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In this study, a novel modified SIR model is presented with two control measures to predict the endpoint of COVID-19, in top
three sub-Saharan African countries (South Africa, Ethiopia, and Kenya) including Ghana and top four European countries
(France, Germany, UK, and Italy). The reproduction number’s sensitivity indices with regard to the model parameters were
explicitly derived and then numerically evaluated. Numerical simulations of the suggested optimal control schemes in general
showed a continuous result of decline at different anticipated extinction timelines. Another interesting observation was that in
the simulation of sub-Saharan African dynamics, it was observed that the use of personal protective equipment was more
effective than the use of vaccination, whereas in Europe, the use of vaccination was more effective than personal protective
equipment. From the simulations, the conclusion is that COVID-19 will end before the 3rd year in Ghana, before the 6th year
in Kenya, and before the 9th year in both Ethiopia and South Africa.

1. Introduction

The severe acute respiratory syndrome coronavirus-2
(SARS-CoV-2) epidemic that led to the new coronavirus
disease-2019 (COVID-19) outbreak first started in Wuhan
in the Chinese province of Hubei [1]. Due to its high rates
of infection and transmission, COVID-19 has gained inter-
national attention [2]. The World Health Organization pro-
claimed it as a worldwide pandemic on March 11, 2020
(World Health Organization 2020).

Dealing with the novel coronavirus is one of the new
worldwide problems in infectious disease management in
2019. The most typical symptoms within two to fourteen
days are fever, exhaustion, dry cough, myalgia, and dyspnea
[3]. The infectious COVID-19 illness severely disrupted
daily life all around the world because of its quick pandemic
potential and lack of vaccines and medications. Currently,
the coronavirus has killed more than 6,488,644 individuals,
infected more than 606,100,742 people, and forced more

than 6 billion people to remain in their homes for some-
time [4].

Several researchers have adopted an individual-level
strategy that looks for the overall average equilibrium
[5–7], where individuals may choose their contact rate and
are motivated by various initiatives to compare the overall
average equilibrium to a socially optimum approach. Addi-
tionally, data-based strategies like those in [8–11] have
offered intriguing insights into the effectiveness of stay-at-
home directives and target lock downs. Further theoretical
research on COVID-19 [12–17] has indeed been helpful in
understanding the dynamics of transmission and the poten-
tial role of various effective interventions, like mitigation and
suppression to slow down the epidemic’s spread, the
demand for health precautions to maintain those who are
prone to various risks from infections, the number of infec-
tive cases to the low level, enforcing lockdown on regions of
highly infective cases, home isolation of suspected cases, and
home quarantine.
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The phenomenon exhibits can be modeled as ordinary
differential equations (ODEs) and may be solved using a
variety of analytical and numerical techniques. This makes
Susceptible ⟶ Infectious ⟶ Recovery (SIR) models com-
putationally effective and permits the study of huge regions
of parameter space relatively fast. In order to develop and
analyze preventative and control strategies for decreasing
the spread of infectious diseases and containing unwanted
social behavior, mathematical modeling has become an
essential tool [18–20], and most of these models are based
on the SIR model. The reproduction number, R0 measures
the rate at which the disease spread is adopted in controlling
a virus. Anderson and May [12] estimated that each virus
has a unique value for R0 (for example, the R0 value for
influenza spread is 3).

The ultimate goal of control methods for many infec-
tious diseases is eradication, which is complete removal of
the pathogen from the host populations and the environ-
ment. However, strong preventative efforts have been
stepped up in recent years to stop further transmission
[21–25].

Nonetheless, the main motivation for this work is to pro-
pose a modified SIR model to predict the endpoint of
COVID-19 in three most endemic sub-Saharan African
countries (South Africa, Ethiopia, and Kenya) including
Ghana and four most infested European countries (France,
Germany, UK, and Italy).

At recent study, Kumar et al. [24] used autoregressive
integrated moving average (ARIMA) and machine learning
to forecast the dynamics of COVID-19 pandemic in top
most 15 countries. For the first time, we have proposed a
novel modified SIR model to predict the endpoint of
COVID-19.

