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Let G be a finite simple graph with Laplacian polynomial ψðG, λÞ =∑n
k=0ð−1Þn−kckλk. In an earlier paper, the coefficients cn−4 and

cn−5 for forests with respect to some degree-based graph invariants were computed. The aim of this paper is to continue this work
by giving an exact formula for the coefficient cn−6.

1. Definitions and Notations

A simple undirected graph is a pair G = ðV , EÞ consisting of a
set V =VðGÞ of vertices and a set E = EðGÞ of 2-element sub-
sets of V . The elements of E are called edges, and the number
of elements in V is called the order of G. The notations nðGÞ
and mðGÞ denote the number of vertices and edges of G,
respectively. There are two other graph notations worth men-
tioning now. The first one is degGðvÞ which is the number of
edges inGwith one end point v, and the second one is degGðeÞ
which is defined as the degree of vertex e in the line graph ofG.
Obviously, degGðeÞ = degGðuÞ + degGðvÞ − 2.

We use the notation uvw to denote the path of length
two such that vertices u and w have degree one, and the ver-
tex v has degree two. In a similar way, we use the notation
uvwx to denote a path of length three.

A graph G is said to be connected if for arbitrary vertices
x and y in V , and there exists a sequence x = x0, x1,⋯, xr = y
of vertices such that xixi+1 ∈ E, 0 ≤ i ≤ r − 1. The distance
between two vertices u and v in a connected graph G, dGðu
, vÞ, is defined as the length of a shortest path connecting
these vertices and the sum of such numbers is called the
Wiener index of G, denoted by WðGÞ [1]. The hyper-
Wiener index is a generalization of the Wiener index. It
was introduced for trees by Randić in 1993 [2] and for a gen-
eral graph by Klein et al. [3]. This topological index is
defined as WWðGÞ = ð1/2Þ∑u,v∈VðGÞðdðu, vÞ + d2ðu, vÞÞ.

A subgraph H of a graph G is a graph with vertex set
VðHÞ and edge set EðHÞ, such that VðHÞ ⊆ VðGÞ and E
ðHÞ ⊆ EðGÞ. We use the notation H ≤ G to denote that
H is subgraph of G. If Z ⊆V , and then the induced sub-
graph G½Z� is the graph with vertex set Z and the edge set
fuv ∈ Ejfu, vg ⊆ Zg, and if H ≤G, then G −H is a subgraph
of G, with vertex set VðGÞ/VðHÞ and edge set EðGÞ/fuvj
fu, vg ∩VðHÞ ≠∅g.

The subdivision graph S is a graph constructed from G
by inserting a new vertex on each edge of G. It is clear that
nðSÞ = nðGÞ +mðGÞ and mðSÞ = 2mðGÞ.

Suppose G is a graph containing two edges e and f . If the
edges e and f have a common vertex u, then we write u = e
∩ f . In the case that e and f do not have common vertex,
we will say the edges e and f are independent. If M ⊆ EðGÞ
and all pair of edges in M are independent, then the set M
is called a matching for G. A k-matching is a matching of
size k, 1 ≤ k ≤ n/2, and the number of such matchings is
denoted by mk. The matching polynomial of G and α is

defined by αðG, xÞ =∑bðn/2Þc
k=0 ð−1Þkmkx

n−2k, where x ≠ 0. By
definition, αðG, 0Þ = 1, see [4] for more details.

In 1972, Gutman and Trinajstic′ [5] introduced the first
degree-based graph invariant applicable in chemistry. This
invariant is the first Zagreb index and can defined by the for-
mula M2

1ðGÞ =∑v∈VdegGðvÞ2. The second Zagreb index M1
2

ðGÞ =∑uv∈EdegGðuÞdegGðvÞ was introduced by Gutman
et al. [6] three years later in 1975. The complete history of
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these graph invariants together with the most important
mathematical results about them are reported in [7–10].

The forgotten index of G is another variant of the Zagreb
group indices defined as M3

1ðGÞ =∑v∈VdegGðvÞ3 =∑e=uv∈E½
degGðuÞ2 + degGðvÞ2� [11]. It can be see that Mα

1ðGÞ =
∑u∈VdegGðuÞα, and ℝ ∋ α ≠ 0, 1 is the general form of the
first Zagreb index. Zhang S. and Zhang H. [12] obtained
the extremal values of the general Zagreb index in the class
of all unicyclic graphs. Miličević et al. [13] reformulated
the first and second Zagreb indices in terms of the edge-
degrees instead of the vertex-degrees. These invariants were
defined the first and second reformulated Zagreb indices
defined as EM1ðGÞ =∑e∩f≠∅½degGðeÞ + degGð f Þ� =∑e∈Ede

gGðeÞ2 and EM2ðGÞ =∑e∩f≠∅degGðeÞdegGð f Þ, respectively.
A f0, 1g-matrix is a matrix whose entries consist only of

the numbers 0 and 1. Suppose G is a graph with vertex set
V = fu1,⋯,ung. The adjacency matrix of G is a f0, 1g
-matrix AðGÞ = ðaijÞ in which aij = 1 if and only if uiuj ∈ E.
It is easy to see that A is a real symmetric matrix of order
n and so all of its eigenvalues are real. The matrices DðGÞ
= ½dij� and LðGÞ =DðGÞ − AðGÞ in which dii = deg ðuiÞ and
dij = 0, i ≠ j, are called the diagonal and Laplacian matrices
of G, respectively. It is well-known that all eigenvalues of L
ðGÞ are nonnegative real numbers with 0 as the smallest
eigenvalue.

The Laplacian polynomial of a graph G is one of the
most important polynomial associated to a graph. If G is a
graph, then the Laplacian polynomial of G is the character-
istic polynomial of LðGÞ. The roots of this polynomial are
called the Laplacian eigenvalues of G. Suppose ψðG, xÞ =
det ðxIn − LÞ =∑n

k=0ð−1Þn−kckxk denotes the Laplacian poly-
nomial of G. Since the coefficients of the Laplacian polyno-
mial have graph theoretical meaning, some authors took
into account the coefficients of this polynomial.

Let f be a topological index and G be a graph. For sim-
plifying our arguments, we usually write f as f ðGÞ.

Lemma 1. Suppose G is a graph. The following statements
hold:

(1) (Merris [14] and Mohar [15]) c0ðGÞ = 0, c1ðGÞ = nτð
GÞ, cnðGÞ = 1 and cn−1ðGÞ = 2m, where τðGÞ is the
number of spanning trees of G;

(2) (Yan and Yeh [16]) c2ðGÞ =WðGÞ, when G is a tree;

(3) (Gutman [17]) c3ðGÞ =WWðGÞ, when G is a tree;

(4) (Oliveira et al. [18]) cn−2ðGÞ = 1/2½4m2 − 2m −M2
1�

and cn−3ðGÞ = ð1/3!Þ½4m2ð2m − 3Þ − 6M2
1m + 6M2

1 +
2M3

1 − 12tðGÞ�, where tðGÞ is the number of triangles
in G.

