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In this study, new master theorems and general formulas of integrals are presented and implemented to solve some complicated
applications in different fields of science. The proposed theorems are considered to be generators of new problems, including
difficult integrals with their exact solutions. The results of these problems can be obtained directly without the need for
difficult calculations. New criteria for treating improper integrals are presented and illustrated in four interesting examples and
some tables to simplify the procedure of using the proposed theorems. The outcomes of this study are compared with those
presented by Gradshteyn and Ryzhik in the classical table of integrations. The results in this study are simple and applicable
in solving integrals, and some of the well-known theorems in calculating improper integrals are considered simple cases of

our research.

1. Introduction

During recent decades, many studies on the theory of
improper integrals have been conducted in different fields
of science, such as physics and engineering [1-8]. Hence,
these integrals were very attractive for mathematicians to
discover new theorems and techniques for solving them.
Many applications need improper integrals to handle, either
in the calculations or in expressing the models, especially in
engineering, applied mathematical physics, electronics engi-
neering, etc. [9-15]. Some of these integrations can be solved
simply, but others need difficult and long computations. A
large number of these integrals cannot be solved manually,
but they need computer software to be solved. Additionally,
numerical methods can be used to solve some improper
integrals that cannot be solved by previous methods [16-22].

The process of evaluating improper integrals is not
usually based on certain rules or techniques that can be
applied directly. Many methods and techniques were estab-
lished and introduced by mathematicians and physicists to
present a closed form for indefinite integrals, the technique
of double integrals, series methods, residue theorem, calcu-

lus under the integral sign, and other methods that are used
to solve improper complex integrals exactly or approxi-
mately, see [23-28].

The residue theorem was first established by Cauchy in
1826, which is considered a powerful theorem in complex
analysis. However, the applications that can be calculated
using the residue theorem to compute integrals on real num-
bers need many precise constraints that should be satisfied
to solve the integrals, including finding appropriate closed
contours and determining the poles. Another challenge in
the process of applying the residue theorem is the difficulty
and efforts in finding solutions for some integrations.

In his published memoirs, Cauchy reached powerful
formulas in mathematics using the residue theorem [4].
Researchers consider these formulas essential in treating
and solving improper integrals. However, these results are
considered simple cases compared to the results that we
present in this article. In addition, we mention that the pro-
posed theorems and results in this research are not based on
the residue theorem.

One significant accomplishment in the sphere of definite
and indefinite integrals is the master theorem of Ramanujan,


https://orcid.org/0000-0002-6394-1452
https://orcid.org/0000-0001-5478-4785
https://orcid.org/0000-0002-8404-3897
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/6049367

which presents new expressions concerning the Milline
transform of any continuous function in terms of the
analytic Taylor’s series [29-34]. It was implemented by
Ramanujan and other researchers as a powerful tool in
calculating definite and indefinite integrals and in comput-
ing infinite series. The obtained results are applicable and
effective as Ramanujan’s master theorem in handling and
generating new formulas of integrals with direct solutions.

In this study, we introduce new theorems to simplify the
procedure of computing improper integrals by presenting
new theorems with proofs. Each theorem can generate many
improper integral formulas that cannot be solved by usual
techniques or need much effort and time to be solved. The
theorems introduce the solutions directly in a simple finite
sum that depends on the obtained integral. The motivation
of this work is to generate as many improper integrals and
their values as possible to be used in different applications
and problems. The obtained results can be implemented to
construct new tables of integrations so that researchers can
use them in calculations and to check the accuracy of their
answers during the discovery of new methods.

The main purpose of this work is to introduce simple
new techniques to help researchers, mathematicians, engi-
neers, physicists, etc., to solve some difficult improper inte-
grals that cannot be treated or solved easily, which requires
several theorems and much effort to solve by presenting
new approaches. This goal is achieved by introducing some
master theorems that can be implemented to solve difficult
applications. The outcomes can be generalized and intro-
duced in tables to be used and obtain the results of some
improper integrals directly.

Within these results, we introduce a closed expression of
integrals that can be established by defining a suitable func-
tion on which the target application depends. We consider
these theorems as a solid tool for unravelling new families
of improper integrals and creating many complicated and
interesting integrals that can be solved directly based on
our new results.

We organize this article as follows. In Section 2, we
introduce some illustrative preliminaries and facts concern-
ing analytic and special functions. Master theorems and
results are presented in Section 3. Mathematical remarks
and several applications are presented in Section 4. Finally,
the conclusion of our research is presented in Section 5.

2. Preliminaries

In this section, some basic definitions and theorems related
to our work are presented and illustrated for later use.

2.1. Basic Definitions and Theorems

Definition 1 see [8]. Suppose that a function f is analytic in a
domain Q € C, where C is the complex plane. Consider a
disc DCQ centered at zy; then, the function f can be
expressed in the following series expansion:

@)= S an(e 2" W)

n=0
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Definition 2 see [9]. Assume that f is an analytic function;
then, the Taylor series expansion at any point x, of f in its
domain is given by

n:

0 ¢(n) x
1= Y0 oy @)

that converges to f in a neighborhood of x; point wisely.

Definition 3 see [10]. The Cauchy principal value of an
infinite integral of a function f is defined by

PVJOOf(x)de lim JRf(x)dx. (3)

0 R—00 0

2.2. Basic Formulas of Series and Improper Integrations. In
this section, we introduce some series and improper inte-
grals that are needed in our work.

