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After the BOTroad operation contract expires, generally, the road will be transferred to the government, and then the government
operates the road independently without charging costs from its users. Facing the huge amount of the operation cost, Chinese
government tends to continue to charge the road users to guarantee the high quality of road operation.*en, the government will
have to decide whether a private firm or government itself would be suitable to operate the road. Amodel is presented for decision-
making through balancing interests between the government and the private firm with an introduction of an intermediate
variable, i.e., bidding price.*ree scenarios are investigated in the model, including the optimization of government operation, the
optimization of private firm operation, and government operation with an improper decision of the intermediate variable.
Improper intermediate variable will result in a higher toll charged by the government than by a private firm. *e method of
avoiding an improper decision is investigated. *e result shows that the intermediate variable should be determined to be the
government operation cost, based on which the private operator could be chosen, if available. With consideration of the private
operator’s profit to be guaranteed by the government, the maximum subsidy should be equal to the minimum private operator’s
profit to be disclosed when the contract is signed.

1. Introduction

Due to the tight government budget, a lot of transportation
facilities, especially highways, were built in the build-
operate-transfer (BOT) mode in the past forty years. At
present, more and more BOT contracts for the operation of
roads have expired or will be going to expire.

When the roads previously operated in the BOT mode
are transferred to the government, it is usually assumed that
they will become public roads, and the government will take
over the responsibility of operating and maintaining these
roads with its own budget. In fact, the operation cost (OC)
including but not limited to the maintenance cost is much
less than the initial construction cost of the roads. In general,
no toll will be charged for the public roads. In fact, in order
to guarantee the standard of the service relating to the road
operations, the government needs to invest heavily to cover
the OC. Due to the tight fiscal budget and for decreasing the

government financial burden, continuing tolling after the
transfer of the roads becomes a logical decision and, to some
extent, a universal operation mode. In fact, Chinese gov-
ernment intends to charge the fees for these roads [1].
Chinese government could decide either to charge in its own
name or entrust a private firm with this task.

Based on the above description, the road outside the
BOT concession period is referred to as the public toll road
(PTR) hereinafter, and the toll will be charged continuously
to make up the OC. Tan et al. [2] and Niu and Zhang [3]
pointed out that normally, a private firm would define the
whole road life cycle as the BOT concession period in the
BOT contract. However, it is not the case in China. All the
BOT roads will have to be transferred to the government
when the contracts expire. In this paper, we assume that PTR
begins a new period after the road has been transferred to the
government. *e road life cycle, including the BOT con-
cession period and PTR period, is illustrated in Figure 1.
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*ere are numerous studies on the BOT road con-
struction and operation [2–12]; however, few researchers
consider the case after the roads are transferred to the
government. To our best knowledge, the influence of OC
during the PTR period has not been intensively studied
yet. *is paper aims to investigate whether the govern-
ment or a private firm should operate the road under the
charge of road toll if the government decides to charge to
compensate the OC. *is paper comes up with a new
concept compared with previous studies concerning the
BOT road. Previous research studies generally focus on
the selection of the road operator among private firms in
the BOT mode. *is paper will explicitly examine the
selection mechanism to determine whether the govern-
ment or a private firm will operate the road under the
charge of road toll during the PTR period. Note that the
revenue collected from road users will be used to com-
pensate the OC, which is different from traditional pricing
scenarios such as tolling for the return of the loan (BOT
and public-private-partnership).

Referring to Shi et al.’s study [13], we regard that OC is
composed of two parts: the demand-related OC and ca-
pacity-related OC. *e demand-related OC denotes the
cost relating to traffic demand; the capacity-related OC
denotes the cost relating to the capacity of the road, in-
cluding but not limited to the maintenance cost. *en, we
introduced an intermediate variable presented by the
government in the bidding document, which serves as
perfect information to both government and private firms.
*e government and private firms are fully aware of their
respective OCs, while the government is not clear about the
potential profit to be earned by private firms. We consider
the intermediate variable as crucial, based on which we
studied the case by analyzing the relationship of the in-
termediate variable, OC of the private firm, and that of the
government. *e government may determine an improper
intermediate variable based on the limited information. In
contrast, we provide an optimal solution that the gov-
ernment sets its anticipated operation cost as the inter-
mediate variable.

*e remainder of the paper is organized as follows:
Section 2 reviews the previous studies relating to toll road
operation. Section 3 introduces the basic notations and

assumptions necessary to our analysis model. Section 4 looks
into the issue whether the government or a private firm is
proper to operate the PTR under the condition that the toll is
charged if the government decides to collect the toll to cover
the OC. Section 5 investigates the optimal solution to be
adopted by the government. Finally, Section 6 concludes this
paper.

2. Literature Review

Literature on auction mechanisms of the BOT project is
closely related to our research. *ese studies can let the
government select the operator from several private firms
efficiently. *e least-present-value-of-revenue (LPRV)
auction mechanism is used on highway franchise. According
to auction theory [14], LPRVmechanism equaled to a type of
auction: the first-price sealed-bid where the winner was the
firm who offered the lowest bid for total revenue. Engel et al.
[5] presented a framework to evaluate different awarding
mechanisms for the franchise contract, and based on the
LPRV auction mechanism, they presented a simple auction.
Furthermore, Engel et al. [15] showed that the commonly
used fixed-term contract of franchise highway did not al-
locate the demand risk optimally and then proposed a new
auction mechanism for the franchise highway based on the
LPRV mechanism.

On the variable-term-based concept [5], Rus and
Nombela [16] pointed out that if operation cost was not
negligible, the LPVR mechanism would not guarantee the
best concessionaire; then, they proposed the least-present-
value-of-net-revenue (LPRNV) mechanism which required
private firm making offers on total revenue, maintenance
costs, annual operation and routine maintenance cost, and
so on; and this mechanism eliminated the demand risk
effectively. Based on a flexible-term contract and bidi-
mensional bids for maintenance costs and total net revenue,
Nombela and de Rus [17] proposed a new franchising
mechanism, comparing with fixed-term concessions, which
could promote the selection of efficient concessionaires
through eliminating the traffic risk. Verhoef [18] investi-
gated welfare impacts of franchise regimes for congestible
toll roads and found that patronage-maximizing auction was
not optimal when considering the second-best network
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Figure 1: Relationship of the BOT concession period and PTC period.
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aspects. Ubbels and Verhoef [19] looked into how to get the
desired welfare through analyzing the auction rules which
were set by the government in the process of bidding and
found that a bid with minimal price on the toll road would
lead to satisfying results for unsubsidy auction; however,
considering subsidies, the best bid would appear to involve
the minimum generalized travel costs. van den Berg [20]
investigated private supply of two congestible infrastructures
under four market structures including a monopoly and
three duopolies that differed in how private firms interact
with each other and found that a duopoly could lead to a
different rule of capacity than the first-best one which dif-
fered from the duopoly with the facilities.

However, all the above studies focus on the BOT road
operation as well as how to choose a private road operator.
Any existing selection mechanisms decide a private road
operator without considering the government as one of the
potential road operators. *erefore, compared to the pre-
vious studies, we investigate a mechanism to select the best
party to operate the road during the PTR period among the
government and private firms.

3. Notation and Assumptions

As mentioned above, we are aware that Chinese government
will have to decide whether to collect the toll in its own name
or to entrust a private firm with this task. Furthermore, we
assume that the PTR is the unique one connecting two
neighboring cities, and the private firms are able to operate
the road in a more efficient and profitable way than the
government. Besides, we further assume that the social
welfare for the public and the private firm’s profit derived
from operating the PTR are functions of the toll pricing and
the road capacity.

