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Safety is an important aspect of road design. In highway geometric design, road engineers use a two-stage designmethod due to its
convenience, but the available two-dimensional design tools on the market are believed to impose limitations. Horizontal and
vertical alignment parameters are considered and determined at the designer’s discretion, potentially downplaying the three-
dimensional characters of spatial curves. Tis study focuses on the three-dimensional characteristics of highway alignments and
investigates a safety evaluation method to establish the relationship between crash rate and spatial curve properties. Tis will
necessitate an analytical investigation into the efects of higher-order properties, such as curvature and torsion, on the geometry of
spatial Cartesian curves. First, these combinations of horizontal and vertical alignments were categorized into six classifcations,
each with its own spatial expression in mathematical form. After manipulating the curvature and torsion of the spatial curve
algebraically, the correlation between geometric design variables and crash rate was ultimately established. A few cases involving
geometric design data and crash facts were utilized for verifcation. Te results revealed a considerable positive correlation
between curvature or torsion variance and crashes per million vehicles kilometers, as a slight diference between curvature and
torsion could also be spotted. And curvature distribution is correlated with collision frequency more closely than torsion spatial
variation.

1. Introduction

Highway geometric design should not onlymeet the needs of
trafc but also consider social, economic, environmental,
and other factors. Te composition of a road’s spatial
alignment is a comprehensive product of an integrated part
of an integrated transportation process. Since the 1930s,
national road design standards, policy studies, and guide-
lines have been implemented to address economic, envi-
ronmental, and other social issues [1, 2]. However, more and
more people are afected by man-made road disasters,
making road risk control crucial [3]. Among them, the safety
of highway alignment design is the primary consideration,
and safety is also a vital factor in road design that may have
an impact on other social compositions [4]. According to the
data of the World Health Organization in 2022, approxi-
mately 1.3 million people around the world have their lives
terminated due to road trafc accidents every year. Te

concept of fexibility design believes that there are many road
accidents related to the unreasonable design of highway
alignment [5, 6]. Tis makes it necessary for designers to re-
examine the importance of road design. It is likely that the
economy and safety of the highway construction are in
confict, but a reasonable safety design could be the best
compromise [6]. For the purpose of sustainability, research
should place a greater emphasis on the consistency of dy-
namic route design from the perspective of improved per-
sonal and property safety. However, the traditional two-
dimensional evaluation methods may not truly refect the
real situation of road alignment design.

Horizontal alignment is of paramount signifcance to
location in highway geometric design, while vertical align-
ment is restricted by altitude and has great impacts on
project costs, including earthwork, construction, land use,
and user costs [5]. Due to the complexity of three-
dimensional (3D) spatial curve design, a two-stage
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method is typically adopted to facilitate the combinations of
horizontal and vertical alignments (spatial curve) by com-
pleting the horizontal location frst and then the vertical
design [7, 8]. In the two stages, quantitative reference values
are assigned to design elements as control standards to meet
fundamental safety and comfort requirements. However, for
horizontal alignment and profle combinations, previous
studies appeared to be limited to qualitative analysis.

3D highway alignment design and safety evaluation are
a persistent problem for which there are no always-
satisfactory implementation methods. How to comprehen-
sively consider the coordination of horizontal and vertical
alignments is challenging. Several studies have begun to
contemplate and investigate combined highway alignment
design [9–11]. To optimise highway design, Wang et al. [7]
and Zhou et al. [12] created a method for constructing a 3D
model of highway alignments using parameter pro-
gramming. Te use of visualization technology was an al-
ternative way of creating a 3Dmodel of highway alignments.
It was believed to provide an opportunity for designers to
calculate virtual perspective views and control specifc pa-
rameters with visualization tools to verify the 3D alignment
[13]. In addition, spatial curve ftting to highway alignments
was supposed to be benefcial to the better design of the next
generation of highways and future research on vehicle in-
frastructure integration, route guidance, and congestion
management.