Lemma 1. Let n €N, then

1
(P =) (3% =x2) - ((2n + 1)? -x?)

G R PR 2n+1-2k
_4"(2n+1)!k§)( 1) < k >x2_(2n+1—2k)2.
(4)

Proof. To prove equation (4), we define an integral whose
solution can be expressed by two different forms: the left side
of equation (4) and the right side of the equation.

Let

I= J e (sinh £)*"*'dt, (5)
0

where p>0,x>2n+1,n€N.
Taking the indefinite integral:

J=x? Je‘xt(sinh t)Z”“dt. (6)

Applying integration by parts on equation (6) twice, we
obtain a reduction formula as follows:

J =—e(sinh £)*""" — (2n + 1)e™ sinh>"t cosh ¢
+(2n+1) Je’xt [2n((sinh £)*""" + (sinh 1)) (7)

+ (sinh t)z”“]dt.

Taking the limits in equation (7) from 0 to co, we obtain

J e (sinh t)*"*'dt = L?(ZH)J e (sinh £)*""'dt.
0 (2n + 1) —x2 0
(8)
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Applying equation (8) (n—1) times to the integral
[ e (sinh £)*""'dt, we obtain:

Jooe”“(sinh £)>dt
_ (()*@n+1)(2n)(2n-1)(2n-2) - .(3)(2)

(@n+1)-x2) (2n-1)" =x2) - (32— x2) ©)

(o]
. J e sinh tdt.
0

The integral [(°¢™* sinh tdt can be calculated easily
using integration by parts twicely to obtain:

J e sinh tdt = _71 (10)

—x2
0 1-x

Substituting the fact in equation (10) into equation (9),
we obtain:

J e (sinh t)*"*'dt
0
B (-1)"™'(2n+1)!

- (2n+1)*=x%) (2n—1)> —x2) -

(3-x2)(1-x2)

(11)

Now, we express the solution of equation (5) in
another form.

Using the power trigonometric formula deduced using

De Moivre’s formula, Euler’s formula and the binomial
theorem, see [11].

1 & B 2n+1 )
EZ (-1) ( L ) sinh [(2n + 1 - 2k)¢].
k=0
(12)
Substituting equation (12) into equation (5), we obtain:

00 00 1 & 2n+1
J e (sinh t)*"*'dt = J e — Z (-1)*F
0 0 s k

- sinh [(2n+ 1 - 2k)t]dt.

(sinh (£))**"' =

Therefore, by changing the order of the integral and the
sum in equation (13), we obtain:

J e (sinh £)*"™'dt = —

0

. J e sinh [(2n + 1 -2k)t]dt.
(14)

To evaluate the integral [(°e™ sinh [(2n +1 - 2k)t]dt,
we apply integration by parts twicely to obtain:

e sinh [(2n+1 - 2k)t]dt 5
0 x* - (2n+1-2k)

ro _ (2n+1-2k) (1s)

Substituting the result in equation (15) into equation
(14), we obtain:

0 —xt [ .: 2n+1 1 - k 2n+1
JO e (sinh )™ dt = i E (-1)
(16)

k=0 k
2n+1-2k
- (2n+1-2k)*

Equating equation (16) with equation (11), this com-
pletes the proof of equation (4). O

Lemma 2. Let n € N, then

1
x(22 = x2) (# = x2) -+ (4n? - x?)

1 1 2n

"2 \x\ , (17)
S k+n+1 2n X

g0 (V) =)

Proof. The proof is done by repeating the same process in
proving lemma (1) but using the integral [”¢™*(sinh t)*"dt,
where x > 0,x >2n,n € N. O

(13)  Lemma 3.Let n=0,1,---, and m=1,2,---, then we have
1
[(12=x2) (32 = x2) - ((2n+1)* = x2)] [x(22 - x2) (42 = x2) -+ (4m> - x2)]
~ (-1)™! i( 1y 2n+1 2n+1-2s
X2 () (2n+ 1)1 & o ) @-(@n+1-2s) (18)
-1 = 2m x(2n+1-2s)

( ) S k+m+s+1
+ 92m+2n-1 (m')Z(zn + 1)| par S:ZO (_1) < P

)" )

(2m - 2k)%) (x> = (2n+1-25)%))



Proof. This is a direct result obtained by multiplying equa-
tion (4) by equation (17). O

Lemma 4. The following formulas of improper integrals are
created using Lemma (1-3):

0 cos (Bx) .
PVL(I—%M9—%>M<@n+n2—ﬂ>

_ ﬂi (_1)k el sin (0(2k — 1 -2n))
S 2o+ ) & ’

k
(19)

for0=0,n=0,1,---.

Proof. The formula is obtained by multiplying both sides of
equation (4) by cos (0x), then taking the Cauchy principal
value of integral for both sides from 0 to oo, and using the
well-known fact:

PV [°(cos (0x)/a* - x*)dx = (m/2a) sin (a6).
where 4,0 > 0,
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Proof. The formula is obtained by differentiating both sides
of equation (19) with respect to 6.

