in the case of infinite buffer for both classes, where
every class-1 customer who arrive during the gross service
time G can be viewed to initiate an identical, standard M/
G/1 busy period during C or R if we assume the LCFS order
between class-1 customers. This makes it straightforward to
derive the distribution of C and R from the distribution of G

[15], see Section 3. However, this is not the case for the
finite-buffer case.

Let M denote the number of preemption occurrences
during the gross service time G of a class-2 customer. Since
under any impartial service order between customers of
the same class, the lengths of G, C, R, and M are unaffected
by the service order between customers of the same class, we
can assume the LCFS order between class-1 customers with-
out loss of generality. Assuming the LFCS order between
class-1 customers, define AðGPÞ to be the number of class-
1 customers who arrive during G and are serviced before
the service completion of the class-2 customer, and AðGNÞ
the number of class-1 customers who arrive during G but
are serviced after the service completion of the class-2 cus-
tomer. Therefore, the number AðGÞ of class-1 customers
who arrive during G is AðGPÞ + AðGNÞ. Observe that under
the ðN , nÞ-preemptive priority discipline and the LCFS order
within the same class, class-1 customers who arrive during a
service interruption period are serviced or lost during the
same service interruption period because n <N . Thus, when
the class-2 customer service is completed, he/she leaves
behind only AðGNÞ class-1 customers when departing from
the system.

While the joint transform G∗ðs, z,wÞ = E½e−sGzAðGPÞ

wAðGN Þ�, RðsÞ ≥ 0, jzj, jwj ≤ 1, was utilized in [15], a partial
transform of G and M conditioning on AðGNÞ will be
employed here, because customers who arrive during G do
not initiate their own standard, identical M/G/1 busy
periods any more in the finite buffer case. Since the class-2
customer service is preempted whenever the number of
class-1 customers reaches N , there can be at most N − 1
class-1 customers after the completion of the class-2 cus-
tomer service. Given AðGNÞ = j, 0 ≤ j ≤N − 1, define the par-
tial transform of G and M to be

~G
∗
j s, uð Þ = P A GN� �

= j
� �

E e−sGuM ∣ A GN� �
= j

� �
,R sð Þ ≥ 0, ∣u∣ ≤ 1:

ð18Þ

Observe that, since the LCFS order is assumed between
class-1 customers, every service interruption period after
preemption by class-1 customers consumes exactly ðN − nÞ
class-1 customers from AðGÞ class-1 customers who arrive
during G. Thus, we have

A GP� �
=M N − nð Þ, ð19Þ

which leads to the following relationship [15]

G∗ s, z,wð Þ = 〠
N−1

j=0
~G
∗
j s, zN−n� �

wj: ð20Þ

The completion time is composed of the gross service
time and service interruption periods by class-1 customers,
and under the ðN , nÞ-preemptive priority discipline, a ser-
vice interruption period starts with N class-1 customers
and ends when the number of class-1 customers drops to n
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. Thus, if we let ΘðK ;N ,nÞ denote a busy period that begins
with N customers and ends as soon as the number of cus-
tomers drops to n, in the M/G/1/K + 1 queue with λ1 and
S1 as the arrival rate and service time, then a service inter-
ruption period during C is identical to ΘðK ;N ,nÞ. Thus, the
LST of the completion time C is expressed as

C∗ sð Þ = E e−sC
� �

= 〠
N−1

j=0
~G
∗
j s,Θ∗

K ;N ,nð Þ sð Þ
� 	

, ð21Þ

where ΘðK ;N ,nÞ∗ðsÞ = E½e−sΘðK ;N ,nÞ � according to our standard
notation. Similarly, the occupation time is composed of C
and the following class-1 busy period initiated by AðGNÞ
class-1 customers, which is identical to the ΘðK ;AðGN Þ,0Þ
period. Thus, the LST of R can be expressed as

R∗ sð Þ = E e−sR
� �

= 〠
N−1

j=0
~G
∗
j s,Θ∗

K ;N ,nð Þ sð Þ
� 	

·Θ∗
K ,j,0ð Þ sð Þ: ð22Þ

Differentiating (20), (21), (22), and (8) and setting s = 0,
z = 1, and w = 1 gives

E G½ � = 〠
N−1

j=0
gj, ð23Þ

E A Gð Þ½ � = E A GP� �� �
+ E A GN� �� �

= 〠
N−1

j=0
mj N − nð Þ + ~G

∗
j 0, 1ð Þj

� 	
,

ð24Þ

E C½ � = 〠
N−1

j=0
gj +mjE Θ K ;N ,nð Þ

h i� 	
, ð25Þ

E R½ � = 〠
N−1

j=0
gj +mjE Θ K ;N ,nð Þ

h i
+ ~G

∗
j 0, 1ð ÞE Θ K ;j,0ð Þ

h i� 	
, ð26Þ

E R2� �
= 〠

N−1

j=0
g 2ð Þ
j + 2g 1,1ð Þ

j E Θ K ;N ,nð Þ
h i

+m 2ð Þ
j E Θ K ;N ,nð Þ

h i2
+mjE Θ2

K ;N ,nð Þ
h i

,



ð27Þ

+2 gj +mjE Θ K ;N ,nð Þ
h i� 	

E Θ K ;j,0ð Þ
h i

+ ~G
∗
j 0, 1ð ÞE Θ2

K ; j,0ð Þ
h ii

, ð28Þ
where

gj = P A GN� �
= j

� �
E G ∣ A GN� �

= j
� �

= −
∂~G∗

j s, uð Þ
∂s

�����
s=0,u=1

,

g 2ð Þ
j = P A GN� �

= j
� �

E G2 ∣ A GN� �
= j

� �
=
∂2~G∗

j s, uð Þ
∂s2

�����
s=0,u=1

,

g 1,1ð Þ
j = P A GN� �

= j
� �

E G ·M ∣ A GN� �
= j

� �
= −

∂2~G∗
j s, uð Þ

∂s∂u

�����
s=0,u=1

,

mj = P A GN� �
= j

� �
E M ∣ A GN� �

= j
� �

=
∂~G∗

j s, uð Þ
∂u

�����
s=0,u=1

,

m 2ð Þ
j = P A GN� �

= j
� �

E M M − 1ð Þ ∣ A GN� �
= j

� �
=
∂2~G∗

j s, uð Þ
∂u2

�����
s=0,u=1

,

E Θ K ;a,bð Þ
h i

= 〠
K−b

h=K−a+1
E Θ hð Þ
h i

,

E Θ2
K ;a,bð Þ

h i
= 〠

K−b

h=K−a+1
E Θ2

hð Þ
h i

+ 2 〠
K−b

h=K−a+1
〠
K−b

g=h+1
E Θ hð Þ
h i

E Θ gð Þ
h i

,

ð29Þ
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Figure 1: Performance measures for various values of N .
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for 0 ≤ b ≤ a ≤ K , and E½Θh� and E½Θ2
h�, 0 ≤ h ≤ K , are given

in the Appendix in [13].
We now derive the ~G

∗
j ðs, uÞ for both the ðN , nÞ-PR and

ðN , nÞ-PRI disciplines.
4.1. ðN , nÞ-Preemptive Resume Discipline. In order to derive
~G
∗
j ðs, uÞ for the ðN , nÞ-PR priority discipline, the approach

used for deriving the joint transform G∗ðs, z,wÞ in [15] is
adapted for ~G

∗
j ðs, uÞ. Under the ðN , nÞ-PR priority disci-

pline, the gross service time G is identical to the service time

S2 of the class-2 customer. Note also that, if AðGÞ = AðS2Þ
<N , then no preemption occurs during G, and that, if n +
mðN − nÞ ≤ AðS2Þ ≤N − 1 +mðN − nÞ for m = 1, 2,⋯, then
preemption occurs m times during G, AðGPÞ =mðN − nÞ,
and AðGNÞ = AðGÞ − AðGPÞ = AðS2Þ −mðN − nÞ because
every preemption and the corresponding service-
interruption period consumes ðN − nÞ class-1 customers
from AðGÞ = AðS2Þ class-1 customers. Hence, for m = 0, 1,
⋯, we have