Although a route is a spatial curve with randomness in
design, it has certain regularity consisting primarily of six
types of horizontal and vertical elements combinations
(including tangent segment, circular curve, and spiral curve
of horizontal alignment and tangent segment and parabola
curve of vertical alignment). Tis paper aims to build
a parametric representation of highway geometric align-
ments based on the mathematical properties of curves in
order to evaluate the interrelations between crash rate and
spatial path planning.

Te remaining sections of the paper are structured as
follows. Literature review is presented in Section 2, dis-
cussing evaluation methods for highway geometric, limi-
tations of 2D methods, and contributions of 3D models. In
Section 3, spatial curve properties used in highway design
and 3D geometric models of spatial combinations are in-
troduced. Meanwhile, the third section provides an evalu-
ation method for design indexes. In Section 4, the
application and discussion of the new approach are illus-
trated through case studies, and analysis results are pro-
vided. Conclusions and signifcant fndings are summarized
in the fnal section.

2. Literature Review

Road design research has made signifcant progress in recent
decades. Advanced computer simulations and newmaterials
have enabled improvements in road quality and safety
features. In the early stages of highway geometric design, it
may be practical and feasible to measure and evaluate safety
by comparing computations to design policy. When the
design parameters are fulflled, the road is considered to be

safe and reliable. Interactive highway safety design model
(IHSDM) is a typical application that provides a policy
review module to compare roadway segment geometry to
pertinent design policy [14]. It was discovered that the
evaluation of highway geometric design consistency checks
is an important issue in design and trafc operation eval-
uation [15]. Because only considering separated indexes that
meet design standards does not guarantee the alignment
fuidity and safety of the highway, the coordination research
on horizontal and vertical alignments is a critical procedure
that should commence with a preliminary design in order to
be easily adaptable. IHSDM also supports the evaluation
module for design consistency [16]. Te review shows that
operating speed consistency [17, 18], trafc volume and
crash consistency [19, 20], vehicle stability and driver
workload consistency [21], and design consistency of
highway elements as well as sight distance consistency
[22, 23] were considered to be the research focus.

However, there are still key issues that need to be
addressed. Road accidents remain a signifcant global public
health concern. Existing road standards and design practices
do not adequately account for the complex physics. Previous
studies focused more on qualitative analysis by external
means, such as engineering experience, a two-dimensional
(2D) analysis model, and polynomial or spline ftting [24]. In
essence, highway alignments are 3D spatial curves but
horizontal and vertical alignments are treated diferently in
2D projections. Tus, the evaluation of geometric continuity
is calculated in two planes, respectively. It cannot precisely
refect the characteristics of spatial alignment continuity in
3D Euclidean space [25]. Moreover, research studies in 2D
lack explicit quantitative coordination of combined
alignments [25].

3D alignment models provide a more comprehensive
understanding of the driving experience. Tey enable de-
signers to visualize clear-sight triangles, simulate curves and
grades, identify concealed dangers, and analyze collisions
frommultiple angles [26]. Studies have demonstrated that 3D
alignment design signifcantly improves safety over 2D
methods [23]. For example, 3D models optimise sight dis-
tance on hills and around curves based on the eye height of the
driver more efectively [27]. Te occurrence of collisions can
be reduced by incorporating appropriate gradients and curves
on crucial sections of roadway [28]. Alternately, 3D alignment
design aids in reducing the travel time of motorists and re-
leasing the loss caused by trafc congestion [29].

3. Methodology

3.1. Basic Properties of a Spatial Curve. In highway geometric
design, fve line-type elements including tangent segment,
transition curves (Euler spiral), circular curves in the hor-
izontal plane (3 types), and tangent and parabola segments
in the vertical plane (2 types), are used to build the complete
path by permutations and combinations in the space co-
ordinate system. Diferent combinations of horizontal and
vertical elements will generate diferent parametric equa-
tions. Six types of combinations are shown in Table 1, and
their space shapes are descripted [30].
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Te coordinate points of the spatial curve (x, y, z) (see
Figure 1) can be represented by the following parametric
equation:

r(x, y, z) � Fx(l), Fy(l), Fz(l) , (1)

where l represents arc length (corresponding to stake
number of highway).

