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A new mathematical model on human resources divided employees into two compartments, namely, fresher and expert
employees, has been designed and analyzed. A system of ordinary nonlinear differential equations has three state variables
including vacancies. This model describes the dynamics of the number of fresher employees and expert employees as well as
vacancies and shows the impacts of training programs and benefits of provided facilities for employees. The equilibria of this
proposed model are determined, and its stability at these points is checked. Moreover, characteristics of state variables with
respect to parameters have been discussed. Using two optimal control variables, this study finds the maximum number of
experts including the minimum cost of provided facilities as well as the training program based on Pontryagin’s maximum
principle.

1. Introduction

Bangladesh’s banking sector is one of the country’s most dis-
ciplined and biggest, employing around one million people.
Bangladesh’s banking industry has played a critical role in
the country’s economic and social growth. In contemporary
terms, our country’s banking history spans more than half a
century.

With experienced and competent bankers, the banking
sector must operate in the current economy. In comparison
to other companies, managing a bank has become incredibly
hard during the last two decades [1]. Banking is a highly reg-
ulated industry in any organization. To survive and expand
in the future, it will require specialized and qualified staff.
Bangladesh now has 57 scheduled banks operating under
the full authority and supervision of the Bangladesh Bank.
This industry includes a variety of banks in several catego-
ries. The industry may be divided into four groups based
on ownership: (i) state-owned commercial banks (SOCBs),
(ii) state-owned development financial institutions (DFIs),
(iii) private commercial banks (PCBs), and (iv) foreign com-
mercial banks (FCBs). Bangladesh has 56 banks as of

December 2015, and the number of bank branches has
climbed to 9397 from 9040 in December 2014, owing to
the banks’ establishment of new branches during the year.
The total number of bank branches climbed to 9453 at the
end of June 2016 [1, 2]. So it is time to work on resource
management in this sector because resource management
is one of the most important aspects of every project or
organization since it entails the effective planning,
allocation, and utilization of resources. Resources can refer
to money, human capital (workers and skills), material pos-
sessions, technological advancements, time, and more. Thus,
effective resource management aims to make sure that
resources are used well, with as little waste as possible and
as much output as possible [3]. In this fast-paced and very
competitive industry, a bank’s success and longevity depend
on how well it allocates and uses its resources and how well
it manages its human capital. In parallel, human resource
management is also very important in the banking industry
because workers are key to providing good services, building
relationships with customers, and coming up with new
ideas. However, banks with skilled and driven employees
are better able to handle complicated financial deals, adapt
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to changing market conditions, and execute profitable
development strategies [4]. Therefore, the close relation-
ship between managing resources and controlling humans
is the key to success in the dynamic and profitable bank-
ing industry [5]. Consequently, by choosing a time-
required, all-encompassing strategy, banks not only
strengthen their position in the industry but also build
stronger relationships with their most valued customers
which will help to build trust, loyalty, and future success.
For this reason, banks expect more talented, expert, and
dedicated bankers.

To make expert employees, these banks should train
their employees. In 1983, the Government of the People’s
Republic of Bangladesh formed the National Training Coun-
cil to design a training and development policy because
banking is a major driver of a country’s economic and social
development conducting a banking growth research study is
critical to its success. In Bangladesh, private sector commer-
cial banks should have a well-defined strategy, policy, meth-
odologies, and objectives that guide all choices, particularly
when it comes to successful training. Private commercial
banks should make training a priority in order to outper-
form those who do not. Most private banks want to succeed,
but they need to invest in quality training that will increase
their chances of success.

Training that is effective aids in the achievement of
banking objectives. Employees are able to achieve their
objectives through training. The study [6] built on prior suc-
cessful training literature by offering a full review of effective
training systems, training needs assessment, significance,
and evaluation procedures, as well as correlating those prac-
tices to perceived organizational effectiveness levels. The
assessment procedure answers the question of how much
training is learned and how much instruction is effective.
As a result, the goal of assessing training needs is to create
value for a company. As a result, assessment tracks progress
toward this aim by enhancing and evaluating training pro-
grams. Training needs assessments determine the evaluation
approach and training program.

Training is the systematic development of an individual’s
knowledge, skills, and attitudes necessary to execute satisfac-
torily a particular activity or employment [7–10]. Employees
benefit from training since it allows them to improve their
existing skills while also learning new ones. Training has
various positive impacts, including improved morale, pro-
ductivity, work satisfaction, and employee dedication to cor-
porate goals. Since job satisfaction is highly impacted by
training and development, recruiting and selection, and
selection, whereas employee performance is significantly
affected by evaluations of performance [11], it aids
employees in balancing their professional and personal lives,
as well as improving communication at all levels of the orga-
nization [12, 13].

Training programs have been shown to improve mana-
gerial efficiency and train future leaders. Due to the availabil-
ity of a pool of talented and skilled executives, succession
planning becomes easier. Employee’s creativity and innova-
tion talents can be unlocked through specially designed
training programs [14, 15].

In the banking sector, Mitu et al. [16] investigated the
impact of training and development programs on employer
performance. Because the number of respondents was
unknown, a suitable sampling approach was utilized, along
with SPSS and PLS software to analyze demographic data
and SEM, which revealed that employers perform better
when training and development programs were in place.

