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Gumboro disease is a viral poultry disease that causes immune suppression on the infected birds leading to poor production,
mortality, and exposure to secondary infections, hence a major threat in the poultry industry worldwide. A mathematical
model of the transmission dynamics of Gumboro disease is developed in this paper having four compartments of chicken
population and one compartment of Gumboro pathogen population. The basic reproduction number R, is derived, and the
dynamical behaviors of both the disease-free equilibrium (DFE) and endemic equilibrium are analyzed using the ordinary
differential equation theory. From the analysis, we found that the system exhibits an asymptotic stable DFE whenever R, <1
and an asymptotic stable EE whenever R, > 1. The numerical simulation to verify the theoretical results was carried out using

MATLAB ode45 solver, and the results were found to be consistent with the theoretical findings.
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1. Introduction

Infectious bursal disease (IBD) popularly known as Gum-
boro is a viral poultry diseases that cause high morbidity
and mortality, hence a major threat to the poultry industry
due to high economic losses associated with it worldwide.
Gumboro disease is associated with clinical disease symp-
toms such as depression, watery diarrhea, ruffled feathers,
and dehydration [1].

Gumboro disease affects mostly young chickens around
3-6 weeks of age. Gumboro virus is extremely difficult to
eradicate as it is hardy and can live in a great range of envi-
ronmental conditions, and it is transmitted from one bird to
another through feacal-oral route [2].

Generally, the poultry sector plays an important role in the
growth of the economy as well as in poverty reduction.
According to the Agricultural Sector Development Strategy

2010, in Kenya, each year, about 20 tonnes of poultry meat
worth 3.5 billion Kenyan shillings and 1.3 billion eggs worth
9.7 billion Kenyan shillings are produced. This increased pro-
duction of poultry is necessitated by the increased demand
for quality protein especially in developing countries [3].

The IBD virus was observed 40 years ago with Kenya’s
first case reported in 1991 in commercial birds on the Ken-
yan coast; the disease has remained to be a great threat to the
commercial poultry industry not only in Kenya but also in
the whole world [4].

Mathematical modeling over the years has become a very
important tool that is used in the prediction, assessment, and
control of various outbreaks. A number of these models that
describe the impacts of preventive and control strategies on
the transmission dynamics of various poultry infectious
diseases have been developed. A study to investigate the
impacts of quarantine and vaccination in controlling avian
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influenza disease was done by [5], and the results established
that combining quarantine with vaccination is an effective
strategy for control of the disease.

A mathematical model of Newcastle disease with opti-
mal control having five compartments was formulated by
[6]. The findings of the study showed that in the absence
of control measures, the number of infected bird increased
significantly and reduced significantly in the presence of
control measure implying that the control measures were
effective methods of controlling the disease.

Several mathematical models have been done to describe
the dynamics of Gumboro disease; for instance, [7] formu-
lated a model to investigate the impact of the environment
in the spread of Gumboro infections while [8] described a
model to describe the effects of vaccination and biosecurity
measures in controlling Gumboro infection.

Although several Gumboro models have been developed,
to the best of our knowledge, a Gumboro model with path-
ogen compartment has not been developed. In this paper,
we formulate a Gumboro model capturing the pathogen
compartment to study the dynamics of Gumboro disease.

2. Model Formulation

A model with Gumboro pathogen population N, and the
chicken population N, is developed in this research. Thus,
the total population at a given time (¢) is N(#)=N_(¢) +
N, (t). Gumboro pathogen population N, has one compart-
ment consisting of concentration of Gumboro virus in the
environment C,,. The chicken population N, is grouped into
four compartments which consist of susceptible chicken S,
birds that are at early stages of infection with Gumboro E,
birds that are in acute stages of infection with Gumboro I,
, and those that will recover from Gumboro disease in both
early and acute stages of infections simultaneously R. The
model assumes that the bird population recruitment rate to
the susceptible compartment will be A. The susceptible birds
are infected with Gumboro at the rate of wC/7, +C,,.
Where w is the contact rate of susceptible birds with an
IBD virus-contaminated environment, 7, is the IBD virus
concentration in the environment with a 50% probability
of Gumboro infections. All bird populations experience nat-
ural death at the rate #. Additionally, they die from Gum-
boro at the rate of y. The Gumboro-infected birds in both
stages of infection shed the virus to the environment at the
rates w,_, which die at the rate a,, while o, and &, are
recovery rates for birds at both early and acute stages of
infection. Birds at the early stages of Gumboro infections
move to the acute stages of infection at the rates ¢, .