Let v≥ 0 and c≥ c1 be the travel demand and road
capacity, respectively, which are measured by the number
of vehicles per unit time; c1 is the road capacity when it is
transferred to the government. Let B(v) be the inverse
demand function (or a function of the marginal benefit)
and t(v, c) be the travel time function. Moreover, the
demand-supply equilibrium condition holds, i.e.,
B(v) � p + βt(v, c), where p is the toll charged by the
operator and β is the value of time that converts time into
an equivalent monetary cost. *e above condition means
that the travel demand of a new road is determined by the
total cost (including travel time and toll collected from
road users) of a trip. In this paper, we only consider
homogeneous users. Subsequently, we get a price
function:

p(v, c) � B(v) − β · t(v, c). (1)

Equation (1) implies that the toll p is determined by
travel demand v uniquely for a given road capacity c.
Hereinafter, v and c are equivalent to p and c.

Let Ms(v) and Mg(v) be the demand-related OC of a
private firm and the government, respectively. Let Md(v) be
an intermediate demand-related OC which is a function of
the intermediate variable. *en, we have

Ms(v) � msv,

Mg(v) � mgv,

Md(v) � mdv,

(2)

where ms and mg are the unit demand-related OC of the
private firm and the government, respectively, and md is the
intermediate variable.

Let Js(v, c) and Jg(v, c) be the OC of a private firm and
the government, respectively. Let Jd(v, c) be an intermediate
OC. *en, we have

Js(v, c) � I(c) + Ms(v) � I(c) + msv,

Jg(v, c) � I(c) + Mg(v) � I(c) + mgv,

Jd(v, c) � I(c) + Md(v) � I(c) + mdv,

(3)

where I(c) is the capacity-related OC of the toll road. *e
construction material information of a road is known in the
market, so we assume that I(c) is the perfect information
and identical for a private firm and the government in the
paper. Given the same I(c), we can regard md as the in-
termediate variable that is set by the government in the
bidding document. In practice, based on md, the govern-
ment will evaluate the road OC including the management
cost and construction cost before determining the road
operator. *roughout this paper, we make the following
assumptions on B(v), t(v, c), Ms(v), Mg(v), and I(c).

Assumption 1
(a) *e inverse demand function, B(v), is a strictly

continuously decreasing and differentiable function
of v for any v≥ 0.

(b) *e travel time function t(v, c) is a continuously
differentiable and strictly convex function of v and c

for v≥ 0 and c≥ 0. t(v, c) strictly decreases with c for
v> 0 and strictly increases with v for c≥ c1.

(c) *e demand-related OC function of the government,
a private firm, and the intermediate variable,
Mg(v), Ms(v), and Md(v), are continuously in-
creasing and differentiable with respect to v for v≥ 0;
the road construction cost function I(c) is contin-
uously increasing and differentiable with respect to c
for c≥ c1.

(d) For any given c≥ c1, the revenue collected from road
users is given by R(v, c) � v · p(v, c), which is a
strictly concave function of v for v≥ 0, i.e.,
zR2/zv2 < 0.

It is assumed that the government knows the OC of a
private firm, but is not clear of its profit; so, the government
will select a private firm through a determined intermediate
variable md. With the given intermediate variable md, the
problem in the following cases can be analyzed. If private
firms take part in the bidding process and obtain the right to
operate the PTR with md, the selection procedure will
terminate. If the government sets the value of md too high,
there will be no private firms participating in the bidding.
*e government has to take the right approaches to avoid
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this situation. In order to offer proposals for the government
to make a proper decision, two solution approaches are
proposed: set the right value of the intermediate variable;
provide guarantee for the private firms to ensure their profit.
If not selecting a private firm to operate the PTR, the
government will operate the road by itself.

We first consider the profit of both roles. Let Pg(v, c),
Ps(v, c), and Psc(v, c) be the governmental profit, private
firm profit without governmental guarantee, and private
profit with governmental guarantee, respectively.

Pg(v, c) � R(v, c) − Jg(v, c) � v · B(v) − vβt(v, c)

− I(c) + mgv ,

Ps(v, c) � R(v, c) − Js(v, c) � v · B(v) − vβt(v, c)

− I(c) + msv ,

(4)

Psc(v, c, n) � R(v, c) − Js(v, c) + n � Ps(v, c) + n, (5)

where R(v, c) is the total revenue obtained from the road
users; the last term of equation (5) is the government
guarantee that the government will offer subsidy for the
private firm operating the PTR. Equation (5) shows that
private firm profit includes two parts: one is profit from the
project Ps(v, c), and the other is the government subsidy n.
*en, the revenue is

R(v, c) � v · p(v, c) � v · B(v) − vβt(v, c). (6)

Next, we define the function of social welfare. When the
government operates the road, the social welfare function is
formulated as

Wg(v, c) � Us + Pg(v, c) � 
v

0
B(w)dw − βvt(v, c) − Jg(v, c),

(7)

where Us is the total social surplus.
With equation (1), the total social surplus is defined by

Us � 
v

0
B(w)dw − vB(v) � 

v

0
B(w)dw − v[p(v, c) + βt(v, c)].

(8)

When the private firm operates the toll road without the
government guarantee, the social welfare is given by

Ws(v, c) � Us + Ps(v, c) � 
v

0
B(w)dw − βvt(v, c) − Js(v, c).

(9)

When the private firm operates the toll road with the
government guarantee, the social welfare can be computed
as

Wsc(v, c) � Us + δ · Psc(v, c) − n � 
v

0
B(w)dw

− (1 − δ)vB(v) − βvt(v, c) − δJs(v, c) − (1 − δ)n,

(10)

where δ is a weighting factor, 0< δ < 1. *e first term on the
right side of equations (7)–(10) is the total social surplus of

road users; the second term of equation (7) is the govern-
ment profit; the second term of equation (9) is the private
profit; the second term of equation (10) is the weighted
provider’s surplus [21]; and the last term of equation (10) is
the government guarantee.

Assumption 2
(a) t(v, c) is homogeneous of degree zero in v and c, i.e.,

t(αv, αc) � t(v, c) for any α> 0
(b) Constant return to scale in the construction and

capacity-related cost, namely, I(c) � kc, where k
denotes the constant cost per unit capacity

(c) vB(v) is a concave function of v for any v≥ 0

Part (a) of Assumption 2 shows that vehicle travel time
on the road is only related with the volume-capacity ratio,
r � v/c. For example, the BPR (Bureau of Public Roads)
travel time function satisfies this assumption. In equation
(1), the toll p can be uniquely determined by the travel
demand v for a given road capacity c. In other words, social
welfare and profit, created by both the government and a
private firm, are determined by the travel demand v, road
capacity c, and the government subsidy n.

4. The First Selection of the PTR Operator by
the Government

*e government has the right to set an intermediate variable
md as the threshold value of the public toll road for private
firms. *e government will not select md >mg; otherwise, it
will operate the road by itself. So, when the government aims
to choose a private firm to build/rebuild and operate the
road, obviously, it will set the intermediate variable md ≤mg.

