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In this article, we deal with the nonlocal elliptic problems of the Kirchhoff type involving the Hardy potential and critical
nonlinearity on a bounded domain in R3. Under an appropriate condition on the nonhomogeneous term and using variational
methods, we obtain two distinct solutions.

1. Introduction and Main Results

Let Ω ⊂ℝ3 be a regular bounded domain with a smooth
boundary, α, β, λ, μ, and q positive constants. Given a
function g specified later, we consider the following critical
singular elliptic Kirchhoff type problem:

Pð Þ
− α + β

ð
Ω

∇uj j2 − μ
u

xj j2
� �

dx
� �

Δu − μ
u

xj j2
� �

= u5 + λ
u
xj jq + g, inΩ,

u = 0, on ℝ3

Ω
:

8>>><>>>:
ð1Þ

It is pointed out that the appearance of the integral over
the domain Ω implies that the equation is no longer a point-
wise identity, and so the problem under consideration is
nonlocal. This fact provokes some mathematical difficulties
which make the study of this class of problems, particularly
interesting. We refer to [1] and the references therein, for
previous papers dealing with this subject. So, interested
reader can find information on its historical development
as well as the description of situations that can be modeled
realistically, by the nonlocal problems, for example, physical
and biological systems where the variable describes a process
depending on the average of itself as population density.

Then, the study of the solvability of nonlocal problems is
motivated by its various applications.

For λ = μ = 0, problem ðP Þ is related to the stationary
analogue of the Kirchhoff model introduced by Kirchhoff
himself [2] in 1883 as an extension of the classical D’Alem-
bert wave equation; he take into account the changes in
length of the strings produced by transverse vibrations.

Actually, despite the intense development on elliptic
Kirchhoff type problems without singular term (i.e., for
μ = λ = 0), see, for example, [3] and the references therein,
results on the multiplicity of solutions are still not very
abundant.

In the regular case and without the Kirchhoff term, more
precisely when α = λ = μ = 0, Tarantello [4] mainly imposed
a suitable assumption on g and proved the existence of at
least two solutions for β = 1: Benmansour and Bouchekif
[5] extended the results obtained by Tarantello to the nonlo-
cal case

− α + β
ð
Ω

∇uj j2dx
� �

Δu = u5 + g, inΩ,

u = 0, on ∂Ω,

8><>: ð2Þ

where Ω is a smooth bounded domain of ℝ3, α and β are
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positive constants, and g belongs to H−1ðH−1 is the
topological dual of H1

0ðΩÞÞ satisfying certain condition. They
proved the existence of two weak solutions.

The same multiplicity result has been established by
Sabri et al. in [6] when they considered under an appropriate
condition on g, the following problem

− α + β
ð
Ω

∇uj j2dx
� �

Δu = u3 + g, inΩ,

u = 0, on ∂Ω,

8><>: ð3Þ

where Ω is a smooth bounded domain of ℝ4 and α and β are
positive constants.

Elliptic problems with singularity are widely studied in
the literature, and there are many results dealing with this
kind of problems; we refer interested readers to [7–10]. In
particular, Kang and Deng [11] generalized the main result
of [4] to the following singular problem:

−Δu − μ
u

xj j2 = uj j2∗−2
xj js u + λu + g, inΩ,

u = 0, on ∂Ω,

8><>: ð4Þ

with μ < �μ,�μ = ðN − 2Þ2/4,2∗ = 2ðN − sÞ/ðN − 2Þ, 0 ≤ s < 2,
0 < λ < λ1ðμÞ, where λ1ðμÞ is the first eigenvalue of the oper-
ator Lμ ≔ −Δ − μð1/jxj2Þ: Here, the authors imposed the
presence of the term λu which provided them with the main
tool to obtain the second solution if N ≥ 7.

In this paper, we would like to consider the nonlocal
elliptic singular operator and a critical inhomogeneous non-
linearity also containing a Hardy term which is different
than the previous works in the literature. Our main purpose
is to give a multiplicity result. To our best knowledge, this
kind of problems has not been considered before.

This problem is related to the following well-known
weighted Hardy inequality [11]:

ð
Ω

xj j−2u2dx ≤ 4
ð
Ω

∇uj j2dx, for all u ∈ C∞
0 Ωð Þ: ð5Þ

Let HμðΩÞ for 0 ≤ μ < �μ = 1/4 be the Sobolev weighted

space endowed with the norm kuk2μ ≔
Ð
Ω
ðjxj−2j∇uj2 −

μjxj−2u2Þdx, which is equivalent to the norm k·k0. From
the work of Chaudhuri and Ramaswamy [9], we know that

λ1 μð Þ = inf
u∈Hu Ωð Þ\ 0f g

uk k2μÐ
Ω
u2/ xj jq > 0: ð6Þ

We denote by kukp the usual Lp-norm, and kuk− is the

norm in H−1
μ , the topological dual of HμðΩÞ.