2.1. Model Assumptions. The model assumptions are as
follows:

1. The bird species that are infected with Gumboro is
chicken.

2. Chickens are recruited into the system by birth or
immigration.
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2.2. Model Flow Chart and Equations. From Figure 1, the fol-
lowing equations are developed:

ds wC
7:A— v
dt (12+Cv+;1)s
dE wC
— 9= v_§— E
ol ALY
dl 1
g _
E_¢9E5_(8g+’7+/")1g M
dR s
7 =0gEg T 841, 1R
dc
d—tvzleg+w21g—oc2CV

3. Basic Properties of the Model

In this section, we discuss the positivity and boundedness of
the solutions of the model.

3.1. Positivity of the Solutions of the Model
Theorem 1. There exists a nonnegative solution set {S, Eg,
I1,,R,Cy}(t) of model (1) for all t >0 given that the initial

conditions S(0) > 0, E,(0)20,1,(0)20 R(0)>0,Cy(0) >
0 in R] have nonnegative values.

Proof 1. From the first equation of system (1), we have

ds wC
—=A- h = Y 2
ai=A (rorn)s where p,= B @)
Equation (2) can be expressed as
ds
5> (vg+n)s (3)
Separating the variables, we obtain
ds
= >—<yg+;7>dt (4)

Integrating on both sides of Equation (4), we have In
§>=(y, +n)t+c or

S(t) > ce (vgn)t (5)

From Equation (5), it is clear that S(0) =c for £=0.

Therefore, S(t) > $(0)e"?s*"" and as t — oo, we have
S(t) > 0Vt > 0.
Also from the second equation of system (1)

dE,
T :ygS+—<ag +¢, +17+;4)Eg
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FiGURE 1: Flow chart.

we have

%2—(og+¢g+n+y>Eg

Solving the above equation by separation of variables, we
have

dE—?z—(ag+¢g+n+y)dt

Upon integrating on both sides, we have In E,(t) >
(o, +¢,tn+p)t+c

=In E () > ce(atoatmu)t (6)

Clearly for t=0, c=E(0).
Thus, Equation (6) becomes

E(t) = B, (0)e” (T dsm)"

and as t — 00, we have
Applying the same method to other equations of the sys-
tem (1), we get

dI
d_tg > (8, +n+u)l,=1,(t) zlg(o)e*(%mw)’ >0

R
7 2 7R = R(t) > R(0)e ™" >0

(dCy/dt) =2 —a,Cy, = Cy(t) > Cy(0)e ! > 0. Thus (S(0)
>0,E,(0)>0,1,(0) > 0,R(0) 2 0, Cy(0) > 0) for all ¢ > 0. [

3.2. Boundedness of the Solutions of the Model. Let Q= (Q
U )< R’ be a feasible region in which the solutions of

the total population are bounded, where Q. is the feasible
region of the solutions of the bird population and that of
the Gumboro pathogen population is given by Q. . We
show that the solutions of the system (1) are bounded in
the feasible region.