3.1.1. Tangent. Te parametric equation of a straight line in
two-dimensional Cartesian space is shown in the following
equation:

x � x0 + l cos α,

y � y0 + l sin α,
 (2)

where (x0, y0) is a starting point for calculating in the
straight line; l is the distance between the calculated point
and the point (x0, y0), m; α is an angle between tangent and
X-axis, °.

If the line is a combination of horizontal and vertical
tangent that locates in 3D Cartesian space (R3), the para-
metric equation can be written in the following equation:

x � x0 + l cos α,

y � y0 + l sin α,

z � z0 + li,

⎧⎪⎪⎨

⎪⎪⎩
(3)

where (x0, y0, z0) is a starting point for calculating inR3 and
i denotes the slope of spatial straight line.

3.1.2. Spiral Transition Curve. Generally, the Euler spiral is
used in the design of spiral transition curves [31]. Te
curvature radius varies from infnite at the tangent end of the
spiral to the radius of the circular arc at the end that adjoins
the circular arc (∞⟶ R). Te radius of curvature at any
point on an Euler spiral varies inversely with the distance
measured along the spiral.

Defning l as the length of a spiral curve beginning with
a straight segment, R as the corresponding radius, and β as
the defection angle of this segment in radians, Euler’s spiral
is formulated as follows:

A
2

� lR �
l
2

2β
� 2βR

2
,

β �
l
2

2A
2 ,

(4)

where A is the spiral parameter; l is the segment length of
spiral curve; and β is a parameter of the spiral equation that
denotes the azimuth angle of the located point along the
tangent direction.

Referring to the fundamental theorem of calculus, the
geometrical relationship of Euler spiral parameters can be
expressed as follows:

dl � ρdβ,

dx � dl cos β,

dy � dl sin β.

⎧⎪⎪⎨

⎪⎪⎩
(5)

Te parametric equation of the spiral curve is shown in
equation (6) through defnite integral to l in the interval
[0, l].

x � 
l

0
cos βdl � 

l

0
cos

l
2

2A
2 dl,

y � 
l

0
sin βdl � 

l

0
sin

l
2

2A
2 dl.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(6)

Table 1: Combination of horizontal and vertical alignments.

Spatial position Vertical alignment Shape description

Horizontal
alignment

Tangent & †tangent Spatial straight
line

Tangent & parabola Crest or sag curve
Euler spiral & tangent Conical helix
Euler spiral & parabola Conical helix

Circular curve &
tangent Cylindrical helix

Circular curve &
parabola Cylindrical helix

Note. Sign & †denotes superposition of two line elements. 2
2

1.5
1.5

11

0.50.5
00 X

Y

Z

×103

r (x, y, z)

0

0.05

0.04

0.03

0.02

0.01

Figure 1: Presentation of the highway spatial curve.
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3.1.3. Circular Curve. Te most common type of horizontal
curves used to connect tangent segments of highways is the
circular curve. Te parametric equation of circular curve is
written in the following equation:

x � m + R cos θ � m + R cos
l

R
,

y � n + R sin θ � n + R sin
l

R
,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(7)

where (m, n) denotes the center of a circle; R represents the
radius of circular curve; and θ is a parameter of circle
equation that denotes the azimuth angle.

3.1.4. Parabola. Te vertical curve is the transition section
between the defection points connecting adjacent slopes.
Building vertical curves can ensure the smooth connection
of geometric alignments and adequate visibility for driving
safety. Generally, a quadratic parabola is used to complete
the transition.