Our main result reads as follows.

Theorem 1. Let β > 0, 0 ≤ μ < 1/4, 0 < λ < bλ1ðμÞ, 0 < q <
ð1/2Þ ffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4μ
p

, and g ∈H−1
μ satisfy the condition

Hβ

À Á ð
Ω

gv
���� ���� < B1/2 vð Þ

103/2
β vk k4μB vð Þ + 10 α vk k2μ − λ

ð
Ω

v2

xj jq
� �

−
B2 vð Þ
10

� �
, for vk k6 = 1,

ð7Þ

where

B vð Þ = 3β vk k4μ + 9β2 vk k8μ + 20 vk k66 α vk k2μ − λ
ð
Ω

v2

xj jq
� �� �1/2

, for all v ∈Hμ Ωð Þ:

ð8Þ

Then, the problem ðP Þ admits at least two solutions
in HμðΩÞ:

This work is organized as follows: Section 2 is devoted to
some preliminary results which we will use later. In Section
3, we give the definition of the Palais-Smale condition and
the proof of our main result.

2. Some Preliminary Results

Seeking a weak solution to the problem ðP Þ is equivalent to
find a critical point to the C1 energy functional J given by

J uð Þ = β

4 uk k4μ +
α

2 uk k2μ −
1
6 uk k66 −

λ

2

ð
Ω

u2

xj jq −
ð
Ω

gu, for all u ∈Hμ Ωð Þ:

ð9Þ

It means that u ∈HμðΩÞ is said to be a weak solution of
ðP Þ if it satisfies

β uk k2μ + α
� � ð

Ω

∇u∇v − μ
uv

xj j2
� �

−
ð
Ω

u5v − λ
ð
Ω

uv
xj jq −

ð
Ω

gv = 0, for all v ∈Hμ Ωð Þ:

ð10Þ

Clearly, J is not bounded from below on HμðΩÞ, so we
introduce the following appropriate subset of HμðΩÞ:

A = u ∈Hμ Ωð Þ \ 0f g: J ′ uð Þ, u
D E

= 0
n o

, ð11Þ

which we split into three subsets corresponding to local min-
ima, points of inflection, and local maxima of J , respectively
(for more details, see [12]).

A+ ≔ u ∈A : L uð Þ > 0f g,
A0 ≔ u ∈A : L uð Þ = 0f g,
A− ≔ u ∈A : L uð Þ < 0f g,

ð12Þ

where LðuÞ = 3βkuk4μ + αkuk2μ − 5kuk66 − λ
Ð
Ω
u2/jxjq:
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Let f uðtÞ = JðtuÞ for t ∈ℝ∗ and u ∈HμðΩÞ \ f0g: Put

f u′ðtÞ = FuðtÞ −
Ð
gu where

Fu tð Þ = β uk k4μt3 + α uk k2μ − λ
ð
u2

xj jq
� �

t − uk k66t5: ð13Þ

The function FuðtÞ attains its maximum AβðuÞ at the
point tumax where

fAβ uð Þ≔ B1/2 uð Þ
101/2 uk k36

β uk k4μB uð Þ
10 uk k66

+ α uk k2μ − λ
ð
Ω

u2

xj jq
� �

−
B2 uð Þ

102 uk k66

" #
,

ð14Þ

with

B vð Þ = 3β vk k4μ + 9β2 vk k8μ + 20 vk k66 α vk k2μ − λ
ð
Ω

v2

xj jq
� �� �1/2

for all v ∈Hμ Ωð Þ,

tumax = 10−1/2 3β uk k4μ + 9β2 uk k8μ + 20 uk k66 α uk k2μ − λ
ð
Ω

u2

xj jq
� �� �1/2 !1/2

uk k−36 :

ð15Þ

The following lemmas play crucial roles in the sequel
of this work.

Lemma 2. The functional J is coercive and bounded below on
A :

Proof. We know that βkuk4μ + αkuk2μ = kuk66 + λ
Ð
Ω
ðu2/jxjqÞ

+ λ
Ð
Ω
gu (since u ∈A). Therefore, from the Hardy inequal-

ity, we get

J uð Þ = β

12 uk k4μ +
α

3 uk k2μ −
λ

3

ð
Ω

u2

xj jq −
5
6

ð
Ω

gu

≥
α − 4λ

3 uk k2μ −
5
6 gk k uk kμ,

≥
−25

48 α − 4λð Þ gk k2−,

ð16Þ

in particular, c0 ≥ ð−25/48ðα − 4λÞÞkgk2−, where c0 = inf
u∈A

JðuÞ
.