The total bird population is N given by

N =S(t) + Eg(t) +1,(t) + R(t)

dNg ds dE, dI, dR

a

dt  dt dt

Thus, from system (1), we have

dN
= AN(S() + Eg(t) + () + R(1)) = (HE, +ul,)
(7)
When the birds are not infected, Equation (7) reduces to
—— <A-yN 8
5 <A-nN (8)

Upon solving Equation (8), we get

A A
N5+ (N0 D)o o)
n 1
And taking limits as t — oo, we have
A
N.<— (10)
n

Thus, the bird population is bounded in

Qe = {(S(t),Eg(t),Ig(t),R(t)) €R}:N.< %}



Considering the last equation of system (1), that is Equa-
tion (10), we have

dc,

ar -0,Cy (11)

=w E; +w,l,

Upon reduction of Equation (11), we have

% . Aw; +w,) (12)
dt n g

By using the integrating factor, we solve Equation (12)
to get

N, < Aot e
na,

+ (Ng(o) - A(“’IWZ)) et (13)

na,

Taking the limit of Equation (13), as t tends to infin-
ity, gives N, < A(w, + w,)/na,. Thus, the Gumboro popu-
lation is bounded in the region

Alw; + w,)
QCV:{CV(t)eJRi ‘N, < Y;%z}

Since the bird population and Gumboro pathogen
population are bounded, then the model will be analyzed
in a suitable feasible region

Q={(SEpHI,R)€RI;CpeR,58>0
A
E, 1R Cy>0;N, < "

Ng < A(wl +w2)
ne,

4. Analysis of the Model

4.1. Disease-Free Equilibrium (DFE) Point. The DFE of the
system (1) is computed by letting §=S, E; =E; =0, I, =
I;=0, R=R"=0, and Cy =C}, =0 and setting the right-
hand side of the equations of the system (1) equal to zero,
then solving the resulting system of equations. Hence, we get

A
DFE=&" = (S*,E*,I*,R*,C’{,) = (,0,0,0,0)
9°°9 n

4.2. Reproduction Number for Gumboro Model. The repro-
duction number R, is described as the average number of
secondary cases that result from an average initial case in a
completely susceptible population in [9]. In our situation,
the reproduction number Ry, is the average number of sec-
ondary cases resulting from a typical Gumboro infection
case in a completely uninfected population. R,, is found
using the Next Generation Matrix approach by [10]. Let
the rates of new infections in class j be denoted by f, while

the rates of chicken transfers into and out of class j are rep-
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resented by v;. The Next Generation Matrix is given by F v
where F and V' are the Jacobian matrices of the vectors f; and
v;, respectively, at &7. The following equations capture the

infected population.
dE wC
—9= v_S-— ( E
e AU
dI
9 _ 14
E“‘ngg_(‘Sng”J““)Ig (14)
dc
d_tv =w B, +w,]; - a,Cy

From the system (14), we have

wCy,
7,+Cy,

i 0

0

Also, from the system (14), we have

(ag+¢g +r]+[4)Eg
T 9Byt (8t +u)l,
-w,E

g~ Wl +a,Cy

By definition of F and V, we have

wA
0 0 —
Fe Y
“10 0 0
0o 0 O
(0g+¢,+n+u) 0 0
and V= -, 8y +n+u) O
—w —w, @
where

Q=05+ ¢, +n+pcs=0,+n+pu
Using Mathematica software, the inverse of V' is given by

_ R . .
<0g+¢g+’1+#)
vl= b 1
- (ag+¢g+n+p¢)(6g+;1+y) (O +1+p
(8g+1+p)w; +¢,0, w, 1
(Ug+¢g+11+/,¢)65(x2 Oy tn+tu)ay, o



Journal of Applied Mathematics

Thus

wAw, wA
(8, p)ay, T,

wA((8g+;1+y)w1 +¢>gw2>
Fv-l o Tzr](ag+¢g+q+y> (6g+11+;4)oc2
0 0 0

0 0 0

for

which implies that the basic reproduction number, R
the Gumboro model is given by

0g°

wA (csa)1 + ¢gw2)
ToHC 650,
wA<(8g 1]+ ), + ¢gw2>

T211(0’g+¢g+1’]+[/l> (85 +1+u)a,

Ry, =

4.3. Local Stability of DFE. The DFE & is locally asymp-

totically stable if all the real parts of the eigenvalues of the
Jacobian matrix of the system (1) at the DFE %; are all

negative.
The Jacobian matrix of the system (1) at the DFE %; is

given by

= 0 0 —
N
wA
( ) 0 —(og+¢g+n+[4) 0 0 1_17
1(:) = 2
0 ¢, (8 +n+u) 0 0
0 oy 9, -n 0
L O Wy ) U
(15)