In [19–21], we proved the following formulas for the
coefficients cn−4ðGÞ and cn−5ðGÞ, when G is a forest,

respectively:

cn−4 Gð Þ = 1
4! 4m 4m3 − 12m2 + 51m − 6M2

1m − 33M2
1 + 4M3

1 + 3
À ÁÂ

+ 3M2
1 17M2

1 − 20
À Á

+ 72M3
1 − 54M4

1 − 24M1
2
Ã

− 16  〠
u,vf g⊂V Gð Þ

degG uð Þ2degG vð Þ2

= 1
4! 4m 4m3 − 12m2 + 3m − 6M2

1m + 15M2
1 + 4M3

1 + 3
À ÁÂ

+ 3 M2
1 − 2

À Á2 − 24M3
1 − 6M4

1 − 24M1
2 − 12

i
,

ð1Þ

cn−5 Gð Þ = 1
5! 2m 16m4 − 80m3 + 60m2 − 40M2

1m
2 + 60m

ÀÂ
+ 180M2

1m + 40M3
1m + 15 M2

1
À Á2 − 120M2

1

− 140M3
1 − 30M4

1 − 120M1
2
Á
− 20M2

1 3M2
1 +M3

1 + 6
À Á

+ 120M3
1 + 120M4

1 + 24M5
1 + 240M1

2 + 120α1,2
Ã
:

ð2Þ
Suppose λ and ξ are two arbitrary real numbers. We

now define three invariants which is useful in simplifying
formulas in our results. These are

αλ,ξ Gð Þ = 〠
uv∈E

degG uð Þλ degG vð Þξ + degG uð ÞξdegG vð Þλ
h i

,

β Gð Þ =〠
e~f

degG e ∩ fð Þ degG eð Þ + degG fð Þð Þ,

Mλ
2 Gð Þ = 〠

uv∈E
degG uð ÞdegG vð Þð Þλ:

ð3Þ

Note that the second Zagreb index is just the case of
λ = 1 in Mλ

2 .
Let G and H be graphs. Set SHðGÞ = fXjX ≤G andX

≅Hg. If f and g are two degree-based graph invariants,
and then we define two new degree-based topological indi-
ces f g and Hf as f gðGÞ = f ðGÞ × gðGÞ and Hf ðGÞ =
∑X∈SHðGÞ f ðG − XÞ.

Let Pn denote the path graph on n vertices. In a recent
paper [22], Das et al. presented the following formula for
the number of k-matchings, 1 ≤ k ≤ bðn/2Þc, in a graph G as

mk Gð Þ = 1
k
P2mk−1 Gð Þ: ð4Þ

They also proved the following two results:

Lemma 2. Let G be a graph with n vertices andm edges. Then

(1) P2mðGÞ =m2 +m −M2
1.

(2) P2m
2ðGÞ =m3 +M3

1 − 2mM2
1 + 2M1

2 + 2m2 − 2M2
1 +

m.

(3) P2m
3ðGÞ =m4 − 3m2M2

1 + 3mM3
1 + 6mM1

2 −M4
1 − 3

α1,2 + 3m3 − 6mM2
1 + 3M3

1 + 6M1
2 + 3m2 − 3M2

1 +m.
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(4) P2m
4ðGÞ =M5

1 + 4α1,3 − 4mM4
1 + 6M2

2 − 12mα1,2 + 6
m2M3

1 + 12m2M1
2 − 4m3M2

1 − 4M4
1 − 12α1,2 + 12mM3

1

+ 24mM1
2 − 12m2M2

1 + 6M3
1 + 12M1

2 − 12mM2
1 − 4

M2
1 +m5 + 4m4 + 6m3 + 4m2 +m,

(5) P2m
5ðGÞ =m6 + 5m5 + ð10 − 5M2

1Þm4 + ð10 + 10M3
1

+ 20M1
2 − 20M2

1Þm3 + ð5 + 60M1
2 − 10M4

1 − 30α1,2 +
30M3

1 − 30M2
1Þm2 + ð30M2

2 − 60α1,2 + 5M5
1 + 20α1,3 +

30M3
1 − 20M2

1 + 60M1
2 − 20M4

1 + 1Þm + 20α1,3 − 5α1,4
− 10α2,3 + 10M3

1 − 5M2
1 + 20M1

2 − 10M4
1 + 5M5

1 −M6
1

+ 30M2
2 − 30α1,2.

Lemma 3. Let G be a graph with n vertices, m edges and girth
≥5. Then

(1) P2M
2
1ðGÞ = ðm + 3ÞM2

1 −M3
1 − 4M1

2 − 2m.

(2) P2M
3
1ðGÞ = ðm + 3ÞM3

1 −M4
1 − 3α1,2 + 6M1

2 − 4M2
1 +

2m.

(3) P2M
4
1ðGÞ = ðm + 4ÞM4

1 −M5
1 + 5M2

1 − 2m − 4α1,3 + 6
α1,2 − 6M3

1 − 8M1
2.

(4) P2M
1
2ðGÞ = ðm − 9ÞM1

2 − 2EM2 − 5M3
1 + 11M2

1 +M4
1

+ α1,2 − 8m.

(5) P2ðmM2
1ÞðGÞ = ðM2

1 − 2Þm2 + ð4M2
1 −M3

1 − 4M1
2 − 18

Þm − 6M3
1 + α1,2 − 2β + 17M2

1 − 6M1
2 + 8EM1 + 4EM2

− ðM1Þ2 +M4
1.

The following theorem is crucial in our main result [21].

Theorem 4. Let G be a graph with m edges. Then

(1) m5ðSðGÞÞ = 1/15m2½4m3 − 20m2 + 15m + 15� + 1/12
m½8M3

1m − 8M2
1m

2 + 3ðM2
1Þ2 + 36M2

1m − 28M3
1 − 24

M2
1 − 6M4

1 − 24M1
2� + α1,2 − 1/6M2

1½3M2
1 +M3

1 + 6� + 2
M1

2 + 1/5M5
1 +M4

1 +M3
1:

(2) M2
1ðSðGÞÞ =M2

1 + 4m,M3
1ðSðGÞÞ =M3

1 + 8m,M4
1ðSðG

ÞÞ =M4
1 + 16m,M5

1ðSðGÞÞ =M5
1 + 32m, α1,2ðSðGÞÞ =

4M2
1 + 2M3

1, α1,3ðSðGÞÞ = 8M2
1 + 2M4

1, βðSðGÞÞ = 2M2
1

+M4
1 −M3

1,M1
2ðSðGÞÞ = 2M2

1,M2
2ðSðGÞÞ = 4M3

1, E
M1ðSðGÞÞ =M3

1, EM2ðSðGÞÞ =M1
2 + 1/2M4

1 − 1/2M3
1:

(3) P2ðM2
1Þ2ðSðGÞÞ = ð2m − 10ÞðM2

1Þ2 + ð16m2 − 2M3
1 −

40mÞM2
1 + 32m3 − 8mM3

1 + 13M3
1 + 6M4

1 +M5
1 + 24

M1
2 + 4α1,2.

(4) P2ðm2M2
1ÞðSðGÞÞ = 32m4 + ð8M2

1 − 32Þm3 − ð4M3
1 +

44M2
1 − 8Þm2 + ð20M3

1 − 4ðM2
1Þ2 + 30M2

1 + 4M4
1 + 16

M1
2Þm +M3

1M
2
1 + 2ðM2

1Þ2 − 7M3
1 − 5M2

1 − 5M4
1 −M5

1

− 8M1
2 − 2α1,2.

