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Based on the price-quantity adjustment behaviour principle of the non-Walrasian equilibrium theory, this paper adopted a new
QUE (quantity adjustment user equilibrium) criterion to formulate the route comfort choice behaviour. 2e purpose of the
present paper is to establish a proportional-switch adjustment model which aims to reflect the route adjustment behaviour
interaction between the traditional UE (user equilibrium) travellers and the QUE travellers and converge to a mixed equilibrium
state. It is assumed that a group of road network travellers follow the UE criteria by choosing the travel route with the purpose of
minimizing their route travel time (travel cost). In addition, the other group of travellers follow the QUE criteria by selecting the
route with the largest residual capacity to achieve a more comfortable travel experience. 2e travel route adjustment behaviour of
the two group travellers generates the dynamic traffic flow evolution towards the mixed equilibrium, and the route adjusting flow
is proportional to the difference of traveller decision-making variable among the alternative routes. Simple illustrative examples
are used to evaluate the performance of the proposed model, and the uniqueness and stability of the solution are demonstrated by
applying the variational inequality and Lyapunov stability theorem.

1. Introduction

DTA (dynamic traffic assignment) model has been a focus
research area for a long time with a growing influence on the
traffic control and guidance promoted by the development
of ITS (intelligence transportation system) emerging,
leading to a greater interest in understanding the travel
choice decision behaviour and the adjustment behavioural
mechanisms [1–4]. Route choice behaviour is the basis of the
traffic flow, and researchers have carried out a number of
studies for dynamic traffic flow evolution problems to
deepen the understanding of travellers’ route choice be-
haviour decision-making mechanism [5–8]. 2e dynamic
models are classified into five categories in the early re-
searches: the simplex gravity flow dynamics, proportional-
switch adjustment process, network tatonnement process,
projected dynamical system, and evolutionary traffic flow
dynamics. 2e difference between the five types of methods
lies in the convergence speed of the established evolutionary

model and the stability in equilibrium state [9–12]. Guo et al.
[13] established a link-based discrete dynamic system model
and depicted the rational adjustment process of network
traffic flow from disequilibrium to an equilibrium state,
which formulated more general behaviour compared with
the five categories of dynamical system models.

Traditional dynamic traffic assignment problem assumes
that travellers’ route adjustment behaviour is aimed to re-
duce their travel cost; therefore, dynamic traffic flow evo-
lution models converged to the equilibrium solution with
minimizing the travel cost. 2ere are three well-known
network equilibrium states in the network traffic flow
analysed studies. In detail, both of them capture travellers’
cost-minimization behaviour with a difference in the form of
the travel cost. Furthermore, travellers choose the actual
shortest route in the route decision process to form a UE
(user equilibrium), and travellers shift to the route to de-
crease the system aggregate travel time to form an SO
(system optimum). At last, travellers adjust their routes
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according to the perceived route travel time to form an SUE
(stochastic user equilibrium). Although these classical traffic
flow equilibrium conditions differ in the form of travel time,
they share the same route rapidity choice criterion, which
can embody the travellers’ preference of route rapidity and
reflect the price signal affection. It is apparent that all
existing models in the literature were formulated based on a
single route rapidity choice preference, where the route
travel time is the core indicator. 2is approach has been
widely applied in various network traffic flow models
[14–18]. However, with the rapid economic growth and
social development, people-oriented considerations, such as
traffic safety and travel satisfaction, have been the dominant
research direction [19–22].

Basically, the existing dynamic traffic flow evolution
models are mainly classified according to the modelling
approaches as daily and intraday, deterministic and sto-
chastic, continuous time and discrete time, and route-based
and link-based. Huang and Lam [23] established a route-
based day-to-day dynamic system to depict the traffic flow
adjustment process considering the network queuing,
studied travellers’ equilibrium path and travel time decision-
making behaviour, and demonstrated the existence of dis-
crete time dynamic UE solution with the iterative stability of
the proposed algorithm. Secondly, Peeta and Yang [24]
established route guidance control strategies and analysed
the stability of dynamic traffic assignment with the example
of UE objective model and SO objective model, which de-
velops a general procedure for the stability analysis of dy-
namic traffic assignment problems. In addition, He et al. [25]
showed that the route-based traffic flow evolutionmodel had
the path-overlapping problem and the route-flow-non-
uniqueness problem caused by different initial route flow
patterns. A link-based dynamic traffic flow assignment
model is established, which has the classic UE solution, to
depict the traveller’s daily route adjustment behaviour and
the evolution process of traffic flow. In order to depict the
joint evolution trajectory of travellers’ departure time and
mode choices, Liu et al. [26] established a traffic flow dy-
namic model considering the impact of traveller inertia in a
bimodal transportation system and analysed the dynamic
interactions between transport users and traffic information
provider.

With the purpose to deepen the understanding of
travellers’ route choice decision behaviour mechanisms,
Watling and Hazelton [27] established a mathematical
model to simulate the day-to-day dynamic adjustment
system through the deterministic process and stochastic
process models for both continuous and discrete time and
described the route selection behaviour made by network
travellers based on their travel experiences. Interestingly,
Ehrgott et al. [28] considered several alternative principles of
traveller’s route decision-making behaviour and established
an SUE model based on random utility theory to study this
multiobjective problem, which extends the conventional
SUE model with single route choice quality. In addition,
Long et al. [29] proposed an SO-DTA (system optimum
dynamic traffic assignment) model that accommodated the
environmental objectives, which are more accurate than

existing models and can capture the trade-off between
emissions and travel time. Meanwhile, Hoang et al. [30]
proposed a novel mathematical programming framework
for the information-based SUE-DTA (stochastic user
equilibrium dynamic traffic assignment) problem, which can
underpin the linkage between UE and SO solutions by the
FIFO (first in first out) principle. An ISM (incremental
solution methods) is developed with the improvement of
finding global optimal information-based SUE solution in
terms of both accuracy and computation.