0 sin (6x) »
PVJO x(4-x%)(16 —x2) -+ (4n% — x2)

T 2n n-1 fon 2n
= T i (( ) ) +2]§)(_1) ( ; > cos (0(2n—2k))>,

(21)

for0>0,n=1,2,---. O

Proof. The formula is obtained by multiplying both sides of
equation (17) by sin (0x), then taking the Cauchy principal
value of integral from 0 to 0o, and using the well-known fact:

PV [°(sin (0x)/x(a* - x*))dx = (m/2a*)(1 - cos (a0)),
where 6,a>0

0 cos (Ox)
o), m—xaaé—%>w

22n Z( )’”"”( )(2n—2k) sin (6(2k - 2n)),

(4n? — x%) *

PVJ x sin (6x) : x (22)
o (1-x2)(9-x2) - (2n+1)" -x2)
n+l n 2n+1
- n)"'m Z(_l)k " (20) for0>0,n=1,2,--. O
22 2n+ 1) & k
a1 L Proof. The formula is obtained by differentiating both sides
(2k=1-2n) cos (6(2k —1-2m)), of equation (21) with respect to 6. O
Lemma 5. Let 0> 0 and n=0,1,---, m=1,2,---. Then, we
for0>0,n=0,1, ---. O have the following improper integrals:
PVJ 2 sin (Ox) dx
o (T=2x2)(9=x2) - ((2n+1)" =x2)) (x(4 = x2)(16 = x2) --- (4m? - x?))
~ (-1)'n d 1y 2n+ 1\ (1 - cos ((2n+1-2s)))
92m+2n+1 (m!)l(zn + )& s (2n+1-2s)
(23)
(-1)'n m=1 n . . 2m 2n+1
_1)ktmst
222 (ml)? (2 + 1)) ,;) SZO ) k s

(2n+1-2s)(cos (8(2m — 2k)) — cos (6(2n + 1 - 25))) '

(2m - 2k)* -

(2n+1 - 2s)?
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Proof. The formula is obtained by multiplying both sides of
equation (18) by sin (0x), then taking the Cauchy principal
value of integral, and using the well-known facts:

© sin (Ox U
PVL x(T(_xz))dx: 2_612(1 - cos (ab)),

° x sin (0x) s
P 7 = —— s 24
VJO g dx 5 cos (a0) (24)

where 6, a > 0.

J"O cos (Ox) x
o (1=x2)(9=x2) - ((2n+1)* =x2)) (x(4 - x2) (16 = x2) -+ (4m? — x?))
_ ( )n Zn: (21’[ * 1) sin (9(271 +1- 25)) ( n mz“l Zn: k+m+s+1 (25)
22m+2n+1 (m| 21’1 +1 's:O s 22m+2n (m| 211 + 1 | 25

(2m - 2k) sin (0(2m - 2k))

k

N

O

Proof. The formula is obtained by differentiating both sides
of equation (23) with respect to 6. O

3. New General Theorems

In this section, we present new master theorems to help
mathematicians, engineers, and physicists solve complicated
improper integrals. To obtain our goal, we present some
facts about analytic functions [8, 10, 13-15].

Assuming that f is an analytic function in a disc D cen-
tered at a, then using Taylor’s expansion, where «, 3, and 0
are real constants, we have

(z - )k (26)

Substituting z=a + e into f(z), where 8 is not
completely arbitrary, since it must be smaller than the radius
of D, we obtain

f(oc + ﬁelex) Zf k' lek". (27)

Using the formulas

™ + e =2 cos (Ox), ™ — e ™ =2isin (Bx),  (28)

one can obtain
(i) o)
_ % g)f U‘;{g"‘) B ( o0k e—i@kx) _ gf (kl)j“) B cos (kbx)

= f(@) + () cos (6x)

+ f 2(!a) B cos (20x)+-+

_ <2m> <2n+1>(2n+1—2$) (2n+1-25) sin (§(2n + 1 - 25)) -

(2m - 2k)2 -

(2n+1-2s)°

Similarly,

+ f 2(!0c) B sin (20x)+-+-

The parameters in equations (29) and (30) can be
modified in the following lemma.

Lemma 6. Assume that g(«a + z) is an analytic function that
has the following series expansion:

(X+Z

Z Me™*, (31)

whether z be real or imaginary, and YoM, is absolutely
convergent. Then,

(g(a—i0x) + g(a +i0x)) = = ) M, (eikex + e’ike")

=~
Il

N~
Mg

N~

‘ (32)

i
Mg

M cos (kOx),

T
S



i(g( —i0x) — g(a +i0x)) ZM ( k0% _ e-ikex)

= ZMk sin (k 0x),
k=1
(33)

where >0, a € R, and x is any real number.

The next part of this section includes the new master
theorems that we establish. Moreover, we mention here that
Cauchy’s results in [3] are identical to our results with spe-
cial choices of the parameters, as will be discussed later.

Theorem 1. Let f be an analytic function in a disc D centered
at o, where a € R. Then, we have the following improper inte-
gral formula:

PVJOO fla+ ﬁe’e") +f(a+ ﬁe"@x) e
0 (I-x%)(9-x2) - ((2n+1) - x?)

Ser(")

(f(a+ﬁele (25-1 Zn)) —f(oc+[5’e i0(2s-1 2n))))

(_1)n+1

22"“ 2n+1)!