(5) P2ðmM3
1ÞðSðGÞÞ = 32m3 + ð4M3

1 − 24Þm2 − ð8M3
1 +

16M2
1 + 2M4

1Þm + 4m − ðM2
1 − 10ÞM3

1 + 6M2
1 +M4

1 +
M5

1 − 6M1
2 + 3α1,2.

(6) P2ðmM1
2ÞðSðGÞÞ = ð8M2

1 + 8Þm2 − ð4M3
1 + 10M2

1 + 4

M1
2 + 4Þm − 2ðM2

1Þ2 + 2M3
1 +M2

1 + 2M4
1 + 8M1

2 + α1,2.

(7) P2EM2ðSðGÞÞ = 1/2mð4M1
2 − 2M3

1 + 2M4
1 + 4Þ + 11/2

M3
1 − 2α1,2 − 7/2M2

1 − 3/2M4
1 − 1/2M5

1.

2. Laplacian Coefficients and Degree-
Based Invariants

The aim of this section is to present an exact formula for the
coefficient cn−6 of the Laplacian polynomial in terms of some
degree-based graphs invariants.

Lemma 5. Let G be a graph with n vertices and m edges.
Then, M6

1ðSðGÞÞ =M6
1 + 64m, α1,4ðSðGÞÞ = 2M5

1 + 16M2
1, α2,3

ðSðGÞÞ = 4M4
1 + 8M3

1.

Proof. Apply definition of SðGÞ, to prove that M6
1ðSðGÞÞ =

M6
1 + 64m, α1,4ðSðGÞÞ =∑v∈V∑uv∈E½2degGðvÞ4 + 16degGðvÞ�

=∑v∈V ½2degGðvÞ5 + 16degGðvÞ2� = 2M5
1 + 16M2

1 and α2,3ðSð
GÞÞ =∑v∈V∑uv∈E½4degGðvÞ3 + 8degGðvÞ2� =∑v∈V ½4degGðvÞ4
+ 8degGðvÞ3� = 4M4

1 + 8M3
1.

The next lemma is a direct consequence of Lemmas 2
and 5 and Theorem 4 (2).

Lemma 6. Let G be a graph with n vertices and m edges.
Then,

(1) P2mðSðGÞÞ = 4m2 − 2m −M2
1.

(2) P2m
2ðSðGÞÞ =M3

1 + 2M2
1 − 2mð2M2

1 − 4m2 + 4m − 1Þ.)
(3) P2m

3ðSðGÞÞ = 16m4 − 24m3 − ð12M2
1 − 12Þm2 + ð6

M3
1 + 12M2

1 − 2Þm − 3M3
1 − 3M2

1 −M4
1.

(4) P2m
4ðSðGÞÞ = 32m5 − 64m4 − ð32M2

1 − 48Þm3 + ð24
M3

1 + 48M2
1 − 16Þm2 − ð24M3

1 + 24M2
1 + 8M4

1 − 2Þm
+ 6M3

1 + 4M2
1 + 4M4

1 +M5
1.

(5) P2m
5ðSðGÞÞ = 64m6 − 160m5 − ð80M2

1 − 160Þm4 + ð
80M3

1 + 160M2
1 − 80Þm3 − ð120M3

1 + 120M2
1 + 40M4

1
− 20Þm2 + ð60M3

1 + 40M2
1 + 40M4

1 + 10M5
1 − 2Þm −

10M3
1 − 5M2

1 − 10M4
1 − 5M5

1 −M6
1 .

It is easy to see that girth ðGÞ≥6. Therefore, Lemma 3
and Theorem 4 (2) imply the following lemma:

Lemma 7. Let G be a graph on n vertices and m edges. Then,

(1) P2M
2
1ðSðGÞÞ = ð2m − 5ÞM2

1 + 8m2 −M3
1.

(2) P2M
3
1ðSðGÞÞ = 16m2 + ð2M3

1 − 4Þm − 3M3
1 − 4M2

1 −M4
1.
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(3) P2M
4
1ðSðGÞÞ = ð2m − 4ÞM4

1 + 32m2 + 6M3
1 − 19M2

1 −M5
1.

(4) P2M
1
2ðSðGÞÞ = 4mM2

1 − 2M3
1 − 3M2

1 − 2M1
2 + 4m.

(5) P2ðmM2
1ÞðSðGÞÞ = 16m3 + ð4M2

1 − 8Þm2 − ð2M3
1 + 16

M2
1Þm − ðM2

1Þ2 + 4M3
1 + 5M2

1 + 4M1
2 +M4

1.

Lemma 8. Let G be a graph with n vertices and m edges.
Then, P2M

5
1ðSðGÞÞ = 2mM5

1 + 64m2 −M6
1 − 4m − 5M5

1 + 10
M4

1 − 10M3
1 − 26M2

1.

Proof. Apply definition of P2M
5
1ðSðGÞÞ to show that P2M

5
1ð

SðGÞÞ = 2mM5
1ðSðGÞÞ −∑v∈V∑uv½degGðvÞ5 + 5degGðvÞ4 − 10

degGðvÞ3 + 10degGðvÞ2 + 26degGðvÞ + 2� = 2mM5
1ðSðGÞÞ −

∑v∈V ½degGðvÞ6 + 5degGðvÞ5 − 10degGðvÞ4 + 10degGðvÞ3 + 26
degGðvÞ2 + 2degGðvÞ�. Now the proof follows from Theorem
4 (2) and simple calculations.

Lemma 9. Let G be a graph with n vertices and m edges.
Then, P2ðm3M2

1ÞðSðGÞÞ = 64m5 + ð16M2
1 − 96Þm4 + ð−8M3

1

− 112M2
1 + 48Þm3 + ð−12ðM2

1Þ2 + 72M3
1 + 120M2

1 + 12M4
1 +

48M1
2 − 8Þm2 + ð12ðM2

1Þ2 + ð6M3
1 − 44ÞM2

1 − 54M3
1 − 48M1

2

− 34M4
1 − 6M5

1 − 12α1,2Þm − 3ðM2
1Þ2 + ð−3M3

1 −M4
1 + 5ÞM2

1

+ 10M3
1 + 12M1

2 + 12M4
1 + 6M5

1 +M6
1 + 6α1,2 + 2α1,3.

Proof. By definition of SðGÞ, P2ðm3M2
1ÞðSðGÞÞ =∑v∈V∑uv∈E

½2m − degGðvÞ − 1�3½M2
1ðSðGÞÞ − degGðvÞ2 − 3degGðvÞ − 2de

gGðuÞ�. Suppose X = 16m4M2
1ðSðGÞÞ + ð−8M3

1 − 24M2
1 − 24

M2
1ðSðGÞÞÞm3 + ðð−12M2

1 + 12ÞM2
1ðSðGÞÞ + 36M2

1 + 12M4
1Þ

m2 + ðð6M3
1 + 12M2

1 − 2ÞM2
1ðSðGÞÞ − 42M3

1 − 18M2
1 − 6M5

1 −
30M4

1Þm + ð−3M3
1 − 3M2

1 −M4
1ÞM2

1ðSðGÞÞ + 10M3
1 + 3M2

1 +
12M4

1 + 6M5
1 +M6

1. Then, P2ðm3M2
1ÞðSðGÞÞ = X +∑v∈V

∑uv∈E½−16m3degGðuÞ + 2degGðuÞ + 24m2degGðuÞdegGðvÞ +
48m2degGðvÞ2 − 12mdegGðuÞdegGðvÞ2 + 2degGðuÞdegGðvÞ3
+ 24mdegGðuÞdegGðvÞ + 6degGðuÞdegGðvÞ2 − 12mdegGðuÞ
+ 6degGðuÞdegGðvÞ�. We now replace ∑v∈V∑uv∈E by ∑uv∈E
to show that P2ðm3M2

1ÞðSðGÞÞ = X − 16m3M2
1 + ð48M3

1 + 24
M2

1 + 48M1
2Þm2 + ð−12M2

1 − 48M1
2 − 12α1,2Þm + 2M2

1 + 12M1
2

+ 6α1,2 + 2α1,3. The proof now follows from Theorem 4 (2).