We design a novel Susceptible ⟶ Infectious ⟶ Quar-
antined ⟶ Susceptible (SIQS) model for COVID-19 to
examine its stability characteristics in relation to its thresh-
old parameters. We then investigate the model’s stability
properties without the use of control measures and perform
further analyses on the model to find the reproduction num-
ber R0. The optimal control measures were also imposed on
the model. To analyze the numerical simulations, we estab-
lish the model parameters. Finally, the results were discussed
and conclusions made.

The results of this study, we think, will be useful for pol-
icy evaluation to end the current and future spread of
COVID-19.

2. The Proposed Method

The SIR model simulates the time-histories of an epidemic
phenomenon. It simulates the mutual and dynamic interac-
tion of humans in three different conditions: susceptible (S),
infective (I), and recovered (R). For this model, we assume
that births and deaths occur at equal rate and that all new-
borns are susceptible (no inherited immunity). We denote
the rate at which individuals are born into the susceptible
class with no passive as μ∗N and average death rate by μ.
We also assume the population mix homogeneously, with
no restriction of age, mobility, or other social factors.

From Figure 1, we let the rate at which the susceptible
enters the infectious stage to be βSI and the rate at which
an infected individual may recover at quarantine αI and
become susceptible again at γQR. Also, the newly introduced
population that arrived in the country and are yet to join the
general public move directly into the quarantined compart-
ment at a rate of Nð1 − μ∗Þ.

Following the recent publications by Peng et al. [21],
who researched into the COVID-19 infection in different
Chinese provinces, we utilized a generalized SIR model to
deduce the compartmental ODE model as shown below:

dS
dt

= μN − βSI − μS + γQ,

dI
dt

= βSI − μ + αð ÞI,
dQ
dt

=N 1 − μð Þ + αI − γ + μð ÞQ:

ð1Þ

The transmission coefficient is β > 0, the latency coeffi-
cient α > 0, the recovery coefficient γ > 0, and the capital
death rate μ > 0. From Equation (1) the ODEs show that
S1 + I1 + R1 = 0; hence, the total population N = S + I + R.

This shows that the total population is constant; normal-
izing the system, we have

s tð Þ = S tð Þ
N

,

i tð Þ = I tð Þ
N

,

q tð Þ = Q tð Þ
N

:

ð2Þ

From Equation (1), the ODE can then be represented as

s′ = μ − βsi − μs + γq,

i′ = βsi − μ + αð Þi,
q′ = 1 − μð Þ + αi − γ + μð Þq:

ð3Þ

3. Model Analysis

3.1. Disease-Free Equilibrium (i = 0). We get the explicit
solution of the disease-free equilibrium point by solving
Equation (3) as

s∗, i∗, q∗ð Þ = μ2 + γ

μ γ + μð Þ , 0,
1 − μ

γ + μ

� �
: ð4Þ

3.2. Basic Reproductive Number

Theorem 1. The disease-free equilibrium is locally stable if
R0 < 1 and unstable if R0 > 1.

Proof. By using the next-generation matrix approach ðNGMÞ
= FV−1, we reorder the above equation to get the Jacobian
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matrix as

JDFE =

−βi − μ −βs γ

βi βs − μ + αð Þ 0

0 α − γ + μð Þ

0
BB@

1
CCA: ð5Þ

But at the disease-free equilibrium ðs∗, i∗, q∗Þ = ððμ2 + γÞ/
ðμðγ + μÞÞ, 0, ð1 − μÞ/ðγ + μÞÞ, this implies