Te equation of a parabola curve can be expressed as
z � al2 + bl, where l represents the curve length of a point
from the basic point on the parabola. Te tangent line of
a parabola can be written as z′ � 2al + b. Supposing the
starting point of the parabola curve is (l0, z0), i1 and i2
denote the slope of tangents before and after the parabola,
respectively. S represents the total length of the parabola.
Tus, two parameters of the equation can be solved to gain
b � i1 and a � i2 − i1/2S. Te equation of parabola curve is
shown in the following equation:

z � z0 +
i2 − i1

2S
l
2

+ i1l. (8)

3.2. 3D Highway Geometric Model. According to the se-
lection and explanation of vertical alignments and shape
descriptions in Section 3.1, six diferent combinations are
defned in this study (Table 2), where TT represents a spatial
combination alignment consisting of straight line in the
horizontal projection plane and straight line in the vertical
projection plan (Figure 2), TP denotes a spatial combination
alignment consisting of straight line in the horizontal
projection plane and parabola in the vertical projection
plane, STmeans a spatial combination alignment consisting
of Euler spiral in the horizontal projection plane and straight
line in the vertical projection plane, SP means a spatial
combination alignment consisting of Euler spiral in the
horizontal projection plane and parabola in the vertical
projection plane, CT signifes a spatial combination align-
ment consisting of circular curve in the horizontal pro-
jection plane and straight line in the vertical projection
plane, and CP signifes a spatial combination alignment
consisting of circular curve in the horizontal projection
plane and parabola in the vertical projection plane.

Figure 2 shows 6 type combinations in 3D, as already
stated in Table 2. Based on the 6 types of line element
combinations, any point coordinate in the space along the
highway center line can be determined by algebraic repre-
sentation. For example, the equations of a horizontal spiral
or circular curve with a vertical parabola (type SP or CP) can
be expressed as formula (9). Besides, the diferent mani-
festations of line segments on diferent planes (xy and zy
planes) are defned into four types (T, S, C, and P) to describe
the changes in the curvature of a line segment. For example,
two S curves were connected by a C curve, which could be
considered as a part of the circle. Ten, a curve segment
could translate smoothly into a straight segment like the T
segment shown.

T: tangent segment
S: spiral curve
C: circular curve
P: parabola curve

X

Y

Z

Horizontal alignment

Vertical alignment

P
P TTT

T T
SS

SS
C

C

ST

ST
ST

TT TT
TTCT

CPSP

TP

SP

Figure 2: Spatial curves combinations model.
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rSP(l) �

x � m + R cos
l

R
,

y � n + R sin
l

R
,

z � z0 +
i2 − i1

2S
l
2

+ i1l,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

or rCP(l) �

x � 
l

0
cos

l
2

2A
2 dl,

y � 
l

0
sin

l
2

2A
2 dl,

z � z0 +
i2 − i1

2S
l
2

+ i1l.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(9)

3.3. Design Indexes

3.3.1. Curvature. In a spatial parametric curve, the com-
putational formula of curvature κ can be written as shown in
equation (10) [32].Te z terms in the equation represent that
the computing result is a spatial curvature. If the z terms
were removed, the equation would be reduced to planar
parametric curves. In a planar curve, the computing value
denotes the local reciprocal of curvature and generates an
indication of the bending in the curve. Tus, a zero value
represents a straight line.

κ(l) �
r
′
(l) × r

″
(l)





r
′
(l)




3

�

�����������������������������������������

y
′
z
″

− y
″
z
′

 
2

+ z
′
x
″

− z
″
x
′

 
2

+ x
′
y
″

− x
″
y
′

 
2



x
′2

+ y
′2

+ z
′2

 
3/2 ,

(10)

where x′ � dx/dl and x″ � d2x/dl2.
Algebraic operation shows that, for a parametric curve,

the curvature value in the equation will always be positive as
opposed to being a signed value as in the planar case. It is
believed that a spatial curve can technically bend in an
infnite number of directions, as opposed to just two di-
rections in a planar curve [33]. As the curve is traversed, the
tangent vector can either move in the clockwise or coun-
terclockwise directions, and these two directions respectively
correspond to positive and negative curvature. However, in
a spatial curve, the tangent vector can rotate in any direction.
Tus, curvature is defned as the magnitude of the bending
without a direction, and an infection point in a spatial curve
cannot be described as a point where the sign of curvature
changes.