(34)
where 0>0,n=0,1,2, -
Proof. of let
00 f(oc+ﬁei9") +f(06+ﬁe_iex)
I1=PV dx. 35
Jo (1—x2)(9—x2>...((2n+1>2_x2) (35)

Now, since f is an analytic function around « and
substituting the fact in equation (29) into equation (35),
we obtain:

I PVJOO 2¥%% (f(k) ((X)[;k/k!) cos (Okx)

o (1-x2)(9-x2) - ((2”"'1)2—)62) dx. (36)

Using Fubini’s theorem, the integral yields a finite
answer when the integral is replaced by its absolute value,
i.e., converges in the Riemann sense. Thus, we can inter-
change the order of the integration and the summation to
obtain:

J cos (Okx)
o (1=x2)(9—x2) - ((2n+ 1) —xz)
(37)

00 (k)
=2 Zf
k=0
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Substituting the fact in equation (19) into equation (37),
we obtain:

LMt (e
1=2) k! 22"+12n+1Z

k=0 : =

2n+1
. ( ) sin (0k(2s — 1 - 2n)).

Rewriting sin (0k(2s— 1 — 2n)) in the exponential form,
equation (38) becomes

f ( l)n+17T 1 . 2n+1
I—Z kl 22H(2n+1)@5=zo(_1>< ) (39)

s
) ( Ok (25-1-2n) _ e—i@k(ZS—l—Zn)).

(38)

The fact in equation (27) implies that equation (39)

becomes
n 2n+1
-1)°
()

) (f<a+ﬁelezs 1- 2n)) —f((x+ﬁe i0(25-1- 2n))).

~ (_1)n+17_[
S22 (2 + 1))

Hence, this completes the proof. ]

Theorem 2. Let f be an analytic function in a disc D centered
at a, where a € R. Then, we have the following improper inte-
gral formula:

PVJOO x(f (oc + ﬁeiex) —f(oc + ﬁe"e")) e

0 i(1-x2)(9-x%) - ((2n+1)° = x?)

_ 1\l n 2n+1 4
__CD ”>.Z<—1>S( ) (41)

2l 2n+ 1) & s
F(2s=1=2n)(y(s) + ¢(s) =),

where 0> 0, n=0,1,2, -, y(s) = f(a+ BeP>172M), ¢(s) =
fla+ e =172 and n=2f (a).

Proof. Let

00 x(f((x+/:c’ei9") —f(oc+/>’e‘i9"))
0 i(1-x2)(9-x2) - ((2n+1)* - x?)

I- PVJ dx.  (42)

Now, since f is an analytic function around « and thus
substituting the fact in equation (30) into equation (7), we
obtain

SV (vc)ﬂ x sin (Okx) :
1= 2; PVJO (l—xz)(9—x2)“'((2"+1)2—x2)d .

(43)
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Substituting the fact in equation (20) into equation (43),
we obtain

oo ( n+17_[ n 2n+1
2 i 22”2n+1)'z <k> (44)

s=0

- (2k—=1-2n) cos (0(2k =1 - 2n)).

Rewriting cos (6(2k—1—2n)) in an exponential form,
equation (44) becomes
oo]c(k)‘xﬁk Mt 1 . 2n+1
=0 s (45)

&kl 27(2n+1)12¢
- (25-1-2n) (eiek(257172n) + e—i@k(Zs—l—Zn)).

The fact in equation (27) implies that equation (45)
becomes

( 1)n+17_[

_ n 2n+1
" g2 2n+1'5Z < )
F(2s=1=2m)(y(s) + ¢(s) — 1)

where y/(s) = f(oc+ﬁele (2s-1- 2n)) é(s) = f(oc+ﬁe i0(25-1- Zn))
and 1= 2f (a).
Hence, this completes the proof. O

Theorem 3. Let f be an analytic function in a disc D centered
at o, where a € R. Then, we have the following improper inte-
gral formula:

00 f(a+ﬁe’9") _f(“_‘_ﬂefiﬂx)
PVJO ix(4—x%)(16 = x2) -+ (4n? — x?)

- 2n n=l o 2n
= 2 ) <<n><<p—n>+§0(—1> <S>(w(s>+¢(s>—2n>>,

(47)

fla+ ﬁei"") —f(a+ Be %)

where 02 0,n= 1,2, -, y() = &+ Be*29), (5) =+
B 0r29), 1= f (@), and g = f (o + ).

Proof. The proof of Theorem 3 can be obtained by similar
arguments to Theorem 2 and using the fact (21) in
Lemma 4. O

Theorem 4. Let f be an analytic function in a disc D centered
at o, where a € R. Then, we have the following improper inte-
gral formula:

0 f(a+ ﬁeie") +f (ot ﬁe”v")
PVL (4-x2)(16 — x2) -+ (4n? — x?)

—1
T n

m Z ( 1)s+n+1

. (zn)(Zn—Zs)(f(oc+ﬁe’9 (2n~ 25)) —f(oc+ﬁe i0(2n- 25)) ),

N

(48)

where 0>0n=1,2,---.

Proof. The proof of Theorem 4 can be obtained by similar
arguments to Theorem 2 and using the fact (22) in
Lemma 4. |

Theorem 5. Let f be an analytic function in a disc D centered
at o, where a € R. Then, we have the following improper inte-
gral formula:

dx

-x2)(9-x2) -

(2n+1)* =x2)) (x(4 - x2) (16 = x2) - -
172(y(s) +

(4m? —x2))

$(s)))

)
_ (-1)"n y o) oo
22m+2n (ml)z 2n+1 'S:ZO ( )

N

(D' -
. Z Z k+m+s+1
222l (2n+ 1)) 5 & k

(2n+1-2s)

20+ 1>(2n 1 - 29 V2O T AK) - 12(y(s) +

#(5)))

s ((2m=2k)* = (2n+1-25)%)

(49)
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where 0>0, n=0,1,2,--,m=1,2,- y(s)=f(a+
‘Beie(2n+1—25))’ ([)(S) f(OC+/3€ i0(2n+1- 25)) )/(k) — (06+
Be®@m=2) A (k) = f(a+ Be M2k and @ =f(a+pf).