JDFE =

−μ −
β μ2 + γ
À Á
μ γ + μð Þ γ

0
β μ2 + γ
À Á
μ γ + μð Þ − μ + αð Þ 0

0 α − γ + μð Þ

0
BBBBBB@

1
CCCCCCA
: ð6Þ

Thus,

JDFE =
−
β μ2 + γ
À Á
μ γ + μð Þ 0

0 0

0
B@

1
CA −

0 −γ

−α γ + μð Þ

 !
,

FV−1 =
β μ2 + γ
À Á
μγα

β μ2 + γ
À Á

μα γ + μð Þ
0 0

0
B@

1
CA:

ð7Þ

Consequently, R0 is the most dominant eigenvalues of the
NGM; hence,

R0 =
β μ2 + γ
À Á
μγα

: ð8Þ

The disease-free equilibrium eigenvalues are

λ1 = −μ,

λ2 = −μ − α,

λ3 = −
αγμ + αμ2 − βμ2 + γμ2 + μ3 − βγ

μ γ + μð Þ ,

ð9Þ

and since eigenvalues of the characteristic equations are all neg-
ative, the system’s disease-free equilibrium is locally asymptoti-
cally stable. As a result, if R0 < 1, then the equilibrium point is
locally stable, and if R0 > 1, then it is unstable. This completes
the proof.

3.3. An Endemic Equilibrium Point (i ≠ 0). At the endemic
equilibrium, we assume that there are infections present in
the population; hence, we have

s∗ =
μ + α

β
,

i∗ =
−μ3 + μ − α R0 − 1ð Þ

μβ γ + α + μð Þ ,

q∗ =
−β − αð Þμ2 + −α2 + β

À Á
μ + αβ

μβ γ + α + μð Þ :

ð10Þ

Theorem 2. The endemic equilibrium is locally stable if R0
< 1 and unstable if R0 > 1.

Proof. To prove this, we consider Equation (3) about the
endemic equilibrium points; after doing the necessary sub-
stitutions into the Jacobian matrix (5), we have

JEE =

μ3 − μ + α R0 − 1ð Þ
μ γ + α + μð Þ − μ − μ + αð Þ γ

μ3 − μ + α R0 − 1ð Þ
μ γ + α + μð Þ 0 0

0 α − γ + μð Þ

0
BBBBBB@

1
CCCCCCA
:

ð11Þ

Dividing the matrix into three 2 × 2 matrices, namely,
d1, d2, and d3, we solve for the eigenvalues of the Jacobian
matrix at the endemic equilibrium:

det J − λIð Þ = μ3 − μ + α R0 − 1ð Þ
μ γ + α + μð Þ − μ

� �
− λ

� �
× d1 + μ + αð Þ × d2 + γ × d3:

ð12Þ

The characteristic polynomial was obtained in the form

λ3 + λ2b1 + λb2 + b3 = 0, ð13Þ

with

b1 = γ + μð Þ,

b2 = μ2 + γμ −
μ3 − μ + α R0 − 1ð Þ

μ γ + α + μð Þ
� �

α − γð Þ,

b3 = μ3 − μ + α R0 − 1ð Þ:

ð14Þ

Using the Routh-Hurwitz stability criteria, if the coef-
ficients of the characteristic equation b1 > 0, b3 > 0, and
b1b2 − b3 > 0 are true, then all the roots of the

Susceptible (S) Infections (I)

Quarantined

Recovery
𝜇Q

𝜇S

𝜇⁎N

N(1–𝜇⁎)

𝜇I

𝛼I
𝛾QR

𝛽SI

Figure 1: A conceptual diagram of the mathematical model for
COVID-19.
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characteristic equation have negative real parts which
means a stable equilibrium [26].

3.4. Sensitivity Analysis. We further explore the sensitivity of
the reproductive generation number R0 to better understand
the model dynamics and assess the robustness of the model
predictions with regard to parameter values. These indices
show how responsive R0 is to each parameter change. A pos-
itive sensitivity index shows an increase or (decrease) in the
parameter value whereas a negative sensitivity index sug-
gests a decrease (increase) in the value of R0. Figure 2 shows
a contour plot dynamics of R0 in terms of the controllable
parameters α and μ. We derive the sensitivity of R0 with
respect to β,μ, γ, and α as shown in Figure 3.