4.1. Under the Condition of ms >mg with the Government
Operation. *e government and private firm know the
information of OC for each other. When the unit demand-
related OC of the private firm is greater than the govern-
ment’s, namely, ms >mg, the government will operate the
PTR by itself to maximize social welfare. In order to dis-
tinguish from the analysis of Section 4.3, the superscript
“s>g” is used to represent the case ms >mg. *en, if
ms >mg, the unconstraint social welfare maximization
problem is formulated as

max
(v,c)

W
s>g
g (v, c) � 

v

0
B(w)dw − βvt(v, c) − J

s>g
g (v, c),

(11)

where the first-order optimal conditions of equation (11) can
be found in Tan et al. [2].

*ere are many highways operated by the government in
China.*e government needs the revenue collected from the
road users at least to cover the road investment including
operation and construction cost. So, when analyzing the
operating PTR, it is necessary to analyze the social welfare
maximization under the condition that the total investment
including but not limited to operation costs is equal to the
total revenue R(v, c), namely, the road operator obtains
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positive profit or zero profit from the project. *en, if the
government operates the road on its own, the constrained
problem is defined as

max
(v,c)

W
s>g
g (v, c) � 

v

0
B(w)dw − βvt(v, c) − J

s>g
g (v, c),

(12)

subject to

P
s>g
g (v, c) � R

s>g
g (v, c) − J

s>g
g (v, c)≥ 0, (13)

v≥ 0,

c≥ c1,
(14)

where equation (13) implies nonnegative profit; P
s>g
g (v, c) is

the profit of the government; and R
s>g
g (v, c) is the gov-

ernmental revenue.

4.2. Under the Condition of ms ≤mg with the Private Firm
Operation. In practice, the OC of a private firm, with
stronger execution and more flexibility, is usually lower than
that of the government. If the government makes a correct
decision on md, the private firm will be willing to operate the
PTR with proper profit. In this section, we first propose the
condition that the private firm operates the road under the
condition of ms ≤mg; then, based on the unconstrained and
constrained maximization private profit models, the defi-
nitions of the first-best and second-best problems for the
private firm are provided, respectively. For simplicity, the
subscript “s” was used to denote ms ≤mg.

First, the following proposition provides the condition
for the private firm to operate the road. We assume the
acceptable profit to be Pa.

Proposition 1. If the sum of the unit demand-related OC
and unit benefit of the private firm is less than md, namely,
ms + Pa/v≤md, and the government sets md in the interval
[ms + Pa/v, mg), then the contract between the government
and a private firm will be signed.

Proof. If allowed to operate the PTR, the private firm will
aim to make maximal profit from the project; and the
government will certainly not let the private firm get so
much profit. In other words, the private profit will be less
than the difference between the intermediate OC and the OC
of the private firm. *en, we have

v · p(v, c) − Js(v, c)≥Pa,

v · p(v, c) − Js(v, c)≤ Jd(v, c) − Js(v, c)
(15)

such that

Jd(v, c)≥Pa + Js(v, c). (16)

Since I(c) is the perfect information,

Md(v)≥Pa + Ms(v). (17)

*e proof is completed.

Although Proposition 1 includes the OC of the private
firm and the intermediate OC, it does not mean that the
government knows the amount of the private profit. In
reality, only when the government sets the intermediate
variable md, the private firm will decide whether or not to
operate the road according to its OC and profit. However,
the government usually evaluates the trade secret Pa of
private firms to determine md.

Getting the road franchising, the private firm will
maximize its profit by selecting the road capacity c and toll
p(c). In the extreme case of the private profit maximization
without any constraints, the unconstraint optimal problem
can be formulated as

max
(v,c)

Ps(v, c) � vp(v, c) − Js(v, c). (18)

*en, we investigate the profit maximization under the
constraint that the private profit is not larger than the
difference between the intermediate OC and the private firm
OC. *e constrained optimization problem can be formu-
lated as

max
(v,c)

Ps(v, c) � vp(v, c) − Js(c), (19)

subject to

vp(v, c) − Js(v, c)≥Pa, (20)

vp(v, c) − Js(v, c)≤ Jd(v, c) − Js(v, c), (21)

ms <md ≤mg,

v≥ 0,

c≥ c1,

Pa ≥ 0,

(22)

where Pa ≥ 0 is the minimum profit of the private firm. Even
if md >ms, the government is still willing to let a private firm
operate the road, which meets constraint (20). Alternatively,
only when the private profit is larger than the profit margin
Pa, the private firm will be willing to operate the road.
Constraint (21) means that the private firm profit will not be
larger than the difference between the intermediate OC and
the private firm OC, and the government will permit the
private firm to operate the PTR.

Based on the aforementioned problems, the definition of
the first-best and second-best solutions of the private firm is
introduced. □

Definition 1. (first-best and second-best profit solutions of
the private firm). Let (vs, cs) be an optimal solution to
optimal problems (19)–(22); it will be the first-best solution
if it maximizes problem (18); otherwise, it will be the second-
best solution.

Definition 1 is based on the profit maximization that
could classify the private profit problems. It is different from
the definition of the first-best and second-best contracts
based on the social welfare [22]. In fact, the private firm will
easily reach the second-best solution with constraints (20)
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and (21). By comparing first-best problem (18) and second-
best problems (19)–(22), the following observation can be
obtained based on Definition 1.

Observation 1. *e first-best solution of the private firm
exists if there only exists a solution (v∗s , c∗s ), which solves the
first-best problem and satisfies

v · p v
∗
s , c
∗
s(  − Js v

∗
s , c
∗
s( ≥Pa, (23)

v
∗
s · p v

∗
s , c(  − Jd v

∗
s , c
∗
s( ≤ 0. (24)

*e above observation is intuitive. If the total revenue
generated by the first-best profit solution can cover the OC
and create an acceptable profit threshold for the private firm,
then the first-best profit solution can be archived.

FromDefinition 1 andObservation 1, it is clear that if the
government permits the private firm to determine the op-
timal profit by itself, the private firm will choose either the
first-best or second-best solution, but not both.*e first-best
solution exists only if conditions (23) and (24) are satisfied;
otherwise, the private firm will obtain the second-best so-
lution. *erefore, to solve private profit problems (19)–(22),
it is necessary to solve problem (18) and check whether its
solution satisfies constraints (23) and (24). If these condi-
tions hold, it is unnecessary to consider problems (19)–(22).

*e Kuhn–Tucker conditions can be applied to obtain
the first-order conditions (Appendix A). Note that let Psb

s be
the optimal value of the objective function of problems
(19)–(22), and it distinguishes from the value of Ps that is a
monopoly optimal solution of problem (18).*e relationship
between Psb

s and Ps is that Psb
s ≤Ps, and Psb

s is on the left side
of Ps in Figure 2. *e following observation about Psb

s can be
obtained through analyzing the constraints.

Observation 2

(a) If constraints (20) and (21) are effective, the ac-
ceptable private firm profit is equal to the maximal
profit Jd − Js, namely, Psb

s � Pa � Jd − Js � Md − Ms

(b) If constraint (20) is effective but constraint (21) is
inactive, the private firm profit is Psb

s � Pa

(c) If constraint (21) is effective but constraint (20) is
inactive, the private firm profit is
Psb

s � Jd(v, c) − Js(v, c)

(d) If both constraints (20) and (21) are ineffective and
the second-best problem becomes the first-best
problem, then the private firm profit is Psb

s � Ps

From the aforementioned observations, we investigate
the case of the first-best and second-best private profit
problem, which is presented on the left side of the monopoly
optimum in Figure 2. However, when will the monopoly
optimum case happen? As shown in Figure 2, we can see
that, responding to the same private profit, social welfare on
the right side of the monopoly optimum is higher than that
on the left side. Additionally, the government can make
some rules in the contract to make the private firm set the
social welfare maximization as the goal [23]. So, it is

necessary to analyze the following two problems with private
firm management: one is the unconstrained social welfare
maximization problem; the other is the constrained social
welfare maximization problem.