With the continuous improvement of science and
technology, road network travellers can obtain the network
information reflecting the travel environment and condi-
tions through various methods, which are the real basis of
travellers’ different travel route decision-making criteria
[31, 32]. In the reality, travellers make their route decision
based on their preference, such as travel safety degree, travel
service degree, travel outlay, or travel time, which have been
the hot issue for the travellers’ behaviour research [33–40].
Traffic flows based on these route choice preferences evolve
into different equilibrium trajectories and converged to
different equilibrium states [41, 42]. 2erefore, all kinds of
traffic flows formed by travellers exist simultaneously under
different criteria.

Aiming to find a link or route flow patterns in a traffic
network with various route choice behaviour criteria and to
describe the interaction evolution process of mixed traffic
flow, extensive studies have focused on the mixed traffic flow
of multiple classes of travellers in recent years. Huang and Li
[43] grouped the travellers according to their own value of
time (VOT) and further divided them into two categories
with different travel disutility perception variations
according to whether the ATIS device is equipped. A
multiclass, multicriteria (cost versus time) logit-based traffic
equilibrium assignment problem is established, which was
solved by combining logit assignment with a successive
average method, providing an insight into the different
responses of heterogeneous travellers to the information
service. Furthermore, Zhang et al. [44] considered travellers’
perceived utility differences by combining the travel time
disutility and the time-irrelevant travel disutility and as-
sumed that travellers follow either UE or CN (Cour-
not–Nash equilibrium) routing criteria. And a multiclass
multicriteria mixed equilibrium model is proposed to study
this evolution behaviour. Meanwhile, a uniform road toll
strategy is developed by utilising the dual theory to promote
the UE-CN mixed equilibrium to the SO. Moreover, Han
et al. [45] established a daily dynamic adjustment system of
the traffic flow under ATIS (advanced travel information
system) and analysed the influence of ATIS on the stability of
the traffic network. 2ey concluded that the route flows
associated with travellers equipped with ATIS satisfied the
UE conditions and the travellers without ATIS will choose
their routes in accordance with the logit-based route choice
probability.

To flexibly reveal the various traffic flow dynamic
adjusting processes induced by different criteria of route
choice behaviour, several dynamic traffic flow models have
been studied recently. Zhou et al. [46, 47] established a

2 Journal of Advanced Transportation



discrete dynamic evolution model of traffic flow mixed
equilibrium, which described traveller’s multiple route ad-
justment behaviour with and without ATIS and simulated
the evolution trajectory of traffic flow converging to UE-SUE
mixed equilibrium state under given ATIS market pene-
tration. 2eir research revealed the effect of the adoption of
ATIS on the day-to-day flow dynamics. Bagloee et al. [48]
divided travellers into two categories: perfect cooperation
and perfect competition, where travellers with perfect co-
operation followed the SO criterion and travellers with
perfect competition were subject to the UE criterion. A UE-
SO mixed equilibrium model is formulated by applying the
nonlinear complementarity problem, which can accom-
modate a more general type of functions, namely, asym-
metric delay functions. Moreover, Delle Site [49] separated
travellers into three categories: (a) travellers equipped with
predictive ATIS, (b) travellers equipped with static ATIS and
subject to it, and (c) travellers not equipped with ATIS or not
subject to it. 2ey proposed an MUE (mixed user equilib-
rium) model to form the dynamic day-to-day processes and
investigated the impacts of the inertia and the availability of
ATIS with differentiated functionalities (predictive and
static) on equilibrium travel times. Furthermore, the dy-
namic evolution models can be categorised by travellers’
route choice behaviour criterion and the corresponding
stable equilibrium state. Prominent examples include the
single equilibrium models and the mixed equilibrium
models, in which travellers follow the UE, SO, SUE, CN, or
their hybrid behaviour criterion, respectively. We summa-
rize the typical day-to-day flow dynamic models in Table 1.

Previous studies assumed that the equilibrium state of
the road network is generated by the decision-making
process of traveller’s route rapid choice behaviour crite-
rion, which means that travellers always shift to a less
costly alternative route if such a route is available. In the
dynamic evolution model of mixed equilibrium traffic flow
that does not consider the route comfort choice behaviour
criterion, all travellers’ route adjustment behaviours
conform to the cost-minimization principle, and the
corresponding mixed equilibrium state is generally
manifested as UE-SUE, UE-SO, UE-CN-SO, etc. 2is kind
of mixed equilibrium only differs in the expression form of
travel time, and in fact, it still takes route travel time as the
travellers’ only decision variable, which is inconsistent
with the real transportation system. In actuality, travellers
have independent characteristics, and their route choice
decision behaviour is influenced by many internal factors
as well as external conditions. Even under the same traffic
condition and provided with the same road network in-
formation, some travellers may choose the fastest route,
while others pay more attention to the overall travel
comfort, such as road scenery, service level, and safety
degree. In order to effectively describe the evolution
process of traffic flow in road network under multiple
traveller classes and multiple equilibrium criteria more
effectively, Huang et al. [50] established a daily traffic flow
dynamic regulation model based on the economic price-
quantity regulation principle utilising the network
tatonnement process method and proposed a new route

residual capacity index to reflect road network travellers’
comfort pursuit behaviour.

Unlike the existing studies with a single route rapidity
adjustment behaviour criterion in which all the travellers
were assumed to follow the same route cost-minimum
behaviour mechanism, route comfort adjustment principles
are considered in this study. We apply the route rapidity and
comfort adjustment criteria stimulatingly to individual
travel route selection behaviour, which means that indi-
viduals will comprehensively consider the route cost and the
route surplus capacity to make a route decision. When
applied to the traveller group, the aggregated effect is per-
formed the way that some travellers choose the shortest
route and some travellers choose the most comfortable
route, as discussed in this study [51]. Specifically, travellers
with route rapidity requirement are likely to choose the
shortest route with the minimum route cost under the
current traffic condition for their trips in the next day, and
their traffic flow evolution process converges to the tradi-
tional UE state, while travellers with route comfort re-
quirement are supposed to follow the route comfort
behaviour criterion based on the current traffic condition,
and their traffic flow evolves to a stable state, which is defined
as QUE (quantity adjusting user equilibrium). Taking the
route cost and the route surplus capacity as the decision
variables for two group travellers, respectively, this paper
established a dynamic proportional-switch adjustment
model to depict the day-to-day evolution process and vi-
sualise the UE-QUE mixed equilibrium state formed by the
interaction between the mixed traffic flows. In addition, the
properties of the proposed dynamic switch model and its
mixed equilibrium solution are analysed and discussed.
Reasonable interpretations of these assumptions are pre-
sented to demonstrate that the route adjustment principle
and the dynamic model proposed in this study have rich
behavioural implications other than being a mathematical
expression.