This leads to

~G
∗
j s, uð Þ =

S∗2 s ; jð Þ, 0 ≤ j ≤ n − 1,

〠
∞

m=0
S∗2 s ;m N − nð Þ + jð Þ um, n ≤ j ≤N − 1,

8><
>:

ð31Þ

for 0 ≤ j ≤N − 1. From the complex number theory, for inte-

gers m, j, and l, m ≥ 0 and n ≤ j, l ≤N − 1, we have the fol-
lowing identity:

〠
N−n−1

q=0
e2qπi/ N−nð Þ

� 	m N−nð Þ+l−j
=

N − n, l = j,
0, l ≠ j,

(
ð32Þ

where i =
ffiffiffiffiffiffi
−1

p
. Thus, we can rewrite ~G

∗
j ðs, uÞ for n ≤ j ≤N

− 1 as

where the first equality holds from the identity above and
the following identity that ðuaÞb = uab for a complex number
u, a rational numbers a, and an integer b; the second equality
holds from the following identity that ubvb = ðuvÞb for com-
plex numbers u and v and an integer b; and the third equal-

ity holds from S∗2 ðs + λ1 − λ1uÞ =∑∞
r=0 S

∗
2 ðs ; rÞur . Hence, we

finally obtain the ~G
∗
j ðs, uÞ for the ðN , nÞ-PR priority disci-

pline as follows:

M, A GN� �� �
=

0, A S2ð Þð Þ, if , 0 ≤ A S2ð Þ ≤ n − 1,
m, A S2ð Þ −m N − nð Þð Þ, if , n +m N − nð Þ ≤ A S2ð Þ ≤N − 1 +m N −mð Þ:

(
ð30Þ

〠
∞

m=0
S∗2 s ;m N − nð Þ + jð Þum = 〠

∞

m=0
〠
N−1

l=n
S∗2 s ;m N − nð Þ + lð Þ u1/ N−nð Þ

� 	m N−nð Þ+l−j ∑N−n−1
q=0 e2qπi/ N−nð Þ� �m N−nð Þ+l−j

N − n

= 1
N − n

〠
N−n−1

q=0
〠
∞

m=0
〠
N−1

l=n
S∗2 s ;m N − nð Þ + lð Þ u1/ N−nð Þe2qπi/ N−nð Þ

� 	m N−nð Þ+l
u1/ N−nð Þe2qπi/ N−nð Þ

� 	−j

= 1
N − n

〠
N−n−1

q=0
S∗2 s + λ1 − λ1u

1/ N−nð Þe2qπi/ N−nð Þ
� 	

− 〠
n−1

r=0
S∗2 s ; rð Þ u1/ N−nð Þe2qπi/ N−nð Þ

� 	r
( )

u1/ N−nð Þe2qπi/ N−nð Þ
� 	−j

,

ð33Þ

~G
∗
j s, uð ÞNnPR =

S∗2 s ; jð Þ, 0 ≤ j ≤ n − 1,

1
N − n

〠
N−n−1

q=0
S∗2 s + λ1 − λ1uq
� �

− 〠
n−1

r=0
S∗2 s ; rð Þurq

( )
u−jq , n ≤ j ≤N − 1,

8>><
>>: ð34Þ
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where uq = u1/ðN−nÞe2qπi/ðN−nÞ.
Given the distribution of S2, differentiating (34) and set-

ting s = 0 and u = 1 gives gj, g
ð2Þ
j , gð1,1Þ

j , mj, and mð2Þ
j for the

ðN , nÞ-PR priority discipline, which, in turn, gives E½G�, E½C�
, E½R�, and E½R2� from (23)–(28). In numerical examples in
Section 7, we will demonstrate that these moments can be
numerically obtained for a specific distribution of S2.

4.2. ðN , nÞ-Preemptive Repeat-Identical Discipline. In order
to derive ~G

∗
j ðs, uÞ for the ðN , nÞ-PRI priority discipline, we

introduce the following notation: Given S2 = x and AðGNÞ
= j, we define the following partial transform of G and M as

G∗
j,x s, uð Þ = P A GN� �

= j ∣ S2 = x
� �

E e−sGuM ∣ A GN� �
= j, S2 = x

� �
:

ð35Þ

Due to preemption by class-1 customers, the class-2 cus-
tomer may attempt his/her service multiple times under the
ðN , nÞ-preemptive priority discipline. We now partition G
into portions at each service attempt, and define Gi to be a
total of service effort on the class-2 customer from the server
on the ith service attempt of the class-2 customer, and AðGiÞ
to be the number of class-1 customers who arrive during Gi,
i = 1, 2,⋯. Hence, G =∑∞

i=1 Gi and AðGÞ =∑∞
i=1 AðGiÞ. In

addition, let Er denote an Erlang random variable with rate
λ1 and shape parameter r, r = 1, 2,⋯, and E∗

r,xðsÞ denote
the following partial transform of Er when Er < x:

E∗
r,x sð Þ = P Er < xf gE e−sEr ∣ Er < x

� �
: ð36Þ

Then, we have

E∗
r,x sð Þ = λ1

λ1 + s

 �r

− 〠
r−1

h=0

λ1
λ1 + s

 �r−h λ1xð Þh
h!

e− s+λ1ð Þx , ð37Þ

for r ≥ 1 (see (8) in [15]).
We now consider the following two events at the first

service attempt of the class-2 customer when S2 = x.