Proof. Let

0 iOx\ _ —i0x
1=pvJ flatpe?) ~fa+pe™) dx. (50)
0 i((l -x2)(9—x2) - ((Zn +1) —xz))(x(4 —x2)(16 —x2) - (4m? — x?))
Now, since f is an analytic function around « and
substituting the fact in equation (30) into equation (50),
we obtain
(o) f(j) () B
I=2)~— (51)
=
PVJ _sin (9x) dx. (52)
0 i((1=x2)(9-x2) - ((2n+1)° =x2)) (x(4 - x2)(16 = x2) --- (4m? - x2))
Substituting the fact in equation (23) into equation (51), (-1)'n ’”Z i Ly
we obtain 22m+2” (m')2 2n+ ) (3 S )
oo £(j) i 2n+1 5
=
cos 9] 2m — 2k —cos (8j(2n+1-2s))
where (2m = 2k)* - (2n +1 - 2s)
(-1)'n " 2n+1 . , , ,
Z Rewriting cos (6j(2n + 1 —2s)), and cos (8j(2m — 2k)) in
22m+2n+1(m' (2n+ 1)1z s the exponential forms and using equation (5), equation (53)

1 —cos (8j(2n+1-2s))
2n+1-2s

becomes

PVJOO f(‘x_'_ﬁeiex) _f(a_'_ﬁe—iex) i
o i((1=x2)(9-x2) - (2n+1)* = x2)) (x(4 - x2)(16 = x2) --- (4m> — x?))
_ (D' e 2T (- 12w(9) +909)))
T p2me2n (m))?(2n + 1)'520( D ( s > (2n+1-2s)
(' RS e <2m> (2” ' 1) (a4 1= 25) V2LOE) + 2E) - 12(y(9) +4(5))
92m+2n-1 (ml en+1) 55 k s (2m =2k)" = (2n+1-2s) )

(55)
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where /(s) = f(oc+[3e’9 (2n+1- 2s)) é(s) f(oc+[36 i0(2n+1- 25)))
y(k) = f (o + Be®Cm=2K)) A (k) = f(a + B ®?m=20)), and ¢ =

Theorem 6. Let f be an analytic function in a disc D centered
at o, where a € R. Then, we have the following improper inte-

fla+p). gral formula:
Hence, this completes the proof of Theorem 5. O
PVJOO fla+ [J’eie") +f (a+ Be ) 0
0 ((1 —-x%)(9-x?) ( (2n+1) —xz) (4-x2)(16 —x2) -+ (4m? — x?))
( " n 2n+1 1 ( n m-1 n k . 2m 2n+1
_ - + +mts+
 p2me2n (m' (2n+1 'SZO 21 2221 ()2 (2 + 1)) k;) ; k s
2 1 - 25)/2i( (2 2k)/2
C(2n+1-29) (2n+ $)/2i(y(s) — ¢(s)) — (2m — 2k)/2i(y(k) - A(k))’
((2m—2k) - (2n+1-2s)%)
(56)
where >0, n=0, 1, 2,---, m=1, 2,---, y(s)=f(a+ Letting x/2 =y,
19 2n+1 2)) (/5(5) =f(06+/3€ i0(2n+1- 25)) )/(k) =f(0£+
ﬁeze (2m—-2k) ) and (k) f(“+ ﬁe—ze (2m— 2k))
. o f(ﬁe2i9y> _f(ﬂe—ZiGy)
Proof. The proof of Theorem 6 can be obtained by similar 7PVJ i > dy
arguments to Theorem 5 and using the fact (25) in 4 o iy(1-y?) (58)

Lemma 5. O

The following table illustrates some corollaries of the
previous theorems with special cases under the assumption
in Lemma 6. We introduce the principal value of some
improper integrals, which are special cases of the proposed
theorems.

4. Numerical Applications

In this section, we present the results, applications, and
observations of the proposed theorems. We also show that
the simple cases of the master theorems are identical to the
results obtained by Cauchy in his memoirs using Residue
Theorem 4. Also, some examples on difficult integrals that
cannot be treated directly by usual methods. In this section,
we show the applicability of our results in handling such
problems.

4.1. Some Remarks on the Theorems

Remark 1. Letting « =0 and n=1 in Theorem 3, we obtain

o f(ﬁeiﬂx) _f(ﬁe—iex)
PVJO ix(4-x) - (57)

(- H07) ()

where 6 > 0.

-3 (r8 -5 (r(82) w1(p) ).

Letting 20 = ¢,

w f(Be”) ~f ()
PVJ 0 iy(1-5?) i (59)

-(1(8)- 3 (7(8) +1(pe™)) ).

This result does not appear in [4-6, 11].

The following table presents comparisons to Cauchy’s
results, which illustrate the relation between our theo-
rems and the results obtained by Cauchy; that is, some
of Cauchy’s results become simple cases of our general
theorems.