Thus, J is coercive and bounded from below on A .

Lemma 3. Under the condition ðHβÞ and for all u ∈HμðΩÞ
\ f0g, there exist unique t+1 = t+1 ðuÞ, t− = t−ðuÞ ≠ 0, and t+2 =
t+2 ðuÞ such that t+1 < −tumax < t− < tumax < t+2 , t+1 u, t+2 u ∈A

−,
t−u ∈A+, Jðt+1 uÞ = max

t≤−tumax
JðtuÞ, Jðt−uÞ = min

jtj≤tumax
JðtuÞ, and

Jðt+2 uÞ = max
t≥tumax

JðtuÞ.

Proof. If ðHβÞ is verified then, there exist unique t+1 = t+1 ðuÞ,
t− = t−ðuÞ, t+2 = t+2 ðuÞ, and t1+ < −tumax < t− < tumax < t+2 such
that Fuðt+1 Þ= Ωgu and Fu′ðt+1 Þ < 0, which implies that t+1u ∈
A− and Jðt+1uÞ ≥ JðtuÞ, for all t ≤ −tumax; Fuðt−Þ =

Ð
Ω
gu and

Fu′ðt−Þ > 0, which implies that t−u ∈A+ and Jðt−uÞ ≤ JðtuÞ,

for all jtj ≤ tumax; and Fuðt+2 Þ =
Ð
Ω
gu and Fu′ðt+2 Þ < 0, which

implies that t+2u ∈A
− and Jðt+2uÞ ≥ JðtuÞ, for all t ≥ tumax.

For 0 ≤ μ < 1/4, we know that the best constant

Sμ ≔ inf
u∈Hμ\ 0f g

uk k2μÐ
Ω
u6dx

À Á1/3 ð17Þ

is attained when Ω =ℝ3 by the functions

uε xð Þ = 3ε 1 − 4μð Þð Þ1/4

ε xj j 1− ffiffiffiffiffiffiffiffi
1−4μ

pð Þ + xj j 1+ ffiffiffiffiffiffiffiffi
1−4μ

pð Þ� �1/2 , ð18Þ

(see [13, 14]). Let R be a positive constant and set ϕ ∈
C∞
0 ðΩÞ such that 0 ≤ ϕðxÞ ≤ 1 for jxj ≤ R and ϕðxÞ ≡ 1 for

jxj ≤ R/2 and BRð0Þ ⊂Ω: Set U εðxÞ = ϕðxÞuεðxÞ and vε =
U εðxÞ/ð

Ð
Ω
ðU εðxÞÞ6Þ

1/6
; then, by [15], we have the follow-

ing lemma.

Lemma 4. Let u be a solution of ðP Þ; then, we get

vεk k2μ = Sμ +O ε1/2
À Á

,
ð
Ω

vεj j2
xj jq dx

=O εq/ 2
ffiffiffiffiffiffiffi
1−4μ

pð Þ� �
when 0 < q <

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4μ

p
,ð

Ω

vε dx =O ε1/4
À Á

,ð
Ω

vεj j5u dx =O ε1/4
À Á

,ð
Ω

uj j5vεdx =O ε1/4
À Á

: ð19Þ

Lemma 5. Let 0 < q < ð1/2Þ ffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4μ

p
and assume that the con-

dition ðHβÞ is verified; then, for ε0 small enough, we have

sup
t≥0

J tvεð Þ < c∗, ð20Þ

where

c∗ = αβ

4
S3μ +

β3

24
S6μ + β2S4μ + 4αSμ

� �1/2 α

6
Sμ +

β2

24
S4μ

" #
, ð21Þ

for every 0 < ε < ε0.

3. Proof of Theorem 1

3.1. Existence of Solution in A+

Proposition 6. If ðHβÞ holds, then c0 < 0, and there is a
critical point u0 of J such that Jðu0Þ = c0 = inf

u∈A
JðuÞ and u0

is a local minimizer for J .
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Proof. The proof is exactly the same as the one given in the
proof of Theorem 1.1 in [5]. We omit the details here.

3.2. Existence of Solution in A−. In this part, we prove the
existence of a second solution u1 such that Jðu1Þ = c1 =
inf
u∈A−

JðuÞ:

Proposition 7. If ðHβÞ holds, then 0 < c1 < c∗, and there is a
critical point u1 of J such that Jðu1Þ = c1.