(1) Assume that r class-1 customers, 0 ≤ r ≤N − 1, arrive
during the first service attempt. Then, the class-2
customer service is completed at the first service
attempt and there is no preemption during G.
Hence, G =G1 = x, M = 0, and AðGNÞ = AðG1Þ = r.
Also, since class-1 customers arrive according to a
Poisson arrival with rate λ1, we have

P A G1ð Þ = r ∣ S2 = xf g = λ1xð Þr
r!

e−λ1x: ð38Þ

Thus, for 0 ≤ r ≤N − 1, we have

P A GN� �
= j, A G1ð Þ = r ∣ S2 = x

� �
E e−sGuM ∣ A GN� �

= j, A G1ð Þ = r, S2 = x
� �

=
λ1xð Þr
r!

e− s+λ1ð Þx, j = r

0, otherwise

8<
: ð39Þ

(2) Assume that N class-1 customers arrive during the
first service attempt. Then, the class-2 customer ser-
vice is immediately preempted as soon as the num-
ber of class-1 customers reaches N , and then after
the service interruption period ofΘðK ;N ,nÞ, the service
is freshly restarted with the identical service time x.
Notice that, if AðG1Þ =N , then n ≤ AðGNÞ ≤N − 1
because the class-2 customer service is preempted
whenever the number of class-1 customers reaches
N and is restored whenever it drops to n. Let G+

i
and M+

i denote the remaining gross service time
and the number of preemption occurrences after
the end of the ith service attempt. Then, G =G1 +
G+
1 and M =M1 +M+

1 . Let also the partial transform
~H
∗
j,xðs, uÞ denote the following partial transform of

G+
1 and M+

1 :

~H
∗
j,x s, uð Þ = P A GN� �

= j ∣ A G1ð Þ�
=N , S2 = xgE e−sG

+
1uM

+
1 ∣ A GN� �

= j, A G1ð Þ =N , S2 = x
h i

,

ð40Þ

for n ≤ j ≤N − 1. Given S2 = x, the event that AðG1Þ =N is
equivalent to the event that EN < x, i.e., N class-1 customers
arrive before the class-2 customer service is completed.
Notice also that, given EN < x, G1 = EN , G = EN +G+

1 , and
M = 1 +M+

1 , and that, given EN < x, G+
1 , M

+
1 , and AðGNÞ

are independent of G1 because the class-2 customer service
is completely restarted at the next service attempt and the
arrival process are Poisson processes. Hence, we have

P A GN� �
= j, A G1ð Þ =N ∣ S2 = x

� �
E e−sGuM ∣ A GN� ��

= j,A G1ð Þ =N , S2 = x� = P A G1ð Þ =N ∣ S2 = xf g · P A GN� ��
= j ∣ A G1ð Þ =N , S2 = xg × E e−s EN+G

+
1ð Þu1+M

+
1 ∣ A GN� �h

= j, A G1ð Þ =N , S2 = x� = P A G1ð Þ =N ∣ S2 = x,f gE e−sEN ∣ A GN� ��
= j, A G1ð Þ =N , S2 = x� × u · P A GN� �

= j ∣ A G1ð Þ =N , S2 = x
� �

E e−sG
+
1uM

+
1 ∣ A GN� �

= j, A G1ð Þ =N , S2 = x
h i

= E∗
N ,x sð Þ · u · ~H∗

j,x s, uð Þ, ð41Þ

for n ≤ j ≤N − 1
Combining the above two cases, we have

~G
∗
j,x s, uð Þ = 〠

N

r=0
P A GN� �

= j, A G1ð Þ = r ∣ S2 = x
� �
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E e−sGuM ∣ A GN� �
= j, A G1ð Þ = r, S2 = x

� �

=

λ1xð Þj
j!

e− s+λ1ð Þx , 0 ≤ j ≤ n − 1,

λ1xð Þj
j!

e− s+λ1ð Þx + E∗
N ,x sð Þ · u · ~H∗

j,x s, uð Þ, n ≤ j ≤N − 1:

8>>><
>>>:

ð42Þ

We now derive the term ~Hj,xðs, uÞ in the equation for
~G
∗
j,xðs, uÞ. Given AðG1Þ =N , consider the following two

events at the second service attempt of the class-2
customer.

(1) Assume that the number AðG2Þ of class-1 customers
who arrive on the second service attempt of the
class-2 customer is less than N − n. Then, the class-
2 customer service is completed at the second service
attempt, so AðG+

1 Þ = AðG2Þ, M+
1 = 0 and AðGNÞ = n

+ AðG2Þ. Hence, for 0 ≤ r ≤N − n − 1, we have

P A GN� �
= j,A G2ð Þ = r ∣ A G1ð Þ =N , S2 = x

� �
× E e−sG

+
1uM

+
1 ∣ A GN� �

= j, A G2ð Þ = r, A G1ð Þ =N , S2 = x
h i

=
λ1xð Þr
r!

e− s+λ1ð Þx, j = n + r,

0, otherwise

8><
>:

ð43Þ

(2) Assume that AðG2Þ =N − n. Then, on the second
service attempt of the class-2 customer, preemption
occurs as soon as N − n class-1 customers arrive dur-

ing G2. Given S2 = x, the event that AðG2Þ =N − n is
identical to the event G2 = EN−n < x. Hence, G+

1 =
EN−n + G+

2 , and M+
1 = 1 +M+

2 . Observe that G+
2 and

M+
2 are stochastically equivalent to G+

1 and M+
1

because the service is restarted with the same service
time and the arrival processes are assumed to be
Poisson processes. Thus, we have

P A GN� �
= j, A G2ð Þ =N − n ∣ A G1ð Þ =N , S2 = x

� �
× E eG

+
1uM

+
1 ∣ A GN� �

= j, A G2ð Þ =N − n, A G1ð Þ =N , S2 = x
h i
= E∗

N−n,x sð Þ · u · ~H∗
j,x s, uð Þ

ð44Þ

Combining the above two cases, we have for n ≤ j ≤N − 1

~H
∗
j,x s, uð Þ = 〠

N−n

r=0
P A GN� �

= j, A G2ð Þ = r ∣ A G1ð Þ =N , S2 = x
� �

× E eG
+
1uM

+
1 ∣ A GN� �

= j, A G2ð Þ = r, A G1ð Þ =N , S2 = x
h i

= λ1xð Þj−n
j − nð Þ! e

− s+λ1ð Þx + E∗
N−n,x sð Þ · u · ~H∗

j,x s, uð Þ,

ð45Þ

which leads to

~H
∗
j,x s, uð Þ = λ1xð Þj−n

j − nð Þ! e
− s+λ1ð Þx 1 − E∗

N−n,x sð Þ · u� �−1
: ð46Þ

Plugging the result of ~H
∗
j,xðs, uÞ into the equation for

~G
∗
j,xðs, uÞ and eliminating the condition S2 = x on ~G

∗
j,xðs, uÞ,

we finally have the partial transform ~G
∗
j ðs, uÞ for the ðN , nÞ-

PRI discipline as follows:

Given the distribution of S2, differentiating (47) and set-

ting s = 0 and u = 1 gives gj, g
ð2Þ
j , gð1,1Þ

j , mj, and mð2Þ
j for the

ðN , nÞ-PRI priority discipline, which, in turn, gives E½G�, E½
C�, E½R�, and E½R2� from (23) to (28). In numerical examples
in Section 7, we demonstrate that these moments can be
obtained numerically.

5. Loss Probability and Queue Length
Distribution of Class-1 Customers

While the system is always stable for class-1 customers due
to the finite buffer, it can be unstable for class-2 customers.
Since only one class-2 customer is serviced during an

~G
∗
j s, uð ÞNnPRI =

ð∞
x=0

~G
∗
j,x s, uð ÞdS2 xð Þ

=

ð∞
x=0

λ1xð Þj
j!

e− s+λ1ð ÞxdS2 xð Þ, 0 ≤ j ≤ n − 1,

ð∞
x=0

λ1xð Þj
j!

e− s+λ1ð ÞxdS2 xð Þ +
ð∞
x=0

λ1xð Þj−n
j − nð Þ! e

− s+λ1ð Þx · E∗
N ,x sð Þ · u

1 − E∗
N−n,x sð Þ · u dS2 xð Þ, n ≤ j ≤N − 1:

8>>>><
>>>>:

ð47Þ

10 Journal of Applied Mathematics



occupation time, if ρR = λ2E½R� < 1, then the system is stable
for class-2 customers.