2e proposed mixed traffic flow proportion-switch
adjustment model with multiroute choice behaviour cri-
terion not only reflected the heterogeneity of travellers
within the different route adjustment principles but also
described the different travel route adjusting process of
travellers related to their different decision variables.
Meanwhile, it also considered the influence of the road
network traffic flow and travel costs generated by the two
groups of travellers on each other’s route decisions and
effectively depicted the interaction relationship between
the road network travellers. 2e research results of this
paper can not only enrich the existing research on mixed
equilibrium evolution by reflecting the adjustment
mechanism of road network traffic flow and its equilibrium
state more comprehensively but also describe the evolution
process of traffic flow in line with the actual road network
conditions more effectively. Hence, it improves the per-
ception of the automatic adjustment mechanism and the
changing pattern of road network traffic flow after the
disturbance, which lays a foundation for the rational for-
mulation of urban traffic congestion evacuation policy and
the acquisition of reliable traffic flow prediction results. In
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addition, this study expands the decision influencing fac-
tors of travellers’ route choice, which reflects travellers’
individual characteristics more flexible, and significantly
deepens the understanding of network traffic flow and
improves the level of urban traffic management.

2. Mixed Equilibrium State

2.1. Quantity Adjustment User Equilibrium. Existing studies
on the equilibrium state of traffic flow assumed that the
network travellers behave in a way to minimize their travel
time, which is defined as the route rapidity choice behaviour
criterion in this paper. According to the different mani-
festation of travel time, they can be divided into three
categories: the traffic flow generated by the route decisions
based on actual travel time decision convergences to the
traditional UE (user equilibrium) state, the traffic flow
formed by the route decision according to perceived path
travel time leads to an SUE (stochastic user equilibrium)

state, and the traffic flow produced by the system marginal
time minimization oriented decision forms an SO (system
optimal) state. Such equilibrium states take route travel
time-travel price as the only decision variable of travellers’
route choice behaviour.

Based on the price-quantity adjustment behaviour
principle of the non-Walrasian equilibrium theory in eco-
nomics, this paper assumes that the travellers’ route choice
behaviour is not only affected by the travel price signal-travel
time but also influenced by the quantity signal, which is
considered through the route surplus capacity indicator to
reflect the travellers’ preference to travel comfort degree.2e
route surplus capacity is the difference between the route
maximum capacity and the route flow, which concerns the
physical capacity of the network route and indicates the
travel comfort degree. In addition, the route with a larger
surplus capacity indicates a higher degree of the route service
level, including road infrastructure facilities, environmental
satisfaction, and travel fluency.

Table 1: Typical day-to-day flow dynamic models.

Authors Behaviour
criterion Stable state Remarks

Guo et al. [13] UE Single
equilibrium

A link-based discrete dynamic system model was proposed to depict the rational
adjustment process of traffic flow to an equilibrium state

Huang and Lam
[23] UE Single

equilibrium

A route-based day-to-day dynamic system considering the network queuing was
formulated to study travellers’ equilibrium path and travel time decision-making

behaviour
Peeta and Yang
[24] UE/SO Single

equilibrium
Route guidance control strategies and a general procedure for the stability analysis

of dynamic traffic assignment problems were developed

He et al. [25] UE Single
equilibrium

A link-based dynamic traffic flow assignment model was established to depict the
traveller’s daily route adjustment behaviour and the evolution process of traffic

flow

Liu et al. [26] UE Single
equilibrium

A traffic flow dynamic model considering the impact of traveller inertia in a
bimodal transportation system was investigated

Watling and
Hazelton [27] SUE Single

equilibrium

Amathematical model to simulate the day-to-day dynamic adjustment system and
the route selection behaviour made by network travellers based on their travel

experiences was described

Ehrgott et al. [28] SUE Single
equilibrium

An SUE model based on random utility theory was performed to study the
multiobjective problem

Long et al. [29] SO Single
equilibrium

A system optimum dynamic traffic assignment model that accommodated the
environment objectives was introduced

Hoang et al. [30] SUE Single
equilibrium

A novel mathematical programming framework was investigated for the
information-based stochastic user equilibrium dynamic traffic assignment

problem

Huang and Li [43] SUE-SUE Mixed
equilibrium

A multiclass, multicriteria (cost versus time) logit-based traffic equilibrium
assignment problem was analysed, which grouped travellers according to their
own value of time and further divided travellers with different travel disutility

perception variations

Zhang et al. [44] UE-CN-SO Mixed
equilibrium

A multiclass multicriteria mixed equilibrium model that considered travellers’
perceived utility differences was proposed to study the evolution behaviour, and a

uniform road toll strategy by utilising the dual theory was developed

Han et al. [45] UE-SUE Mixed
equilibrium

A daily traffic flow dynamic adjustment system was presented under ATIS
environment

Zhou et al. [46] UE-SUE Mixed
equilibrium

A discrete dynamic evolution model of traffic flow mixed equilibrium was shown
to describe traveller’s multiple route adjustment behaviour with and without ATIS

Delle Site [49] SUE-SUE-SUE Mixed
equilibrium

A mixed user equilibrium model was proposed to form the dynamic day-to-day
processes and investigate the impacts of the inertia and the availability of ATIS
with differentiated functionalities (predictive and static) on equilibrium travel

times
Note: UE: user equilibrium; SO: system optimum; SUE: stochastic user equilibrium; CN: Cournot–Nash equilibrium.
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When the current network flow is zero, the traveller
chooses the route with the largest capacity to experience the
most comfortable travel. With the gradual increase of road
network flow, the residual capacity on all alternative paths
will decrease, and the route travel comfort degree will de-
crease. 2erefore, travellers will adjust their route selection
according to the route travel comfort, and the route flow will
shift to the alternative path with larger residual capacity.2is
route adjustment behaviour will lead the traffic flow to a
stable state, which is defined as QUE (quantity adjustment
user equilibrium) state in this research.