Maaly et al. [17] demonstrated a questionnaire-based
study that was conducted by a Malaysian small and medium
enterprise to determine the attitudes and performance skills
of administrative leaders and employers after providing
training and to determine the relationship between them as
well as modern methods of delivery. The content of the
training was recommended.

Employee development is the process of encouraging
each employee’s professional and personal development
inside a firm. To survive the severe competition, it is critical
for staff to stay up with the newest advances in the sector.
Personal and professional developments are two aspects of
development programs. Training in soft skills, computer
skills, exercise sessions, lectures, and workshops are all forms
of growth [14].

Employees acquire a sense of belonging and camarade-
rie, which helps to lower employee turnover in the long
run. Employees’ knowledge and production levels rise, low-
ering stress levels. According to Alsomaidaee [18], employee
engagement is largely influenced by nonwork-related stress.
Appropriate training allows employees to understand and
use the most up-to-date technologies that are required in
today’s world [19]. It is abundantly obvious that training
benefits both people and organizations and that it assists
employees in aligning their own aspirations with the organi-
zation’s aims. Training assists employees throughout their
careers, assisting them in professional progression by pre-
paring them to take on more responsibilities in the future
[20, 21].

Many writers have researched employee training in
order to increase their quality [22–27]. Wagonhurst stated
[19] that “Inadequate needs assessment can result in inap-
propriate and ineffectual interventions which could either
have no impact or have a deleterious impact on the actual
performance problem”. According to Ferdousi and Razzak
[14] as training expenditures rise despite limited resources,
there is a greater need to assess the effectiveness or failure
of training programs. As a result, the goal of training
needs assessment is to offer value to a company. There-
fore, assessment tracks progress toward this aim by syste-
matically developing training programs and assessing their
value.

Denby [28] and Vijayalakshmi and Vaidhyasubrama-
niam [21] note that training serves to broaden the available
skills within the workforce, boost competency, and enhance
the team’s capabilities, which encourages retention. In the
banking industry, training is a key instrument for improving
employee performance and allowing financial institutions to
contribute to economic growth. Banks all across the world
are investing billions of dollars in training programs. As a
result, good training may assure and develop a more capable
and professional workforce, which may turn out to be
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financial advisers who can lead the community in the right
direction [29]. According to Rahman et al. [30], effective
training enables employees to learn essential abilities, result-
ing in organizational effectiveness. Debnath [31] indicates
that the production of manpower in Bangladesh’s banking
industry would need to be boosted by proper on-the-job
and off-the-job training. Informal training needs assessment
processes are still used by certain banks.

To face the increased competition of organizations as
a result of globalization, changes in technology, political,
and economic environments [32], their employees will be
prepared to implement training programs. Not only
growing knowledge in the business corporate world and
progress in technology in the last decade but also
increasing efforts towards the development of human
resources play a vital role in improvements of the bank-
ing sector.

Employees play an important role in the success of any
organization. As a result, maximizing work performance in
today’s competitive business climate requires boosting these
assets through effective training, motivation, and the offer of
special facilities [23, 33–39]. According to Tung and Phong
[40], compared to high-commitment HRM practices, high-
involvement HRM practices have greater impacts on inno-
vation. Though there has been some study in the area of
human research management, mathematical modeling is
rare. In order to strive for success, organizations have to uti-
lize human resources efficiently because functional conflict
and organizational success are closely linked [41]. So organi-
zations need to be aware of the face and more realistic
towards keeping their human resources up-to-date. This
study, therefore, goes on to discuss the effects of training
and offering special facilities on employees including opti-
mal cost.

(A) Mathematical Analysis of a Model on Human
Resources in Banking Sector. Experts are able to play a vital
role in developing the banking sector. So increasing experts
is with proper training and increasing collaboration between
freshers and experts. On the other hand, high-quality
employees demand more salary and facilities from banks.
However, management would like to continue their work
with a minimum number of employees. But more pressure
on experts generates demotivate them as a result they may
be switched to other banks. To illustrate the flow from
fresher compartment to experts in the banking sector, we
will have formulated a mathematical model which is dis-
cussed below.

2. Formulation of the Mathematical Model

For the formulation of a mathematical model, we have taken
three state variables F t , E t , and V t that represent
fresher employees of the bank, expert employees, and vacan-
cies of a bank, respectively.

Recruitment of new employees depends on the total
number of vacancies in the bank. But freshers may switch
to another job or may die. Even freshers can become experts
with experienced staff. They also can move to another job or
may die. By proper training, freshers may be members of the

expert category. The aforementioned information can be
written as follows:

dF
dt

= kV − βF − γFE − δF − τF, 1

where k is the rate at which freshers are employed against
vacancies, the rate at which freshers switch their jobs is
denoted by β, γ represents the rate at which freshers are
becoming experts in touch with expert employees, and death
rate of the new employees are expressed by δ.

If there are huge vacancies in the bank, then the pressure
of work will be exposed on the experts. As a result, they may
leave the bank and join another job. The number of knowl-
edgeable staff will increase as new professionals come into
contact with knowledgeable staff, and the specialists may
retire or die. So we can write these in the following form:

dE
dt

= −ξV + γFE − ψE − δE + τF, 2

where ξ denotes the demotivated rate of experts for more
vacancies. Due to demotivation, they are encouraged to
change their working place. Here, ψ represents a rate of
job switching for unsatisfactory made from insufficient
facilities, and δ represents the retirement rate as well as
the death rate of professional employees. The rate of train-
ing that empowers a fresher to become an expert is
denoted by τ.