Geometrically, curvature is a measure of how quickly the
unit tangent is moving with respect to distance along the
curve direction. Physically, it represents “bending” in the
space of a curve. Te reciprocal of curvature is called the
radius of curvature denoted by

Table 2: Combined forms of highway geometric alignments.

No. Type Horizontal alignment Vertical alignment Parametric equation
1 TT Tangent Tangent (x0 + l cos α, y0 + l sin α, z0 + li)

2 TP Parabola (x0 + l cos α, y0 + l sin α, z0 + i2 − i1/2Sl2 + i1l)

3 ST Euler spiral Tangent (
l

0 cos l2/2A2 dl, 
l

0 sin l2/2A2 dl, z0 + li)

4 SP Parabola (
l

0 cos l2/2A2 dl, 
l

0 sin l2/2A2 dl, z0 + i2 − i1/2Sl2 + i1l)

5 CT Circular curve Tangent (m + R cos l/R, n + R sin l/R, z0 + li)

6 CP Parabola (m + R cos l/R, n + R sin l/R, z0 + i2 − i1/2Sl2 + i1l)

xy plane Above xy plane

Below xy plane

κ = 15

κ = 10

κ = 5

κ = 2
κ = 1

τ = 25

τ = 15
τ = 10
τ = 5
τ = 1

τ = -1

τ = -5
τ = -10
τ = -15

τ = -25
X ×10-3

Y

Z

X

YZ

Figure 3: Space relationship of curvature and torsion.
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ρ �
1
κ

. (11)

March [32] argued that the curvature is the magnitude of
the change in direction of the tangent along the curve. When
the curvature is zero, the tangent vector will not change, and
the curve will continue in a straight line. On the other hand,
a high value of curvature will result in the rapid direction
changing of the tangent vector. An infnite curvature, as in
the case of a cusp, represents the discontinuity in the tangent
vector along the curve.

3.3.2. Torsion. Torsion τ is another property of spatial curves
that is used to measure the tendency of a curve to twist out of
the plane. For a curve in parametric, the computational
formula is shown in equation (12) [32], where x‴ � d3x/dl3.
Obviously, a curve in the planar will have a zero value
torsion. Because the coordinate value of the z terms is zero,
thus there will be a zero from frst-order derivative to three-
order derivative in the z direction. One thing to notice is
that, unlike curvature, the torsion of a curve in space has
a signed value (see Figure 3).

τ(l) �
r
′
(l) × r

″
(l)  · r

‴
(l)

r
′
(l) × r

″
(l)




2

�
y
′
z
″
x
‴

− y
″
z
′
x
‴

  + z
′
x
″
y
‴

− z
″
x
′
y
‴

  + x
′
y
″
z
‴

− x
″
y
′
z
‴

 

y
′
z
″

− y
″
z
′

 
2

+ z
′
x
″

− z
″
x
′

 
2

+ x
′
y
″

− x
″
y
′

 
2 .

(12)

Physically, torsion is a measurement of the changing rate
of the osculating plane (XY plane) relative to the governing
parameter l (corresponding to stake number location). Te
osculating plane is defned as the plane spanned by the curve
tangent and normal vectors, namely, T

→
� [dx/dl dy/

dl dz/dl] and N
→

� d T
→

dl/|d T
→
/dl|. Terefore, a constant zero

torsion denotes a planar curve lying in the osculating plane.
Te parametric representation of each spatial curve

segment is built in Table 3, and their properties are calcu-
lated based on curvature and torsion. Tis representation
provides valuable geometric meaning to the spatial shape of
the curve, as the physical meaning of curvature and torsion is
well understood.