Base on equation (7), the unconstrained social welfare
maximization problem can be formulated by

max
(v,c)∈Ω

Ws(v, c) � 
v

0
B(w)dw − βvt(v, c) − Js(v, c). (25)

*e constrained social problem is given by

max
(v,c)∈Ω

Ws(v, c) � 
v

0
B(w)dw − βvt(v, c) − Js(v, c), (26)

subject to

vp(v, c) − Js(v, c)≥Pa, (27)

vp(v, c) − Js(v, c)≤ Jd(v, c) − Js(v, c), (28)

ms <md ≤mg,

v≥ 0,

c≥ c1,

Pa ≥ 0,

(29)

where Ω � (v, c): v≥ 0, c≥ 0{ }.*e constrained conditions
are the same as those of the second-best problem of the
private firm, i.e., (20)–(22), which guarantee the private firm
to operate the road.

Since this kind of constrained social welfare problem
has more constraints than the traditional Pareto optimal
problem, the win-win optimal problem is defined as
follows.

Definition 2. (win-win optimal problem). A pair
(vwws , cwws ) ∈ Ω is called the win-win solution if there are no
other feasible solutions (v, c) ∈ Ω such that
W(v, c)≥W(vwws , cwws ) and P(v, c)≥P(vwws , cwws ) with at
least one strict inequality.

*e definition of the win-win optimal problem is a
meaningful and important concept which meets all the
conditions of the Pareto problem, but with more constraints,
and its solution is a part of the Pareto optimal solution.

In general, more than one constrained condition in
problems (27)–(29) will be effective. In response to the
case on the right side of monopoly optimum in Figure 2,
similar to Observation 2, the following observation is
provided through analyzing the constrained conditions
(Appendix B).

Observation 3

(a) If constraints (27) and (28) are effective, the ac-
ceptable private firm profit is the same as its maximal
profit, which is equal to Jd − Js, namely,
Pa � Md − Ms

(b) If constraint (27) is effective and constraint (28) is
inactive, the private firm profit is equal to Pa
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(c) If constraint (28) is effective and constraint (27) is
inactive, the private firm profit is equal to Md − Ms

Furthermore, let vs and vs be the social welfare optimality
solution of problem (18) and the monopoly optimal solution
of problem (25), respectively. *e following proposition is
obtained in terms of the above second-best solution of the
private problem and win-win optimal problem (see more
details in Appendix C).

Proposition 2. It holds that vsbs < vs ≤ vwws ≤ vs for the win-
win optimal solution (vwws , cwws ) and the second-best solution
of the private firm (vsbs , csbs ) when the private firm operates the
road.

Proposition 2 means that travel demand of the win-win
solution should not be strictly less than the level of the profit
maximization and less than the level of the social welfare
maximization. Travel demand of the second-best optimal
solution is smaller than that of any other optimal solutions.
Figure 2 implies that the government must set the regulation
to gain the win-win optimal solution, namely, make Md −

Ms on the right side of the monopoly optimal solution.
Otherwise, the private firm will optimize the travel demand
vsbs .

Based on the second-best solution and the Win-Win
optimal solution, Proposition 3 can be derived:

Proposition 3. For the second-best solution of the private
firm, the bigger Md − Ms is, the more possible it is that the
government and a private firm have the same objective; For
the win-win solution, the smaller Md − Ms is, the more
possible it is that the government and private firm have the
same objective.

Refer to the proof in Appendix D. Proposition 3 tells us
why the private firm wants to know the value of Md and the
government also wants to evaluate the demand-related OC
of the private firm to set a better Md.*e result is consistent
with Figure 2, which implies the objective of the government
and private firm will be realized at the same time on the left
side of monopoly optimality, namely, the private firm ob-
tains the maximum solution, while the government achieves

the maximal social welfare. If the difference Md − Ms is
bigger, the private firm will obtain more profit. On the right
side ofmonopoly optimality in Figure 2, the government and
private firm will have different objectives, namely, when the
private firm chooses the profit maximization, the govern-
ment will reach the minimum social welfare. If the difference
Md − Ms is smaller, the private firm will obtain more profit,
and the government can also gain more social welfare.
However, welfare on the right side that belongs to the win-
win optimal solution is bigger than that on the left side.

Let Psw be the private profit corresponding to the social
optimal welfare. Based on Proposition 3, an extreme case is
analyzed: if private profit satisfies Pa ≤Psw, when the in-
termediate variable set by the government meets
(Md − Ms)≥Psw, namely, the variable relationship meets
Pa ≤Psw ≤ (Md − Ms); under the win-win optimal regula-
tion in the contract, not only that the government may gain
the optimal social welfare but also the private firm meets its
profit. So, the ideal condition is Pa ≤Psw � (Md − Ms),
which is also the best case for the win-win optimal solution.

Some private firms usually earn huge profit from the
project, which happened in China such as Beijing Airport
Expressway and Guangzhou-Shenzhen Highway. Although
these roads were built with the largest road capacity (allowed
by the design code), there is oversaturated traffic flow every
day. In contrast with the traditional contract, we can regard
constraint (21) as a regulation to allow the private firm to
make the decision. *en,

vp(v, c) − Js(v, c)> Jd(v, c) − Js(v, c). (30)

The above condition implies that if the private firm profit
is bigger than the difference between the intermediate OC
and private firm OC, the government will operate the road
by itself. Condition (30) can be simplified by

vp(v, c) − I(c) + mdv > 0. (31)

If there is heavy traffic pressure, then the private firmwill
get profit from the project quickly. Meanwhile, condition
(31) implies that if the road is operated, all terms of (31) are
the symmetric information for the government and a private

Pa

(0, 0)

Benefit
Monopoly optimum

Social optimum

Traffic flow

Ps

Pssb Pssb

Pa

Psw

val varv
_vdsl vdsrvs vswvs0

vw0

Figure 2: A geometric illustration of Pa, Ps, Ps, andPsb
s .
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firm, namely, the road capacity has been determined when
the road is operating; the government can get the infor-
mation of road capacity, toll, and travel demand from real
data. *en, the government knows the profit of the private
firm based on the intermediate variable even if it knows
nothing about the private firm operation. When condition
(31) is satisfied, the government can operate the road by
itself, namely, condition (31) points out that the difference
between profit vp(v, c) and intermediate variable md de-
termines the road operation right of the private firm.

In the last part of this section, the private firm zero profit
will be analyzed. If private firms get the road franchise, they
will have the right to determine locations of on-ramps and off-
ramps that have an impact on the land development, and so
on.With the above description, the private firmwill be willing
to operate the toll road projects with zero profit or negative
profit to earn more profit from other aspects. So, it is nec-
essary to analyze the zero or negative profit case. However, in
the light of knowing nothing about howmuch loss the private
firm can bear, the zero profit is analyzed as follows.

Proposition 4. Under the condition of zero profit, the unit
demand-related OC of the private firm ms can approach the
biggest value, namely, ms is equal to mg.