From time to time, new bank vacancies may be created
when freshers are becoming experts. Also, vacancies will be
decreased when there are a lot of experts because the experts
can do more work than freshers. The number of vacancies
will increase when newcomers move or die and when expe-
rienced employees retire or die. In addition, freshers are
recruited according to the number of vacancies. Vacancies
will also be increased when experts leave the bank. So the
following differential equation can be formed:

dV
dt

= −ϕE + γFE − kV + βF + δF + ψE + δE + ξV , 3

where a decrease in vacancies when there are many experts
in the bank is denoted by ϕ.

3. Mathematical Analysis

3.1. Positivity and Boundedness. We must establish that the
solutions to the system of differential equations are positive
and bounded for all values of t to make the model biologi-
cally feasible. It is not practically possible to conclude that
a population is negative.

Lemma 1. Considering F 0 > 0, E 0 > 0, and V 0 > 0, it
must be proved that F t , E t , V t will be positive for all t
∈ 0, T in R+

3 where T > 0.

Proof. Taking all parameters of the system and all initial
values to be positive, we have to prove that F t , E t , and
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V t will be positive for all t ∈ 0, T in R+
3 . From the equa-

tion (1), we can write the inequality as follows:

dF
dt

> −βF − γFE − δF − τF 4

Integrating both sides of the equation with respect to
time t, we obtain

F t > e−βt−γ Edt−δt−τt > 0 5

Adding equations (1) and (2), we get

d F + E
dt

> k − ξ V + −ν − δ F + E whereν =max β, ψ

6

If k > ξ, then E t > e −ν−δ t > 0
Implying the equation (3)

dV
dt

+ k − ξ V = q x where q x = γFE + βF + δF + ψE + δE − ϕE,

∴V t = e−k+ξ ek−ξq x > 0

7

Lemma 2. The solution trajectories F t , E t , V t of the
model are bounded.

Proof. Firstly, we add the equations (1) and (2), then we
obtain the following equation:

d F + E
dt

= kV − βF − δF − ξV − ψE − δE

⇒ d F + E
dt

+ β + δ F + ψ + δ E = k − ξ V

⇒ d F + E
dt

+ ν + δ F + E

≤ k − ξ V ,
8

choosing ν =min ψ, β for maximization of total
populations.

Taking the limit supremum, we obtain

lim
t⟶∞

Sup F t + E t ≤
k − ξ

ν + δ
lim

t⟶∞
Sup V t 9

Now,

limt⟶∞Sup F t + E t + V t

≤ limt⟶∞Sup F t + E t + limt⟶∞Sup V t

lim
t⟶∞

Sup F t + E t +V t ≤ 1 + k − ξ

ν + δ
lim

t⟶∞
Sup V t

10

So all solutions F t , E t , V t of the system are
bounded.

3.2. Equilibrium Analysis. By solving the following equations
below, we can obtain the equilibrium point

kV − βF − γFE − δF − τF = 0, 11

−ξV + γFE − ψE − δE + τF = 0, 12

−ϕE + γFE − kV + βF + δF + ψE + δE + ξV = 0 13

Solving the equations (11)–(13) we get two equilibrium
points E0 0, 0, 0 and E1 F∗, E∗, V∗ . Where

F∗ = ϕ

γ
,

E∗ = ϕ βξ + δξ + τξ − kτ
δγk − γkϕ + γkψ + γϕξ

,

V∗ = δ2ϕ − δϕ2 − βϕ2 + βδϕ + βϕψ + δϕψ + δϕτ + ϕψτ

δγk − γkϕ + γkψ + γϕξ

14

For positiveness of the equilibrium point E1(F
∗,E∗,V∗),

we consider some following conditions.

βξ + δξ + τξ > kτ,
δk + kψ + ϕξ > kϕ

15

3.3. Future Status of Expert Employees. Using the next gener-
ation matrix method [42], we will find the basic reproduc-
tion number R0. To examine the behaviour of dynamics of
the expert’s compartment, this class is considered for the
discussion. We take

dE
dt

= −ξV + γFE − ψE − δE + τF 16

Therefore, two matrices M and N which represent the
gain and loss of expert employees are M = γF∗ and N = ψ
+ δ. Then, the next generation number is the largest eigen-
value of MN−1. Therefore, we have

R0 =
γF∗

ψ + δ
17

Experts will be extinct in the bank if R0 < 1 and that will
exist if R0 > 1.
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3.4. Stability Analysis of the System at the Equilibrium Point.
Jacobian matrix will be used and then the characteristic
equation will be analyzed investigating the behavior of the
stability.

Theorem 3. The system is unstable at the quilibrium point E0
.