Assuming first that the system is stable for class-2 cus-
tomer, we derive the loss probability and the queue length
distribution of class-1 customers. Note that if the system is
stable for class-2 customers, then a class-1 customer may
arrive at the system during an idle period, a busy period
for class-1 customers, or a gross service time for a class-2
customer. Class-1 customers who arrive during an idle
period or a gross service time initiate class-1 busy periods,
which can be grouped into three types: A first type of
class-1 busy periods is those that are initiated by a single
class-1 customer who arrive during an idle period, and con-
tinue until there are no class-1 customers in the system. This
type of class-1 busy periods is stochastically identical to the
standard busy period in the M/G/1/K + 1 queue with λ1
and S1 as its arrival rate and service time, which will be
denoted by the ΘðKÞ busy period. A second type of class-1
busy periods is those that are initiated by N class-1 cus-
tomers who arrive during the gross service time of a class-
2 customer and preempt of the class-2 customer in service,
and continue until the number of class-1 customers drops
to n. This type of class-1 busy periods will be denoted by
the ΘðK ;N ,nÞ busy period. A third type of class-1 busy periods

is those that are initiated by AðGNÞ class-1 customers, 0 ≤
AðGNÞ ≤N − 1, who arrive during the gross service time
but are not allowed to preempt the class-2 customer service,
which begin on completing the class-2 customer service and
continue until there are no class-1 customers in the system.
This type of class-1 busy periods will be denoted by the
ΘðK ;j,0Þ busy period, 1 ≤ j ≤N − 1.

We derive the loss probability Pb that a class-1 customer
who arrive at the system is lost due to no vacancy of the
class-1 buffer when ρR < 1. Denote also πI , πG, πΘðKÞ ,

πΘðK ;N,nÞ , and πΘðK ; j,0Þ to be the probabilities that the system

is in the idle period, in the gross service time, in the ΘðKÞ
busy period, in the ΘðK ;N ,nÞ busy period, and in the ΘðK ;j,0Þ
busy period at an arbitrary time, respectively. Then, from
Little’s law and PASTA we have

πI = 1 − λ1 1 − Pb
� 	

E S1½ � − λ2E G½ � = 1 − ρ1 − ρG + ρ1P
b,

ð48Þ

πG = λ2E G½ � = ρG, ð49Þ

where ρ1 = λ1E½S1� and ρG = λ2E½G�. Note that the ΘðKÞ busy
period occurs at a rate of λ1πI , the ΘðK ;N ,nÞ busy period at a

rate of λ2E½M� = λ2∑
N−1
j=0 mj, and the ΘðK ;j,0Þ busy period at a

rate of λ2PfAðGNÞ = jg = λ2~G
∗
j ð0, 1Þ, 0 ≤ j ≤N − 1. Thus,

from Little’s law, we also have

πΘ Kð Þ
= λ1πIE Θ Kð Þ

h i
, ð50Þ

πΘ K ;N ,nð Þ
= λ2 〠

N−1

j=0
mjE Θ K ;N ,nð Þ

h i
, ð51Þ

πΘ K ; j,0ð Þ
= λ2~G

∗
j 0, 1ð ÞE Θ K ;j,0ð Þ

h i
 1 ≤ j ≤N − 1: ð52Þ

From (48)–(52) and (26), we have

πG + πΘ K ;N ,nð Þ
+ 〠

N−1

j=1
πΘ K ; j,0ð Þ

= λ2E R½ � = ρR: ð53Þ

Furthermore, since

πI + πG + πΘ Kð Þ
+ πΘ K ;N ,nð Þ

+ 〠
N−1

j=1
πΘ K ; j,0ð Þ

= 1, ð54Þ

we have

1 − ρR = πI + πΘ Kð Þ
= πI 1 + λ1E Θ Kð Þ

h i� 	
: ð55Þ

This, together with (48), leads to

1 − Pb = 1 − ρRð Þ ·
E Θ Kð Þ
h i

ρ1 1/λ1 + E Θ Kð Þ
h i� 	 + ρR ·

E R½ � − E G½ �
ρ1E R½ � , ρR < 1,

ð56Þ

where the term E½ΘðhÞ�, 0 ≤ h ≤ K , can be obtained from
Appendix A in [13], and the terms E½G� and E½R� from
(23), (27), and the partial transform ~G

∗
j ðs, uÞ that are derived

for each priority discipline in Section 4. When N = 1 and n
= 0, the ðN , nÞ-preemptive priority discipline reduces to
the classical preemptive priority discipline, and from (25)
and (26), we have E½R� = E½G� + λ1E½G�E½ΘðKÞ�. Thus, from
(56), the loss probabilities Pb

PR and Pb
PRI for the classical PR

and PRI disciplines are given by

1 − Pb
PR = 1 − Pb

PRI =
E Θ Kð Þ
h i

ρ1 1/λ1 + E Θ Kð Þ
h i� 	 , ð57Þ

which is identical to the loss probability Pb
M/G/1/K+1 in the M/

G/1/K + 1 queue because class-2 customers do not affect the
loss probability of class-1 customers under the classical pre-
emptive priority disciplines. Also, this result corresponds to
the following basic relationship in the M/G/1/K + 1 queue:

P server is busy in the M/G/1/K + 1queuef g = λ1 1 − Pb
M/G/1/K+1

� 	

E S½ � =
E Θ Kð Þ
h i

1/λ + E Θ Kð Þ
h i : ð58Þ

We now derive the PGF Π1ðzÞ of the number of class-1
customers at an arbitrary time when ρR < 1. Denote ΠIðzÞ,
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ΠGðzÞ, ΠΘðKÞ ðzÞ, ΠΘðK ;N ,nÞ ðzÞ, and ΠΘðK ; j,0Þ ðzÞ to be the PGF

of the number of class-1 customers at an arbitrary time
when the system is in the idle period, the gross service time,
the ΘðKÞ busy period, the ΘðK ;N ,nÞ busy period, and the
ΘðK ;j,0Þ busy period, respectively. As there are no customers
in the idle period, we have

ΠI zð Þ = 1: ð59Þ

Notice that, as we assume that N ≤ K , no class-1 cus-
tomers who arrive during the gross service time are lost.
Hence, from PASTA the number of class-1 customers at
an arbitrary time during G is identical in distribution to
the number of class-1 customers immediately before a
class-1 arrival during G. During GAðGÞ class-1 customers
arrive, and AðGPÞ =MðN − nÞ customers preempt the
class-2 customer in service and are serviced in a service
interruption period, but AðGNÞ customers are serviced after
the class-2 customer service is completed. Since assuming
the LCFS service order among class-1 customers does not
affect the distribution of the number of class-1 customers,
we can assume the LCFS service order between class-1 cus-
tomers. Observe that under the LCFS service order, the Að
GNÞ class-1 customers observe 0, 1,⋯, AðGNÞ − 1 class-1
customers in the system on their arrivals, respectively. Sim-
ilarly, ðN − nÞ class-1 customers are serviced on every service
interruption period, and under the LCFS service order, they
are the latest ðN − nÞ arrivals before each service preemption
and observe n, n + 1,⋯,N − 1 class-1 customers on their
arrival, respectively. Thus, we have