From the Jacobian matrix (15), we have the following
characteristic equation:

(A+r;)2{/\3+ [(ag+¢g+n+y)+(6g+r]+y)+oc2})t2

+ [(0g+¢g+f1+ﬂ)(5g+77+ﬂ)+0¢2((0g+¢g+'l+ﬂ)

A
+(6g+71+14))—wf :1}A+ (ag+¢>g+r1+,u)(6g+;7+y)a2

Y

) wA((6g+11+pt)w1 +¢gw2) }

(16)

In view of Equation (16), A; =—# and A, = -7 are the
eigenvalues of the Jacobian matrix (15). The other three

eigenvalues can be obtained from the following reduced
characteristic equation:

aA’ +a A +a,A+a; =0 (17)
where

ap=1
a1=(ag+¢g+r]+y) (8, +1+u) +a,
a2:(0g+¢g+11+;4) (8, +n+u +(x2((0g+¢g+11+;4)

+ (8, +;7+M))- =(69+n+y)((ag+¢g+n+(4)+¢x2)

WA w,
W*“z(“ff%“?ﬂ/‘)(l—%g)

wAw

Py

wA((Sg + 1+ ) w; +¢gw2>
N

a3:(ag+¢g+r/+,u)(6y+71+y)oc2—

It is clear that
ay, a; >0

and a,,a; >0 if Ry, < 1

According to Routh-Hurwitz criteria, Equation (17) has
roots with negative real parts if a,>0,a, >0,a,>0,a; >0
and a,a, — aya; > 0. Thus, the DFE of the system of Equa-
tion (1) is locally asymptotically stable if the following theo-
rem holds.

Theorem 2. The DFE of the system of Equation (1) is locally
asymptotically stable when Ry, < 1 and unstable otherwise.

4.4. Global Stability of DFE. In this section, we use the
Castillo-Chavez theorem in [11] to analyse the disease-free
state’s global asymptotic stability. To begin, the system (1)
must be expressed in the following format:

ax
d ’ = F(‘%‘g’ Zg)
t (18)
dZ,
o n(z,%,)1(Z,0)
where &', =(S,R) and Z = (E,, I, Cy). Uninfected indi-

viduals are represented by the components of 2’ € R, while
infected ones are represented by the components of Z, € R.
The system’s DFE now becomes & = (27,0), 2 = ((A/n),
0). The following two conditions must be met to provide
global asymptotic stability.

L. dZ,/dt=F(X
ble (GAS)

5 0), &, is globally asymptotically sta-



2. H(‘%g’zg) =GZ, _H(‘%g’zg)’g(‘%g’zy)

(19)
EOV(SXg,SZ‘g) e

where G=Dg H (275,0) is an M-matrix (the off-diagonal
components of G are nonnegative) and Q represents the
region where the model makes biological sense. The follow-
ing theorem holds if the system (18) meets the aforemen-
tioned two conditions.

Theorem 3. The DFE & = ('}, 0) is a GAS equilibrium of
system (18) provided that Ry, <1 and the assumptions in
Equation (19) are met.

Proof 2. From Theorem 2, the DFE (&7) is locally asymptot-
ically stable when R, < 1. Consider

ax —( c +11>S
- - +C
T;]_F(‘%g’zg)_ R = F(Z,,0)
0,E,+8,1,+-1R
A-#S
0
wC,
s S—(0g+¢g+n+y)Eg
2 v
. HX,Z
T (L Zy) = ¢,E;— (8, +n+u)l,
w E;+w,], —a,Cy
(20)
From Equation (20), we have
G=D59H<5l”;,0)
wA
0 —(og+¢g+11+y) 0 0 @
o ¢, ~(8,+n+u) 0 0
0 W, w, 0 -a,
(21)
and it follows that
wCy A
- E
o <0g+¢g+;1+y) g
GZ = 22
g ¢ Eg = (8g+n+p)l, (22)
w Ey+w,]; —a,Cy
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Thus

