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1. Introduction

When using some classical methods, such as separation of
variables, it is difficult to find a general solution for some
ordinary or partial differential equations of fractional orders
[1, 2]. In this case, one can utilize the theory of tensor prod-
uct of Banach spaces which was introduced by Diestel and
Uhl, in 1978 [3]. Later on, it was developed by Light and
Cheney in 2006 [4]. Moreover, in 1985, Khalil found, in
his work, some of the best results of tensor product theory

that was entitled isometries of Lp∗ ⊗ Lp [5]. Those results
have eventually used to obtain the so-called atomic solutions
of the differential equation under study [6–9].

In this paper, our main goal is to obtain the atomic solu-
tions of the following fractional partial differential equation:

Dα
xu x, y Dβ

y u x, y +Dα−1
x u x, y Dβ−1

y u x, y
= x2−αy2−βu2 x, y

where u x, y is the unknown function and Dα
xu and Dβ

y u are
the fractional partial derivatives of u x, y with respect to x
of order α and the fractional partial derivative of u x, y with
respect to y of order β, where α, β ∈ 1, 2 , respectively.

It should be remarked that atomic solution method
comes into play when the partial differential equation is
not linear or linear but cannot be separated.

Before we introduce the main result, we commence with
some definitions and theorems that are related to our work.

2. Atomic Operator

In this section, we introduce some preliminaries related to
the main result of this paper.

LetX∗ andY∗ be the dual of the twoBanach spacesX andY,
respectively. For x, y ∈ X × Y, the linear operator x ⊗ y X∗

⟶ Y defined by x ⊗ y x∗ = x∗ x y is called an atom. It is easy
to see that x ⊗ y is a bounded linear operator with norm
x ⊗ y = x y The linear space spanned by the set
x ⊗ y, x, y ∈ X × Y in L X∗, Y is denoted by X ⊗ Y .
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One of the most well-known norms that can be defined
on X ⊗ Y is the injective norm · V , namely,

T V = sup 〠
n

i=1
x, x∗ y, y∗ , x∗ ⊗ y∗ ∈ X∗ × Y∗, x∗ = y∗ = 1

where T =∑n
i=1xi ⊗ yi ∈ X ⊗ Y . It should be stated that X ⊗

Y , · V need not to be complete. We let X ⊗ ˇY denoted
the completion of X ⊗ Y in L X∗, Y with respect to the
injective norm.

One of the nice results in tensor product theory is that
C I, X is isometrically isomorphic to C I ⊗ ˇX. For more
details on tensor product and the use of atoms, we refer
the reader to [10–13].

A result that will be used often in this paper is as follows.

Lemma 1 (see [5]). Let x1 ⊗ y1 and x2 ⊗ y2 be two nonzero
atoms in X ⊗ Y such that x1 ⊗ y1 + x2 ⊗ y2 = x3 ⊗ y3. Then,
either x1 = x2 = x3 or y1 = y2 = y3.

This leads us to the following interesting theorem that lies
in the heart of functional analysis as well as approximation
theory and guarantees that any continuous function of sev-
eral variables can be written as a sum of products of continu-
ous separated functions.

Theorem 1 (see [3]). Let I and J be two compact intervals
and C I , C J , and C I × J be the spaces of continuous
functions on I, J , and I × J , respectively. Then, every f ∈ C
I × J can be written in the form f x, y =∑∞

i=1ui x vi y ,
where ui x ∈ C I and vi y ∈ C J .

3. Fractional Derivative

In [14], a definition of the so-called α-conformable frac-
tional derivative was introduced as follows.

Definition 1. Let α ∈ 0, 1 and f E ⊆ 0,∞ ⟶ℝ. For
x ∈ E, let

Dα f x = lim
ε⟶0

f x + εx1−α − f x

ε
1

If the limit exists, then it is called the α-conformable
fractional derivative of f at x. If f is α-differentiable on
0, r for some r > 0 and lim

ε⟶0+
Dα f x exists, then we define

Dα f 0 = lim
x⟶0

Dα f x 2

For α ∈ 0, 1 and f , g are α-differentiable at a point t, and
one can easily see that the conformable derivative satisfies

i. Dα bf + cg = bDα f + cDα g , for all b, c ∈ℝ,
ii. Dα λ = 0, for all constant functions f t = λ,
iii. Dα f g = f Dα g + gDα f ,
iv. Dα f /g = gDα f − f Dα g /g2, g t ≠ 0,

v. If f is differentiable, thenDα f t = t1−α df /dt t

We list here the fractional derivatives of certain functions:

i. Dα tp = ptp−α,
ii. Dα sin 1/α tα = cos 1/α tα ,
iii. Dα cos 1/α tα = −sin 1/α tα ,

iv. Dα e 1/α tα = e 1/α tα

On letting α = 1 in these derivatives, we get the corre-
sponding classical rules for ordinary derivatives. Further,
one should notice that a function could be α-conformable
differentiable at a point but not differentiable. For example,
take f t = 2 t. Then, D1/2 f 0 = 1. This is not the case
for the known classical fractional derivatives, since D1 f
0 does not exist. For more on fractional calculus and
its applications, we refer to [15, 16]. Many differential
equations can be transformed to fractional form and can
have many applications in many branches of science.

