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The goal of this paper is to investigate theoretically the possible directions of some specifiedmethods for the alternative roundabouts
effectiveness modeling and optimization. The out-coming criteria have an economical interpretation. Those are the objective
functionals of the alternative roundabouts effectiveness as the profit gained in the course of the traffic flow changes in the view of the
integral form.This is modeled taking into consideration the transport infrastructure functioning elements such as the traffic flow of
a capacity model. It takes into account two major components of the transportation services which are the alternative roundabouts
business’ incomes and expenses relating to the roundabouts transportation worthiness support.The prototypic approach is that one
from the aircraft airworthiness support measures models. Corresponding managerial influences with respect to environmental,
safety, utility, and other issues, as well as probable impacts, are modeled with the construction of the relevant under-integral
expressions, equations, and appropriate coefficients and parameters of themathematicalmodels.The achieved theoretical results, on
the basis of the Euler-Lagrange equation and accepted assumptions, have been checked for the sufficiencyof the objective functional
maximumpresence at the “point”with the use of the conducted computer simulation.Thenecessary diagrams are plotted in order to
illustrate the theoretical contemplations and speculations, aswell as to check the correctness of the appliedmathematical derivations
and visualize the models’ preciseness and abilities. The theoretically constructed mathematical models have a significance of the
prognostic values applicability required at the alternative roundabouts effectiveness modeling and optimization ensuring their
design progress and evolutions.

1. Introduction

The complexity of the modern roundabouts design, their
diversities in designations, and functional, economic, and
environmental criteria structures elaboration [1] are prede-
termining the multialternativeness of the new types of the
roundabouts evaluation.

Rational economic activity is the foundation providing
the development in all areas and spheres of life [2].Therefore,
theoretical researcheswith the help of the plausibly developed
hypothetical mathematical models are of a great importance
[2]; moreover, the usefulness of such models application
for the alternative roundabouts effectiveness evaluations is
beyond any doubts and it can be traced with the most up-
to-date publications [3–15]. The brief literature survey of the
presented paper just is highlighting the principal possibilities

of the proposed methods implementations in those areas of
science that relate with the multiattribute assessment of road
design solutions [3], geometric design of turbo roundabouts
[4], or the journal paper [5] dedicated to the turbo round-
abouts, design principles, and safety performance, as well
as alternativeness [6] and transportation infrastructure [7]
aspects.

It is also necessary to underline the importance of the
developed here approach for other transportation facilities,
like railway [8]; however the methods are aimed at mod-
eling alternative roundabouts effectiveness and in its sense
continue the researches of the assessment, analysis, and
simulation discussed in references [9–15]. Some of those pub-
lications emphasize the evaluation of the environmental and
functional benefits of “innovative” roundabouts situational
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features, like [11] or the study of the vehicle speed [14] for the
design of the roundabouts.

Remarkable in this context is that all the publications
either directly or indirectly have dealt or might have dealt
with mathematical modeling and simulation in regard to
economical parameters.

One of such approaches and correspondingmathematical
modeling is the objective of the presented paper.

There are numerous strategies to cope with the problems
related with transportation services in general. The diversity
of such strategies is stipulated by different types of transporta-
tion means, other managerial factors, including financial
levers of influence.

For example, in Belgium, as that was reported by the TV
news and broadcasted by the mass media, the local subway
service becomes free of charge; no one will have to pay in
fares, when the on-ground going vehicles’ pollutant emission
exceeds the accepted allowed limits.

The presented paper theoretical concept is centered upon
the issues related with the support of the alternative round-
abouts worthiness (vehicle worthiness, riding worthiness,
transportation worthiness, etc.). The prototypic approach is
adopted from the aircraft airworthiness support measures
concepts of [16–20] developed from subjective analysis [21]
on the basis of the Jaynes’ principle [22–24] in the framework
of the calculus of variations theory [25].

2. Mathematical Modeling
and Developed Methods

There is an irresistible temptation to model and investigate
the process of a roundabout functioning under the prism of
its effectiveness. It will depend upon the number of factors;
specialists, who have an extensive experience in the field
of roundabouts, distinguish the most significant from them
[1, 3–15]. It is proposed to consider theoretically the modeling
and optimizing of a few, for example, competing round-
abouts. The supposed roundabouts worthiness is deemed to
be supported in an analogous to airworthiness way [16–20].