Proof. From constraints (20) and (21),

Jd(v, c) − Js(v, c)≥Pa. (32)

If the private profit is equal to zero, namely, Pa � 0, then

Md(v, c) − Ms(v, c) � 0. (33)

If Md(v, c) � Mg(v, c), then

Ms(v, c) � Mg(v, c). (34)

*e proof is completed. □

4.3. Under the Condition of ms ≤mg with the Government
Operation. Different from Section 4.1, it is assumed that the
government knows nothing about the private profit, whichmay
make the government set an improper decision on the inter-
mediate variablemd.*e private firmwill not operate the road if
it cannot gain the satisfied profit from the project.*e following
two cases are related with an improper decision of md.

In contrast with Section 4.2, we provide the condition
that the private firm cannot gain enough profit. Using
constraints (20) through (22),

Jd(v, c) − Js(v, c)≥Pa, (35)

which implies that only when the difference between the in-
termediateOC and the privateOC is larger than the private firm
profit, the private firm will be willing to operate the toll road.

On the contrary,

Jd(v, c) − Js(v, c)<Pa, (36)

which implies that the government will be reluctant to
operate the road by itself.

If md given by the government is less than the private
OC, namely, md ≤ms <mg, the private firm will not operate
the road due to the negative profit.

In Section 4.1, we analyze the case that the government is
willing to operate the road. In this section, there will be no
contract between the government and a private firm. *e
superscript “s<g” is used to represent ms ≤mg. *en, the
problem can be formulated as

max
(v,c)

W
s<g
g (v, c) � 

v

0
B(w)dw − βvt(v, c) − J

s<g
g (v, c).

(37)

In the above analysis, two kinds of government opera-
tion scenarios were considered: the first one was analyzed in
Section 4.1 given ms >mg; the second one was analyzed in
this section under the condition of ms ≤mg. If the gov-
ernment does not make an improper decision on md, we
assume that the government will choose to maximize the
social welfare without loss, so it is not necessary to analyze
this case. Edelson [24] showed that a private firmmay charge
a lower toll than the government for a given and fixed
capacity. Let c∗d be the given road capacity, and all analyses of
this section are based on this capacity. *en, we compare the
toll charged by the government and the private firm based on
the assumption that the government makes an improper
decision on the variable md under the condition of
ms ≤mg.Note that the toll charged by the government is the
solution at the zero profit, namely, the governmental rev-
enue just covers its capital cost.

*en, we define the average social cost (ASC) of the
government and private firm, respectively:

ASCs<g
g �

βvt v, c
∗
d(  + J

s<g
g v, c

∗
d( 

v
� βt v, c

∗
d(  +

J
s<g
g v, c

∗
d( 

v
,

(38)

ASCs �
βvt v, c

∗
d(  + Js v, c

∗
d( 

v
� βt v, c

∗
d(  +

Js v, c
∗
d( 

v
. (39)

*e first term of equations (38) and (39) on the right side
is the average travel time in monetary units; the second term
is the cost of operation per trip. Intuitively, with Assump-
tions 1 and 2 and the condition of ms ≤mg, the average social
cost of the government will be bigger than the private firm
OC for given road capacity and travel demand.

If considering the average social profit in the cost of the
private firm, equation (39) can be rewritten as

ASCsp � βt v, c
∗
d(  +

Js v, c
∗
d( 

v
+

Ps

v
. (40)

*en, combining equations (38) and (40) for the given
travel demand and road capacity c∗s ,

ASCs<g
g − ASCsp �

M
s<g
g (v) − Ms(v) + Ps 

v
, (41)

where Ps is in the interval [Pa, Md − Ms].
From equation (41), though Ps � Md − Ms, the average

social cost of the government will be bigger than that of
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private firm operation under Md ≤Mg. We know that the
government may charge a higher toll than the private firm
under the condition that the government operates the road
without loss.

Let ps, ps, and ps<g
g be the monopoly price of the private

firm, the price of social optimal welfare of the private firm,
and the price of social optimal welfare of the government,
respectively. *en, the following proposition can be ob-
tained (Appendix E).

Proposition 5. With a given road capacity c∗d , the toll
vs, vs, vs<g

g has the following relationship: ps ≤ ps<g
g <ps.

Proposition 5 shows that if the social welfare maximum is
reached, the toll charged by a private firm is less than the
government, which is derived from the improper decision of
the government on the intermediate variable. In order to
avoid the circumstance that the government operates the road
with higher charge than the private firm, the best option for
the government is investigated to get a satisfactory result.

5. The Optimal Intermediate Variable

*e case discussed in Section 4.3 occurs because of the
improper intermediate variable md given by the govern-
ment. With the governmental operation, road users will pay
higher toll that is analyzed in Section 4.3 for ms ≤mg. So, in
order to find a proper private firm to operate the road and
not let the road users undertake higher toll, the government
will make a change on the selection tactics. In the following,
two modes will be studied to avoid the improper decision on
md: one is without guarantee, and the other is considering
guarantee provided by the government.

5.1. $e Selection Mode without the Government Guarantee.
At first, we investigate the mode that the government will
not provide guarantee for the private firm. In Section 4, we
discussed the case that the private firm and the government
were willing to operate the road; we also discussed the case
that the government was reluctant to operate the road under
the improper decision. Under the condition of knowing
nothing about private profit Pa, the government will try its
best to make a correct decision. In Section 4, we pointed out
that the case of md >mg was impossible in that the gov-
ernment would operate the road by itself. So, in this section,
we only investigate the value of md which can result in a
satisfactory result for the government under md ≤mg. We
firstly provide the satisfactory result and unsatisfactory re-
sult under md ≤mg and Pa ≥ 0.

*e definition of satisfactory results:
(a)If md � mg and ms >md, the government will
operate the road by itself

(b) If ms ≤md � mg and ms + Pa/v>md, the govern-
ment will operate the road by itself

(c) If ms ≤md ≤mg and ms + Pa/v>md, a private firm
will operate the road

(d) If md <ms ≤mg and ms + Pa/v>md, the government
will operate the road by itself

*e definition of unsatisfactory results:
(e) If ms ≤md <mg and ms + Pa/v>mg, the government

will be reluctant to operate the road by itself
(f ) If md <ms ≤mg and ms + Pa/v>mg, the government

will be reluctant to operate the road by itself

With the definition of satisfactory results and unsatis-
factory results of the government, we have the following
proposition. We know that there are two constraints: ms +

Ps/v>md and Ps ≥Pa. *en, we make another assumption
that the government must obtain the satisfactory result.

Proposition 6. If the government wants to obtain a satisfied
result, the intermediate variable md should be equal to the
demand-related OC of the government mg, namely, md � mg.

At the beginning of this section, we pointed out that the
government is not clear about profit of the private firm. The
governmental objective is to obtain the satisfied result with
the private firm. If the government determines the value of
the intermediate variable so that the private firms, after their
independent calculation, believe that they will be able to
make necessary profit from running the project, the private
firms may decide to take part in the bid. The government
does not need to know the OC of the private firm. So, when
the government sets md � mg, the government can easily
choose a proper road operator under the condition of sat-
isfactory results.

When md � mg, the problem can be transformed to the
following:

max
(v,c)

Ws(v, c) � 
v

0
B(w)dw − βvt(v, c) − Js(v, c), (42)

subject to

v · p(v, c) − Js(v, c)≥Pa,

v · p(v, c) − Js(v, c)≤ Jg(v, c) − Js(v, c),

ms ≤mg,

v≥ 0,

c≥ c1,

Pa ≥ 0.