Lemma 10. Let G be a graph with n vertices and m edges.
Then, P2ðm2M3

1ÞðSðGÞÞ = 64m4 + ð8M3
1 − 80Þm3 + ð−20M3

1

− 48M2
1 − 4M4

1 + 32Þm2 + ðð−4M2
1 + 50ÞM3

1 + 40M2
1 − 24M1

2

+ 4M4
1 + 4M5

1 + 12α1,2 − 4Þm + ðM3
1Þ2 + ð2M2

1 − 19ÞM3
1 − 8

M2
1 + 12M1

2 − 8M4
1 − 2M5

1 −M6
1 − 6M2

2 − 3α1,2.

Proof. Apply definition of SðGÞ to show that P2ðm2M3
1ÞðSð

GÞÞ =∑v∈V∑uv∈E½2m − degGðvÞ − 1�2½M3
1ðSðGÞÞ − degGðvÞ3

− 3degGðuÞ2 + 3degGðuÞ − 7degGðvÞ − 2�. Now a similar
argument as Lemma 9 completes the proof.

Lemma 11. Let G be a graph with n vertices and m edges.
Then, P2ðmM4

1ÞðSðGÞÞ = ð4M4
1 + 64mÞm2 − 32m2 + ð12M3

1 −
54M2

1 − 10M4
1 − 2M5

1Þm + ð4 −M2
1ÞM4

1 + 9M3
1 + 19M2

1 + 8M1
2

+M5
1 +M6

1 − 6α1,2 + 4α1,3.

Proof. Apply definitions of SðGÞ and P2ðmM4
1Þ to write the

form P2ðmM4
1ÞðSðGÞÞ =∑v∈V∑uv∈E½2m − degGðvÞ − 1�½M4

1ðS
ðGÞÞ − degGðvÞ4 − 4degGðuÞ3 + 6degGðuÞ2 − 4degGðuÞ − 15d
egGðvÞ�. Now a similar argument as Lemma 9 gives the
proof.

Lemma 12. Let G be a graph with n vertices and m edges.
Then, P2α1,2ðSðGÞÞ = 2ð4M2

1 + 2M3
1Þm − 9M3

1 +M2
1 − 2M4

1 −
6M1

2 − α1,2 + 4m.

Proof. By definitions of SðGÞ and α1,2, we can write

P2α1,2 S Gð Þð Þ = 2mα1,2 S Gð Þð Þ − 〠
v∈V

2degG vð Þ2 + 4degG vð ÞÀ ÁÂ
Á degG vð Þ2 + degG vð ÞÀ Á

+ 2degG vð Þ2À
+ 4degG vð ÞÞ degG vð Þ2 − degG vð ÞÀ Á
− 2 degG vð Þ − 1ð Þ2 + 4 degG vð Þ − 1ð ÞÀ Á

degG vð Þ2À
− degG vð ÞÞ� − 〠

v∈V
〠
uv∈E

2degG vð Þ2 + 4degG vð ÞÀ ÁÀ
− degG vð Þ2 + degG vð ÞÀ ÁÁ

degG uð Þ − 1ð Þ:
ð5Þ

Now by simple calculations, we obtain

P2α1,2 S Gð Þð Þ = 2mα1,2 S Gð Þð Þ − 10M3
1 − 2M2

1 − 2M4
1 + 4m

− 〠
uv∈E

degG uð ÞdegG vð Þ2 + degG uð Þ2degG vð ÞÀ
+ 6degG uð ÞdegG vð Þ − degG uð Þ2 − degG vð Þ2
− 3degG uð Þ − 3degG vð ÞÞ = 2mα1,2 S Gð Þð Þ
− 10M3

1 − 2M2
1 − 2M4

1 + 4m − α1,2 − 6M1
2

+M3
1 + 3M2

1,
ð6Þ

and Theorem 4 (2) gives the result.

Lemma 13. Let G be a graph with n vertices and m edges.
Then, P2ðmðM2

1Þ2ÞðSðGÞÞ = 64m4 + ð32M2
1 − 32Þm3 + ð4

ðM2
1Þ2 − 16M3

1 − 112M2
1Þm2 + ð−30ðM2

1Þ2 + ð−4M3
1 + 40ÞM2

1

+ 58M3
1 + 80M1

2 + 20M4
1 + 2M5

1 + 8α1,2Þm − ðM2
1Þ3 + 10

ðM2
1Þ2 + ð8M3

1 + 8M1
2 + 2M4

1ÞM2
1 − 13M3

1 − 24M1
2 − 15M4

1 − 7
M5

1 −M6
1 − 20α1,2 − 4α1,3.

Proof. By definition of SðGÞ, P2ðmðM2
1Þ2ÞðSðGÞÞ =∑v∈V

∑uv∈E½2m − degGðvÞ − 1�½M2
1ðSðGÞÞ − degGðvÞ2 − 3degGðvÞ

− 2degGðuÞ�2. Now the proof follows from a similar argu-
ment as Lemma 9.
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Lemma 14. Let G be a graph with n vertices and m edges.
Then, P2ðM2

1M
3
1ÞðSðGÞÞ = 64m3 + ð8M3

1 + 16M2
1 − 16Þm2 +

ðð2M3
1 − 60ÞM2

1 − 20M3
1 − 4M4

1Þm − 4ðM2
1Þ2 + ð−8M3

1 −M4
1

+ 10ÞM2
1 − ðM3

1Þ2 + 17M3
1 + 2α1,3 + 10M1

2 + 13M4
1 + 3M5

1 +
M6

1 + 6M2
2 + 6α1,2.

Proof. By definition of SðGÞ, P2ðM2
1M

3
1ÞðSðGÞÞ =∑v∈V∑uv∈E

½M2
1ðSðGÞÞ − degGðvÞ2 − 3degGðvÞ − 2degGðuÞ�½M3

1ðSðGÞÞ −
degGðvÞ3 − 3degGðuÞ2 + 3degGðuÞ − 7degGðvÞ − 2�. Now the
proof can be completed in a similar way as Lemma 9.