ﬁ(‘%g’ Zy) :ng_H(‘%g’ zy)
wCy A
N
$gEy = (05 +1+ wl,
w E; +w,]
wC,
7,+C,
$gEq - (8 +n+u),
w E, +w,I

wCy A wC, S
1 7,+C,

- <Gg+¢g+;1+;4)Eg

g~ %Cy

S—- (ag+¢g+n+y)Eg

g~ %Cy

0

0

Thus, the first and the second conditions in Equation
(19) are satisfied since

ax
d_t-" = F(fl”g,o)

and H(Z 5 Z4) 20, respectively. Therefore, & has a global
asymptotic stability O

4.5. Existence of the Endemic Equilibrium Point (%;*)

Theorem 4. There exists a positive endemic equilibrium point
(&) for the system of Equation (1) provided that Ry, > 1.

Proof 3. Letting =8, E, = E_*, I, =I7*, R=R"", and Cy,
=C}” and setting the right-hand side of the equations of
the system (1) equal to zero, we get

wc**
0=A- Y+ | ST
<72+C:* rl)
0= wC;"
_T2+C:*

0=¢,E; - (0, + ’7+/‘)I;*

0=0,E; +3,I;"~nR

S - (ag + ¢, + 11+;4)E;*
(23)

_ * % * %k * ok
0=w E +w,] " ~a, Cy

Explicitly solving for values of {S**.E;".I7*.R*",Cy"},
we obtain



Journal of Applied Mathematics

. Rugrzq(ag+¢g+r]+;¢) (8, +n+u)a, +72w(ag+¢g+q+y) (8y+n+p)a,
(wl (6g +11+[4) +w2¢g)w(w+r])

NT,0, ((Sg 1+ ) (R()g -1)
(wl (Bg +7+ y) + w2¢g) (w+n)

9

’1720‘2¢'g (R()g - 1)
(wl (65 )+ w2¢g) (w+n)

g

R Ty0 (% (0g+m+u)+ 5y¢g) (Rog—1)
(w18, +n1+ k) + @sgy ) (win)

o (wl(ﬁg + 1+ ) +w2¢g);112(RUg— 1)
! ("-’1 (5g+r]+;4) +w2(/>y> (w+7n)

(24)

Thus, a positive &;" ={S"",E;".I;",.R"",C}/} exists if
Ryg > 1. O

4.6. Local Stability of Endemic Equilibrium. We use the cen-
ter manifold theory as described in [12] to assess the stabil-
ity of the endemic equilibrium, %;*, because evaluating the
eigenvalues of the Jacobian matrix of system (1) at the
endemic equilibrium is complicated. Theorem 4.1 in [12]
outlines the procedure of analyzing the local stability of
endemic equilibrium in a nutshell. The coefficients, a and
b of the normal form, are two key quantities in expressing
the system’s dynamics on the center manifold theory as
described in Theorem 4.1 in [12]. According to part (iv)
of Theorem 4.1 in [12], if a<0 and b >0, the endemic
equilibrium &_* is locally asymptotically stable for Ry, > 1

but close to 1.

Theorem 5. The endemic equilibrium &" is locally asymp-
totically stable if Ry, > 1

Proof 4. By using the center manifold theory, Theorem 4.1 in
[12], we rename the variables in the system (1) as S=x,

E,=x,, I,=x;, R=x,, and Cy =x; such that X = (x,x,,

X3, %4 %s) . Further, by using X = (x,,%,, X3, %, %s) ", the
system (1) can be written in the form dX/dt = F(X), with

(firfor foo oo f5)" as follows:

dx, WX
- = = A _
dt h (12 + X5 i ’7) *1

dx, .  wxs

E—fz—m’ﬁ (Ug+¢g+71+ﬂ)x2

dax, (25)
W:f3:¢gxz—(8g+’7+ﬂ)x3

dx

d_t4= =0,%, + 0,3 — 11X,

dx

d_ts =[5 = @1x) + 0,3 — 6y x5

Suppose that w=w* is a bifurcation parameter when
Ry, =1, solving for w* for Ry, =1 from