2.1. Basic Model. Every aspect of a roundabout functioning
is being considered under the prism of multialternativeness,
if it deals with someone’s choice or individual subjective
preferences distribution in regard to the achievable set of
alternatives [21], on one hand. And on the other hand, there
is a multi-“optionality” phenomenon when the objectively
existing options of the ongoing processes are under consid-
eration.

All the issues of a roundabout operation or exploita-
tion relating transportation facilities, network, entire and in
particular infrastructure capacity, functional and economical
criteria, environmental impacts, safety and precaution means
and measures are based upon operational incomes and costs
analysis [2].

Profitableness of a roundabout construction along with
the roundabout’s design, creation, building, andmanagement
costs subtracted from the incomes ensures a good reaction
of the transportation business upon the challenges of the
functioning [1–15].

Herewith, it is proposed amodel based upon the principle
approach expressed with the following formula:

𝐽 = ∫𝑝1
𝑝0

(𝑎𝑝𝑐𝑐󸀠 − 𝑏𝑝𝑐󸀠) 𝑑𝑝. (1)

Here, in equation (1), 𝐽 is the objectives functional
depending upon the variated traffic flow 𝑝 within the traffic
flow’s possible range of alterations [𝑝0 . . . 𝑝1]. The under-
integral function of

𝑎𝑝𝑐𝑐󸀠 − 𝑏𝑝𝑐󸀠 (2)

expresses the specific profitableness of the roundabout,
reduced per a vehicle in the roundabout’s varied traffic
flow. In the expressions of (1) and (2), 𝑎 has a meaning of
the proportionality coefficient for the supposed model of
the incomes formation, whereas 𝑏 bears a sense of such a
coefficient for the accepted costs model. The function of 𝑐
takes its own role in the roundabout’s operational income
versus cost balance formation. For the stated problem setting,
it is investigated the model constructed of the expressions
of (1) and (2), being also dependent upon the first complete
derivative of

𝑐󸀠 = 𝑑𝑐𝑑𝑝 = 𝑐󸀠𝑝. (3)

Mathematically, formulated in the view of the equations
of (1) – (2), this particularly given problem setting is stated
as the simplest problem of the calculus of variations for the
objective functionals likewise [25]:

𝐽 = ∫𝑝1
𝑝0

𝐹 (𝑝, 𝑐, 𝑐󸀠𝑝) 𝑑𝑝, (4)

where 𝐹(𝑝, 𝑐, 𝑐󸀠𝑝) is the under-integral function of the stated
problem objective functional (1).

That is,

𝐹 (𝑝, 𝑐, 𝑐󸀠𝑝) = 𝑎𝑝𝑐𝑐󸀠𝑝 − 𝑏𝑝𝑐󸀠𝑝. (5)

The purpose is to maximize the objective functional (1)
on conditions of (2) and (3) by finding such function of 𝑐 that
delivers the wanted maximum of the profit formation; and
for the general view integral of (4) there are the necessary
conditions for the extremum existence in the view of the well-
known Euler-Lagrange equation [25]:

𝜕𝐹𝜕𝑐 − 𝑑𝑑𝑝 ( 𝜕𝐹𝜕𝑐󸀠𝑝) = 0. (6)

2.2. Solution to the Stated Basic Profit Optimization Problem.
In previous speculations (1) – (6) framework mentioned
above, the sought after solution will be next.

In accordance with the Euler-Lagrange equation (6) [25],
in case of (1) – (5)

𝜕𝐹𝜕𝑐 = 𝑎𝑝𝑐󸀠𝑝. (7)
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Then, for the second member of equation (6) that condi-
tion yields

𝜕𝐹𝜕𝑐󸀠𝑝 = 𝑎𝑝𝑐 − 𝑏𝑝. (8)

Differentiating the partial derivative of the right hand
part of equation (8) for the second time with respect to the
independent variable 𝑝 in the complete form derivative it can
be obtained that

𝑑𝑑𝑝 ( 𝜕𝐹𝜕𝑐󸀠𝑝) =
𝜕𝜕𝑝 ( 𝜕𝐹𝜕𝑐󸀠𝑝)