Proof. Firstly, we consider

f = kV − βF − γFE − δF − τF, 18

g = −ξV + γFE − ψE − δE + τF, 19

h = −ϕE + γFE − kV + βF + δF

+ ψE + δE + ξV
20

For the equations (18)–(20), the Jacobian matrix is

J = ∂ f , g, h
∂ F, E,V =

∂f
∂F

∂f
∂E

∂f
∂V

∂g
∂F

∂g
∂E

∂g
∂V

∂h
∂F

∂h
∂E

∂h
∂V

⇒ J

=

−β − δ − Eγ − τ −Fγ k

Eγ + τ Fγ − δ − ψ −ξ

β + δ + Eγ δ − ϕ + Fγ + ψ ξ − k

21

At the equilibrium point E0 0, 0, 0 equation (21)
becomes

J =
−β − δ − τ 0 k

τ −δ − ψ −ξ

β + δ δ − ϕ + ψ ξ − k

22

The characteristic equation is

λ3 + β + 2δ + k + ψ + τ − ξ λ2

+ βδ + δk + βψ + δψ + δτ − βξ

+ kψ − δξ + kτ + ψτ − ϕξ − τξ + δ2 λ

+ kϕτ − δϕξ − βϕξ − ϕτξ = 0

23

At the equilibrium point E0 F∗, E∗, V∗ , equation (23)
becomes

⇒β0λ
3 + β1λ

2 + β2λ + β3 = 0, 24

where

β0 = 1,

β1 = β + 2δ + k + ψ + τ − ξ,

β2 = βδ + δk + βψ + δψ + δτ − βξ

+ kψ − δξ + kτ + ψτ − ϕξ − τξ + δ2,

β3 = kϕτ − δϕξ − βϕξ − ϕτξ

25

Since β3 < 0 according to the conditions (15), therefore,
the equation (23) has at least one positive root. So, the sys-
tem is unstable at the critical point E0.

Theorem 4. The interior equilibrium point E1 is unstable
based on the value of parameters which is in Table 1.

Proof. Using the value of parameters from Table 1, the inte-
rior equilibrium point is 300,778,321 . At the interior equi-
librium point E1, the characteristic equation (21) becomes
λ3 + 0 3187λ2 + 0 0142λ − 0 000050388 = 0

The roots of the above equation are 0.0033, -0.0578, and
-0.2642. Therefore, the system is unstable at the interior
point E1.

3.5. Characteristics of Equilibrium Points with respect to ψ.
The behaviour of critical points with respect to ψ will be dis-
cussed below. From the equations (11)–(13), we can obtain
two functions of F∗, E∗, ψ as follows:

f F∗, E∗, ψ

= γE∗F∗ + τF∗ − ψE∗ − δE∗ − ξ βF∗ + δF∗ + τF∗ + γE∗F∗

k
,

g F∗, E∗, ψ

= δE∗ − ϕE∗ + ψE∗ − τF∗ + ξ βF∗ + δF∗ + τF∗ + γE∗F∗

k
,

dF∗

dψ
=

∂f /∂E∗ ∂f /∂ψ
∂g/∂E∗ ∂g/∂ψ
∂f /∂F∗ ∂f /∂E∗

∂g/∂F∗ ∂g/∂E∗

= ∂f /∂E∗∂g/∂ψ − ∂f /∂ψ∂g/∂E∗

∂f /∂F∗∂g/∂E∗ − ∂f /∂E∗∂g/∂F∗

26

Applying F∗ = ϕ/γ, we obtain

dF∗

dψ
= 0

γE∗ δk − kϕ + kψ + ϕξ /k 27
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Therefore, the job switching rate ψ does not affect on 1st
components of equilibrium points directly.

dE∗

dψ
=

∂f /∂ψ ∂f /∂F∗

∂g/∂ψ ∂g/∂F∗

∂f /∂F∗ ∂f /∂E∗

∂g/∂F∗ ∂g/∂E∗

= ∂f /∂ψ∂g/∂F∗ − ∂f /∂F∗∂g/∂ψ
∂f /∂F∗∂g/∂E∗ − ∂f /∂E∗∂g/∂F∗ ,

dE∗

dψ
= −γE∗2

γE∗ δk − kϕ + kψ + ϕξ /k

28

Applying the conditions (15), the denominator of the
above fraction is positive, but it is clear that the numerator
is negative. So, for an increase in the job switching rate ψ,
the number of experts is decreasing.

3.6. Characteristics of Equilibrium Points with respect to γ.
We will discuss the characterization of the equilibrium
values of freshers and experts in banks with respect to γ.

Using equations (11)–(13), we get the functions of F∗,
E∗, γ as follows:

f F∗, E∗, γ = γE∗F∗ + τF∗ − ψE∗ − δE∗ − ξ βF∗ + δF∗ + τF∗ + γE∗F∗

k
,

g F∗, E∗, γ = E∗ − ϕE∗ + ψE∗ − τF∗ + ξ βF∗ + δF∗ + τF∗ + γE∗F∗

k
,

dF∗

dγ
=

∂f /∂E∗ ∂f /∂γ

∂g/∂E∗ ∂g/∂γ
∂f /∂F∗ ∂f /∂E∗

∂g/∂F∗ ∂g/∂E∗

= ∂f /∂E∗∂g/∂γ − ∂f /∂γ∂g/∂E∗

∂f /∂F∗∂g/∂E∗ − ∂f /∂E∗∂g/∂F∗

29

Using F∗ = ϕ/γ, we get

= −EF kδ − kϕ + kψ + ϕξ /k
γE∗ δk − kϕ + kψ + ϕξ /k 30

Applying the conditions (15), the denominator of the
above fraction is positive but the numerator is negative. So,
for an increase in collaboration rate γ, the number of
freshers is decreasing.

dE∗

dγ
=

∂f /∂γ ∂f /∂F∗

∂g/∂γ ∂g/∂F∗

∂f /∂F∗ ∂f /∂E∗

∂g/∂F∗ ∂g/∂E∗

= ∂f /∂γ∂g/∂F∗ − ∂f /∂F∗∂g/∂γ
∂f /∂F∗∂g/∂E∗ − ∂f /∂E∗∂g/∂F∗

= EF βξ + δξ − kτ + τξ /k
γE∗ δk − kϕ + kψ + ϕξ /k ,

31

Applying the conditions (15), both the denominator and
numerator of the above fraction are positive. So, for the
increase of collaboration rate γ, the number of experts is
increasing.