ΠG zð Þ = E A GP� �� �
E A Gð Þ½ � 〠

N−1

r=n

zr

N − n
+ 〠

N−1

j=1

P A GN� �
= j

� �
· j

E A Gð Þ½ � 〠
j−1

r=1

zr

j

= E M½ � N − nð Þ
λ1E G½ � · zn − zN

N − nð Þ 1 − zð Þ + 〠
N−1

j=1

P A GN� �
= j

� �
· j

λ1E G½ � · 1 − zj

j 1 − zð Þ

=
∑N−1

j=0 mj · zn − zN
� �

+∑N−1
j=1 ~G

∗
j 0, 1ð Þ · 1 − zj

� �
λ1E G½ � · 1 − zð Þ :

ð60Þ

In addition, ΠΘðK ;N ,nÞ ðzÞ and ΠΘðK ; j,0Þ ðzÞ can be obtained

from (9). Hence, the PGF Π1ðzÞ is expressed as

Π1 zð Þ = πIΠI zð Þ + πGΠG zð Þ + πΘ Kð Þ
ΠΘ Kð Þ

zð Þ

+ πΘ K ;N ,nð Þ
ΠΘ K ;N ,nð Þ

zð Þ + 〠
N−1

j=1
πΘ K ; j,0ð Þ

ΠΘ K ; j,0ð Þ
zð Þ

= 1 − ρRð Þ ·
1 + λ1E Θ Kð Þ

h i
ΠΘ Kð Þ

zð Þ
1 + λ1E Θ Kð Þ

h i

+
λ2∑

N−1
j=0 mj

λ1

zn − ZN

1 − z
+ λ1 〠

K−n

h=K−N+1
E Θ hð Þ
h i

ΠΘ hð Þ
zð Þ · zK−h

" #

+
λ2∑

N−1
j=1 ~G

∗
j 0, 1ð Þ

λ1

1 − zj

1 − z
+ λ1 〠

K

h=K−j+1
E Θ hð Þ
h i

ΠΘ hð Þ
zð Þ · zK−h

" #
, ρR < 1,

ð61Þ

where ΠΘðhÞ ðzÞ can be obtained from from (10) and (11), E

½ΘðhÞ� from Appendix A in [13], and mj and ~G
∗
j ð0, 1Þ from

~G
∗
j ðs, uÞ derived for each priority discipline in Section 4.

Remark 1. The PGF Π1ðzÞ in (61) exhibits a decomposition
form similar to one in the corresponding infinite-buffer M/
G/1 queue. If K ⟶∞, then the terms ΠΘðhÞ in (61) con-

verges to the PGF ΠΘð∞Þ of the number of customers in

the corresponding standard M/G/1 queue, and E½ΘðhÞ� to E
½S1�/ð1 − ρ1Þ, the mean length of the busy period in the cor-
responding standard M/G/1 queue (see Lemma 1 in [13]).
Thus, if K ⟶∞, then (61) converges to the following
well-know decomposition form of M/G/1 queues:

Π1 zð Þ = 1 − ρR +
λ2∑

N−1
j=0 mj

λ1 1 − ρ1ð Þ · z
n − ZN

1 − z
+ λ2
λ1 1 − ρ1ð Þ ·

1 − ∑N−1
j=1 ~G

∗
j 0, 1ð Þzj

1 − z

" #

× 1 − ρ1 + ρ1ΠΘ ∞ð Þ
zð Þ

h i
,

ð62Þ

which corresponds to the results for the ðN , nÞ-preemptive
priority queue with infinite buffers for both classes (see
(17) and (18) in [15]).

From (61), the mean number L1 of class-1 customers is
given by

L1 = 1 − ρRð Þ ·
λ1E Θ Kð Þ

h i
1 + λ1E Θ Kð Þ

h i · LΘ Kð Þ

+
λ2∑

N−1
j=0 mj

λ1

N − nð Þ n +N − 1ð Þ
2 + λ1 〠

K−n

h=K−N+1
E Θ hð Þ
h i

LΘ hð Þ
+ K − h

� 	" #

+
λ2∑

N−1
j=1 ~G

∗
j 0, 1ð Þ

λ1

j − 1ð Þj
2 + λ1 〠

K

h=K−j+1
E Θ hð Þ
h i

LΘ hð Þ
+ K − h

� 	" #
, ρR < 1:

ð63Þ

We now consider the case when the system is unstable
for class-2 customers, i.e., ρR ≥ 1. In this case, the system
cycle consists of only consecutive occupation times. Thus,
we can obtain the loss probability of class-1 customers from
the following simple relationship:

p server is busy for class − 1customersf g = λ1 1 − Pb
� 	

E S½ � = E R½ � − E G½ �
E R½ � ,

ð64Þ

which leads to

1 − Pb = E R½ � − E G½ �
ρ1E R½ � , ρR ≥ 1: ð65Þ

Furthermore, since the ΘðK ;N ,nÞ busy period occurs M

times and the ΘðK ;j:0Þ busy period occurs ~G
∗
j ð0, 1Þ times
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during a single occupation time, the PGF Π1ðzÞ is given by

Π1 zð Þ = E G½ �
E R½ � ·ΠG zð Þ +

E M½ �E Θ K ;N ,nð Þ
h i
E R½ � ·ΠΘ K;N ,nð Þ

zð Þ

+ 〠
N−1

j=1

~G
∗
j 0, 1ð ÞE Θ K ;j,0ð Þ

h i
E R½ � ·ΠΘ K ; j,0ð Þ

zð Þ

=
∑N−1

j=0 mj

λ1E R½ �
zn − ZN

1 − z
+ λ1 〠

K−n

h=K−N+1
E Θ hð Þ
h i

ΠΘ hð Þ
zð Þ · zK−h

" #

+
∑N−1

j=1 ~G
∗
j 0, 1ð Þ

λ1E R½ �
1 − zj

1 − z
+ λ1 〠

K

h=K−j+1
E Θ hð Þ
h i

ΠΘ hð Þ
zð Þ · zK−h

" #
, ρR ≥ 1:

ð66Þ

This also leads to

L1 =
∑N−1

j=0 mj

λ1E R½ �
N − nð Þ n +N − 1ð Þ

2 + λ1 〠
K−n

h=K−N+1
E Θ hð Þ
h i

LΘ hð Þ
+ K − h

� 	" #

+
∑N−1

j=1 ~G
∗
j 0, 1ð Þ

λ1E R½ �
j − 1ð Þj
2 + λ1 〠

K

h=K−j+1
E Θ hð Þ
h i

LΘ hð Þ
+ K − h

� 	" #
, ρR ≥ 1:

ð67Þ

6. Queue Length Distribution of Class-
2 Customers

When considering the queue length distribution of class-2
customers, we assume that the system is stable for class-2
customers, i.e., ρR < 1. If the system is stable for class-2
customers, the system cycle consists of the idle period
and the overall busy period, and the overall busy period
is initiated by either a single class-1 customer or a single
class-2 customer and ends when the system becomes
empty of customers of both classes. We will call these
two types of the overall busy periods initiated by a class-
1 or -2 customer the type I and II busy periods,
respectively.