2.2. Mixed Equilibrium. When applying the dual constraint
of price and quantity to the route selection behaviour of road
network travellers, it means that a group of network trav-
ellers take the minimum travel price as the goal, and the
traffic flow formed by such travellers’ route decision-making
behaviour finally stabilises in the price adjustment user
equilibrium, that is, Wardrop UE state, while the other
group of travellers expect the maximum comfort travel
experience, and the traffic flow formed by such travellers’
route decision-making behaviour finally stabilises in the
QUE state. 2ese two groups of travellers coexist in the road
network, so that different decision-making behaviours of
route selection interact and influence each other and finally
form a UE-QUE mixed equilibrium state. 2e corre-
sponding dynamic adjustment behaviour of traffic flow is the
evolution process of mixed regulation traffic flow.

Given a network G � (T, A), assuming that the travel
demand of travellers in the first group following the UE
principle is expressed as dw, the travel demand of travellers
in the second group following the QUE principle is denoted
by dw. 2e flows of travellers on route r ∈ Rw in these two
groups are represented by fr

w and f
r

w, respectively. 2ese
route flows are grouped into two vectors and can be
expressed by

f � fr
w: w ∈W, r ∈ Rw( ,

f � f
r

w: w ∈W, r ∈ Rw .

⎧⎨

⎩ (1)

2e flow conservation condition is given by


r∈Rw

f
r
w � dw,


r∈Rw

f
r

w � dw.
(2)

2e traffic flow on the link a ∈ A is the aggregated link
flow from two groups, which is

xa � 
w∈W


r∈Rw

δra
w f

r
w + f

r

w , a ∈ A. (3)

Travellers in the first group take the minimum travel
price as the goal, following the UE route rapidity choice
behaviour assumption, in which all travellers are supposed
to shift to the alternative shorter route to reduce their actual
travel time given the current information. 2e corre-
sponding traffic flow evolution process finally stabilises in
the price adjustment user equilibrium, that is, Wardrop UE

state. When the traffic network travel demand is low, the
route travel time is relatively low, so travellers in the first
group select the shortest route with the most rapid time.
With an increase in the network travel demand, the route
travel time is increased since the traffic demand is gradually
assigned to the traffic route network, which evolves to a
congested state. Under this circumstance, travellers in the
first group are supposed to shift to an alternative route where
travel time is less compared with the current route. In
addition, the traffic flow will be stable in the equilibrium
state where all routes have the same travel time which is
equal to theminimum route travel time for the OD pair.2is
route shift behaviour is predefined as route rapidity choice
behaviour, and the formed network equilibrium state is the
Wardrop UE state.

In the UE state, the route cost of all used routes between
each OD pair is equal to the minimum route cost and less
than (or equal to) the other routes with no flows. 2e
equilibrium condition of travellers in the first group fol-
lowing the UE principle is

fr
w > 0, 

a∈A
δra

w ta xa(   � uw,

fr
w � 0, 

a∈A
δra

w ta xa(  ≥ uw,

a ∈ A, r ∈ Rw, w ∈W,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(4)

where uw denotes the minimal travel time between OD pair
w.

Whereas travellers in the second group expect the
maximum comfort travel experience, they follow the QUE
route comfort choice behaviour assumption, in which all
travellers are supposed to shift to the alternative path with a
larger residual capacity to increase their travel comfort
degree given the current information. 2e corresponding
traffic flow evolution process finally stabilises in the quantity
adjustment user equilibrium, QUE state. When the traffic
network travel demand is low, the capacities of all routes are
relatively high, and travellers in the second group will select
the maximum-surplus-capacity route with the most com-
fortable travel route. With the increase of travel demand, the
surplus capacities of all routes are reduced since the network
gradually evolves to a congested state. Under this circum-
stance, travellers in the second group are supposed to shift to
an alternative route where the surplus capacity is greater
compared with the current route. In addition, the traffic flow
will be stable in the equilibrium state where all route surplus
capacities are the same and equal to the maximum surplus
capacity of the OD pair. 2is route shift behaviour is pre-
defined as the route comfort choice behaviour, and the
formed network equilibrium state is called the quantity
adjustment user equilibrium.

2e maximum traffic capacity of the route r ∈ Rw is
expressed as

Kr � min δra
w Ka( . (5)

2e surplus capacity of the route r ∈ Rw is given by

s
r
w

f
r

w  � max Kr − f
r

w, 0 . (6)
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2e maximum surplus capacity in the OD pair w is
defined as

vw � max
r∈Rw

s
r
w

f
r

w  . (7)

In the QUE state, the route surplus capacities of all used
routes between each OD pair are equal to the maximum
surplus capacity and greater than (or equal to) the other
routes with no flows [51]. 2e equilibrium condition of
travellers in the second group followed the QUE principle is

f
r

w > 0, sr
w

f
r

w  � vw,

f
r

w � 0, sr
w

f
r

w ≤ vw,

r ∈ Rw, w ∈W.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(8)

3. Mixed Equilibrium Switch Model

2e adjustment route flow of route l in OD pair w on day n,
selected by travellers in the first group, is denoted by
_f

l

w(n) � yl
w(n). Assume that the adjustment route flow of

the first group travellers between two alternative routes is
proportional to the route cost difference in the dynamical
system [24]. When the route cost of the route k is larger than
the route cost of route l on time n: ck

w > cl
w, the adjustment

flow from route k to l is positive: yk⟶ l
w (n)> 0; conversely, if

the route k has lesser cost than the route l: ck
w < cl

w, the
corresponding adjustment flow is negative: yk⟶ l

w (n)< 0;
and the travellers do not switch if the route costs are equal.
Mathematically, the adjustment route flow can be expressed
as

y
k⟶l
w (n) � α · φk⟶l

w (c, f(n)), k, l ∈ Rw; w ∈W, (9)