Remark 3. The sensitivity index of a normalized forward var-
iable say Q that depends differentially on a parameter w is
defined as

∂Q
∂w

×
w
Q
: ð15Þ

It can be observed that viral infection of healthy individ-
uals μ2, recovered individual rate from quarantined γ2, and
per capita rate of COVID-19 virus production (β) have sen-
sitivity index of +1. This means that increasing (decreasing)
these parameters by 10% will lead to a corresponding 10%
increase (decreases) in R0. Conversely, the death rate of indi-
viduals μ1, those in susceptible after recovering γ1, and death
rate α of those quarantined have sensitivity index of -1. This
means that increasing (decreasing) these parameters by 10%
will lead to a corresponding 10% decreases (increases) in R0.
The above remarks suggest control strategies that will effec-
tively reduce the infection rate of individual per capita rate
of COVID-19 virus production.

3.5. Optimal Control Measures. Here, we extend our model
in Equation (1) by including two time-dependent control
measures, namely,

(i) v1ðtÞ: personal protective equipment, commonly
referred to as “PPE,” is an equipment worn to mini-
mize exposure to COVID-19

(ii) v2ðtÞ: vaccinations for COVID-19 have effectiveness
rates ranging from 60 to 94 percent [4]. COVID-19
vaccinations should have at least 50% effectiveness
against severe illness, according to World Health
Organization recommendations

It is anticipated that the accompanying force of persua-
sion to COVID-19 in the general population is lowered by
a factor of ð1 − v1ðtÞÞ as more people gain access to educa-
tion on the effective use of the PPE. Furthermore, the num-
ber of infected COVID-19 is lowered by a factor of
ðe + αv2ðtÞÞ as more infected individuals transition to the
recovery compartment, where e is the rate of spontaneous

recovery. Equation (1) can therefore be rewritten as

dS
dt

= μN − 1 − v1 tð Þð ÞβSI − μS + γQ,

dI
dt

= 1 − v1 tð Þð ÞβSI − e + αv2 tð Þð ÞI − μI,

dQ
dt

=N 1 − μð Þ + e + αv2 tð Þð ÞI − γ + μð ÞQ:

ð16Þ

We then define the objective function as

J v1, v2ð Þ =
ðτ
0
k1I + k2v

2
1 + k3v

2
2

À Á
dt: ð17Þ

The coefficients k1, k2, and k3 are positive weights with
the final time as τ. The main objective is to minimize the
infectious rate among the general population in addition to
also minimizing the cost in using PPE.
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Figure 2: Contour plot of R0 in terms of the controllable
parameters: α (rate of recovery) and μ (the birth rate of
individuals).
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We denote the cost incurred by infected individuals as
k1I, while k2v

2
1 is the cost associated with PPE and k3v

2
2 is

the cost of vaccinations for COVID-19 to the general public.
We established optimal controls v∗1 and v∗2 such that

J v∗1 , v
∗
2ð Þ = min

v1,v2ð Þ
J v1, v2ð Þ v1, v2 ∈Ωjf g, ð18Þ

with the control set

Ω = v1, v2ð Þjvi : 0, τ½ �⟶ 0,∞½ Þ Lebesguemeasurable, i = 1, 2f g:
ð19Þ

Using Pontryagin’s maximum principle necessary condi-
tions satisfying optimal control [27], we convert Equations
(16) and (17) into a point-wise equation. Minimizing the
Hamiltonian H with respect to ðv1, v2Þ gives

H = k1I + k2v
2
1 + k3v

2
2 + ΔS μN − 1 − v1 tð Þð ÞβSI − μS + γQ½ �

+ ΔI 1 − v1 tð Þð ÞβSI − e + αv2 tð Þð ÞI − μI½ �
+ ΔQ N 1 − μð Þ + e + αv2 tð Þð ÞI − γ + μð ÞQ½ �,

ð20Þ

where ΔS, ΔI , and ΔQ are the costate variables [21]