R - wA((6g+;7+K)w1+¢gw2)

I T21’](0’g+¢g+1’]+[4> (8, +n+K)a,

we have

. Tzq(ag+¢g+r]+‘u)(65+n+y)oc2
A((Sg + 1+ p)w, +¢gw2)

w (26)

The Jacobian matrix of the system (25) at %; with w =
w* is given as

- 0 0 A
1 Y
w*A
(g) 0 —(‘75+¢g+’1+14> 0 0 o
]* *\ 2
! 0 ¢, -0 +n+u) O 0
0 o, s, -7 0
L0 wy W, 0 %
(27)

The Jacobian matrix (27) has zero eigenvalues close to
w = w*; thus, the center manifold theory is utilized to examine
the dynamics of the system. Let w = (wy, w,, ws, wy, ws) ", a
right eigenvector associated with the Jacobian matrix (Equa-
tion (27)), be close to w = w*, then

i 0 0 0 AT
-n _
N
0 ( +¢,+n+ 0 0 w A
SERT——
g7 "y 1
0 ¢, (8, +n+u) O 0
0 oy, 9, -3 0
L 0 W w; 0 —%
w @ ws=0
w, 0 w, o 5=
w 0 w* A
2 —(ag+¢g+11+‘u>w2+ o ws=0
wy; |[=]0]=
w,— (6, +n+u)w; =0
v, o pgws = (8, + 1+ p)ws

O w, + 8wy —nw, =0
ws 0

W W, + WWw3 — &ws =0

(28)



Solving system (28), we get

_w*A(o.J1 (59 +17+[,4) +w2¢g)

w =
! Tzn2a2(8g+11+y)

w, <0

w,=w, >0
&
w = —
TR
_ 0,(8y +n+u)+8,0,
1(8y + 1+ )

o w1(8g+11+y)+w2¢g
> ocz(8g+11+;c)

0
w, > (29)

4 >0

w, >0

Also, let v=(vy,v,, V3, v, v5) |, a left eigenvector associ-
ated with the Jacobian matrix (Equation (27)), be close to
w = w*, such that

-n 0 0 0 0
0 —<0g+¢g+77+[4> gbg o, W
0 0 -0, +n+p) 8, w,
0 0 0 -n 0
wA wA
-—— — 0 0 -a,
L Tl i J
2 0
12 0
v; |=10
Vy 0
Vs 0
-nv; =0

—(ag+¢g+n+y)v2+¢gv3+ogv4+w1v5:0

= —(6g 1)V, +8,vy + wyv5=0

-nv, =0
w*A . w'A 0
- Vit —— VAV =
Py Py °

(30)

Solving system (30), we obtain

v, =0
Vv, =v,>0
w,w* A
V3= 2—1/2 >0
a,T,1(8, + 1+ ) (31)
V=
= v, >0
& THh
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TaBLE 1: Parameter description.

Parameter Value Source
A 10 (7]
w 0.000143 (0.000143-0.0143)/day (7]
7, 0.009/day Assumed
n 0.0001543/day [7]
0.032143/day (7]
w, 0.008 (0.008-0.08)/day Assumed
w, 0.009 (0.009-0.09)/day Assumed
a, 0.0900982/day Assumed
0, 0.0039 (0.0039-0.39)/day Assumed
o, 0.0165/day (8]
9, 0.021429/day (7]
¢, 0.033/day (8]
Using the formula described in [12], we compute

a and b:
n aZ . i
4= z kaleaxax ( g)
ki,j=1 1
b= ivw.L2 k ( *>
) kii=1 ¢ Fox;0p \ Y

To get the bifurcation coefficient a, we first obtain
the nonzero partial derivatives of the model system
(25) evaluated at (&, w"). Thus, it is evident that

aZfl ~ (,L)*
0x,0x5 T,
aZf2 B w*
0x,0x5 T,
(32)
0 1 20"A
o T
azfz_ 2w A
x5 T
so that
* v w”* . w” , 2w A
a=-vww Viw VoW Wy — — VW5 —5—
W Ws e 2 s Ty
(33)