φk⟶l
w (c, f(n)) �

ck − cl( 

ck

· f
k
w(n), if ck − cl ≥ 0,

ck − cl( 

cl

· f
l
w(n), if ck − cl < 0,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(10)

y
l
w(n) � 

k≠ l

y
k⟶l
w (n) � 

k≠ l

α · φk⟶l
w (c, f(n)), k, l ∈ Rw; w ∈W, (11)

where α(0< α< 1) is the route flow adjustment ratio. Since
the right-hand side of equation (9) is continuous, there exists
a solution fl

w(n) to equation (9) as a well-defined dynamical
system. Equation (9) describes the magnitude and direction
of the flow switching between two paths. yl

w(n) is contin-
uous because it is a summation of yk⟶ l

w (n).
Likewise, the adjustment route flow of route l in OD pair

w on day n, chosen by travellers in the second group, is
denoted by _f

l

w(n) � yl
w(n). Assume that the adjustment

route flows of the second group travellers are inverse rate
with the route surplus capacity difference. When the route
surplus capacity of route k is larger than route l on time
n: sk

w > sl
w, the adjustment flow from route k to l is negative:

yk⟶l
w (n)< 0; if the route surplus capacity of route k is less

than route l: sk
w < sl

w, the corresponding adjustment flow is
positive: yk⟶l

w (n)> 0; and the travellers do not switch if the
route surplus capacity is equal. Mathematically, the ad-
justment route flow can be stated as

y
k⟶l
w (n) � α · ϕk⟶l

w (s, f(n)), k, l ∈ Rw; w ∈W, (12)

ϕk⟶l
w (s, f(n)) �

sl − sk( 

sl

· f
l

w(n), if sk − sl ≥ 0,

sl − sk( 

sk

· f
k

w(n), if sk − sl < 0,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(13)

y
l
w(n) � 

k≠ l

y
k⟶l
w (n) � 

k≠ l

α · ϕk⟶l
w (s, f(n)), α> 0; k, l ∈ Rw; w ∈W. (14)

Since the right-hand side of equation (12) is continuous,
there exists a solution f

l

w(n) to equation (12) as a well-defined
dynamical system. Equation (12) describes the magnitude and

direction of the flow switching between two paths. yl
w(n) is

continuous because it is a summation of yk⟶l
w (n).

Combining equations (11) and (14), we obtain
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yl
w(n) � 

k≠ l

αφk⟶l
w (c, f(n)),

yl
w(n) � 

k≠ l

αϕk⟶l
w (s, f(n)),

α> 0; k, l ∈ Rw; w ∈W.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(15)

Based on equations (9)–(11), the aggregate route ad-
justment flow of travellers in the first group on day n can be
formulated as

yw(n) � 
r∈Rw

y
r
w(n)

� 
k,l∈Rw∩k≠ l

y
k
w(n) + y

l
w(n) 

� 
k,l∈Rw∩k≠ l

αφk⟶l
w (c, f(n)) + αφk⟶l

w (c, f(n)) 

�


k,l∈Rw∩k≠ l

α
cl − ck( 

ck

· f
k
w(n) + α

ck − cl( 

ck

· f
k
w(n)  � 0, if ck − cl ≥ 0,


k,l∈Rw∩k≠ l

α
cl − ck( 

cl

· f
l
w(n) + α

ck − cl( 

cl

· f
l
w(n)  � 0, if ck − cl < 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(16)

Since r∈Rw
yr

w(n) � 0, it follows that r∈Rw
fr

w(n) is a
constant; hence from r∈Rw

fr
w(0) � dw, then

r∈Rw
fr

w(n) � dw.

According to equations (12)–(14), the summation of the
route adjustment flow of travellers in the second group on
day n can be expressed by

yw(n) � 
r∈Rw

y
r
w(n)

� 
k,l∈Rw∩k≠ l

y
k
w(n) + y

l
w(n) 

� 
k,l∈Rw∩k≠ l

αϕl⟶ k
w (s, f(n)) + αϕk⟶l

w (s, f(n)) 

�


k,l∈Rw∩k≠ l

α
sk − sl( 

sl

· f
l

w(n) + α
sl − sk( 

sl

· f
l

w(n)  � 0, if sk − sl ≥ 0,


k,l∈Rw∩k≠ l

α
sk − sl( 

sk

· f
k

w(n) + α
sl − sk( 

sk

· f
k

w(n)  � 0, if sk − sl < 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(17)

where r∈Rw

f
r

w(n) � r∈Rw

f
r

w(0) � dw; the flow conserva-
tion constraint is satisfied.

Furthermore, the route adjustment flow switchingmodel
for a general network with multiple O-D pairs can be
expressed as

y(n) �  α · Ψ((c, f(n)),

y(n) �  α ·Φ((s, f(n)),

⎧⎪⎨

⎪⎩
(18)

where
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Ψ(c, f(n)) �

Ψ1(c, f(n)) 0 · 0

0 Ψ2(c, f(n)) 0 ·

· 0 · 0

0 · 0 Ψw(c, f(n))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Φ(s, f(n)) �

Φ1(s, f(n)) 0 · 0

0 Φ2(s, f(n)) 0 ·

· 0 · 0

0 · 0 Φw(s, f(n))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Ψw(c, f(n)) �

0 φk⟶ l
w (c, k⟶l(n)) · · ·

φk⟶l
w (c, k⟶l(n)) 0 · · ·

· · 0 φk⟶l
w (c, f(n)) ·

· · φk⟶l
w (c, f(n)) 0 ·

· · · · 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Φw(s, f(n)) �

0 ϕk⟶l
w (s, f(n)) · · ·

ϕk⟶l
w (s, f(n)) 0 · · ·

· · 0 ϕk⟶ l
w (s, f(n)) ·

· · ϕk⟶l
w (s, f(n)) 0 ·

· · · · 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(19)

Each element (yl
w(n) and yl

w(n)) in system (18) is
continuous. Consequently, the solution existence for system
(18) is guaranteed.