∂H
∂S

= −
dΔS

dt
= μN − 1 + v1 tð Þð ÞβIΔs − μ + 1 − v1 tð Þð ÞβIΔI ,

∂H
∂I

= −
dΔI

dt
= k1 − 1 + v1 tð Þð ÞβSΔS

− v1 tð ÞβS + e + αv2 tð Þ + μð ÞΔI + ΔQ e + αv2 tð Þð Þ,
∂H
∂Q

= −
dΔQ

dt
= ΔSγ − 1 + μð ÞΔQ: ð21Þ

In our model, we set a boundary condition for the final
time as τ since there are no final values for the state variables
to have

ΔS τð Þ = ΔI τð Þ = ΔQ τð Þ = 0: ð22Þ

The control set for the interior 0 < vi < 1, where i = 1, 2,
is given by

∂H
∂v1

= 2k2v1 + βSI Δs − ΔIð Þ = 0,

∂H
∂v2

= 2k3v2 − αI ΔQ − ΔI

À Á
= 0,

ð23Þ

resulting in

v1 =
βSI −Δs + ΔIð Þ

2k2
,

v2 =
αI ΔQ + ΔI

À Á
2k3

:

ð24Þ

By using common control arguments that include the
limits of the control variables, we conclude that

v∗1 = min 1, max 0,
βSI −Δs + ΔIð Þ

2k2

� �� �
,

v∗2 = min 1, max 0,
αI ΔQ + ΔI

À Á
2k3

� �� �
:

ð25Þ

4. Determination of Model Parameters

Using similar techniques in Amdouni et al. [28] and Chitnis
et al. [29], the COVID-19 model parameters were obtained
out of the three highest recording countries in sub-Saharan
African countries (South Africa, Ethiopia, and Kenya) includ-
ing Ghana and European countries (France, Germany, UK,
and Italy) from Worldometer as shown in Figures 4 and 5.

4.1. Estimating Values for N . From the sub-Saharan African
data, which comprises of South Africa, Ethiopia, Kenya, and
Ghana, an average of 999836, 122704, 84111, and 41804,
respectively, are born into the susceptible compartment
every year at a rate of 2737, 336, 230, and 114, respectively.
We assume that these numbers are not fixed; hence, we
explored the following ranges 2500-3000, 300-350, 200-
250, and 100-150, respectively.

Likewise for the following European countries (France,
Germany, UK, and Italy), we have respective averages
22279, 20060, 15663, and 13461 individuals being born into
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Table 1: Summary of the estimated parameters. Data obtained from https://www.worldometers:info=coronavirus=#maintable.

Parameters South Africa Ethiopia Kenya Ghana France Germany UK Italy

β = Total cases/Population 0.066 0.004 0.006 0.005 0.50 0.35 0.33 0.33

α = Total active cases/Total recovered 0.97 0.95 0.98 0.99 0.93 0.94 0.97 0.93

γ = Total recovered/Total cases 0.007 0.004 0.006 0.005 0.91 0.50 0.49 0.45

μ = Total death/Total cases 0.002 0.00006 0.0001 0.00004 0.002 0.001 0.003 0.003
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the susceptible compartment. Again, we assume the follow-
ing ranges: 20000-25000, 1800-23000, 13000-18000, and
10000-15000.

5. Numerical Simulations

Numerical simulations were employed in this section to
demonstrate how parameter modifications and the impact
of the two ideal control measures affect the dynamics of
the system as well as the values of the reproduction numbers.

From Table 1, the reproduction number takes the value
Ro = 3:568, and in using the realistic initial values and
parameter settings from Table 1, the behavior of the model
system, Equation (1), is numerically examined using bound-
ary value problem MATLAB ODE4 (MATLAB BVP4C)
together with boundary conditions t = 0 and t = τ.

The effects of changing β values (the contact rate
between susceptible and infectious population) are shown
in Figures 6 and 7(a) for the various selected sub-Saharan
African and European countries, while keeping the remain-
ing parameters in Table 1 constant. It was found out that
the susceptible population decreases as β rates increases,
which is a result of a more susceptible population coming
into contact with infectious population. In Figure 7(b) for
the selected European countries and Figure 8 for the various
selected sub-Saharan African countries, the infectious popu-
lation decreases as the recovery rate α increases.