Due to the presence of the critical Sobolev exponent, a
loss of compactness occurs, so we need the concept of the
Palais-Smale condition.

A sequence ðunÞ is said to be a Palais-Smale sequence at
level c (ðP − SÞc in short) for J in HμðΩÞ if

J unð Þ = c + on 1ð Þ, J ′ unð Þ = on 1ð Þ inH−1
μ : ð22Þ

When we say that a functional J verifies ðP − SÞ condi-
tion at level c, we mean that any ðP − SÞc sequence for J
has a convergent subsequence in HμðΩÞ.

In order to obtain the second solution, we give the fol-
lowing important lemma.

Lemma 8. Let g verifying ðHβÞ, then J satisfies the ðP − SÞc
condition for

c < c∗ = αβ

4
S3μ +

β3

24
S6μ +

α

6
SμE1 +

β2

24
S4μE1 + c0, ð23Þ

where E1 = ðβ2S4μ + 4αSμÞ1/2:

Proof. Let ðunÞ be a ðP − SÞc sequence with c < c∗; then, ðunÞ
is a bounded sequence in HμðΩÞ: Thus, by the compact
embedding theorem, it has a subsequence still denoted ðunÞ
such that un ⟶ u weakly in HμðΩÞ,un ⟶ u a.e in Ω, un/
jxjq/2 ⟶ u/jxjq/2 in L2ðΩÞ, and un ⟶ u in LsðΩÞ for all
1 ≤ s < 6:

Let wn = un − u: It follows that wn ⟶ 0 weakly in
HμðΩÞ

unk k2μ = wn + uk k2μ = wnk k2μ + uk k2μ + on 1ð Þ,
unk k4μ = wnk k4μ + 2 wnk k2μ uk k2μ + uk k4μ + on 1ð Þ,

ð24Þ

and from the Brézis-Lieb lemma [16], we obtain

unk k66 = wnk k66 + uk k66 + on 1ð Þ: ð25Þ

Since JðunÞ = c + onð1Þ, we get

β

4 wnk k4μ +
α

2 wnk k2μ +
β

2 wnk k2μ uk k2μ −
1
6 wnk k66

= J unð Þ − J uð Þ = c − J uð Þ + on 1ð Þ:
ð26Þ

By the fact that J ′ðunÞ = onð1Þ and hJ ′ðuÞ, ui = 0, we
have

J ′ unð Þ, un
D E

= β unk k4μ + α unk k2μ − unk k66 −
ð
Ω

gun

= β wnk k4μ + 2 wnk k2μ uk k2μ + uk k4μ
� �
+ α wnk k2μ++ uk k2μ
� �

− wnk k66 − uk k66 −
ð
Ω

gu

= β wnk k4μ + α wnk k2μ + 2β wnk k2μ uk k2μ
− wnk k66 + J ′ uð Þ, u

D E
= on 1ð Þ:

ð27Þ

So, we get

β wnk k4μ + α wnk k2μ + 2β wnk k2μ uk k2μ − wnk k66 = on 1ð Þ: ð28Þ

Assume that kwnkμ ⟶ l with l > 0, it follows that

wnk k66 = βl4 + αl2 + 2βl2 uk k2μ ≥ βl4 + αl2 + 2βl2 uk k2μ: ð29Þ

From the definition of Sμ, we lead to

wnk k2μ ≥ Sμ wnk k26, for all n: ð30Þ

As n⟶ +∞, we deduce that

l2 ≥
β

2 S
3
μ +

1
2 Sμ β2S4μ + 4Sμ α + 2β uk k2μ

� �� �1/2
: ð31Þ

Consequently, we obtain

c = β

12 l
4 + α

3 l
2 + β

6 l
2 uk k2 + J uð Þ ≥ β

12 l
4 + α

3 l
2 + c0

≥
αβ

4 S3μ +
β3

24 S
6
μ +

b
6 SμE1 +

β2

24 S
4
μE1 + c0 = c∗,

ð32Þ

which is a contradiction. Therefore, l = 0; then, un ⟶ u
strongly in HμðΩÞ.