2erefore, the route flow of the first group in route l on
day n + 1 is

f
l
w(n + 1) � f

l
w(n) + 

k⟶l

αφk⟶ l
w (c, f(n)). (20a)

And the route flow of the second group in route l on day
n + 1 can be stated as

f
l

w(n + 1) � f
l

w(n) + 
k≠ l

αϕk⟶l
w (s, f(n)). (20b)

2en, the adjustment route flow switching model can be
restated as

f
l
w(n + 1) � f

l
w(n) + 

k≠ l

αφk⟶l
w (c, f(n)), (21a)

f
l

w(n + 1) � f
l

w(n) + 
k≠ l

αϕk⟶l
w (s, f(n)). (21b)

Combining equations (18), (21a), and (21b), given the
initial conditions: (n ∈ [0, N]), f(n � 0) � f0 and
f(n � 0) � f

0
, the mixed equilibrium switch model is given

by

f(n + 1) � f(n) + y(n),

f(n + 1) � f(n) + y(n),

f(0) � f(0),

f(0) � f
(0)

.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(22)

4. Property Analyse

4.1. Equivalence between Stable State and Mixed Equilibrium
Condition. In the present section, we establish a mixed
equilibrium switch model, and if it reaches a stable point
(f∗, f
∗
), which means

f∗(n + 1) � f∗(n),

f
∗
(n + 1) � f

∗
(n),

 (23)

then, it follows that all the adjustment route flow is zero:

y∗(n) �  αΨ c, f∗(n)(  � 0,

y∗(n) �  αΦ s, f
∗
(n)  � 0.

⎧⎪⎨

⎪⎩
(24)

Assume that the route l is the shortest route with the
minimum route travel cost in OD pair w, stated as

c
k
w ≥ c

l
w � uw > 0, k≠ l ∈ Rw. (25)
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Substituting equations (10) into (24), we have

y
l∗
w � 

k≠ l

αφk⟶ l
w (c, f(n)) � 

k≠ l

α
ck − cl( 

ck

· f
k
w(n) � 0.

(26)

2e route flow is nonnegative, and so, there is
fk

w(n)≥ 0, k ∈ Rw, w ∈W; combining it with equations (25)
and (26) we get

fk
w > 0, ck

w � cl
w � uw,

fk
w � 0, ck

w > cl
w � uw,

k, l ∈ Rw, w ∈W.

⎧⎪⎪⎨

⎪⎪⎩
(27)

Likewise, assuming that the route l is the most com-
fortable route with the maximum surplus capacity in the OD
pair w, then

s
l
w � vw ≥ s

k
w ≥ 0, k≠ l ∈ Rw. (28)

Substituting equations (13) into (24), we have

y
l∗
w � 

k≠ l

αϕk⟶ l
w (s, f(n)) � 

k≠ l

α
sl − sk( 

sk

· f
k

w(n) � 0.

(29)

With the nonnegative property of route flow, which is
f

k

w ≥ 0, k ∈ Rw, w ∈W, and combining it with equations
(28) and (29), it then follows that

f
k

w > 0, sk
w � sl

w � vw,

f
k

w � 0, sk
w ≤ sl

w � vw,

k, l ∈ Rw, w ∈W.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(30)

It can be seen that equations (27) and (30) are actually
the equilibrium conditions of the travellers in two groups,
which shows that the stable point (f∗, f

∗
) of the proposed

switch model is equivalent to the mixed equilibrium
condition.

4.2. Uniqueness of Solution. Based on the variational in-
equality (VI) theory, it is clear that the mixed equilibrium
switch model (22) can be rewritten as the following VI
problem:

F f∗, f
∗

 
Τ

·
f − f∗

f − f
∗  �   α · Ψ c, f∗(  · f − f∗( 

+   α ·Φ s, f
∗

  · f − f
∗

 

≥ 0.

(31)

We note that it is known that if the function F(f , f) is
strictly monotone with (f , f), then there exists a unique
model solution.

Proof. Assume that (f′, f′) and (f∗, f
∗
) are solutions to the

VI problem (31), and (f′, f′)≠ ((f∗, f
∗
), so that

  α · Ψ(c, f′)  · (f − f′) +   α ·Φ s, f′  · f − f′ ≥ 0,

(32)

  α · Ψ c, f∗(   · f − f∗(  +   α · Φ s, f
∗

   · f − f
∗

 ≥ 0.

(33)

Let (f , f) � (f∗, f
∗
) in equation (32) and (f , f) � (f′, f′)

in equation (33), and adding the resulting inequalities, one
obtains

  α · Ψ(c, f′)  −  α · Ψ c, f∗(   
Τ

  α ·Φ(s, f′)  −  α ·Φ s, f
∗

   
Τ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Τ

·
f∗ − f′
f
∗

− f′
⎛⎝ ⎞⎠≥ 0.

(34)

Apparently, the inequality (34) is in contradiction to the
definition of strict monotonicity. Hence (f′, f′) � (f∗, f

∗
);

the uniqueness of the solution holds. □

4.3. Stability of Solution. LaSalle’s theorem is used to address
the stability properties of the mixed equilibrium switch
model. 2e candidate Lyapunov function [11] that we ap-
plied for the travellers of the first group is

V(f(n)) � 
x(n)

0
t(η)dη. (35)

It represents the objective function of the UE assign-
ment. Since x(n) is a linear transformation of f(n) from
equation (3), ‖f(n)‖⟶∞, ‖x(n)‖⟶∞, and t(x(n)) is
a monotonically increasing function of x(n). Hence,
f(n)⟶∞, 

x(n)

0 t(η) dη⟶∞ and lim‖f(n)‖⟶∞V

(f(n)) �∞, which means that V(f(n)) is a continuously
differentiable, positive definite radially unbounded function.
Equation (35) can be expanded as

V(f(n)) � 
x(n)

0
t(η)dη � 

n′

n0
t(η)

dη
dn

dn

� 
n′

n0
t(η)

dη
df

df

dn
dn.

(36)

Here, n0 is the initial time in the dynamical switch system
corresponding to the initial state f(0), n′ is the time in the
dynamical switch system when the system reaches the state
f(n). Equation (36) converts equation (35) to an integral along
a route in the plane parameterized by n. 2e conversion is to
avoid dealingwith the complex interactions amongx(n), which
is caused by the different classes of route choice behaviour
principle in this research. And so the derivative of the Lyapunov
function along the trajectories of the switch process is

_V(f(n)) �
dV

dn
(f(n)) �

d 
n′

n0
t(η)(dη/df)(df/dn)dn 

dt
,

(37)

where (dη/df) � (dx/df) � (d(δf)/df) � δ, t(η)(dη/df)

� t(η)δ � c, and (df/dn) � _f � y. 2erefore,
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_V(f(n)) �

d 
n′

n0
t(η)(dη/df)(df/dn)dn 

dt

� c · y(n) � c ·  αΨ(c, f(n)).