3.7. Characteristics of States for Equilibrium Values with
respect to ϕ. Characterization of the equilibrium values of
freshers and experts with respect to ϕ will be discussed in
below.

Two functions of F∗, E∗, ϕ from (11)–(13) can be
obtained as follows:

f F∗, E∗, ϕ = γE∗F∗ + τF∗ − ψE∗ − δE∗ − ξ βF∗ + δF∗ + τF∗ + γE∗F∗

k
,

g F∗, E∗, ϕ = δE∗ − ϕE∗ + ψE∗ − τF∗ + ξ βF∗ + δF∗ + τF∗ + γE∗F∗

k
,

dF∗

dϕ
=

∂f /∂E∗ ∂f /∂ϕ

∂g/∂E∗ ∂g/∂ϕ
∂f /∂F∗ ∂f /∂E∗

∂g/∂F∗ ∂g/∂E∗

= ∂f /∂E∗∂g/∂ϕ − ∂f /∂ϕ∂g/∂E∗

∂f /∂F∗∂g/∂E∗ − ∂f /∂E∗∂g/∂F∗

32

Putting the values F∗ = ϕ/γ in above calculations, we can
write

dF∗

dϕ
= E kδ + kψ − ϕk + ϕξ /k

γE∗ δk − kϕ + kψ + ϕξ /k 33

Table 1: Parameter values and their descriptions.

Descriptions of the parameter Notations Values (year −1)

Rate of freshers who are joining against vacancies k 0.16

Job switching rate of freshers β 0.07

Rate of collaboration of freshers and experts employee γ 2 103 × 10−5

Retire and death rate δ 0.0053

Rate of newly expert employees for proper training τ 0.08

Reduction rate of experts due to workload ξ 0.031

Job switching rate of experts ψ 1 9 × 10−2

Rate of deletion of vacancies for adequate experts ϕ 0.0063
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Applying the conditions (15), both the denominator and
numerator of the above fraction are positive. So, for the
increase of ϕ, the number of freshers is increasing.

dE∗

dϕ
=

∂f /∂ϕ ∂f /∂F∗

∂g/∂ϕ ∂g/∂F∗

∂f /∂F∗ ∂f /∂E∗

∂g/∂F∗ ∂g/∂E∗

= ∂f /∂ϕ∂g/∂F∗ − ∂f /∂F∗∂g/∂ϕ
∂f /∂F∗∂g/∂E∗ − ∂f /∂E∗∂g/∂F∗

= − E βξ + δξ − kτ + τξ − Eγk + Eγξ /k
γE∗ δk − kϕ + kψ + ϕξ /k

34

Applying the conditions (15), the denominator and
numerator of the above fraction are opposite. So, for the
increase of ϕ, the number of experts is dropping.

3.8. Nature of Dynamics of Experts Employees when the
Number of Freshers Are Nondecreasing and Vacancies Are
opposite to Freshers. Considering the monotonic increase of
freshers and deletion of vacancies, the dynamics of expert
employees will be analyzed. That means new employees are
recruited continuously such that present freshers must be
higher than previous ones. Taking the equation (2), we dif-
ferentiate both sides with respect to time t.

dE
dt

= −ξV + γFE − ϕE − δE + τF

∴
d2E
dt2

= −ξ
dV
dt

+ δ
dF
dt

E + γF
dE
dt

− ψ
dE
dt

− δ
dE
dt

+ τ
dF
dt

> γF
dE
dt

− ψ
dE
dt

− δ
dE
dt

35

At equilibrium point,

d2E
dt2

> 0, 36

Therefore, the expert employees are minimal at crit-
ical points.

3.9. Convergence of Expert Employees when Freshers and
Vacancies Are Constant. Taking an interesting recruitment
policy of jobs such that the number of vacancies is always
constant. That means no new opportunities are opened to
reduce unemployment. Therefore, we shall consider the
average vacancy to be Vc. Moreover, the number of freshers
remains constant as many freshers have become experts,
these posts in the bank will be filled by recruitment policies.
So taking the fixed number of freshers FC for the above
system, we analyze the mathematical model of nonlinear
differential equations to investigate the converging point

of expert employees in the banking sector. From the equa-
tion (2), we get

dE
dt

+ ψ + δ − γFc E = τFc − ξVc 37

After the solution of the above differential equations,
taking limit t⟶∞, we get

limt⟶∞SupE t = τFc − ξVc

ψ + δ − γFc E
38

Therefore, the sequence of expert staffs En t converges
to τFc − ξVc/ψ + δ − γFc E.

4. Numerical Analysis

Using MATLAB (2021b), the aforementioned model has
been numerically analyzed. For numerical simulations, the
Runge-Kutta 4th-ordered technique has been applied to
illustrate the dependency of state variables on various
parameters of the model. The systems of nonlinear differen-
tial equations have been solved by using the values of param-
eters from Table 1 which have been calculated from the
information of staff of Pubali Bank, Bangladesh.