In the search of our second solution, it is natural to show
that c1 = inf

u∈A−
JðuÞ < c∗: Set Γ = fk : ½0, 1�⟶HμðΩÞ

continuous, kð0Þ = u0, kð1Þ = u0 + t0uεg:It is obvious that k
: ½0, 1�⟶HμðΩÞ given by kðtÞ = u0 + tðt0uεÞ belongs to Γ:

Lemma 9. Let 0 < q < ð1/2Þ ffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4μ

p
and assume that the

condition ðHβÞ is verified for β a small enough positive num-
ber. Then, for every t > 0, there exists ε0 = ε0ðt, βÞ such that
Jðu0 + tuεÞ < c∗ for every 0 < ε < ε0.
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Proof. Let us consider the functional I1 : Hμ ⟶ℝ defined
by

I1 uð Þ = β

4 uk k4μ +
α

2 uk k2μ −
λ

2

ð
Ω

u2

xj jq −
1
6 uk k66: ð33Þ

We know that λ < bλ1ðμÞ, lim
t⟶+∞

I1ðtuεÞ = −∞,Ið0Þ = 0,
and I1ðtuεÞ > 0 for t near 0+, so sup

t≥0
I1ðtuεÞ = I1ðtεuεÞ, where

tε =
1
2 β uεk k4μ + β2 uεk k8μ + 4α uεk k6μ − λ

ð
Ω

u2ε
xj jq

� �1/2 !" #1/2
:

ð34Þ

From Lemma 4 and as 0 < q < ffiffiffiffiffiffiffiffiffiffiffiffi1 − 4μp
, we deduce that

sup
t≥0

I1 tuεð Þ = βα

4 S3μ +O ε1/2
À Á

+ β3

24 S
6
μ +O ε1/2

À Á
+ α

6 Sμ β2S4μ + 4αSμ
� �1/2

+O ε1/2
À Á

+ β2

24 S
4
μ β2S4μ + 4αSμ
� �1/2

+O ε1/2
À Á

−O εq/ 2 ffiffiffiffiffiffiffiffi
1−4μ

pð Þ� �
≤ c∗ +O ε1/2

À Á
−O εq/ 2 ffiffiffiffiffiffiffiffi

1−4μ
pð Þ� �

:

ð35Þ

On the other hand, we have

J u0 + tuεð Þ = J u0ð Þ + I1 tuεð Þ + I2 tuεð Þ, ð36Þ

where

I2 tuεð Þ = βt2

4 4
ð
Ω

∇u0∇uε

� �2
+ 2 u0k k2 uεk k2 + 4t uεk k2

ð
Ω

∇u0∇uε

" #
+O ε1/4
À Á

:

ð37Þ

Then, for β small enough, there exists t∗β,ε > 0 also small

enough such that I2ðtÞ <Oðε1/4Þ for all t > t∗β,ε:
Therefore, as 0 < q < ð1/2Þ ffiffiffiffiffiffiffiffiffiffiffiffi1 − 4μp

, there exists ε0 small
enough such that we get

J u0 + tuεð Þ < c∗, for every 0 < ε < ε0: ð38Þ

As in [4], we remark that under the condition ðHβÞ, the
manifold A− disconnects HμðΩÞ in exactly two components
V1 and V2. More precisely, HμðΩÞ \A− = V1 ∪V2 and
A+ ⊂V1, where

V1 = 0f g ∪ u
uk kμ

< t+
u
uk kμ

 !( )
,

V2 =
u
uk kμ

> t+
u
uk kμ

 !( )
:

ð39Þ

In particular, u0 ∈ V1.
From a direct computation, we deduce that

0 < t+ uð Þ < C1, for all u such that uk kμ = 1: ð40Þ

Therefore, for t0 > 0 sufficiently large, the estimate (38)
holds for all 0 < ε < ε0:

Thus, we derive that HμðΩÞ

u0 + t0uεk k2μ > C2
1 ≥ t+

u0 + t0uε
u0 + t0uεk k

� �� �2
, for all ε > 0 small enough:

ð41Þ

Set Γ = fk : ½0, 1�⟶HμðΩÞcontinuous, kð0Þ = u0, kð1Þ
= u0 + t0uεg:

It is obvious that k : ½0, 1�⟶HμðΩÞ given by kðtÞ = u0
+ tðt0uεÞ belongs to Γ: We conclude that

c = inf
k∈Γ

max
t∈ 0,1½ �

J k tð Þð Þ < c∗: ð42Þ

As the range of any k ∈ Γ intersects A−, one has

c ≥ c1 = inf
A−

J , ð43Þ

from this and applying another time the Ekeland variational
principle, we can obtain a minimizing sequence ðunÞ ⊂N −

such that

J unð Þ⟶ c1,
J ′ unð Þ ⟶ 0:

ð44Þ

We also deduce that c1 < c∗:
Consequently, we obtain a subsequence ðunkÞ of ðunÞ and

u1 ∈HμðΩÞ such that

unk ⟶ u1 strongly inHμ Ωð Þ: ð45Þ

This implies that u1 is a critical point for J ,u1 ∈A−, and
Jðu1Þ = c1:

Therefore, according to Proposition 6 and Proposition 7,
the proof of Theorem 1 is achieved.
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