(38)

Now, from our earlier remark in Section 4.1, if and only
if the dynamic switch process reaches the mixed equilibrium

state, condition ck > c∗, fk
w � 0

ck � c∗, fk
w > 0

 holds and _V(f∗(n)) � c∗·

 αΨ∗(c, f(n)) � 0. 2en, c> 0, α> 0, f(n)≥ 0, and
Ψ(c, f(n)) is not positively invariant, so _V(f(n)) is non-
positive definite.

2e candidate Lyapunov function [25] that we applied
for the travellers of the second group is

W(f(n)) �  f(n) · (v − s). (39)

Apparently, the surplus capacity decreases with the in-
crease of network route flow, that is, f(n)↑, s↓, (v − s)↑.
Hence f(n)⟶∞,  f(n) · (v − s)⟶∞ and
lim

‖f(n)‖⟶∞
W(f(n)) �∞, which means that W(f(n)) is a

continuously differentiable, positive definite radially un-
bounded function. Equation (39) can be rewritten as

_W(f(n)) �
dW

dn
(f(n)) �

dW

d(f(n))
(f(n)) ·

d(f(n))

dn

�
dW

d(f(n))
(f(n)) · y(n),

(40)

where

dW(f(n))

d(f(n))
�

zW(f(n))

z f1(n) 

zW(f(n))

z f2(n) 
· · ·

zW(f(n))

z fr(n) 
⎡⎣ ⎤⎦

� −s1 −s2 · · · −sr  � −s,
(41)

and so,
_W(f(n)) � −s · y(n) � −s ·  αΦ(s, f(n)). (42)

If and only if the dynamic switch process reaches the

mixed equilibrium state, condition sk < s∗, f
k

w � 0
sk � s∗, f

k

w > 0

⎧⎨

⎩ holds,

and _W(f
∗
(n)) � −s∗ ·  αΦ∗(s, f(n)) � 0. 2en, s≥ 0,

α> 0, f(n)≥ 0, and Φ(s, f(n)) is not positively invariant, so
_W(f(n)) is nonpositive definite too.

Above all, the dynamic switch model (22) is stable and
the solution of the dynamic switch model (22) converges to
the mixed equilibrium state.

5. Numerical Example

In this subsection, we study the performance of the proposed
dynamic traffic flow adjustment model, which synthetically
considers the travellers with a different route choice behaviour
principle. 2e tested network is shown in Figure 1 [25]. 2e

traffic demand pattern between the OD pairs is assumed to be
D � 240; assuming that 50% of the travellers follow the
quantity adjustment principle, β � 50%, then the traffic de-
mand of the first group and the second group is d � 120 and
d � 120.2e route adjustment flow ratio is assumed as α � 0.6.

2e incidence matrix of routes and links for the network
is given in equation (43), and a simplified link travel time
function that is often used in practice developed by the U.S.
BPR (Bureau of Public Roads) is listed as follows, with free-
flow travel time and link capacity given in Table 2:

ΔT �

1 1 0 0 0 0 0 0 1 0 0 1

1 0 0 1 0 0 0 1 0 0 0 1

1 0 0 0 0 1 0 1 0 0 1 0

0 0 1 1 0 0 1 0 0 0 0 1

0 0 1 0 0 1 1 0 0 0 1 0

0 0 0 0 1 1 1 0 0 1 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (43)

ta xa(  � t
0
a 1 + 0.15

xa

ca

 

4
⎡⎣ ⎤⎦, ∀a ∈ A. (44)

1
1

2
2
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Figure 1: Test traffic network.

Table 2: 2e parameters in the link travel time functions.

Link t0a ca

1 8 63
2 16 60
3 6 74
4 12 65
5 10 60
6 10 68
7 12 68
8 14 71
9 8 60
10 6 66
11 7 64
12 8 67

10 Journal of Advanced Transportation



Figure 2 shows the evolution process of route flows and
correspondent route travel time for travellers in the first group,
while Figure 3 depicts the evolution process of route flows and
correspondent route surplus capacity for travellers in the
second group. Meanwhile, the route flow pattern and the
corresponding route travel time in the mixed equilibrium state

for travellers in the first group are tabulated in Table 3 as f and
c, and the route flow pattern and the corresponding route
surplus capacity in the mixed equilibrium state for travellers in
the second group are tabulated in Table 3 as f and s.

By combining Figures 2 and 3 with Table 3, it shows that
the specific evolution process wherein the traffic flows

45

40

35

30

25

20

15

10

5

0

Fl
ow

10 20 30 40 50 60 70 80 90 100
Day

Price regulation

Route 1
Route 2
Route 3

Route 4
Route 5
Route 6

(a)

10 20 30 40 50 60 70 80 90 100
Day

120

110

100

90

80

70

60

50

40

30

20

C
os

t

Price regulation

Route 1
Route 2
Route 3

Route 4
Route 5
Route 6

(b)

Figure 2: Evolutionary trajectories of route flows (a) and route travel costs (b) for travellers in the first group.
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Figure 3: Evolutionary trajectories of route flows (a) and route surplus capacity (b) for travellers in the second group.
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Table 3: Route flow, route travel cost, and surplus capacity in mixed equilibrium for travellers.

Route Link f c f s

1 1, 2, 9, 12 30.25 71.30 17.50 42.50
2 1, 4, 8, 12 0.00 77.81 20.50 42.50
3 1, 6, 8, 11 27.93 71.30 20.50 42.50
4 3, 4, 7, 12 36.77 71.30 22.50 42.50
5 3, 6, 7, 11 25.06 71.30 21.50 42.50
6 5, 6, 7, 10 0.00 75.23 17.50 42.50
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Figure 4: Continued.
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gradually converges to the equilibrium state after a fluctuant
period. 2e above observation indicates that travellers in the
first group, following UE principle, will evolve to a UE state,
in which the travel costs of all used routes between the same
OD pairs are equal and minimal, and travellers in the second
group, following QUE principle, will evolve to a quantity-
adjusted user equilibrium state in which the route surplus
capacities of all used routes between the same OD pairs are
equal and maximum.