(43)

*en, the government can make the decision to obtain
satisfactory results through comparing formulas (39)–(42)
with the social optimal welfare problem in Section 4.3.
Private firm can obtain its profit through setting the toll and
road capacity based on the solution of problems (39)–(42).

5.2. $e Selection Mode with the Government Guarantee.
In this section, the government guarantee will be considered
to make the government reach a satisfactory result. In order
to obtain satisfactory results, like in Section 4.3, the gov-
ernment can make proper decisions through providing
subsidy for the private firm.

We firstly give the condition that the government may
provide the guarantee for a private firm:
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v · p(v, c) − Js(v, c) � Ps(v, c)<Pa. (44)

From equation (44), we know that the private firm will
not operate the road in that it will not get satisfactory profit
from the project or get negative profit. If the government
wants the private firm to operate the road, it must provide
guarantee, namely, additional profit for the private firm,
which makes sure the private profit is not less than a
threshold value Pa [25]. *en, we have

Psc(v, c) � Ps(v, c) + n � v · p(v, c) − Js(v, c) + n≥Pa,

(45)

where the first term on the left side of the inequality is the
private profit and n is the government subsidy. *erefore,
private profit is composed of a private firm profit and the
government subsidy.

Even if providing subsidy for the private firm, the
government will be reluctant that the total amount of profits,
the OC of the private firm, and subsidies are bigger than the
governmental OC. According to Proposition 6, we point out
that md � mg is a better option for the government. *en,
the second constraint becomes

v · p(v, c) − Js(v, c) + n≤ Jg(v, c) − Js(v, c). (46)

Equation (46) can be simply written as
v · p(v, c) + n≤ Jg(v, c). According to equation (46), the
government can control the biggest subsidy which is
n � Jg(v, c) − v · p(v, c). With this constraint, even if
nothing is known about private profit, the government can
determine the minimal subsidy. An extreme case is that the
minimal private profit is equal to the maximum of guar-
antee, namely, Pa � Jg(c) − Js(c). From Proposition 6, as
long as the subsidies do not exceed the maximum subsidies,
the government will regard it as a satisfactory result.

In the bidding process, many private companies have
put forward different subsidy requirements, which can
further determine subsidies. If the government provides
subsidies for the private firm, it must require a private firm
to select the win-win optimal solution. With constraints
(45) and (46) and objective function (10), the optimal
problem with the government guarantee can be formu-
lated by

max
(v,c)

Wsc(v, c, n) � 
v

0
B(w)dw − vB(v)

+ δ v · p(v, c) − Js(c)  − (1 − δ)n,

(47)

subject to equations (45) and (46), and

ms ≤mg,

v≥ 0,

c> c1,

0< δ < 1,

Pa ≥ 0.

(48)

Based on the above problem, we have the following
proposition (Appendix F).

Proposition 7. If the government provides guarantee for the
private firm, the minimum private profit is equal to the
maximum subsidies.

$e above proposition shows that if the government wants
to provide guarantee for the private firm, the private firm will
choose the maximum subsides. And the government will not
permit the total amount of toll sum charged by the private
firm and guarantee larger than the governmental OC on the
PTR.

6. Conclusions

*e operation of the PTR becomes a significant issue of
the government. *is study offers valuable insights into
the selection mechanism of PTR operators by comparing
the OC of the government and the private firms. Previous
studies conducted few research on the PTR operation.
Considering a combination of the toll charge, road ca-
pacity, and guarantee, this paper analyses the operation
problem through an intermediate variable. If the gov-
ernment sets the right intermediate variable in the bidding
document, private firms will be willing to operate the road
actively with the profit maximization. *e first-best and
second-best optimal solutions for the private firm and the
win-win solution of the private operation were investi-
gated. *e average social cost and the toll charged by
operators were compared; in some cases, the toll charged
by the government is higher than private firms. *e case
that toll collected by the private firm from the road users is
lower than that of the government will happen. Analytical
results show that the social optimal pricing set by the
private firm is less than that of the government, and then
two approaches are proposed to solve the problem given a
biased decision of the intermediate variable. *e first
approach sets the intermediate variable equal to the
governmental OC without guarantee; the second one is
that the government provides profit guarantee for the
private firm.

To optimize the succeeding operation of different kinds
of facilities developed in the BOTmode after the concession
period expires, future research can be carried out under
information asymmetry to investigate whether and how to
charge the toll and to set regulations to be followed by the
private firms when operating these facilities. Even if the
government is in a position to build/rebuild and operate its
transportation facilities, it is still necessary for it to seriously
consider how to operate them in a sustainable way to
maximize social welfare.

Appendix

A. Proof of Observation 2

Proof. It is assumed that (vsbs , csbs ) is any second-best op-
timal solution of private problem (19). From constrained
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optimization problems (19)–(22), the following Lagrange-
like function can be defined:

L � Ps(v, c) + λs<g
sb1 Ps(v, c) − Pa  + λs<g

sb2 − v · p(v, c) + Jd(v) ,

(A.1)

where λs<g
sb1 ≥ 0 and λs<g

sb2 ≥ 0 are the Lagrangian multipliers
which are associated with constraints (20) and (21), re-
spectively. Using the Kuhn–Tucker condition, the first-order
conditions can be determined:

zL

zv
| vsb

s ,csb
s( ) � 1 + λs<g

sb1 − λs<g
sb2  · p v

sb
s , c

sb
s  + v

sb
s · pq
′ v

sb
s , c

sb
s 

− ms + λs<g
sb2 md − ms  � 0,

zL

zc
| vsb

s ,csb
s( ) � 1 + λs<g

sb1 − λs<g
sb2  · v

sb
s · py
′ − k  + λs<g

sb2 · k � 0,

zL

zλs<g
sb1

| vsb
s ,csb

s( ) � Ps v
sb
s , c

sb
s  − Pa ≥ 0,

zL

zλs<g
sb2

| vsb
s ,csb

s( ) � − vsb · p v
sb
s , c

sb
s  + Jd v

sb
s , c

sb
s ≥ 0,

(A.2)

λs<g
sb2 ≥ 0, (A.3)

λs<g
sb1 ≥ 0, (A.4)

λs<g
sb2 ·

zL

zλs<g
sb2

| vsb
s ,csb

s( ) � λs<g
sb2 · − v

sb
s p v

sb
s , c

sb
s  + Jd v

sb
s , c

sb
s   � 0,

(A.5)

λs<g
sb1 ·

zL

zλs<g
sb1

| vsb
s ,csb

s( ) � λs<g
sb1 · Ps v

sb
s , c

sb
s  − Pa  � 0. (A.6)

If constrained conditions (20) and (21) are effective and
the Lagrangian multipliers λs<g

sb1 > 0 and λs<g
sb2 > 0, then

Ps(q, y) − Pa � 0, (A.7)

Ps(v, c) � vp(v, c) − Js(v, c) � Jd(v, c) − Js(v, c). (A.8)

From equations (A.7) and (A.8),

Pa � P
sb
s � Jd(v, c) − Js(v, c) � Md − Ms. (A.9)

Note that if profit Md(v) − Ms(v) is on the right side of
the monopoly optimum (see Figure 2), the private firm will
choose travel demand v to obtain the monopoly optimum
solution. So, the private firm will choose the optimal profit
point, i.e., Md(v) − Ms(v), on the left side of the monopoly
optimum, the corresponding travel demand of which is vds l.
*us, part (a) of Observation 2 is proved.