Define nine graph invariants as

Θ1 Gð Þ = 〠
uvw∈SP3 Gð Þ

degG uð ÞdegG vð ÞdegG wð Þ½ �,

Θ2 Gð Þ = 〠
uvw∈SP3 Gð Þ

degG uð ÞdegG wð Þ½ �,

Θ3 Gð Þ = 〠
uvwx∈SP4 Gð Þ

degG uð ÞdegG xð Þ½ �,

Θ4 Gð Þ = 〠
uvw∈SP3 Gð Þ

degG uð Þ2degG wð Þ + degG uð ÞdegG wð Þ2Â Ã
,

Θ5 Gð Þ = 〠
uvw∈SP3 Gð Þ

degG vð Þ2 degG uð Þ + degG wð Þ½ �,

Θ6 Gð Þ = 〠
uvwx∈SP4 Gð Þ

degG uð ÞdegG vð Þ + degG wð ÞdegG xð Þ½ �,

Θ+
2 Gð Þ = 〠

uvw∈SP3 Gð Þ
degG uð Þ + degG wð Þ½ �,

Θ+
3 Gð Þ = 〠

uvwx∈SP4 Gð Þ
degG uð Þ + degG xð Þ½ �,

Θ+,2
3 Gð Þ = 〠

uvwx∈SP4 Gð Þ
degG uð Þ2 + degG xð Þ2Â Ã

:

ð7Þ

Lemma 15. LetG be a graph with n vertices andm edges. Then,
P2ðM2

1Þ2ðGÞ = ðm + 6ÞðM2
1Þ2 + ð−2M3

1 − 4m − 8Mð1/2Þ − 12Þ
M2

1 +M3
1 +M5

1 + 2M2
2 − 6α1,2 + 4α1,3 + 4m + 26M1

2 − 2M4
1 + 8

Θ1 − 24Θ2 + 8Θ3 + 4Θ4.

Proof. By definition of M2
1 and some tedious calculations,

one can see that

P2 M2
1

À Á2� �
Gð Þ

= 〠
uv∈E

"
M2

1 − degG uð Þ2 − degG vð Þ2

− 〠
xu∈E G−uvð Þ

2degG xð Þ − 1½ � − 〠
yv∈E G−uvð Þ

2degG yð Þ − 1½ �
#2

= m + 2ð Þ M2
1

À Á2 + −2M3
1 − 4m − 4

À Á
M2

1 + 5M3
1 − 2M4

1

+M5
1 + 2M1

2 + 2M2
2 − 2α1,2 + 4m + 〠

uv∈E

"
4degG uð Þ2

Á 〠
xu∈E G−uvð Þ

degG xð Þ + 4degG uð Þ2 〠
yv∈E G−uvð Þ

degG yð Þ

+ 4degG vð Þ2 〠
xu∈E G−uvð Þ

degG xð Þ + 4degG vð Þ2

Á 〠
yv∈E G−uvð Þ

degG yð Þ − 4M2
1 − 8

À Á
〠

xu∈E G−uvð Þ
degG xð Þ

− 4M2
1 − 8

À Á
〠

yv∈E G−uvð Þ
degG yð Þ − 4degG uð Þ

Á 〠
xu∈E G−uvð Þ

degG xð Þ − 4degG uð Þ 〠
yv∈E G−uvð Þ

degG yð Þ

− 4degG vð Þ 〠
xu∈E G−uvð Þ

degG xð Þ − 4degG vð Þ

Á 〠
yv∈E G−uvð Þ

degG yð Þ + 〠
xu∈E G−uvð Þ

2degG xð Þ
 !2

+ 〠
yv∈E G−uvð Þ

2degG yð Þ
 !2

+ 2 〠
xu∈E G−uvð Þ

2degG xð Þ
 !

Á 〠
vy∈E G−uvð Þ

2degG yð Þ
 !#

:

ð8Þ

Therefore, P2ðM2
1Þ2ðGÞ = ðm + 6ÞðM2

1Þ2 + ð−2M3
1 − 4m

− 8M1
2 − 12ÞM2

1 +M3
1 +M5

1 + 2M2
2 − 6α1,2 + 4α1,3 + 4m + 26

M1
2 − 2M4

1 + 8Θ1 − 24Θ2 + 8Θ3 + 4Θ4, proving the lemma.

Lemma 16. Let G be a graph with n vertices and m edges.
Then, P2ðmM3

1ÞðGÞ = ðM3
1 + 2Þm2 + ð4M3

1 − 3α1,2 − 4M2
1 + 6

M1
2 −M4

1 + 2Þm + ð−M2
1 + 4ÞM3

1 − 9α1,2 + α1,3 − 6M2
1 + 14M1

2

− 6Θ2 + 3Θ4 −M4
1 +M5

1 + 6M2
2.

Proof. Choose uv ∈ E and set AðuvÞ =∑xu∈EðG−uvÞ½3degG

ðxÞ2 − 3degGðxÞ + 1� and BðuvÞ =∑yv∈EðG−uvÞ½3degGðyÞ2 − 3
degGðyÞ + 1�. Apply definition of P2ðmM3

1Þ to prove that
P2ðmM3

1ÞðGÞ =∑uv∈E½m − degGðuÞ − degGðvÞ + 1�½M3
1 − de

gGðuÞ3 − degGðvÞ3 − AðuvÞ − BðuvÞ�. Therefore

P2 mM3
1

À Á
Gð Þ =m2M3

1 −M2
1M

3
1 +mM3

1 −mM2
1 −mM4

1 + 2m2

+M3
1 − 3M2

1 −M4
1 +M5

1 + 2M1
2 + α1,3 + 2m

− 3〠
uv∈E

"
m − degG uð Þ − degG vð Þ + 1ð Þ

Á
 

〠
xu∈E G−uvð Þ

degG xð Þ2 − degG xð ÞÂ Ã

+ 〠
yv∈E G−uvð Þ

degG yð Þ2 − degG yð ÞÂ Ã!#
:

ð9Þ
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Now, a similar argument as Lemma 15 gives our result.

Lemma 17. Let G be a graph with n vertices and m edges.
Then, P2ðm2M2

1ÞðGÞ = ðM2
1 − 2Þm3 + ð−M3

1 + 5M2
1 − 4M1

2 − 4

Þm2 + ð−2ðM2
1Þ2 − 4M3

1 + 11M2
1 + 2M4

1 − 20M1
2 + 6α1,2 + 8Θ2

− 2Þm − 2ðM2
1Þ2 + ðM3

1 + 2M1
2 + 7ÞM2

1 − 5M3
1 + 11α1,2 − 4α1,3

− 2Θ4 − 20M1
2 − 8Θ1 + 8Θ2 + 3M4

1 −M5
1 − 2M2

2.

Proof. Apply definition of P2ðm2M2
1Þ and some tedious cal-

culations to show that

P2 m2M2
1

À Á
Gð Þ

= M2
1 − 2

À Á
m3 + −M3

1 + 3M2
1 − 4

À Á
m2

+ −2 M2
1

À Á2 − 4M3
1 + 7M2

1 + 2M4
1 − 4M1

2 + 2α1,2 − 2
� �

m

− 2 M2
1

À Á2 + M3
1 + 2M1

2 + 5
À Á

M2
1 − 5M3

1

− 8M1
2 + 3M4

1 −M5
1 − 2M2

2 + 5α1,2 − 2α1,3
− 2〠

uv∈E
m − degG uð Þ − degG vð Þ + 1½ �2

Á 〠
xu∈E G−uvð Þ

degG xð Þ + 〠
yv∈E G−uvð Þ

degG yð Þ
" #

:

ð10Þ

Now, a similar argument as Lemma 15 gives the proof.

Lemma 18. Let G be a graph with n vertices and m edges.
Then, EM2ðGÞ = α1,2 − 6M1

2 + ð1/2ÞM4
1 − ð5/2ÞM3

1 + 6M2
1 − 4

m +Θ2.