𝑑𝑝𝑑𝑝 + 𝜕𝜕𝑐 ( 𝜕𝐹𝜕𝑐󸀠𝑝)
𝑑𝑐𝑑𝑝

+ 𝜕𝜕𝑐󸀠𝑝 (
𝜕𝐹𝜕𝑐󸀠𝑝)𝑐

󸀠󸀠
𝑝 ,

(9)

where

𝜕𝑐󸀠󸀠𝑝 = 𝑑2𝑐𝑑𝑝2 . (10)

Thus, with taking into account the conditions written
with the equations of (9) and (10), for equations (6) and (8) it
yields

𝑑𝑑𝑝 ( 𝜕𝐹𝜕𝑐󸀠𝑝) = 𝑎𝑐 − 𝑏 + 𝑎𝑝𝑐
󸀠
𝑝. (11)

Here in (11) the complete derivative (9) has got an
abridged form since

𝜕𝜕𝑐󸀠𝑝 (
𝜕𝐹𝜕𝑐󸀠𝑝) ≡ 0. (12)

Hence, the second derivative (10) is omitted in the final
form of the Euler-Lagrange equation (6); and equation (6)
now does not depend upon the second derivative of the
sought function, i.e.,

𝜕𝜕𝑐󸀠𝑝 (
𝜕𝐹𝜕𝑐󸀠𝑝)𝑐

󸀠󸀠
𝑝 ≡ 0. (13)

Therefore, substituting the relevant expressions of (7) and
(11) for their values into the equation (6), it becomes possible
to rewrite it in the view of

𝑎𝑝𝑐󸀠𝑝 − (𝑎𝑐 − 𝑏 + 𝑎𝑝𝑐󸀠𝑝) = 0. (14)

Finally, after cancelling the similar members in equation
(14), it yields even not a differential but algebraic equation
with respect to the function of 𝑐, that determines the consid-
ered model structure (1):

𝑎𝑐 − 𝑏 = 0. (15)

Furthermore, the solution in the view of function 𝑐 has
happened to be not depending upon the independent variable𝑝 at all:

𝑐 = 𝑏𝑎 . (16)

2.3. Another Model a Roundabout Functioning. It is definitely
the simplest model described with expressions of (1) – (5) and
yielding the solution in the view of equation (16) obtained
through the procedures of (6) – (16) should be checked for
the suspected extremum existence since all mathematical
constructions and derivations have been performed on the
basis of the necessity conditions (6).

Another theoretical development of the model of (1) – (5)
applicable for an alternative roundabout functioning is as the
following one.

Suppose, there is a nonlinear (raised to a certain power)
dependence of the profitableness function (under-integral
function) of 𝐹 upon the traffic flow 𝑝. Herein, it is proposed
the next up modification (see and compare with the equation
of (5)):

𝐹 (𝑝, 𝑐, 𝑐󸀠𝑝) = 𝑎𝑝𝑛𝑐𝑐󸀠𝑝 − 𝑏𝑝𝑐󸀠𝑝, (17)

where 𝑛 is the power index magnifying the impact of the
traffic flow 𝑝 exerted upon the component of the vehicle
contribution in the traffic flow.

The theoretical solution to the objective functional simi-
lar to (1) or (4), in the framework of the approach analogous
to (6) – (16), results in the other view optimal function.

However, it is obvious, in the proposed model modifi-
cation expressed with the equation of (17) versus (5), the
principle of the wanted solution finding will not differ from
the traditional method (6).

2.4. Developed Model Solution. The substitution of the rel-
evant interrelationship of (17) pertaining with the stated
problem setting for its value into the objective functional (1)
gives for members of equation (6) such formulae.

For the partial derivative with respect to the sought
function, likewise (7), the expression will be in accordance
with the model equation (17):

𝜕𝐹𝜕𝑐 = 𝑎𝑝𝑛𝑐󸀠𝑝. (18)

For the complete derivative, similar to (9), with respect to
the independent variable, the partial derivative with respect
to the complete derivative of the sought function with respect
to the independent variable, in analogous way to (8), now gets
the view of the following equation:

𝜕𝐹𝜕𝑐󸀠𝑝 = 𝑎𝑝
𝑛𝑐 − 𝑏𝑝. (19)

In its turn the complete form derivative (9) in such case
yields similar to (11)