According to their opinions and experience, we have
divided the employees into two compartments: fresher and
expert employees. Taking the initial values of fresher
employees F 0 = 3389, expert employees E 0 = 4756, and
vacancies V 0 = 970, we will observe the effect of new faces
in the fresher compartment, mutual work, training, and
motivation as well as deletion of vacancies for toxicity of
experts.

Figure 1 illustrates the effects of variation of k on the
state variables. k is the rate at which new employees are hired
to fill vacancies. When the bank has adequate vacancies,
freshers will be hired to fill those openings. As a conse-
quence, vacancies will be reduced as a result of the new-
comers. Again, the number of experts will increase in
parallel with the number of newcomers. Because after a cer-
tain period of time, a novice will become an expert.

Therefore, the number of freshers and experts in the
bank is growing, and the overall number of workers in the
bank will grow as well. As a result, as the value of k rises,
the number of new workers rises also. Because of the surge
of k, the number of experts and total workforces is growing,
while the number of vacancies is dropping.

In Figure 2, the behavior of state variables for different γ
values is illustrated. Where γ is the rate at which new
employees become proficient in the presence of experienced
employees. When a large number of new employees become
experts in contact with skilled employees, the overall num-
ber of new employees decreases while the number of expert
employees increases. Since freshers are becoming experts,
several jobs at the bank have arisen.

The overall number of workers in the bank will expand
due to an increase in the total number of expert employees
and the total number of vacancies. As a result, as γ rises,
more and more newcomers become experts. As a
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consequence, the number of fresher employees begins to fall
as γ rises, while the overall number of employees, expert
employees, and vacancies rise.

The behavior of state variables changes as ψ varies, as
seen in Figure 3. The rate at which expert employees
retire is represented by ψ. When expert staff retire, the
number of expert employees decreases, resulting in some

vacancies. As a result, the number of freshers for these
positions will grow, but the total number of employees
will fall. As a result, the number of expert employees will
be reduced as the value of ψ rises. As a consequence,
there will be more vacancies and fresher. Finally, the
overall number of staff will be reduced in order to raise
the ψ value.
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Figure 1: (a) Newly appointed employees enlarge the size of freshers. (b) The number of experts is rising due to meeting more newcomers.
(c) Some vacancies are diminished due to joining new faces. (d) The number of staff rises as more join.
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Figure 2: Continued.
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Figure 2: (a) The less contact between newcomers and specialists, the more newcomers there will be. (b) The more interaction between
freshers and experts, the more experts. (c) To increase manpower in business expansion due to more experienced employees, vacancies
are raised, though management have another tendency to serve with minimum employees. (d) The number of staff has expanded as a
result of increasing contact.
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Figure 3: (a) The rate of retirement and death creates more fresher due to vacancies. (b) As a result of giving up work after an age, the
number of specialists is gradually reducing. (c) Vacancies are continuously growing due to retiring of experts. (d) A large number of
employees retire from professions results in a shortage of human resources.
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Figure 4: Continued.
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Figure 4: (a) More training facilities assist in reducing the number of fresher employees. (b) Increasing the number of skilled employees
requires more training facilities. (c) Monotonically increased the number of vacancies is affected by the rate of trained staffs. (d) The
impacts/effects of training programs on total employees in bank.
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Figure 5: Expert employees as well as total employees are growing when both controls are optimal.

Table 2: Summary of objective functional.

Sl no. Status of controls Objective functional Fresher employees Expert employees Vacancies

1 u1 t = 1, u2 t = 0 815770 1753 6058 2466

2 0 ≤ u1 t ≤ 1u2 t = 0 817200 1847 5962 2472

3 u1 t = 0 5u2 t = 0 75 820330 1953 6125 2289

4 u1 t = 10 ≤ u2 t ≤ 1 848690 1614 6558 2119

5 0 ≤ u1 t ≤ 10 ≤ u2 t ≤ 1 850210 1706 6463 2126
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For more training facilities, the size of expert staff grows
(see Figure 4(b)), while the quantity of fresher staff declines
in Figure 4(a). If we observe Figure 4(c), as a result of more
training, employment opportunities are shrinking. Now,
there is a concern that has been illuminated. Firstly, add-

ing equations (1) and (2), the getting equation (39) have
absence of τ.

d F + E
dt

=V k − ξ − E + F δ − Fβ − Eψ 39
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Figure 6: (a) Optimal control u1 t of training or motivation is less than 1 (maximum capacity of training infrastructure) after three years
and six months, and it is zero at the end of period, and u2 t for serving special facilities of employees is less than 1 (maximum investment)
after four years, add two and half months, and it is zero at the final time. (b) At the ending time, the adjoints are zero which satisfies the
optimality condition.
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However, the overall number of staff is higher for
training. It is clear that the second term of the right side
of the equation (39) does not affect the number of total
staff. It is already shown that the number of nonexperts
and more experienced staff are cycled for training pur-
poses. Therefore, the number of vacancies, Fδ, and Eψ
play a vital role in the total number of bankers. So, for
better training sessions enlarge not only experts but also
the total human resources.