Proof. By definition of EM2, EM2ðGÞ =∑uvw∈SP3 ðGÞ½degGðuÞ
+ degGðvÞ − 2�½degGðvÞ + degGðwÞ − 2� = α1,2 − 6M1

2 + ð1/2Þ
M4

1 − ð5/2ÞM3
1 + 6M2

1 − 4m +Θ2.

Lemma 19. Let G be a graph with n vertices and m edges.
Then, P2Θ2ðGÞ = ðm + 2ÞΘ2 −Θ1 −Θ4 − 2Θ3 +Θ+

3 .

Proof. By definition of P2Θ2,

P2Θ2 Gð Þ =mΘ2 − 〠
uvw∈SP3 Gð Þ

degG uð ÞdegG wð ÞÀdegG uð Þ

+ degG vð Þ + degG wð Þ − 2
Á
− 〠

xyab∈SP4 Gð Þ

Á 2degG xð ÞdegG bð Þ − degG xð Þ − degG bð Þð Þ
= m + 2ð ÞΘ2 −Θ1 −Θ4 − 2Θ3 +Θ+

3 ,
ð11Þ

as desired.

By a similar arguments as Lemma 15, we can prove the
following two lemmas:

Lemma 20. Let G be a graph with n vertices and m edges.
Then, P2ðmM1

2ÞðGÞ =m2M1
2 + ð2M1

2 − 2Θ2 − α1,2 +Θ+
2 Þm − ð

M2
1 − 1ÞM1

2 +Θ+
2 + 2Θ1 − 4Θ2 + 2Θ3 +Θ4 +Θ5.

Lemma 21. Let G be a graph with n vertices and m edges.
Then, P2α1,2ðGÞ = ðm + 1Þα1,2 − 2M2

2 − α1,3 +Θ+
3 −Θ+,2

3 − 2
Θ6 .

For the sake of completeness, we mention here two
results which are useful in our next calculations.

Lemma 22 (see [19]). Let G be a graph. Then, βðGÞ = α +
M4

1 − 3M3
1 + 2M2

1 − 2M1
2.

Theorem 23 (see [4]). Let G be a graph with m edges and
girth ≥5. Then, m5ðGÞ = ð1/5!Þ½mðm4 + 10m3 + 43m2 + 54m

− 328Þ + 30ðM2
1Þ2 − 12α1,2ðm − 7Þ − 20α1,3 − 2M2

1ð2m3 + 30

m2 + 61m − 225Þ + 12β + 2M1
2ð6m2 + 66m − 239Þ +M3

1ð6m2

+ 24m − 149Þ + 2M4
1ðm + 10Þ + 6M2

2 − EM2 − 5M5
1 + 3P2

ðM2
1Þ2 + 8P2ðmM3

1Þ − 6P2ðm2M2
1Þ − P2EM2 + P2ðmM1

2Þ�.

Now, Lemmas 2 (1), 3, 15, 16, 17, 18, 19, 20, 21,and 22
and Theorem 23 give the following theorem:

Theorem 24. Let G be a graph with m edges and girth ≥5.
Then, m5ðGÞ = ð1/5!Þ½m5 + 10m4 − ð10M2

1 − 55Þm3 + ð60M1
2

− 90M2
1 + 20M3

1 + 190Þm2 + ð15ðM2
1Þ2 + 140M3

1 − 376M2
1 −

30M4
1 + 492M1

2 − 120α1,2 − 120Θ2 + 24Θ+
2 + 336Þm + 60

ðM2
1Þ2 − ð60M1

2 + 20M3
1 + 768ÞM2

1 − 120M4
1 + 24M5

1 + 120M2
2

− 504α1,2 + 96α1,3 + 24Θ+
2 − 48Θ+

3 + 96Θ4+24Θ+,2
3 + 336M3

1

+ 1440M1
2 + 132Θ1 − 600Θ2 + 120Θ3 + 24Θ5 + 48Θ6�.

Lemma 25. Let G be a graph with n vertices and m edges.
Then, Θ1ðSðGÞÞ = 2½M1

2 +M3
1 −M2

1�, Θ2ðSðGÞÞ =M1
2 + 2M2

1
− 4m, Θ+

2 ðSðGÞÞ = 3M2
1 − 4m, Θ3ðSðGÞÞ = 4M1

2 − 2M2
1, Θ

+
3 ðS

ðGÞÞ = 2M1
2 +M2

1 − 4m, Θ+,2
3 ðSðGÞÞ = α1,2 + 4M2

1 −M3
1 − 8m,

Θ4ðSðGÞÞ = α1,2 + 8M2
1 − 16m, Θ5ðSðGÞÞ = 4M2

1 + 2M4
1 − 2

M3
1 , and Θ6ðSðGÞÞ = 4M1

2 + 2M3
1 − 4M2

1.

Proof. The proof is straightforward and so it is omitted.

Lemma 26. Let G be a graph with n vertices and m edges.
Then, P2Θ2ðSðGÞÞ = ð4M2

1 + 2M1
2 + 4Þm − 8m2 − 2M3

1 + 3M2
1

− 6M1
2 − α1,2.

Proof. Lemmas 19, 25, and 6 (1) give our result.

Lemma 27. Let G be a graph with n vertices and m edges.
Then,

(1) P2Θ1ðSðGÞÞ = ð4M3
1 − 4M2

1 + 4M1
2 − 8Þm − 2M3

1 +
10M2

1 − 2M4
1 − 4α1,2,

(2) P2Θ
+
2 ðSðGÞÞ = ð6M2

1 + 8Þm − 8m2 − 3M3
1 −M2

1 − 4
M1

2,
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(3) P2Θ3ðSðGÞÞ = ð8M1
2 − 4M2

1 − 4Þm + 2M3
1 + 6M2

1 − 4
M1

2 − 4α1,2 − 2Θ2 +Θ+
2 ,

(4) P2Θ
+
3 ðSðGÞÞ = 2mð2M1

2 +M2
1 − 4mÞ −M3

1 + 6M2
1 −

6M1
2 − 2α1,2 −Θ+

2 ,

(5) P2Θ
+,2
3 ðSðGÞÞ = ð8M2

1 − 2M3
1 + 2α1,2 + 4Þm − 16m2

−M3
1 + 3M2

1 − 2M1
2 +M4

1 − 2M2
2 − 2α1,2 − α1,3 − 3

Θ+
2 ,

(6) P2Θ4ðSðGÞÞ = ð16M2
1 + 2α1,2 + 12Þm − 32m2 − 7M3

1

+ 11M2
1 − 14M1

2 − 2M2
2 − 3α1,2 − α1,3,

(7) P2Θ5ðSðGÞÞ = ð4M4
1 − 4M3

1 + 8M2
1 + 16Þm + 13M3

1

− 18M2
1 − 8M1

2 − 5M4
1 − 2M5

1 + α1,2 − α1,3,

(8) P2Θ6ðSðGÞÞ = ð4M3
1 − 8M2

1 + 8M1
2 − 12Þm +M3

1 +
13M2

1 + 2M1
2 − 2M4

1 − 7α1,2,

(9) P2ðmΘ2ÞðSðGÞÞ = ð8M2
1 + 4M1

2 + 16Þm2 − 16m3 + ð
4M2

1 − 4M3
1 − 10M1

2 − 2α1,2 − 2Θ+
2 − 4Þm − 2ðM2

1Þ2
− ðM1

2 + 4ÞM2
1 − 2M3

1 + 8M1
2 + 2Θ2 + 2M4

1 + 3α1,2 +
α1,3 +Θ+

2 ,

(10) P2ðmΘ+
2 ÞðSðGÞÞ = ð12M2

1 + 24Þm2 − 16m3 − ð6M3
1

+ 4M2
1 + 8M1

2 + 8Þm − 3ðM2
1Þ2 − 3M2

1 + 12M1
2 + 3

M4
1 + 2α1,2.