𝑑𝑑𝑝 ( 𝜕𝐹𝜕𝑐󸀠𝑝) = 𝑎𝑛𝑝
𝑛−1𝑐 − 𝑏 + 𝑎𝑝𝑛𝑐󸀠𝑝. (20)

After that collecting corresponding members of equa-
tions (18) and (20) into the necessary condition Euler-
Lagrange equation (6), there is a possibility to obtain the other
equation than (14), i.e.,

𝑎𝑝𝑛𝑐󸀠𝑝 − (𝑎𝑛𝑝𝑛−1𝑐 − 𝑏 + 𝑎𝑝𝑛𝑐󸀠𝑝) = 0. (21)
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Again, making obvious transformations, (21) yields the
needed result as the following equation:

𝑎𝑛𝑝𝑛−1𝑐 − 𝑏 = 0. (22)

From (22) it inevitably means formula (23):

𝑐 = 𝑏𝑎𝑛𝑝𝑛−1 = 𝑐 (𝑝) . (23)

This time, unlike in the case resulting with the constant
value of (16), the sought solution (23) of the model (17) – (23)
is a certain function of the independent variable, traffic flow𝑝: 𝑐(𝑝).
2.5. Computer Simulation andCheck of the Suspected Solutions
Optimality. As the solutions in the view of equations (16) and
(23) are found on just the necessary condition (6) for the
extremums existence, it is required to check the solutions for
being really optimal subject to the stated problem settings
constraints.

The numerical data for the conducted calculation experi-
mentation are as follows. For the basic model described with
the procedures of expressions (1) – (16): 𝑎 = 2; 𝑏 = 20
of such Conditional Units (CU) that are correspond to the
measurement units of the fractional members of the under-
integral function (5) of the objective functional (1).The range
of the traffic flow 𝑝 alteration has been considered from 𝑝0 =1 up to 𝑝1 = 200 of CU (possible unit is vehicles per an hour
(v/h)).The result of such primitive, so far, experimentation is𝑐 = 10 CU.

In order to make sure of the optimality of the obtained
function 𝑐 = 10 value, it is possible to let the function 𝑐 = 10
some definite variation with the fixed boundaries.

Such effect is modelled with the help of the matrix-vector
data description.

The traffic flowmatrix at the next three specified points is

P = [[[[
[

𝑝20 𝑝0 1
(𝑝0 + 𝑝12 )

2 𝑝0 + 𝑝12 1
𝑝21 𝑝1 1

]]]]
]
. (24)

The column-vector of the free function values difference
is given in the view of

C = [[[
[

0
−0.0005 ⋅ 𝑐opt (𝑝0 + 𝑝12 )0

]]]
]
, (25)

where 𝑐opt((𝑝0+𝑝1)/2) depicts the modeled variated function
interrelationships between the alternating traffic flow 𝑝 in v/h
and the function’s optimal value of equation (16) 𝑐opt = 10
CU in the middle of the accepted range of the traffic flow 𝑝
variation.

Now, from the matrix-vector equation engaging the
equations of (24) and (25)

C = P ⋅ K, (26)

where

K = [[
[
𝑎1𝑏1𝑐1
]]
]
, (27)

where 𝑎1, 𝑏1, and 𝑐1 are the coefficients, in CU, converting the
traffic flow values of the quadratic forms of (24) via (26) with
(27) into the free function values of (25).

Solving for (27) it returns

K = P−1 ⋅ C. (28)

And for the inverse matrix it yields

P−1 =
[[[[[[[[[
[

239,601 − 439,601 239,601
− 60139,601 80439,601 − 20339,60140,20039,601 − 80039,601 20139,601

]]]]]]]]]
]

. (29)

This gives

K = [[[
[

𝑎1 = 5.05 ⋅ 10−7
𝑏1 = −1.015 ⋅ 10−4
𝑐1 = 1.01 ⋅ 10−4

]]]
]
. (30)

In accordance with the expressions of the procedure of
(24) – (30) the free function variations calculated by

𝑐𝑜 (𝑝) = 𝑎1𝑝2 + 𝑏1𝑝 + 𝑐1 + 𝑐opt (𝑝) (31)

for a decreasing function variation and

𝑐𝑂 (𝑝) = − (𝑎1𝑝2 + 𝑏1𝑝 + 𝑐1) + 𝑐opt (𝑝) (32)

for an increasing function variation, illustrated in Figure 1,
give the results shown in Figures 2 and 3.