Let us write Dα
s u and Dα

t u to denote the partial
α-conformable fractional derivative with respect to s and t,
respectively. For more details on the conformable differential
calculus of functions of several real variables, we refer the
reader to [17].

Definition 2 (see [14]). The α-fractional integral of a func-
tion f starting from a ≥ 0 is denoted by Iaα f t such that

Iaα f t = Ia1 tα−1 f =
t

a

f x
x1−α

dx 3

where the integral is the usual Riemann improper integral
and α ∈ 0, 1 .

4. Atomic Solution of Fractional Partial
Differential Equation

Consider the following fractional partial differential equa-
tion:

Dα
xu x, y Dβ

y u x, y +Dα−1
x u x, y Dβ−1

y u x, y = x2−αy2−βu2 x, y
4

where u x, y is the unknown function and α, β ∈ 1, 2 .
It should be remarked that in [14], the definition of Dα

xu
was handled when 1 < α. So, we can write α = 1 + α1, where
0 < α1 < 1, and similarly for β = 1 + β1, where 0 < β1 < 1.
Thus, α1 = α − 1 and β1 = β − 1 such that α1, β1 ∈ 0, 1 .
Therefore, Equation (4) can be written in the form

D1+α1
x uD1+β1

y u +Dα1
x uD

β1
y u = x1−α1y1−β1u2 5

Now, by using the result in [14], Equation (5) can be
written in the form

Dα1
x DxuD

β1
y Dyu +Dα1

x uD
β1
y u = x1−α1y1−β1u2 6
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Clearly, Equation (6) is far from being linear. Hence, the
techniques of separation of variables and fractional Fourier
series [7] are not applicable. Consequently, the concept of
atomic solution is inevitable in such case. To do so, we, first,
assume the following initial conditions to be imposed on
u x, y :

u 0, 0 = 1, ux 0, 0 = 1, and uy 0, 0 = 1 7

4.1. Procedure. According to Theorem (1), we start our
approach with assuming that

u x, y = P x Q y 8

Moreover, from Equation (7), we can assume, without
loss of generality, that

P 0 = P′ 0 = 1 andQ 0 =Q′ 0 = 1 9

Now, we substitute Equation (8) into the partial dif-
ferential equation (Equation (6)) taking into account Dα

f t =Dα−1Df t K1, to get

Dα1
x DxP x Dβ1

y DyQ y P x Q y

+ Dα1
x P x Dβ1

y Q y P x Q y

= x1−α1y1−β1P2 x Q2 y

10

Consequently,

x1−α1DxDxP x y1−β1DyDyQ y P x Q y

+ x1−α1DxP x y1−β1DyQ y P x Q y

= x1−α1y1−β1P2 x Q2 y

11

Now, to make life easy, let us assume that P x and
Q y are twice differentiable functions. Hence, Equation
(11) can be reformed to be

P″ x Q″ y + P′ x Q′ y = P x Q y 12

Clearly, each term of Equation (12) is just a product
of two functions, one of them is pure in x and the other
is pure in y. Therefore, in tensor product form, Equation
(12) can be written in the form

P″ x ⊗Q″ y + P′ x ⊗Q′ y = P x ⊗Q y 13

This implies that the sum of two atoms is an atom. By
Lemma (1), we have two cases to be considered:

i. P″ x = P′ x = P x ,

ii. Q″ y =Q′ y =Q y

Case i. This case has the following three situations:

a. P″ x = P′ x ,

b. P″ x = P x ,

c. P′ x = P x

Now, from the above three situations and condition (9),
we have

P x = ex 14

Now, we proceed by substituting Equation (14) into
Equation (13) to obtain

Q″ y +Q′ y −Q y = 0 15

which can be solved together with condition (9) as

Q y = cosh 5
2 y e− 1/2 y + sinh 5

2 y e− 1/2 y 16

Therefore, the first atomic solution (see Figure 1) corre-
sponding to the Case i is given by

u1 x, y = ex cosh 5
2 y e− 1/2 y + sinh 5

2 y e− 1/2 y

17

For the second atomic solution (see Figure 2), by sym-
metry, one can deduce that

u2 x, y = ey cosh 5
2 x e− 1/2 x + sinh 5

2 x e− 1/2 x

18
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Figure 1: The first atomic solution u1 x, y (Equation (17)).
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5. Conclusions

The use of classical methods to solve some fractional differ-
ential equations, usually, leads to dead ends with no possible
solutions. Hence, in this paper, we have successfully intro-
duced a new analytic method for solving such problems.
To do so, we propose a nonlinear and nonhomogeneous
fractional partial differential equation together with the so-
called atomic solution process. The theory of tensor product
of Banach spaces coupled with some properties of atom
operators has been utilized for achieving such a notion.
The proposed fractional partial differential equation admits
two solutions, namely, two atomic solutions. Some other
kinds of partial differential equations are left to the future
for further consideration.
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Figure 2: The second atomic solution u2 x, y (Equation (18)).
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