Proof. The proof has tedious calculations similar to Lemma
15.

Lemma 28. Let G be a graph with n vertices and m edges.
Then,

(1) P2α1,3ðSðGÞÞ = ð16M2
1 + 4M4

1 + 20Þm + 4M3
1 − 17M2

1

− 14M1
2 − 7M4

1 − 2M5
1 − α1,3.

(2) P2ðmα1,2ÞðSðGÞÞ = ð8M3
1 + 16M2

1 + 8Þm2 − ð22M3
1 + 6

M2
1 + 12M1

2 + 4M4
1 + 2α1,2 + 4Þm − 4ðM2

1Þ2 − ð2M3
1 +

3ÞM2
1 + 9M3

1 + 4M1
2 + 6M4

1 + 2M5
1 + 2M2

2 + 9α1,2.

(3) P2ðM2
1M

1
2ÞðSðGÞÞ = ð4m − 13ÞðM2

1Þ2 + ð16m2 − 4M3
1

− 2M1
2 − 8m − 10ÞM2

1 + 16m2 − ð8M3
1 + 8M1

2Þm + 6
M3

1 + 18M1
2 + 4Θ2 + 6M4

1 + 2M5
1 + 10α1,2 + α1,3.

(4) P2ðm2M1
2ÞðSðGÞÞ = ð16M2

1 + 16Þm3 − ð8M3
1 + 28M2

1

+ 8M1
2 + 16Þm2 + ð8M3

1 − 8ðM2
1Þ2 + 8M2

1 + 8M4
1 + 32

M1
2 + 4α1,2 + 4Þm + 4ðM2

1Þ2 + ð2M3
1 + 1ÞM2

1 − 14M1
2

− 4M4
1 − 2M5

1 − 5α1,2 − α1,3.

(5) P2M
2
2ðSðGÞÞ = ð8m − 9ÞM3

1 − 8m + 12M2
1 − 4M4

1 − 3
α1,2.

Proof. By definitions of SðGÞ, we have

P2α1,3 S Gð Þð Þ

= 2mα1,3 S Gð Þð Þ − 〠
v∈V

〠
uv∈E

"À
2degG vð Þ3

+ 8degG vð ÞÁdegG vð Þ + 2degG uð Þ3 + 8degG uð Þ
+ 2degG uð Þ3 + 8degG uð ÞÀ Á

degG uð Þ − 1ð Þ
− 2 degG uð Þ − 1ð Þ3 + 8 degG uð Þ − 1ð ÞÀ Á
Á degG uð Þ − 1ð Þ + 〠

xv∈E G−uvð Þ
degG xð Þ3 + 7degG xð ÞÀ Á#

= 16M2
1 + 4M4

1 + 20
À Á

m + 4M3
1 − 17M2

1 − 14M1
2

− 7M4
1 − 2M5

1 − α1,3, P2 mα1,2ð Þ S Gð Þð Þ

= 〠
v∈V

〠
uv∈E

2m − degG vð Þ − 1½ �
"
α1,2 S Gð Þð Þ

− 2degG vð Þ2 + 4degG vð ÞÀ Á
degG vð Þ − 2degG uð Þ2

− 4degG uð Þ − 2degG uð Þ2 + 4degG uð ÞÀ Á
Á degG uð Þ − 1ð Þ + 2 degG uð Þ − 1ð Þ2 − 4 degG uð Þ − 1ð ÞÀ Á
Á degG uð Þ − 1ð Þ − 〠

xv∈E G−uvð Þ
degG xð Þ2 + 3degG xð ÞÀ Á#

= 8M3
1 + 16M2

1 + 8
À Á

m2 −
À
22M3

1 + 6M2
1 + 12M1

2 + 4M4
1

+ 2α1,2 + 4
Á
m − 4 M2

1
À Á2 − 2M3

1 + 3
À Á

M2
1 + 9M3

1 + 4M1
2

+ 6M4
1 + 2M5

1 + 2M2
2 + 9α1,2, P2 M2

1M
1
2

À Á
S Gð Þð Þ

= 〠
v∈V

〠
uv∈E

M2
1 S Gð Þð Þ − degG vð Þ2 − 3degG vð Þ − 2degG uð ÞÂ Ã

Figure 1: The rooted tree Tð3, 3Þ.

Table 1: The Laplacian coefficients cn−xðTð3, tÞÞ, where x, t ∈ f2,
3, 4, 5, 6g.

x
t

2 3 4 5 6

2 132 810 3894 16974 70782

3 512 9520 107888 1013104 8754032

4 1146 76329 2151219 44481015 804407871

5 1524 442926 32892762 1532049426 58577653506

6 1196 1926456 401303300 43109506572 3521109479132
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Á
"
M1

2 S Gð Þð Þ − 2degG vð Þ2 − 2degG uð Þ − 2degG uð Þ

Á degG uð Þ − 1ð Þ + 2 degG uð Þ − 1ð Þ2 − 〠
xv∈E G−uvð Þ

degG xð Þ
#

= 4m − 13ð Þ M2
1

À Á2 + 16m2 − 4M3
1 − 2M1

2 − 8m − 10
À Á

M2
1

+ 16m2 − 8M3
1 + 8M1

2
À Á

m + 6M3
1 + 18M1

2 + 4Θ2

+ 6M4
1 + 2M5

1 + 10α1,2 + α1,3,

P2 m2M1
2

À Á
S Gð Þð Þ

= 〠
v∈V

〠
uv∈E

2m − degG vð Þ − 1½ �2
"
M1

2 S Gð Þð Þ

− 2degG vð Þ2 − 2degG uð Þ − 2degG uð Þ degG uð Þ − 1ð Þ

+ 2 degG uð Þ − 1ð Þ2 − 〠
xv∈E G−uvð Þ

degG xð Þ
#

= 16M2
1 + 16

À Á
m3 − 8M3

1 + 28M2
1 + 8M1

2 + 16
À Á

m2

+
�
8M3

1 − 8 M2
1

À Á2 + 8M2
1 + 8M4

1 + 32M1
2

+ 4α1,2 + 4
�
m + 4 M2

1
À Á2 + 2M3

1 + 1
À Á

M2
1

− 14M1
2 − 4M4

1 − 2M5
1 − 5α1,2 − α1,3,

P2M
2
2 S Gð Þð Þ

= 〠
v∈V

〠
uv∈E

"
M1

2 S Gð Þð Þ − 4degG vð Þ3 − 4degG uð Þ2

− 4degG uð Þ2 degG uð Þ − 1ð Þ + 4 degG uð Þ − 1ð Þ3

− 〠
xv∈E G−uvð Þ

3degG xð Þ2
#

= 8m − 9ð ÞM3
1 − 8m + 12M2

1 − 4M4
1 − 3α1,2,

ð12Þ

proving the lemma.