Let ΓI and ΓII denote the number of class-2 customers
who are serviced during a type I and a type II busy period,
respectively. Let also ΠI,QðzÞ and ΠII,QðzÞ denote the PGF
of the number of class-2 customers in the buffer just after
the beginning of the occupation time of a class-2 customer
during the type I and type II busy periods, respectively.
From the point of view of class-2 customers, the type I busy
period can be viewed as a delay cycle consisting of an initial
delay of theΘðKÞ period, which is initiated by the class-1 cus-
tomer arriving during the idle period and ends when the sys-
tem becomes empty of class-1 customers, and the following
delayed busy period in the corresponding M/G/1 queue with
the occupation time R and λ2 as its effective service time and
arrival rate. Additionally, the type II busy period can be
viewed as the standard busy period in the M/G/1/queue with
R and λ2 as its effective service time and arrival rate. Thus,
from the well-known decomposition property of the delay

cycle [24], Sec. 8-3, [25], Sec. 3-3 we have

E ΓI½ � =
λ2E Θ Kð Þ

h i
1 − ρR

,

E ΓII½ � = 1
1 − ρR

,

ΠI,Q zð Þ =
1 −Θ∗

Kð Þ λ2 − λ2zð Þ
λ2E Θ Kð Þ

h i
1 − zð Þ

· 1 − ρRð Þ 1 − zð Þ
R∗ λ2 − λ2zð Þ − z

,

ΠII,Q zð Þ = 1 − ρRð Þ 1 − zð Þ
R∗ λ2 − λ2zð Þ − z

:

ð68Þ

Note that the probabilities that the overall busy period is
of type I and II are λ1/ðλ1 + λ2Þ and λ1/ðλ1 + λ2Þ, respec-
tively. Hence, if we let Π2,QðzÞ denote the PGF of the num-
ber of class-2 customers in the buffer just after the beginning
of the occupation time of a class-2 customer in a steady state,
then we have

Π2,Q zð Þ = λ1/ λ1 + λ2ð Þ · E ΓI½ � ·ΠI,Q zð Þ + λ2/ λ1 + λ2ð Þ · E ΓII½ � ·ΠII,Q zð Þ
λ1/ λ1 + λ2ð Þ · E ΓI½ � + λ2/ λ1 + λ2ð Þ · E ΓII½ � :

ð69Þ

Since a class-2 customer leaves the system in the comple-
tion time C after the beginning of the occupation time, the
PGF of the number of class-2 customers left behind by a
class-2 customer who depart from the system is Π2,QðzÞ ·
C∗ðλ2 − λ2zÞ. Hence, from Burke’s argument and PASTA
the PGF Π2ðzÞ of the number of class-2 customers at an
arbitrary time is given by

Π2 zð Þ =Π2,Q zð Þ · C∗ λ2 − λ2zð Þ

=
1 − ρRð Þ λ1 1 −Θ∗

Kð Þ λ2 − λ2zð Þ
n o

+ λ2 1 − zð Þ
h i

C∗ λ2 − λ2zð Þ
λ2 λ1E Θ Kð Þ

h i
+ 1

� 	
R∗ λ2 − λ2zð Þ − zf g

:

ð70Þ

Thus, from (70), the mean number L2 of class-2 cus-
tomers is given by

L2 =
λ1λ2E Θ2

Kð Þ
h i

2 λ1E Θ Kð Þ
h i

+ 1
� 	 + λ22E R2� �

2 1 − ρRð Þ + λ2E C½ �, ð71Þ

where E½ΘðKÞ� and E½Θ2
ðKÞ� can be obtained from Appendix

A in [13], and E½C�, E½R�, and E½R2� from (25) to (28) and
~G
∗
j ðs, uÞ derived for each priority discipline in Section 4.

7. Numerical Examples

In this section, we perform a numerical study on the effects of
the threshold N and n, the buffer size K , the arrival rates λ1
and λ2, and the distributions of the service times S1 and S2
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on performance measures in the ðN , nÞ-preemptive priority
M/G/1/ðK ,∞Þ queue.

We first consider the effect of the threshold N on the
performance measures. In order to do this, we use the fol-
lowing numerical example: The arrival rates λ1 and λ2 are
set to 1 and 1/2, respectively. The service time S1 follows
an exponential distribution with rate 4. Hence, E½S1� = 1/4,
and ρ1 = 1/4. Since the distribution of S2 can severely affect
the performance measures due to service repetition under
the ðN , nÞ-PRI discipline, we consider three different service
distributions of S2 with the same mean E½S2� = 1/4: an expo-
nential distribution with rate 4, an Erlang distribution with
rate 8 and shape 2, an hyperexponential distribution with
rates 8 and 2 and weights 2/3 and 1/3. The coefficients of
variation (CVs) of the exponential, Erlang, hyperexponential
distributions are 1, 1/

ffiffiffi
2

p
, and

ffiffiffi
2

p
, respectively. Also, to see

the effect of the threshold N , N varies from 1 to 5, while
the threshold n is fixed at 0. The buffer size K for class-1 cus-
tomers is set to 7.

Figure 1 shows the effect of N on the loss probability Pb,
the mean queue length L1 of class-1 customers, and the
mean queue length L2 of class-2 customers for the three dif-
ferent distributions of S2 and the two preemption modes PR
and PRI of the ðN , nÞ-preemptive priority discipline. As seen
in Figures 1(a) and 1(b), as N increases, Pb and L1 increase
for all the combinations of the distributions of S2 and the
preemption modes. This is because a larger N leads to less
frequent preemption occurrences by class-1 customers,
which is favorable to class-2 customer, but unfavorable to
class-1 customers. For all the three distributions of S2, P

b,
and L1 under the ðN , nÞ-PRI discipline are higher than those
under the ðN , nÞ-PR discipline, except for N = 1. When N
= 1 and n = 0, the ðN , nÞ-PR and ðN , nÞ-PRI disciplines

reduce to the classical PR and PRI disciplines, where class-
1 customers can preempt service for class-2 customers as
soon as they arrive. Therefore, the loss probability and the
mean queue length of class-1 customers are not affected by
whether the preempted service of a class-2 customer is
resumed or repeated. However, when N > 1, class-1 cus-
tomers have to wait while a class-2 customer is in service
and the number of class-1 customers is less than N . The dif-
ferences in class-1 performance measures between these two
disciplines for class-1 customers become more prominent
for N = 2 or 3, and reduce for a larger N . This is because,
for a sufficiently large N , preemption rarely occurs, and both
ðN , nÞ-PR and ðN , nÞ-PRI disciplines converge to the non-
preemptive discipline. On the other hand, as seen in the left
and center panels of Figure 1, the higher CV of S2 is, the
higher Pb and L1 are for all values of N , except for N = 1.
This is because, when N > 1, the ðN , nÞ-preemptive priority
discipline has nonpreemptible portion of the gross service
time of a class-2 customer, and the variance of S2 has nega-
tive impact on the performance measures of class-1 cus-
tomers, as in the nonpreemptive priority discipline. Also,
the higher CV of S2 is, the more prominent the differences
in class-1 performance measures between the ðN , nÞ-PR
and ðN , nÞ-PRI disciplines are. The right panel of Figure 1
shows the effect of N on the mean queue length L2 of
class-2 customers. As N increases, L2 decreases for all the
combinations of the distributions of S2 and the preemption
modes. The effect of N on L2 under the ðN , nÞ-PRI discipline
is more prominent than that under the ðN , nÞ-PR discipline
because a smaller N leads to more frequent preemption, the
effect of which on L2 is more amplified by service repetition
under the ðN , nÞ-PRI discipline. As with the performance
measures of class-1 customers, the effect of N on L2 is more
prominent when the CV of S2 is larger, and so is the
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Figure 2: Performance measures for various values of n:
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differences in the effect of N between the ðN , nÞ-PR and ð
N , nÞ-PRI disciplines.