4.2. Generating Improper Integrals. In this section, we show
the mechanism of generating an infinite number of inte-
grals by choosing the function f(z) and finding the real
or imaginary part. It is worth noting that some of these
integrals with special cases appear in [31-34] when solving
some applications related to finding Green’s function, one-
dimensional vibrating string problems, wave motion in
elastic solids, and using Fourier cosine and Fourier Sine
transforms.
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To illustrate the idea, we show some general examples
that are applied on Theorems 1, 2, and 3, as follows:

(1) Setting f(z) = 2", m e R*:

(i) Using Theorem 1 and setting a=0, f=1 we
have:

f (eie") +f (e_iex) = e 4 7MY = ) cos (Omx).

(60)
Thus,
JO" 2 cos (Ox) dx
o (1-x2)(9-x2) - (2n+1)* -x?)

~ (_1)n+17.[ n 2n+1
_22”(2n+1)!k§(_1)k< P )

- sin (mB(2k - 1 -2n)),
(61)
for0>0,n=0,1, -

Setting m = 1, the obtained integral is a Fourier
cosine transform [31, 32] of the function f(¢) =
V((1=£)(9-12) - ((2n+1)* = 2))

(ii) Using Theorem 3 and setting a=0, =1 we

have:
%( f (eiex> _ f<e_,-ex)> _ %(eiemx . e_iemx>
=2 sin (Omx).
(62)
Thus,

©o 2 sin (Omx) N
PVL x(4—-x2)(16 —x%) --- (4n* — x?) d

T 2n < k+n
= 92n (2’,[)! (( " ) +2}§)(_1)
2n
. < ) cos (9m(2n—2k))>,
k

for0>0,n=1,2,--

(63)

Setting m = 1, the obtained integral is a Fourier
sine transform [31, 32] of the function f(¢)=
1/(t(4—12)(16 — %) --- (4n* — 12)).

Journal of Applied Mathematics

Setting f(z) =

(i) Using Theorem 1, we have:

f(cx + ﬁeie") +f(cx + ﬁe"@")

" = 2% 03 %) cog (B sin (Ox))

_ eoc+,8e“’" a+Be

+e

J 0 2extB cos (%) cog (Bsin(Ox))
o (1=x3)(9-x2) - ((Zn + 1)2 —x2)

~ ( 1)n+1 n . 2n+1
_22'“1(2%1)'52(_1)( >

e* ( ﬁexﬂ(Zs 1-2n) ﬁe—ﬂ(zs 1-2n)
i
(—1)”“71’ <2n+ 1)

T 2(2n+ 1)

- (e"(sin (f3 sin (6(25— 1-2n)))
- (sinh (B cos (0(2s - 1-2n)))
+cosh (B cos (B(2s—1-2n)))))),
(64)
where 6>0and n=0,1,2, ---
(ii) Using Theorem 3, we have:
(e 8) o)
_ 1 (ea+/3ei9" _ etx+ﬁe‘i9‘) (65)

=2¢%F <08 () gin (B sin (Ox))

Thus,

PVJOO x(Ze"‘*ﬁ cos (0%) gjn (Bsin(0x)))
0o (1=x2)(9-x2) - ((2n+ 1) —xz)

( n+1 n 2n+1
T 2 (n 4 1)] 2n+1 !

s= N

. (23_ 1 _ 2}’1) aJrﬁezH (25-1-2n) t+e oc+/3e i0(25-1-2n) 2@0‘),
(66)

where 8>0,n=0,1,2,--.
Setting f (z) = sin hz

(iii) Using Theorem 1, we have:

f<“+ﬁei9x> +f<“+ﬁe—i9x)
=sinh (oc + ﬁeie") + sinh ((x + ﬁe‘iex)
=2 cos (B sin (Ox)) sinh (a + B cos (Ox)).
(67)
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Thus,

PVJOO 2 cos (B sin (0x)) sinh (a + f3 cos (0x))
o (1=x2)(9-x2) - ((2n+1)* —x?)

( )n+1 n 2n+1 1
T2 (on+ 1)l ; s 2i
. (smh (tx+ﬁe'9 (2s-1- 2"))

—sinh (oc + Pe 01 2”))).
(68)

(iv) Using Theorem 2, we have:

7 (o) s (wepe™)
= % (sinh (oc + ﬁeiex) — sinh ((x + ﬁe"@"))
=2 sin (B sin (Ox)) cosh (a + B cos (Ox)).
(69)

11

Thus,

2 sin (3 sin (0x)) cosh (a + B cos (0x))
PVJO x(4-x2)(16 —x2) --- (4n? — x2) *

- 2n
= W (( )(sinh (e + ) — sinh (oc)))

- n-1 . 2n
+ 92n (zn)!;(_l)s ( >

N

: (smh (oc + Bel?n- 25))
+sinh ((x + Be0Cn- 25)) -2 sinh (oc))

(70)
where 0>0,n=1,2,---
Setting f(z) = cos (&)
(i) Using Theorem 1, we have:
f(‘x+ﬁei6x> +f(a+ﬁe—i6x>

= cos (e‘”ﬁem) + cos (e‘”ﬁ[igx)
(71)
=2 cos (e"‘*ﬁ <os (%) cos (Bsin(Ox) )

- cosh (sin (Bsin(Ox))e*+F <o <6"))

Thus,

dx

PVJOO 2 cos (e*F <o () cos (Bsin(6x))) cosh (sin (Bsin(Ox))e*F o ()
0 (1-x2)(9—x2) -

(_ )n+17_[ n
22” 2n+1 'on

Setting f(z) =In (1 +z)

(i) Using Theorem 1, we have:

f(l +ta+ [_»’eiex) +f(1 +a+ [g’e’iex)
=In (1 +a+ ﬁeie") +1n (1 +o+ ﬁe_iex) (73)
=In ((a+1)"+ B> +2(a+1)B cos (6x)).