Theorem 29. Let G be a graph with m edges. Then, m6ðSðG
ÞÞ = ð1/6!Þ½64m6 − 480m5 + 720m4 + 600m3 − 360m2 − 480m

− 720M5
1 − 2160α1,2 − 720α1,3 + 540ðM2

1Þ2 − 2340m2M2
1 +

2160mM3
1 − 1080M4

1 + 720M1
2 − 240M2

1M
3
1m − 120M6

1 − 720

M2
2 + 600M2

1M
3
1 + 1680M2

1m
3 − 810ðM2

1Þ2m − 1920M3
1m

2 +
1620M4

1m + 3600M1
2m − 720Θ2 − 1260mM2

1 + 720M2
1 + 480

M3
1 − 240m4M2

1 + 320m3M3
1 + 360M2

1M
1
2 + 90M2

1M
4
1 + 180

ðM2
1Þ2m2 − 360M4

1m
2 − 1440M1

2m
2 + 288M5

1m + 1440α1,2m

+ 40ðM3
1Þ2 − 15ðM2

1Þ3�.

Proof. The proof follows from Theorems 24 and 4, Equation
(4), and Lemmas 6, 7, 8, 9, 10, 11, 12, 13, 14, 26, 27, and 28.

We mention here a useful result of Zhou and Gut-
man [23].

Theorem 30. Let G be an n-vertex forest. Then, cn−kðGÞ =
mkðSðGÞÞ , for 0 ≤ k ≤ n.

We are now ready to prove the main result of this
section.

Theorem 31. Let G be a forest with m edges. Then, cn−6ðGÞ
= ð1/6!Þ½64m6 − 480m5 + 720m4 + 600m3 − 360m2 − 480m −
720M5

1 − 2160α1,2 − 720α1,3 + 540ðM2
1Þ2 − 2340m2M2

1 + 2160

mM3
1 − 1080M4

1 + 720M1
2 − 240M2

1M
3
1m − 120M6

1 − 720M2
2 +

600M2
1M

3
1 + 1680M2

1m
3 − 810ðM2

1Þ2m − 1920M3
1m

2 + 1620

M4
1m + 3600M1

2m − 720Θ2 − 1260mM2
1 + 720M2

1 + 480M3
1 −

240m4M2
1 + 320m3M3

1 + 360M2
1M

1
2 + 90M2

1M
4
1 + 180ðM2

1Þ2
m2 − 360M4

1m
2 − 1440M1

2m
2 + 288M5

1m + 1440α1,2m + 40

ðM3
1Þ2 − 15ðM2

1Þ3�.

Proof. The proof follows from Theorems 29 and 30.

If T is an n-vertex tree, then m = n − 1. Therefore by pre-
vious theorem we have the following corollary:

Corollary 32. Let T be a tree on n vertices. Then, cn−6ðTÞ
= ð1/6!Þ½ð8ðn − 1Þð8n5 − 100n4 + 410n3 − 635n2 + 355n − 98

Þ − 240M2
1M

3
1n + 1440α1,2n + 288M5

1n + 9420M2
1n − 1170

ðM2
1Þ2n + 2340M4

1n + 6480M1
2n + 6960M3

1n − 1440M1
2n

2 +
180ðM2

1Þ2n2 − 360M4
1n

2 + 320M3
1n

3 − 2880M3
1n

2 − 240M2
1n

4

+ 2640M2
1n

3 − 8820M2
1n

2 + 360M2
1M

1
2 + 90M2

1M
4
1 + 840M2

1

M3
1 − 15ðM2

1Þ3 + 40ðM3
1Þ2 + 1530ðM2

1Þ2 − 720Θ2 − 120M6
1 −

Table 2: The Laplacian coefficients cn−xðTð4, tÞÞ, where x, t ∈ f2, 3, 4, 5, 6g.

x
t

2 3 4 5 6

2 450 5202 50562 466578 4234050

3 3680 166736 5259296 149307536 4098568160

4 19549 3849829 405115261 35685894085 2971474597789

5 71496 68251680 24647441832 6795068311872 1721091168665352

6 186394 967057330 1233678403066 1073738466435154 829575812820551386

8 Journal of Applied Mathematics



720M2
2 − 3920M3

1 − 3060M4
1 − 4320M1

2 − 2280M2
1 − 720α1,2 −

1008M5
1 − 3600α1,2�.

3. Applications

This section aims is to apply our results in Section 3 for
computing the Laplacian coefficients cn−k, k = 2, 3, 4, 5, 6,
when G is a certain tree. Let G be a graph. The number of
edges connecting vertices of degree i and j in a graph G is
denoted by mi,j. Let P

i,j
3 = jfuvw ∈ SP3

ðGÞjfdegGðuÞ, degG

ðwÞg = fi, jggj. As [21], we first assume that Tðk, tÞ be a
rooted tree with degree sequence k, k,⋯, k, 1, 1,⋯, 1, and t
is the distance between the center and any pendant vertex,
as shown in Figure 1. By definition of Tðk, tÞ, we have nðTð
k, tÞÞ = ððkðk − 1Þt − 2Þ/ðk − 2ÞÞ, m1,kðTðk, tÞÞ = kðk − 1Þt−1,
mk,kðTðk, tÞÞ = nðTðk, tÞÞ − 1 −m1,kðTðk, tÞÞ, P 1,k

3 =m1,kðTð
k, tÞÞ, P 1,1

3 = kðk − 1Þt−2k − 12, and P k,k
3 = ð1/2ÞM1ðTðk, tÞÞ

− nðTðk, tÞÞ + 1 −P 1,1
3 −P 1,k

3 . Therefore by Lemma 1, Equa-
tions (1) and (2), Corollary 32, and the others simple calcula-
tions, we have

cn−1 T 3, tð Þð Þ = 6 × 2t − 6,

cn−2 T 3, tð Þð Þ = 18 × 22t − 93
2 2t + 30,

cn−3 T 3, tð Þð Þ = 36 × 23t − 171 × 22t + 272 × 2t − 144,

cn−4 T 3, tð Þð Þ = 54 × 24t − 405 × 23t + 9177
8 22t

−
5799
4 2t + 687,

cn−5 T 3, tð Þð Þ = 324
5 25t − 702 × 24t + 12267

4 23t

−
26967
4 22t + 74427

10 2t − 3294,

cn−6 T 3, tð Þð Þ = 324
5 26 t − 4779

5 25 t + 23697
4 24 t − 315711

16 23 t

+ 1488293
40 22 t − 376247

10 2t + 15932,

cn−1 T 4, tð Þð Þ = 4 × 3t − 4,
cn−2 T 4, tð Þð Þ = 8 × 32t − 24 × 3t + 18,

cn−3 T 4, tð Þð Þ = 32
3 33t − 64 × 32t + 392

3 3t − 88,

cn−4 T 4, tð Þð Þ = 32
3 34t − 320

3 33t + 1232
3 32t − 2132

3 3t + 457,

cn−5 T 4, tð Þð Þ = 128
15 35t − 128 × 34t + 2368

3 33t

− 2480 × 32t + 19644
5 3t − 2484,

cn−6 T 4, tð Þð Þ = 256
45 36 t − 1792

15 35 t + 9664
9 34 t − 15776

3 33 t

+ 661864
45 32 t − 110756

5 3t + 13990:

ð13Þ

For example, see Tables 1 and 2.
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