We now consider the effect of the threshold n on the per-
formance measures. In order to do this, we use the same
numerical example as for the effect of N , except that, to see
the effect of the threshold n, n varies from 0 to 3, while the
threshold N is fixed at 4. Figure 2 shows the effect of n on
Pb, L1, and L2 for the three different distribution of S2 and
the two preemption modes. As seen in the left and center

panels of Figure 2, as n increases, Pb and L1 under the ðN ,
nÞ-PR discipline increase so slightly as the curves seem to
be flat, and those under the ðN , nÞ-PRI discipline increase
more rapidly for all the distributions of S2. This is partly
because a larger n leads to a shorter busy period for class-1
customers, which is favorable to class-2 customer, but unfa-
vorable to class-1 customers. On the other hand, for a larger
n, the difference between N and n is smaller, which leads to
more frequent occurrences of preemption. This alleviates the
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negative effect of shorter class-1 busy periods caused by a
larger n on the performance measures of class-1 customers
under the ðN , nÞ-PR discipline. Thus, the effect of n is
almost flat for the ðN , nÞ-PR cases. However, under the ðN
, nÞ-PRI discipline, this is not the case because more frequent
occurrences of preemption result in a longer gross service
time G due to service repetition, which intensifies the nega-
tive effect of a larger n on the class-1 performance measures.
Also, the larger CV of S2 is, the more prominent this nega-

tive effect is. Similarly, as seen in the right panel of
Figure 2, as n increases, L2 under the ðN , nÞ-PR discipline
decreases so slightly as the curves of L2 seem to be flat
because there is a mixed effect of shorter class-1 busy periods
(service interruption time) and more frequent occurrences
of preemption (occurrences of service interruptions) on the
class-2 service performance. However, under the ðN , nÞ-
PRI discipline, more frequent occurrences of preemption
result in a longer gross service time due to service repetition,
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and the net result of shorter class-1 busy periods and more
frequent occurrences of preemption becomes a prominent
negative impact on the class-2 service performance, espe-
cially when the CV of S2 is large.

We now consider the effect of the buffer size K on the
performance measures. In order to do this, we use the same
numerical example as for the effect of N , except that, to see
the effect of K , K varies from 3 to 11, while the thresholds
N and n are fixed at 3 and 0, respectively. Figure 3 shows
the effect of K on Pb, L1, and L2 for the three different distri-
bution of S2 and the two preemption modes. As expected,
the buffer size K has a great impact on the customer loss
probability Pb, while it has a mild impact on the mean queue
lengths of both classes. As seen in the left panel of Figure 3,
the differences in the impact of K on Pb between the pre-
emption modes and between the CVs of S2 are not promi-
nent. This is because class-1 customer loss occurs only
during the class-1 busy period, which is basically not related
to the service distribution of S2 and the preemption mode of
S2, except for their effect on the probabilities πΘðKÞ , πΘðK ;N,nÞ ,

and πΘðK ; j,0Þ of the type of a class-1 busy period. On the other

hand, as K increases, the expected queue lengths of both
classes increase, but are bounded by the corresponding
values when the buffer size K is infinite when ρ1 < 1.

We now consider the effect of the arrival rate λ1 on the
performance measures. In order to do this, we use the same
numerical example as for the effect of N , except that, to see
the effect of the arrival rate λ1, λ1 varies from 0.2 to 1.0,
while the thresholds N and n are fixed at 3 and 0, respec-
tively. Figure 4 shows the effect of λ1 on Pb, L1, and L2 for
the three different distribution of S2 and the two preemption
modes. As seen in the left and center panels of Figure 4, as λ1
increases, the loss probability Pb rapidly soars for all the dis-
tributions of S2 and the preemption modes, while the mean
queue length L1 rather linearly increases. This is because
class-1 customer loss restricts the build-up of the class-1
queue. On the other hand, as λ1 increases, the mean queue
length L2 rises (see the right panel in Figure 4). This is
because a larger λ1 causes a longer occupation time of a
class-2 customer, which, in turn, leads to a large mean queue
length of a class-2 customer. Furthermore, as in the effects of
the thresholds N and n, the effect of λ1 on L2 becomes more
prominent under the ðN , nÞ-PRI discipline than under the
ðN , nÞ-PR discipline, and so does it for a larger CV of S2.
However, the differences in the effect of λ1 on the class-1
performance measure Pb and L1 between the CVs of S2
and between the different preemption modes are less prom-
inent than that on the class-2 performance measure L2. The
reason for this is the following: As seen in (56) and (63), Pb

and L1 are clearly related to the gross service time, the dura-
tion of which depends on the CV of S2 and the preemption
mode. Furthermore, as λ1 increases, the gross service time
increase more rapidly for a larger CV under the ðN , nÞ-PRI
discipline (see the left panel of Figure 5). However, the
length of the busy period of class-1 customers increases far
more rapidly than the gross service time for a sufficiently
large K . This impact of a longer class-1 busy period, which

is identical for all the CVs of S2 and the preemption modes,
dominates the impact of a longer gross service time, leading
to the less prominent effect of λ1 on Pb and L1. Figure 5 con-
firms this explanation. Figure 5(a) shows that, as λ1 increase,
the differences in E½G� between the CVs of S2 and between
the preemption modes become prominent, but the right
panel shows that the difference in E½R�, which consists of E
½G� and the class-1 busy periods, is relatively less prominent
than that of E½G� because the portion of the class-1 busy
periods in E½R� is far bigger than that of E½G�.

We now consider the effect of the arrival rate λ2 on the
performance measures. In order to do this, we use the same
numerical example as for the effect of N , except that, to see
the effect of the arrival rate λ2, λ2 varies from 0.4 to 2.0,
while the thresholds N and n are fixed at 3 and 0, respec-
tively. Figure 6 shows the effect of λ2 on Pb, L1, and L2 for
the three different distribution of S2 and the two preemption
modes. As seen in the left and center panels of Figure 6, as λ2
increases, the loss probability Pb and L1 linearly increase for
all the distributions of S2 and the preemption modes. This is
because Pb and L1 are linear function of ρR as seen in (56)
and (63), and ρR is the product of λ2 and E½R�. Furthermore,
the slopes of Pb and L1 are steeper under the (N, n)-PRI dis-
cipline than under the ðN , nÞ-PR discipline, especially when
S2 has a large CV. This is because E½R� is larger under the
ðN , nÞ-PRI discipline than under the ðN , nÞ-PR discipline
when S2 has a large CV. On the other hand, as λ2 increases,
the mean queue length L2 rises as in an infinite-buffer M/G/
1 queue (see Figure 6(c)).