((2n+ 1)° - x?)

(21’1 +1 > (COS (ewﬁe,-e(zyl,z”)) ~ cos (eoﬁ_’ge—iﬂ(Zsflen)))
2i .

(72)

Thus,

PVJ.OO In ((a+1)*+ B> +2(a+1)B cos (Gx))d
o (1-22)(9-22) - (2n+1) -x?)

( Y i <2n+1)

2n+1':0 s

le(ln<1+oc+/3e’92”2”> 1n(1+oc+/§e’“512">>)
(74)
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(ii) Setting a =0, 8 =1, we have:

f(ei9x> +f<e_i9") =In (1 + eie") +1n (1 + e‘ie")

)
=2In{2cos | — )|
2
(75)
Thus,
J"" 21n |2 cos (0x/2)]
> dx
o (1=x2)(9—-x2) - ((2n+1)* —x2)
_qyntl n 2n+1
P R N
22n+ 1) & S
1 0(25-1-2m)\ _ —i6(25-1-2n)
2i(ln<1+e ) ln<1+e ))
(76)

4.3. Solving Improper Integrals. In this section, some applica-
tions on complicated problems are introduced and solved
directly using a particular case of our new theorems. We
note that the Mathematica and Maple software cannot solve
such examples.

Example 1. Evaluate the following integral:

¢ %9 cos (sin (6x)) gip (sin (sin (Qx))ecos (Gx))

dx,

PV  xe
Jo 1-x2

(77)
Solution Using Theorem 2, and let f(z) = ¢, we have

D RIOE)

=2 cos (Bsin (62)) gipy (sin (B sin (Gx))e"‘*ﬁ o8 (9")).

(78)
Thus,
PVJ@ xeea+t3 cos (0%) cos (B sin (x)) sin (sin (/3 sin gex))eowﬁ cos (9x)) o
0 (1=x2)(9=x2) - ((2n+1)* = x2)
( ””n n 2n+1
2s—=1-2
22n+1 2n+1 '3:20 s ( S T’Z)

' (eewﬁgl (25-1-2n) . eEMﬁ[xe(szzn) B 2eea)

Journal of Applied Mathematics

Setting n=0,a=0, 8 = 1,, we obtain

dx

00 x™ ) cos (sin (6x) gjp (sin (sin (Bx))e™ )
PVJ —
0

40 -0
= E(ee +€° —Ze).
2
(80)

cos (0)

which is simplified to (e " < (in (0) cos (sin (sin (6))

£€0s (9)) _ e)

Example 2. Evaluate the following integral:

dx,

00 (eb tan”! (6x) 4 b tanfl(e")) cos ((b/2) In (1 + 92x2))
PVJ
0 (17 = x2) (3% - x?)
(81)
where 6 >0,b € R.

Solution: using result 1 in Table 1 and setting a =0,
n=1and g(z) =cos (bIn (1+z)). We have

g(=i0x) + g(i0x) = cos (b1n (1 —ibx)) + cos (b In (1 + iOx))
= cos <§ In (1+6°x%) +ib tan’l(ex))
+cos (g In (1+6°x%) - ib tan’l(Bx))
=2 cosh (b tan™!(Bx)) cos (g In (1 +62x2)>.
(82)

Therefore, we obtain

© 2 cosh (b tan~' (0x)) cos ((b/2) In (1 + szz)) ,
o), (T-)P-) ‘
= % (9(3i0) — g(=3i0) - 3(g(i0) - g(-0)))

= (3 sin (;b In (6°x* + 1)) sinh (b tan™' (6x))
—sin Gb In (96°x” +1) ) sinh (b tan_1(36x))>‘
(83)

Setting b=1,0=1, we obtain

PVJOOZ cosh (tan’l(x)) cos (ln (m))

: (T=)P-) =
= % (3 sin (ln (m)) sinh (tan™ (x))

—sin (ln (\/W) ) sinh ( tan_1(3x))).
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((yz - wg)gr +»)

qoow 0= O0vpue b - w)er—0) J@K ((sg—1+ :%% 0)f= ()9 (st - 1+ur)gr—0)b = (s)h 219y (= gu) - (x = 91 = 1)
- . sz -1 +ug) - (yg - wg) S 3 . .
9 upRIodqL .- ¢ U =u (Y= 0% e = w2) ~ (8 ~ Ot 17 wg) (T~ 1+UT)- (o = (1 + u)) - ~ (x-6)(x-1) 14
0<e § A 0= 0=X A~ + :Nv A v 1—ug+uzC ¥4 s 0= (1 + ug) (ju) 4 (xgr +0) [ + (xor - 0)0
+ () — (s)h) =< _ i i) uzsug
R () PiE) o 3 (-G’
g I=u s % (D)t (x—aup) - (X-9D)(X-¥%) .
. _ 6 _ —0)6 (57 — )7 RO ueC
pussoagy, "1 (e -1)g-+2)6 ~ (=12t =0) sz ) ) 1) T e SUeh
"(0)67 = b pues((ug — 1 - s7)gr +0)b = (s)¢ “((uz — 1 - 57)gr —»)b = (s)h 239y, (e ) (e ) 1)
e TT0=u S 0=s X = AL+UT)) - (X =6)X—T)T .
WaI1039 u
¢ L ‘0<6 (b= (5)p + (s)h) (uT — 1 - s7) (1-) X S N _;NN ((xg1 +0)6 — (xgr —0)0)x ¢
+ug S 0! 0!
STT0=u s = ~+:N rugCH (- (1+u) - (x-6)(x-1) .
1 WaI0dY, o (((ug-=1-50)gt +0)6 — ((ug -1 -5s2)pt —0)b6 ¢ I
0=0 (e —1=s0)gr+2)0 ~ (g~ 1 =)t =2)O)| N (1) Ceg 006+ (vg1 —0)6
w103} 0
PN swompuos ¥p(x)/,2f Ad ()