If constraint (20) is effective and constraint (21) is in-
active, the Lagrangian multipliers λs<g

sb1 > 0 and λs<g
sb2 � 0. If

λs<g
sb2 � 0, constraint (21) can be ignored. From equations
(A.3) and (A.5), we can determine that the private firm will

choose Ps(v, c) � Pa corresponding to travel demand qal

(Figure 2). *us, part (b) of Observation 2 is proved.
If constraint (21) is effective and constraint (20) is in-

active, the Lagrangian multipliers λs<g
sb1 � 0 and λs<g

sb2 > 0. If
λs<g

sb1 � 0, we can ignore constraint (20). *en, from equa-
tions (A.4) and (A.6), we can determine that the private firm
will choose Ps(v, c) � Md − Ms corresponding to travel
demand vds l (Figure 2). *us, part (c) of Observation 2 is
proved.

If constraints (20) and (21) are inactive, the Lagrangian
multipliers λs<g

sb1 � 0 and λs<g
sb2 � 0. We can ignore all of the

constraints. *e problem becomes a monopoly optimal
problem (or the first-best problem of the private firm), and
the private firm can obtain the maximum profit Ps. *us,
part (d) of Observation 2 is proved. *is completes the
proof. □

B. Proof of Observation 3

Proof. It is assumed that (vww
s , cww

s ) is any win-win optimal
solution of private problem (26). From constrained opti-
mization problems (26)–(29), the following Lagrange-like
function can be defined:

L � Ws(v, c) + λs<g
sw1 Ps(v, c) − Pa  + λs<g

sw2 − vp(v, c) + Jd(c) ,

(B.1)

where λs<g
sw1 ≥ 0 and λs<g

sw2 ≥ 0 are Lagrangian multipliers,
which are associated with constraints (27) and (28), re-
spectively. Using the Kuhn–Tucker condition, the first-order
conditions can be determined by

zL

zv
| vww

s ,cww
s( ) � 1 + λs<g

sw1 − λs<g
sw2  · B v

ww
s(  − βt v

ww
s , c

ww
s( 

− βrt′(r) − ms

+ λs<g
sw1vBv
′(v) + λs<g

sw2 md − ms − vBv
′(v)  � 0,

zL

zc
| vww

s ,cww
s( ) � 1 + λs<g

sw1 − λs<g
sw2  · β r

ww
s( 

2
· t′ r

ww
s(  − k  � 0,

zL

zλs<g
sw1

| vww
s ,cww

s( ) � Ps v
ww
s , c

ww
s(  − Pa ≥ 0,

zL

zλs<g
sw2

| vww
s ,cww

s( ) � − v
ww
s · p v

ww
s , c

ww
s(  + Jd v

ww
s , c

ww
s( ≥ 0,

(B.2)

λs<g
sw1 ·

zL

zλs<g
sw1

| vww
s ,cww

s( ) � λs<g
sw1 · Ps v

ww
s , c

ww
s(  − Pa  � 0,

(B.3)

λs<g
sw2 ·

zL

zλs<g
sw2

| vww
s ,cww

s( ) � λs<g
sw2 · − v

ww
s p v

ww
s , c

ww
s(  + Jd c

ww
s(   � 0,

(B.4)
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λs<g
sw1 ≥ 0, (B.5)

λs<g
sw2 ≥ 0. (B.6)

Note that profit Md(v) − Ms(v) is on the right side of the
monopoly optimum (see Figure 2), and the private firm will
choose the optimal profit point, Md(v) − Ms(v), which is
close to the monopoly optimum (Figure 2), the corre-
sponding travel demand of which is vds r. *us, part (a) of
Observation 3 is proved.

If constraint (26) is effective and constraint (27) is in-
active, the Lagrangian multipliers λs<g

sw1 > 0 and λs<g
sw2 � 0. If

λs<g
sw2 � 0, we can ignore constraint (21). From equations (B.3)
and (B.5), we can determine that the private firm will choose
Ps(v, c) � Pa corresponding to travel demand var (Figure 2)
for the same reason of part (a).*us, part (b) of Observation
3 is proved.

If constraint (27) is effective and constraint (26) is inactive,
the Lagrangianmultipliers λs<g

sw1 � 0 and λs<g
sw2 > 0. If λ

s<g
sw1 � 0, we

can ignore constraint (26). *en, from equations (B.4) and
(B.6), we can determine that the private firm will choose
Ps(v, c) � Md − Ms corresponding to travel demand vds r

(Figure 2) for the same reason of part (a). *us, part (c) of
Observation 3 is proved. *is completes the proof. □

C. Proof of Proposition 2

Proof. We first take the partial derivatives of social welfare
Ws(v, c) and private profit Ps(v, c) with respect to demand v

and capacity c. Based on social welfare function Ws(v, c)

given by (25), we have

zWs(v, c)

zv
� B(v) − βt(v, c) − βv

zt(v, c)

zv
− ms, (C.1)

zWs(v, c)

zc
� − βv

zt(v, c)

zc
+ k , (C.2)

and according to the private profit function given by (18), we
have

zPs(v, c)

zv
� R′(v) � B(v) − βt(v, c) + vB′(v) − βv

zt(v, c)

zv
− ms,

(C.3)

zPs(v, c)

zc
� − βv

zt(v, c)

zc
+ k . (C.4)

For exposition simplicity, we define private profit Ps(v)

and social welfare Ws(v) for given c∗s . Let vs be the unique v

that could maximize Ws(v, c); then, with equation (C.1),

B vs(  − β · t vs, c
∗
s(  − β · vs ·

zt vs, c
∗
s( 

zv
− ms � 0. (C.5)

Let qs be unique q that could maximize Ps(q, y); then,
with equation (C.3)

B vs, c
∗
s(  + vs · B′ vs(  − β · t vs, c

∗
s(  − β · vs ·

zt vs, c
∗
s( 

zv
− ms � 0.

(C.6)

With Assumption 1, there exist unique vs and vs satis-
fying (C.5) and (C.6), respectively. By comparing equations
(C.5) and (C.6), we can observe that vs < vs.

Let (vww
s , cww

s ) be the solution of win-win optimality.
Comparing (C.1) and (C.3), we have zW/zv > zP/zv for any
feasible solution (v, c) with the condition B′(v)< 0. If
(vww

s , cww
s ) is a win-win solution, zW(vww

s , cww
s )/zv and

zP(vww
s , cww

s )/zv will not be positive or negative at the same
time; otherwise, the change of v will increase or decrease
private profit and social welfare simultaneously, which
contradicts with the fact that (vww

s , cww
s ) is a win-win optimal

solution. *us, we have zW(vww
s , cww

s )/zv≥ 0 and
zP(vww

s , cww
s )/zv≤ 0. *en, vs ≤ vww

s ≤ vs.
From Definition 1, we know that Ps(vsb

s , c∗s )≤Ps(vs, c∗s )

for given road capacity. If Ps(v, c) is the strictly concave
function in v and Ps(v, c) is the strictly increasing function in
v for v< vs, we have that vsb

s < vs. *is completes the
proof. □

D. Proof of Proposition 3

Proof. For constraints (20) and (21), we have Md − Ms ≥Pa,
which implies that the objective value of equation (19), Ps, is
in the interval [Pa, Md − Ms]. Based on Assumption 1, we
know that Ws(v, c) and Ps(v, c) are the concave functions of
v. According to Proposition 2, we know that vs < vs.