Finally, we consider the effect of the CV of S1 on the per-
formance measures. In order to do this, we use the same
numerical example as for the effect of N , except that, to see
the effect of the CV of S1, the CV of S1 varies from 0.25 to
1.0, while E½S1� is fixed at 1/4 and the thresholds N and n
at 3 and 0, respectively. For various CV values of S1, we
use Erlang distributions with the same mean. Figure 7 shows
the effect of the CV of S1 on Pb, L1, and L2 for the three dif-
ferent distribution of S2 and the two preemption modes. As
seen in the left and center panels of Figure 7, as the CV of S1
increases, the loss probability Pb rapidly soar for all the dis-
tributions of S2 and the preemption modes, while the mean
queue length L1 rises rather slowly. This is because the finite
buffer size restricts the build-up of the class-1 queue. On the
other hand, as the CV of S1 increases, the mean queue length
L2 also rises (see the right panel in Figure 7) because a high
CV of S1 leads to a large variance of the length of the class-1
busy period, which results in a large variance of the occupa-
tion time, the effective service time of a class-2 customer.
Figure 8 confirms this explanation. As the CV of S1
increases, E½G� and E½R� are flat, but E½R2� increases.

In summary, the thresholds N and n, the buffer size K ,
the arrival rates λ1 and λ2, and the CVs of S1 and S2 all affect
the performance measures Pb, L1, and L2. However, their
effects are somewhat different from each other. One of the
most prominent factors that have a significant effect on all
the performance measures is the upper threshold N . More
specifically, it has a more prominent effect on the blocking
probability Pb and the mean queue length L2 than on the
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mean queue length L1 because of the finite buffer that
restricts a build-up of the queue of class-1 customers. In
addition, while the difference of the effects of N on Pb and
L1 between the two preemption modes is mild, those on L2
is prominent, especially when the CV of S2 is large. This is
because N is related to the preemption frequency of class-2
customers, which has a significant effect on the effective ser-
vice time of a class-2 customer under the ðN , nÞ-PRI disci-
pline when the CV of S2 is large. Overall, this implies that
the upper threshold N can operate as a primary control var-

iable to govern the system performance because data traffic
in communication systems generally has a heavy-tailed dis-
tribution of the service time, and data may have to be
entirely retransmitted when a preemption occurs, due to a
time bound of transmission. Compared to the upper thresh-
old N , the lower threshold n has a mild effect on all the per-
formance measure when the CV of S2 is not large. This is
because the lower threshold n has two mixed effects. One
is shortening the length of a busy period of class-1 cus-
tomers, which is favorable to class-2 customers. The other
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is causing frequent occurrences of preemption during the
service of a class-2 customer, which is unfavorable to class-
2 customers. This implies that the lower threshold n may
operate as a subordinate control variable to fine-tune the
system performance when the CV of S2 is small or mild.
On the other hand, the buffer size K has a very significant
effect on the blocking probability Pb for all the combinations
of the service distributions of S2 and the preemption modes,
but it has a mild effect on the mean queue lengths L1 and L2.
The arrival rates λ1 and λ2 and the CVs of S1 and S2 all have
a significant effect on the performance measures as they
increase, because an increase in them causes a larger mean
and/or a larger variance of the traffic load. However, in
many cases, these factors are exogenous, and we cannot con-
trol them.

From the point of a system operator, the thresholds N
and n and the buffer size K are decision variables to tune
the balance of system performance between the classes.
While increasing K generally incurs an investment cost,
adjusting the thresholds N and n does not. The effect of N
on the system performance is prominent for all the distribu-
tions of S2 and the preemption modes, while the effect of n is
rather subtle under the ðN , nÞ-PR discipline and can be neg-
ative under the ðN , nÞ-PRI discipline. Therefore, regardless
of the preemption mode, the threshold N can be used as a
primary control variable to tune the system performances
between the classes of customers, while the threshold n as
a secondary control variable to fine-tune the balance
between the classes only under the ðN , nÞ-PR discipline.

8. Conclusions

In this paper, we analyzed an M/G/1 priority queueing
model with finite and infinite buffers under the ðN , nÞ-pre-
emptive priority discipline. This study has two main contri-
butions. From a practical point of view, this study will help
system engineers tune their service systems for different clas-
ses of customers with heterogeneous requirements. Previous
studies on priority queueing models with finite and infinite
buffers have been restricted to those under the nonpreemp-
tive priority or the classical preemptive priority disciplines.
The nonpreemptive and preemptive priority disciplines are
both static and rigid. When the service times of low-
priority customers fluctuate, the nonpreemptive discipline
may cause a severe degradation of service performance for
high-priority customers. On the other hand, when pre-
empted services of low-priority customers have to be
repeated completely, the fluctuation of the arrival rates and
the service times of high-priority customers may cause a
severe degradation of service performance for low-priority
customers. Compared to these classical priority disciplines,
as shown in Section 7, the ðN , nÞ-preemptive discipline is
so flexible that whether to preempt a low-priority service is
determined dynamically based on the queue length of
high-priority customers, and we can adjust the thresholds
N and n to balance the performance of high-priority cus-
tomers and that of low-priority customers (see Section 7).
This will help system engineers fine-tune their systems for
different classes of customers with heterogeneous require-

ments, without any additional investment cost such as a cost
to increase the buffer.

From a theoretical point of view, this study extended the
delay cycle analysis of finite-buffer M/G/1 queues recently
proposed in [13], and developed the queue length version
of the finite-buffer delay cycle analysis. Delay cycle analysis
is one of the standard methods to analyze M/G/1 priority
queueing models. However, delay cycle analysis has been
applied mostly to infinite-buffer M/G/1 priority queueing
models, and few studies have used it to deal with finite-
buffer priority queueing models because the delay cycle anal-
ysis of finite-buffer M/G/1 queues is more involved than that
of infinite-buffer M/G/1 priority queues [13, 14]. One of the
advantages of the proposed queue length version of the
finite-buffer delay cycle analysis is that, when the priority
discipline is a dynamic rule based on queue lengths, the
analysis of the priority queue is more straightforward than
the corresponding waiting-time version in [13, 14] (see Sec-
tion 4). Another advantage is that, as in the waiting-time
version of the delay cycle analysis of finite-buffer M/G/1
queues, the queue length version of the finite-buffer delay
cycle analysis is so easily combined with the traditional delay
cycle analysis of infinite-buffer queues that the analysis of a
priority queueing model with finite and infinite buffers can
be reduced to the analysis of several simple finite- and
infinite-buffer delay cycles. As a result, similar M/G/1 prior-
ity queues with finite and infinite buffers can be analyzed in
a unified manner by exploiting a common delay cycle struc-
ture among the similar priority disciplines. In fact, the two
different preemption queues, the ðN , nÞ-PR and ðN , nÞ-PRI
priority queues, was analyzed in a unified manner in this
study (see Sections 4–6), and their performance measures
were compared in Section 7. Therefore, it is expected that
other priority queues with finite and infinite buffers that
have a priority discipline based on queue lengths, such as
M/G/1/ðK ,∞Þ under the ðN , nÞ-preemptive repeat different
priority discipline or batch-arrival or/and discrete-time pri-
ority queues under the ðN , nÞ-preemptive discipline, can be
tackled with the proposed method.

Data Availability

The parameter input values used in the numerical study are
described in Section 7 of the article.
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