‘(1¢) uonenby ur uoryejussardar satras o) aaey Jey)) sperdayur adoxdwr jo anpea edourid Ayone) oy, 1 a14V ],
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(=) (x-2)

.......... (((g-2d +0) S = (au2d +2)f) = (g2 +0) S = (42d +2) )2) e (29 + )+ (sp2d +2) f v t=u
.......... (e =0) o (c+2) o= (g o) (g oo gompe) B ol o,
......... AA@%Q + svk| A%Tmm + av&| (g2d +0) [+ (529 + av\v wt|~ AT@TMMNMH&NW%M%MWSbx 7 I=u
Teadde Hwﬁqﬁ wwm_w _u%_moh ST, AA Ammn + av% - A@\mm * cv / v £ Ag%u * cv& - A@m\mm. * cv / v % Aé.‘mmw.x+|awmu\vwm%mmw. sv S ! =
'[9 ‘5] 99s aowaw XU
2 U S SI 1221109 . (1)1 —u pue
59 17 %wvwh g o AAO__ )1+ (2)/) [ @O B (Gar-2) /= () 1) © g
INRISTW & apeur osTe Ayone))
“((6) ernuLoy 79°d) [¥] . (x-1) =u pue
PRI 0% A ((we)s= (o)) % e TR L gann
Speway xp(x)6 oMﬁ Ad (x)b WRI0AY],  SUOBIPUOD

"0 < @ 239yMm ‘sTerdajur sanjea [edourid o syTeweYy 7 ATV,
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Solution: using Theorem 4 and setting a=0, f=1,n

% (2 (tan lem) - (tan’1672’6> 59 ;62 soert using Remark 6 Table 2 and setting =0, =1,
( (tan 16219) - <tan’1e’2i9) ))
Example 3. Evaluate the following integral: fl2)= (tan_lz)z = (-1/4)In*((1 - iz)/(1 +iz)).  (86)
| tan ((6x/2) — (71/4))]
PVJO (2% - x2) (4% - x2) ax, (85) _ Therefore, we have F(e%%) = —1/41n?((1 - ie™™)/(1 +
iez@x))) and f( 19x) +f( —19x) =2 f( 19x)
where 0> 0. Thus, we obtain
00 f(ei0x> +f(e—i9x)
PV dx
JO (2 -x2) (4 - %)
- © In?((1-ie™)/(1+ie®)) +1n?((1 —ie”®) /(1 +ie”%))
= —PVJ X
0 (2% -x2) (4% - x2)
_ Tl [2 Re (In?((1 +sin (6x) — i cos (6x))/(1 - sin (Bx) + i cos (6x)))) p
FRaSH (22 -2) (8 -x) ¥
_ _—IPV * Re (In (1 +sin (6x) —i cos (0x)) —In (1 —sin (Ox) + i cos (6x)))2 dx
27, (2% - x2) (4% - x?)
_ Loy [ Re (#i(/2) ~In tan ((0x/2) - (/4))])? i
2 Jﬂo e . (#7)
_ Loy Re (= (7*/4) +In”|tan ((ex/zz) - (71/42)| + i In |tan ((0x/2) - (71/4)))) i
: GESICED
_ -1 [ = (74) + In’[tan ((0x/2) - (n/4))] .
=5, @ 2) (& —2) :
- (2 (tan 16219) _ (tan 167216) <<tan 1e216> _ (tan162i9)2>>-

T asi

) ©0 1n2|tan ((6x/2) = (1/4))| .
: .PVJ G d

<2 (tan—leZIG)

0
m
481

_ (tan—1e—2ze

5. Conclusion

In this study, we present new general theorems to simplify
the calculation of improper integrals with principal values.
These outcomes can establish many formulas of improper
integrals and solve them directly without requiring compli-
cated computations or computer softwares. We introduce
some remarks to explain and analyze our results.

(i) The introduced theorems are considered powerful
tools in generating and solving improper integrals

) - (((ane

)))

(ii) These results can be presented in tables of integrals
with various values of functions and new results

)_

(tan—l e—219

(iii) The integrals obtained in this study cannot be
solved manually (simply) or by computer software
such as Mathematica and Maple. In future work,
we will generalize the proposed results and theo-
rems and implement them to make new tables of
integrals and introduce more applications. Addi-
tionally, these results can be used to solve integral
and differential equations

and checking the accuracy of the results obtained  pata Availability
by using other technical methods or approximating
in solving similar examples No data were used to support this study.
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