Next, we test the performance of our mixed equilibrium
switchmodel under different small constant flow adjustment
ratios. Figures 4(a)–4(c) depict the evolution processes of
flows in the mixed equilibrium state for travellers in the first
group and the second group when the adjustment ratio is set
to be 0.1, 0.3, and 0.5, respectively. It shows that, with
different initial traffic flow patterns and route adjustment
ratios, the dynamic system shares the same final equilibrium
traffic flow pattern, which further testifies the uniqueness
and stability of solution for the proposed mixed equilibrium
switch model.

Parameter α represents the proportion of travellers who
reconsider their routes in the next day according to the
current network information, where the travellers in the first
group shift to the route with lesser route travel time and the
travellers in the second group switch to the route with higher
route surplus capacity to experience more comfortable
travel. Figure 4 shows that, with the increased value of α, the
number of travellers who adjust their route choice is in-
creased. 2is shows that a larger α will make the corre-
sponding trajectory smoother and steadier and the
fluctuation smaller. 2is means that, with an increase in the
number of travellers who adjust their current route choice in
accordance with the network information during the evo-
lution process, the total benefit achieved by the route ad-
justment decision increases, which encourages travellers to

shift to the equilibrium state. 2erefore, the convergent
speed is accelerated, and the evolution process from dis-
equilibrium to equilibrium is shortened.

Clearly, from the above results, we can observe that
traffic flows all converge to the stable state after a fluctuant
period and that the proposed route adjustment switch model
simulates the ideal traffic flow evolution of the two groups of
travellers’ route choice behaviour. Table 3 shows that, for
travellers in the first group, the demand is entirely loading in
the routes with the minimum travel times in the stable state,
and the flows in the second group are stable when all of the
surplus capacities of the routes are equal. Hence, the stable
state is exactly the mixed equilibrium state formed by the
different behaviours of these two groups of travellers. From
Figure 4, we find that a smaller flow adjustment ratio will
make the corresponding trajectory converge to the equi-
librium slower, which is caused by the inactive route ad-
justment behaviour of travellers. And the evolution process
under the quantity regulation is always smoother compared
with the one under the price regulation with the same other
condition, which is mainly caused by the different percep-
tion degree of price signal and quantity signal in the traffic
network. In general, the travel surplus capacity is more
visualised than the travel cost, so that the quantity adjust-
ment behaviour is a universal phenomenon that should not
be neglected in the areas of travel behaviour analysis.

6. Conclusions

With the rapid development of science and technology and
the urbanisation process, new traffic patterns have emerged
from large-scale urban infrastructure construction, road
network expansion, and so on. To rationally characterise the
traffic flow dynamic evolution process from disequilibrium
to equilibrium, we studied the new quantity adjustment user
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Figure 4: Flow evolution of test traffic network with different traffic flow proportional adjustment ratios. (a) α � 0.1. (b) α � 0.3. (c) α � 0.5.
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equilibrium criterion and the classic user equilibrium cri-
terion based on the price-quantity adjustment behaviour
principle of the non-Walrasian equilibrium theory. 2is
paper categorises all travellers into two groups according to
their route choice behaviour and simulates the dynamic
evolution process of the interacted traffic flow. 2us, a
proportional-switch adjustment model is established to
reflect the route adjustment behaviour interaction between
the traditional UE travellers and the QUE travellers, which
converged to a mixed equilibrium state. 2is mixed equi-
librium not only considers the diversity of the route selection
criteria of the travellers but also elaborates on the interaction
between the different travellers’ groups. 2is deepens the
understanding of network traffic flows and improves the
level of urban traffic planning and management.

2is work opens up several opportunities for further
research, including (1) the possibility of ascertaining the
proportional relationship of different traveller groups in
mixed equilibrium, (2) possibilities to devise the appropriate
forms defining the different route comfort and the corre-
sponding traffic flow equilibrium conditions, and (3) the
extension of the decision factors in route choice process,
such as the inherent preference, previous experience, and
social interaction of transportation information.

Notations

T: Set of nodes
A: Set of links, where a ∈ A

W: Set of origin-destination pairs,
where w ∈W

Rw: Set of routes in OD pair w, where
r, k, l ∈ Rw

xa: Traffic flow on the link a ∈ A

ta � ta(xa): Travel time function on link
a ∈ A

δra
w : Element of link-route incidence

matrix, where δra
w � 1 if the route

r ∈ Rw contains link a, and 0
otherwise

dw: Travel demand of travellers in
the first group

dw: Travel demand of travellers in
the second group

fr
w: Traffic flows of travellers in the

first group on route r ∈ Rw
f

r

w: Traffic flows of travellers in the
second group on route r ∈ Rw

f � (fr
w: w ∈W, r ∈ Rw): Set of route flows of travellers in

the first group
f � (f

r

w: w ∈W, r ∈ Rw): Set of route flows of travellers in
the second group

cr
w: Travel time of route r ∈ Rw

uw: Minimal travel time between OD
pair w

Kr: Maximum traffic capacity of the
route r ∈ Rw

sr
w: Surplus capacity of the route

r ∈ Rw

vw: Maximum surplus capacity in
OD pair

yl
w(n): Adjustment route flow of

travellers in the first group on the
route l in OD pair w at day n

yl
w(n): Adjustment route flow of

travellers in the second group on
the route l in OD pair w at day n

y � (yl
w: w ∈W, l ∈ Rw): Set of adjustment route flows of

travellers in the first group
y � (yl

w: w ∈W, l ∈ Rw): Set of adjustment route flows of
travellers in the second group

α(0< α< 1): Route flow adjustment ratio
β: Proportion of the travellers in the

second group follows the
quantity adjustment principle

φk⟶ l
w : Adjustment flow function of

travellers in the first group from
route k to l in OD pair w

ϕk⟶ l
w : Adjustment flow function of

travellers in the second group
from route k to l in OD pair w

n: 2e dynamical system time unit
that relates only to the solution
procedure and has no mapping
to the real system, which is
defined as a day in this paper.
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