(B) Optimal Control Analysis for Optimal Expert
Employees in Banking Sector. A mathematical model of
human resource management was designed using nonlinear
differential equations to represent the dynamics of freshers,
experts, and vacancies in the previous part, as well as exam-
ined the model with the characterization of state variables
for various parameters. In this study, we establish a five-
year project for expert development and also simulate this
model in the present utilizing two optimal controls of a
bank’s staff management model using an optimal control
approach. Several researchers utilize the optimal control
technique to analyze and implement optimal controls for
biological [43–45] and social problems. Recently, we have
numerically and analytically analyzed a mathematical model
of the unemployment problem. Here, two optimal control
strategies are applied to find the minimum cost function
[46]. Retirement and death of employed people are consid-
ered vacancies alternatively vacancies are reduced for
recruitment in that research. This chapter will construct
and evaluate an optimal controlled model for bank staff
analysis based on these.

We assume two control variables, u1 t and u2 t , to for-
mulate the optimal control problem. Where u1 t is used to
manage the government’s policy of providing qualified staff,
and u2 t is used to control expert switching. As a result, we
expect that the following system of nonlinear differential
equations will be used to boost the expertise of bank
employees:

F t = kV t − βF t − γF t E t − δF t − τu1 t F t ,
40

E t = −ξV t + γF t E t − ψ 1 − u2 t E t

− δE t + τu1 t F t ,
41

V t = −ϕE t + γF t E t − kV t + βF t + δF t

+ ψ 1 − u2 t E t + δE t +ξV t A − kV t

+ α1 + α3u1 t U t + γE t ,
42

with the initial conditions

F 0 =U0,
E 0 = E0,
V 0 =V0

43

Our goal is to identify methods of control that raise
the number of experts at the completion of a bank’s
implemented policy while reducing the expenditure of
policymaking. Because the square of controls helps to
stabilize the optimum control condition. Therefore, we
are using the square of controls to determine the cost
of policymaking because we deploy as many experts as
possible. As a consequence, we are using a linear
approach to this term. Since we are trying to maximize
the difference, the functional goal is chosen as follows:

MaximizeJ u1 t , u2 t =
t f

ts

B1E t − B2u1
2 t − B3u2

2 t dt

44

The cost for policy making is a nonlinear statement of
u1 t and u2 t ; we use these quadratic cost functions hav-
ing properties concavity. Since the right hand sides of the
equations (40)–(42) are linearly bounded with respect to
u1 t and u2 t . These bounds provide the compactness
which is needed for the existence of optimal control [47].
So, Pontryagin’s maximum principle [48, 49] in our pro-
posed model for the optimal solution will be applied. Also,
the parameters A1, B1, and B2 ≥ 0 represent the desired
weights’ for finding optimal cost. Our target is to find the
control profiles u1

∗ t and u2
∗ t of satisfying

J u∗1 t , u∗2 t =max J u1 t , u2 t 0 ≤ u1 t , u2 t ≤ 1
45

5. Optimal Control for
Unemployment Problem

Our new model can be reformulated ((40)–(42)) includ-
ing objective functional (44) in optimal controlled prob-
lem as

Maximize
t f

ts

L t, x t , u t dt, 46

subject to

x t = f x t + g x t u t ,∀t ∈ ts, t f ,

u t ∈U,∀t ∈ ts, t f ,

x 0 = x0,

47

17Journal of Applied Mathematics



where

6. Evaluation of the Maximum Principle

To find the optimal solution, we shall explore using the nec-
essary optimality criteria of maximum principle [48]. Ham-
iltonian function for maximization of J u1 t , u2 t has
been written as follows:

H x t , p t , u t = λL x t , u t + p t , f x + g x u t , λ ∈ℝ,
50

where the adjoint variables are denoted by p = pF , pE, pV
Assume that x∗ t , u∗ t is an optimal solution. There-

fore, from the maximum principle, there appears a scalar λ
≥ 0, an absolutely continuous function p t , with the time
argument t denoting the evaluation along the optimal
solution:

(i) max p t : t ∈ ts, t f + λ > 0,

(ii) p t = −Hx x = −λLx t − p t , f x t + gx t u
∗ t ,

(iii) p t f = 0, 0, 0 ,

(iv) H x∗ t , p t , u∗ t =max
u

H x∗ t , p t , u t : 0
≤ u ≤ 1

From the adjoint equations (ii) with adjoint variables p =
pF , pE , pV in normal form i e ,λ = 1 are explicitly given by

pF t = pF t β + δ + E t γ + τu1 t − pE t E t γ + τu1 t

− pV t β + δ + E t γ ,

pE t = B1 − pV t δ − ϕ + F t γ − ψ u2 t − 1
− pE t F t γ − δ + ψ u2 t − 1 + F t γpF t ,

pV t = pE t ξ − kpF t + pV t k − ξ

51

We deduce from (iv) and get an explicit characterization of
optimal control pair in the normal form i.e., λ = 1 given in
terms of the multipliers p = pF , pE, pV , and we get

p, f x∗ t + g x∗ t u∗ t + L x∗ t , u∗ t

≥ p, f x∗ t + g x∗ t u t + L x∗ t , u t
52

Simplifying the above inequalities (52) and we get

u∗1 t =max min F t pF t τ − F t pE t τ
2B2 , 1 , 0 ,

u∗2 t =max min E t pV t ψ − E t pE t ψ
2B3

, 1 , 0

53

7. Numerical Simulations and Results

To find the optimal solution of the optimally controlled
problem (Section 5), it has been characterized (Section 6)
and numerically solved using the forward-backward sweep
method [50]. According to the opinion of officers of the
Pubali Bank of Bangladesh, the numerical optimal solution
of the state equations and adjoint equations with objective
function can be obtained in MATLAB (R2021b) using the
values of parameters from Table 1 with weight parameters
A1 = 30, B1 = 3000, and B2 = 1500 and initial conditions F
0 = 3389, E 0 = 4756, and V 0 = 970.