In Figure 1 copt(p) is standing for the formula (16)
extremal value of the optimal function; co(p) has been
calculated by formula (31) and cO(p) by formula (32).

In Figure 2 Zopt(p), Zo(p), and ZO(p) are the objective
functionals values plotted as a result of the calculations
performed by the formula (1) with the variated upper limit
of integration for the corresponding determining functions
of copt(p) by the formula (16): extremal value of the optimal
function; co(p) by formula (31); cO(p) by formula (32).

And in Figure 3 the corresponding objective functionals
values are plotted for the marginal traffic flow value 𝑝1 = 200
v/h.

The nonlinear no constant model (17) – (23) numerical
investigation is illustrated in Figures 4–6.

The optimal solution now is being calculated by the
extremal formula of (23) and it has been variated in the style
of the one described with the expression of (24) – (32).
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Figure 1: Free function variations for the traffic flow in comparison
with the extremal solution (optimal function).
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Figure 2: Objective functional value.
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Figure 3: Objective functional value at the final boundary.
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Figure 4: Free function variations for the traffic flow in comparison
with the extremal solution (optimal function).
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Figure 6: Objective functional value at the final boundary.
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Figure 7: Initial and final values of the variated determining free function.

The difference is for the accepted in the computerized
numerical experimentations vector solution (30), which
makes

K = [[[
[

𝑎1 = 6.282 ⋅ 10−10
𝑏1 = −1.263 ⋅ 10−7
𝑐1 = 1.256 ⋅ 10−7

]]]
]
. (33)

3. Results and Discussion

3.1. Analysis of the Obtained Results. The obtained theoretical
results represented with the diagrams shown in Figures 1–6
brightly distinguish the described above two variants of the
roundabouts functional strategies.

The maximal value of the objective functional is clearly
seen in Figures 2 and 3 for the basic case (1) – (16) simulated
with the procedures (24) – (32).

For a more complicated case study (17) – (23) calculated
with (24) – (29) and (31) – (33) the effect of the maximization
is hardly noticeable (see Figure 5) because of the tiny
variations of the determining function values of 𝑐opt (𝑝): found
with the use of the extremal solution equation (23) (see
Figure 4).

Nevertheless, even such negligibly small variations as
proposed herewith prove the maximum value deliverance to
the objective functional (1) with the under-integral function
(17) and corresponding extremal (23) (see Figure 6).

3.2. Discussion. Theoretically, the obtained results are for
a rather simple modeling. Nonetheless, the principle is
fundamental: the profit is the difference between the incomes
and costs of any object (including roundabouts) functioning.
And the amount of the profit provides all necessary factors,
which are numerous, with their implementation procedures
and further outcomes.

The other fact of the simplifications accepted at the
modeling is that the problem setting is stated for the fixed
boundaries calculus of variations problem.

It is perfectly visible in Figure 1. This approach is applied
in the (17) – (23) model too. To make a proof for such
statement a couple of the fragmental parts pieces of the
calculation tables are presented in Figure 7.

Moreover, all the theoretically considered factors [1–
15] have a subjective analysis [21], based upon [22–24],
component worth of being studied as a developmental idea
of [16–20].

4. Conclusions

The theoretical concepts case study, analyzed in this paper on
the alternative roundabouts worthiness in the way analogous
to the aircraft airworthiness supporting measures effective-
ness research, proves that the described calculus of variations
approach allows obtaining the objectively existing optimal
values of the operational (functioning) purpose functional
with the help of the specially introduced determining func-
tions.

Conditions of multialternativeness for the considered
theoretically different types of the roundabouts are embodied
with the corresponding parameters of the proposed models.
The conditions of uncertainty related with the roundabouts
alternatives can be taken into account with the subjective
entropy of the individuals’ preferences functions optimal
distributions.

The preferences functions give the possibility of the
considered alternative roundabouts assessment with respect
to the preferences entropy uncertainty measure, which
should be a part of the further research dedicated to
the theory of subjective analysis since it would be use-
ful to find more theoretical results and applicable areas
as well as some other effectiveness functions and their
variables.

Data Availability

The data used to support the findings of this study are
included within the article.
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