Using Equations (29) and (31), Equation (33) can

be written as
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FIGURE 2: Graphs showing the dynamics of the model when R, g =0.0737 (a) for susceptible chicken, (b) birds at the early stage of Gumboro

infection, (c) birds at the acute stage of Gumboro infection, and (d) Gumboro virus population with parameter values A =10, w = 0.000143,
7, =0.009, 1 =0.0001543, 1 =0.032143, w, = 0.008, w, = 0.009, «, = 0.0900982, Gg =0.0039, 0,= 0.0165, 5g =0.021429, and ¢g =0.033.
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For the coefficient b, we have the following nonzero
partial derivatives of the model system (25) evaluated at

(&5 w"):
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Hence,

A
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Using Equations (29) and (31), Equation (35) can be
written as

A(w1 (ég +11+[4) +w2¢g) o
@ (8, +1+ )70

b=v,w,
Since a <0 and b >0, it follows that the endemic equi-
librium &7* is locally asymptotically stable if Ry, >1. ]

4.7. Global Stability of the Endemic Equilibrium Point

Theorem 6. The endemic equilibrium point E;* of the system
(1) is GAS if Ry, > 1.
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F1GURE 3: Graphs showing the dynamics of the model (a) for susceptible chicken, (b) birds at the early stage of Gumboro infection, (c) birds

at the acute stage of Gumboro infection, and (d) Gumboro virus population when R,

g = 1.2528 with parameter values A =10, w = 0.0143,

7, =0.009, 11=0.0001543, 1+ =0.032143, w, = 0.08, w, =0.09, «, = 0.0900982, Qg =0.39%0,= 0.0165, 69 =0.021429, and (pg =0.033.

Proof 5. We have shown in Section (4.5) that the endemic
equilibrium point E;* exists when R, > 1. Using the Poin-
caré-Bendixson theorem, the global stability of the endemic
equilibrium point E;* is investigated [13]. It follows from
Dulac’s multiplier, 1/SE 1 RCV, that
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(36)

Due to the fact that Q is positively invariant and the
endemic equilibrium exists whenever R, 9> 1, there are no
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FIGURE 4: A graph showing the dynamics of birds at the early stage
of Gumboro infection with different values of w.

periodic orbits in Q2 according to Dulac’s criterion. From the
Poincaré-Bendixson theorem, it follows that all solutions of
the limiting system originating in (2 remain in (2 for all time
t. The absence of periodic orbits suggests that whenever
Ry, > 1, the special endemic equilibrium of the Gumboro

model is GAS. D

5. Numerical Simulation

Numerical simulations to prove the theoretical results for
the Gumboro disease mathematical model were carried out
using MATLAB ode 45 solver. This was made possible by
the use of some parameters in the literature and others that
were estimated or assumed as shown in Table 1.

From Figure 2, it was shown that the number of birds at
early stages of infection, acute stages of infection, and the
pathogen population converges to zero while the susceptible
birds’ population tends to a constant A/ when Ry, < 1 which
implies that whenever Gumboro disease dies out, only the
susceptible chicken would remain. Figure 3 also shows that
birds at early and acute stages of infection together with the
pathogen population tend towards the endemic equilibrium
point when R, > 1 while the susceptible birds converge to
zero indicating that Gumboro disease remains endemic.
From Figure 4, it was shown that birds at early stages of
infection increase with the increase in the contact rate of
susceptible to Gumboro disease-contaminated environment.

6. Conclusion

A mathematical model of Gumboro disease transmission
dynamics was formulated in this paper. The disease-free and
endemic equilibrium points were determined, and the
reproduction number was derived. The findings showed that
Gumboro disease dies out whenever Ry, <1 and persists in
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the chicken population whenever R, > 1. Also, it was realized

that minimizing the contact rate of chicken to a contaminated
environment lowers cases of infections in a population. These
numerical simulation findings were found to be in harmony
with the theoretical stability analysis results.
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