For the iterative process, getting increment of time Δ =
0 00434, 1152 time-grid for the time of five years has been
taken. Since our optimal control problem has been solved
by the indirect method, we allow the convergence tolerance
of cost function at 10−8.

The bank will have an efficient team of employees if ade-
quate training and specialized facilities are provided to

x t = F t , E t , V t ,
L t, x t , u t = B1E t − B2u

2
1 t − B3u

2
2 t , 48

f x =
kV t − βF t − γF t E t − δF t

−ξV t + γF t E t − ψE t − δE t

−ϕE t + γF t E t − kV t + βF t + δF t + ψE t + δE t + ξV t

,

u t =
u1 t

u2 t
,

g x =
−τF t 0
τF t ψE t

0 −ψE t

49
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bankers. However, in order for the bank to generate more
profit, the expenditure of management must be optimum
including the maximum number of experts. Figures 5(a)–
5(c) demonstrate the states where optimal cost control and
facility availability included the maximum expertise compar-
ing the states where unlimited training programs and spe-
cialized facilities are available, as well as comparing the
states when 50% of available training programs are applied
and 75% of available specialized facilities are implied.

Using optimal control techniques, the number of
freshers will be reduced more. On the other hand, the num-
ber of experts will be increased significantly. Figure 5(a)
indicates that a small number of freshers will be reduced,
whereas from Figure 5(c), it is easily said that a significant
number of vacancies will be reduced for joining of freshers
against vacancies. As a result, it is evident that a significant
number of freshers will become professionals as a result of
good training and interaction between them, as well as the
provision of facilities to manage with expert switching.
Besides, if we observe Figure 5(d), it is seen that the total
number of staff (addition of freshers and experts) will be
increased significantly.

In Table 2, u1 t = 1 and u2 t = 1 denote the most effi-
cient use of training programs in the absence of staff facili-
ties. On the other hand, u1 t = 1 and 0 ≤ u2 t ≤ 1 describe
the maximum use of training and optimal control of facili-
ties. This strategy is better than any previous strategy (see
the first three rows in Table 2) to maximize the expert
employees as well as the value of the objective function.
However, only optimal control of training programs is not
better for obtaining more experts. But, applying both opti-
mal controls, we get the maximum value of objective func-
tion 850210 with a satisfied number of experts. Therefore,
investing minimal cost, we will have to follow the optimal
control profiles as shown in Figure 6(a) to get the maximum
number of expert employees. According to Figure 6(a), opti-
mal control u1 t of training or motivation is active fully
before three years and six months. But with the gradual
dropping of training facilities, it is zero at the end of the
period. Similarly, optimal control u2 t for serving special
facilities of employees is less than 1 after four years and
two and a half months, and it is zero at the end.

The reality that the control’s ending value is zero indi-
cates that the policy would not be required at the end of that
period. For completeness, we provide the graph of adjoints
for the optimal control problem that fulfills the transversal-
ity conditions ((iii) of the maximum principle for the opti-
mally controlled problem (see Figure 5). Because the
adjoint of states is zero at the final time. As a result, we
expect that our proposed model’s numerically studied con-
trol techniques may be practices that facilitate the bank’s
expert staff.

Using Pontryagin’s maximum principle, an optimal con-
trol analysis of the staff management model is performed in
this section. To obtain promising efficiency after the bank’s
policy is successfully implemented, we utilize the two con-
trols to maximize the value of the targeted functional by giv-
ing skilled employees with special facilities for five years.
This study provides two control strategies in order to maxi-

mize the number of qualified professionals at the conclusion
of implemented policies while diminishing policy-making
expenditures. Therefore, our suggested model’s numerically
researched control techniques may successfully raise the
bank’s expert employees.

8. Conclusions

In this study, our new proposed model has shown the
dynamics of fresher as well as expert employees of banks
including vacancies. To make the model biologically feasible,
it has been proven that the solution of the model (a system
of differential equations) is positive and bounded. It is also
shown theoretically and numerically that the interaction
between freshers and experts expands the more experts as
well as business based on more experienced employees
(Figure 2(b)). For that reason, vacancies are opened. Con-
versely, a few interactions create a burden of huge inexpert
employees. Besides, training programs not only assist in
reducing the number of fresher employees but also enlarge
the total employees expanding the opportunities of the
banks. On the other hand, trained and skilled employees
have increased. Hence, it is proven that a large number of
freshers will be professionals due to good training and inter-
action with their peers, as well as the provision of facilities to
help them transform into experts. To optimize the objective
functional, we have to follow the control profiles (Figure 6),
which are clear in Table 2 when both optimal controls are
active. Therefore, by managing training and providing some
special facilities like health insurance, a safe environment,
appreciable activities, festival bonuses, etc., management
would enlarge the size of expert employees as well as the
total number of employees. Moreover, optimal control on
training of employees starts slowly decreasing from three
years and six months to the end of the period. Also, optimal
control for providing services to employees occurs after four
years and two and a half months but drops to zero at the end
of the targeted period for scheduling the training programs
and ensuring, unlike facilities, management would be more
benefited, according to our study. Future works will include
state constraints on expert employees to find the optimum
cost-effective function.
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