To demonstrate the effect of the optimal control strate-
gies on the prevalence of COVID-19 among the susceptible
population, the optimal control applies both control mea-
sures simultaneously to control the prevalence of COVID-
19 in the population. Without the controls, that is, if v1 = 0
and v2 = 0, Figure 9 demonstrates a considerable increase
in the susceptible population. In cases where v1 = 0 and v2
≠ 0 or v1 ≠ 0 and v2 = 0, the susceptible population grows
more quickly and achieves a greater peak before gradually
declining to a lower level.
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The control profile v1 ≠ 0 and v2 ≠ 0 in Figure 9 begins at
the upper bound and progressively descends to the lower
level, in Figure 10, if v1 = 0 and v2 = 0, showing a consider-
able increase. Again in cases where v1 = 0 and v2 ≠ 0 or v1
≠ 0 and v2 = 0, the susceptible population increases more
quickly and achieves a greater peak before declined to a
lower level.

The control profile for Europe begins at the upper
boundary and slowly decreases to a steady lower level at rel-
atively longer periods. The two figures indicate that the use
of PPE and vaccinations for COVID-19 drastically reduces
the spread of the disease.

Using the SIQS model, we have predicted some trajec-
tory for the four sub-Saharan African and the four European
countries in the upcoming years. The strategies for control-
ling contagious diseases were employed as a control mea-
sure, and in general, the simulations in Figures 11–14

showed a continuous result of decline at different anticipated
extinction timelines. Another interesting observation was
that in the sub-Saharan Africa countries’ simulation, it was
observed that the use of PPE was more effective than the
use of vaccination, whereas in Europe, the use of vaccination
was more effective than PPE.

The simulation for South Africa and Ethiopia in
Figure 11 showed a total eradication of COVID-19 before
the ninth year. The recovery rate for South Africa increases
in the coming years as compared to Ethiopia, Kenya, and
Ghana. In Figure 12, the rate of spread for Kenya disappears
suddenly before the 6th year and before the 3rd year in
Ghana. From Figure 13, the disease will be extinct in France
and Germany prior to the 8th year; in the UK, spread will
continue after the 8th year and become extinct just before
the 9th year. However, in Italy, the disease will eventually
die out after the 4th year.
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Figure 11: Trend of COVID-19 cases for the next twelve years.
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Figure 12: Trend of COVID-19 cases for the next twelve years.
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6. Conclusion and Recommendations

The main aim of this work was to propose a modified SIR
model to predict the extinction of COVID-19 in four most
dominant sub-Saharan African countries (South Africa,
Ethiopia, Kenya, and Ghana) and European countries
(France, Germany, UK, and Italy). The susceptible popula-
tion’s growth and decline were represented by the basic
reproduction number R0 in epidemic models. The suscepti-
ble equilibrium is found to be stable if R0 < 1 and unstable
if R0 > 1.

The reproduction number’s sensitivity indices with
regard to the model parameters were explicitly derived and
then numerically evaluated. Two time-dependent controls
were included in the model to evaluate how to manage the
spread of the disease. Additionally, we used graphical plots
to explore the function of the contact rate γ along with other
important characteristics like the recovery rate α. After the
analyses and simulations, it was observed that, in the long
run, the disease will become extinct much more earlier in

Ghana and in Italy. Another interesting observation was that
in the sub-Saharan Africa countries, it was realized that the
use of PPE was more effective than the use of vaccines,
whereas in Europe, the use of vaccines was more effective
than PPE.

This study has a number of limitations, for instance, we
avoided social distancing and the use of machine learning.
Bayesian analysis as in Taimoor et al. [8] with SIR model
would be considered in our modified paper to determine
the endpoints of contagious diseases.

Data Availability

The data collected for this study can be obtained from the
first author upon a reasonable request.
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Figure 14: Trend of COVID-19 cases for the next twelve years.
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