Since Ws(v, c) is an increasing function of v for v≤ vs

and Ps(v, c) is an increasing function of v for v≤ vs, Ws(v, c)

and Ps(v, c) are increasing functions of v for v≤ vs. *en,
under the condition of the second-best problem of the
private firm, social welfare will increase with private profit.
For the profit approaching maximization profit, Md − Ms,
social welfare approaches a maximizing value under the case
of the second-best problem of the private firm. So, the larger
Md − Ms is, the larger the social welfare is.

Since Ws(v, c) is an increasing function of q for v≤ vs

and Ps(v, c) is a decreasing function of v for v≥ vs, Ws(v, c)

is an increasing function of v for vs ≤ v≤ vs and Ps(v, c) is an
increasing function of q for v≥ vs. *en, under the condition
of the win-win optimal problem, social welfare will decrease
with private profit. And with the profit approaching max-
imization Md − Ms, social welfare approaches the minimum
value under the case of the win-win optimal problem of the
private firm. So, the smaller Md − Ms is, the larger the social
welfare is. *is completes the proof. □

E. Proof of Proposition 5

Proof. Assume cd is a given and fixed capacity. Let
ps, ps, and ps<g

g be the monopoly price of the private firm,
social optimal price of the private firm, and social optimal
price of the government, respectively.
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According to equation (1), regard v as the function of toll
charge p and road capacity c. Using the implicit function
theorem, we take derivative v with respect to p:

vp
′ �

1
Bv
′(v) − βtv

′(v, c) 
. (E.1)

For the first-best problem of private firm (18), we take
partial derivatives of (19) with respect to p, and we have

zPs

zp
�

z vp(v, c) − Js(v, c) 

zp
� v + p · vp

′ − ms · vp
′ � 0.

(E.2)

Recall equation (E.1). We have

ps � ms − v Bv
′(v) − βtv

′ v, cd(  . (E.3)

For the social optimal problem of private firm (25), we
take partial derivatives of (25) with respect to p, and we have

zWs

zp
�

z 
v

0 B(w)dw − βvt(v, c) − Js(v, c) 

zp

� B(v) · vp
′ − β · t v, cd(  · vp

′ + βv · tv
′ v, cd(  · vp

′ 

− ms · vp
′ � 0.

(E.4)

*us,

ps � ms + βv · tv
′ v, cd( . (E.5)

For the social optimal problem of the government (37),
we take partial derivatives of (37) with respect to p, and we
have

zW
s<g
g

zp
�

z 
v

0 B(w)dw − βvt(v, c) − J
s<g
g (v, c) 

zp

� B(v) · vp
′ − β · t v, cd(  · vp

′ + βv · tv
′ v, cd(  · vp

′ 

− m
s<g
g · vp
′ � 0.

(E.6)

*us,

p
s<g
g � m

s<g
g + βv · tv

′ v, cd( . (E.7)

From Assumption 1 that B(v) is a decreasing function of
v, Bv
′(v)< 0; recall equations (E.3), (E.5), and (E.7) and

ms ≤m
s<g
g ; we have ps ≤ ps<g

g <ps. *is completes the
proof. □

F. Proof of Proposition 7

Proof. It is assumed that (vsc
s , csc

s , n∗) is any optimal solution
of problem equations (45)–(48). From constrained opti-
mization problems (45)–(48), the following Lagrange-like
function can be defined:

L � 
v

0
B(w)dw − vB(v) + δ v · p(v, c) − Js(v, c)  − (1 − δ)n

+ λs<g
sc1 · v · p(v, c) − Js(v, c) + n − Pa  + λs<g

sc2

· − v · p(v, c) + Jg(v, c) − n ,

(F.1)

where λs<g
sc1 ≥ 0 and λ

s<g
sc2 ≥ 0 are Lagrangian multipliers which

are associated with constraints (45) and (46), respectively.
Using the Kuhn–Tucker condition, the first-order condi-
tions of the problem can be determined by

zL

zv
| vsc

s ,csc
s ,n∗( ) � − v

sc
s · Bv
′ v

sc
s(  + λs<g

sc2 mg − ms +

δ + λs<g
sc1 − λs<g

sc2  · B v
sc
s(  − βt v

sc
s , c

sc
s(  + v

sc
s · Bv
′ v

sc
s( 

− β · v
sc
s · tv
′ v

sc
s , c

sc
s(  − ms � 0,

zL

zc
| vsc

s ,csc
s ,n∗( ) � δ + λs<g

sc1 − λs<g
sc2  · v

sc
s · pc
′ − k  � 0,

zL

zλs<g
sc1

| vsc
s ,csc

s ,n∗( ) � Ps v
sc
s , c

sc
s(  + n

∗
− Pa � v

sc
s · p v

sc
s , c

sc
s( 

− Js v
sc
s , c

sc
s(  + n

∗
− Pa ≥ 0,

zL

zλs<g
sc2

| vsc
s ,csc

s ,n∗( ) � − v
sc
s · p v

sc
s , c

sc
s(  + Jg v

sc
s , c

sc
s(  + n

∗ ≥ 0,

(F.2)

λs<g
sc1 ·

zL

zλs<g
sc1

| vsc
s ,csc

s ,n∗( ) � λs<g
sc1 · v

sc
s · p v

sc
s , c

sc
s(  − Js v

sc
s , c

sc
s( 

+ n
∗

− Pa � 0,

(F.3)

λs<g
sc2 ·

zL

zλs<g
sc2

| vsc
s ,csc

s ,n∗( ) � λs<g
sc2 · − v

sc
s · p v

sc
s , c

sc
s(  + Jg v

sc
s , c

sc
s( 

− n
∗
 � 0,

(F.4)

zL

zc
� − (1 − δ) + λsc1 − λsc2 � 0, (F.5)

λsc1 ≥ 0, (F.6)

λsc2 ≥ 0. (F.7)

Form equation (F.5) and 0< δ < 1, we have λs<g
sc1 − λs<g

sc2 �

1 − δ > 0 and λs<g
sc1 > λ

s<g
sc2 . With equations (F.6) and (F.7), we

know that λs<g
sc1 � 0 and λs<g

sc2 � 0 will not happen simulta-
neously. From the above analysis, we know that the gov-
ernment must let equation (46) hold, which results in
λs<g

sc2 > 0. If the private firm takes part in the bid actively,
constraint (45) will be effective, and then λsc1 > 0. In general,
if the government provides guarantee, it will satisfy the
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requirement of the private firm, which also implies the ef-
fectiveness of constraint (45).

*en, there is only one case to investigate, namely,
λs<g

sc1 > λ
s<g
sc2 > 0. With equations (F.3) and (F.4), we have

v
sc
s · p v

sc
s , c

sc
s(  − Js v

sc
s , c

sc
s(  + n

∗
− Pa � 0, (F.8)

− v
sc
s · p v

sc
s , c

sc
s(  + Jg v

sc
s , c

sc
s(  − n

∗
� 0. (F.9)

Recall equations (F.8) and (F.9), and we have

n
∗

� Pa − v
sc
s · p v

sc
s , c

sc
s(  + Js c

sc
s(  � Jg c

sc
s(  − v

sc
s · p v

sc
s , c

sc
s( .

(F.10)

*is completes the proof. □
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