3.4. Evaluation Model. In order to determine the in-
terrelations of highway geometric alignments and crash
rates, the selected highway is divided into several segments
in terms of spatial curve combinations. Related characteristic
functions revealing the infuence of curvature/torsion dif-
ferences on crashes per million vehicles-kilometers are used
to evaluate the quality of highway geometric design.

3.4.1. Local Evaluation. Te curvature/torsion diference of
adjacent segments is shown in the following equation:

Δxi � xi − xi−1


%⇌
∝

CRi, i ∈ [1, +∞), (13)

where ∆xi denotes the curvature/torsion diference of ad-
jacent combination segments i and i − 1; xi represents the
average value of curvature/torsion in section i; CRi denotes

crash rate of the section i; and %⇌
∝

means that there is
a certain correlation between Δxi and CRi.

Crashes per million vehicles-kilometers are calculated to
represent the crash rate. Te results show each combination

segment has a corresponding value of the crash rate (∆κi/∆τi

to CRi, where ∆κi/∆τi denotes curvature/torsion diference
of adjacent section i and i − 1). Tus, the rationality of
alignment coordination in design can be determined by the
contrast analysis.

3.4.2. Global Evaluation. For the whole highway, the
arithmetic mean values of spatial curvature/torsion are
calculated as follows:

x �


n
i�1xi

n
. (14)

Ten, the standard deviation of spatial curvature/torsion
is shown in the following equation:

σ �

������������

1
n



n

i�1
xi − x( 

2




. (15)

To evaluate the dispersion of a probability distribution of
each spatial curve property (curvature/torsion), the co-
efcient of variation is introduced, as shown in the following
equation:

CV �
σ
x

. (16)

Te coordination of horizontal and vertical alignments,
through the above calculation, can be described and adjusted
to cut down the crash rate.

4. Results and Discussion

Te design documents and nearly fve years of crash data
from 21 roads were collected for study analysis, including 6
expressways and 15 ordinary highways in China. Each road
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T: tangent segment
S: spiral curve
C: circular curve
P: parabola curve
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Figure 4: Te combination of space alignments. (a) Tree-dimensional space state. (b) Two-dimensional decomposition.
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Table 4: Results of the correlation analysis of crash rate, curvature diference, and torsion diference.

Crash rate Curvature diference Torsion diference
Crashes per million vehicle-kilometers 1 0.607∗∗ 0.533∗∗

Curvature diference of adjacent segments 0.607∗∗ 1 0.601∗∗

Torsion diference of adjacent segments 0.533∗∗ 0.601∗∗ 1
∗ p< 0.05, ∗∗p< 0.01.
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was orderly divided into many spatial segments in terms of 6
types of combination rules (see Figure 4). Te relationship
between crash rate and spatial curvature and torsion was
analyzed through statistics and regression analysis. Te
applications of local and global evaluation in the form of case
studies are shown as follows, respectively.

Te total length of the selected roads is
1072.07 kilometers. All roads were divided into 1345 space
curve segments based on the abovementioned 6 types of
combination rules. According to the analysis of the crash
data, some accidents are not relevant to the road alignment
changing or the correlation is weak and are excluded from
the statistics, such as drunk driving or misoperation. In
addition, some nonstatistical accidents are also removed to
ensure the correlation between accidents and space align-
ments. Te detailed analysis results are described as follows.
Te efect analysis of crash rate and curvature diference is
shown in Figure 5. And the efect analysis of crash rate and
torsion diference is shown in Figure 6.

Te statistical results showed there is a positive corre-
lation between curvature/torsion diference and crashes per
million vehicles-kilometers (Table 4), especially for curva-
ture diference (crash rate is more sensitive to curvature
change of adjacent segments). With the increase in the
curvature diference, the trend of crashes is ascending no-
tably. And with the increase in curvature and torsion dif-
ferences, not only the crash rate increases but also the
infuence of curvature and torsion on the crash rate in-
creases. Te results indicate that controlling curvature/
torsion diferences can reduce crash rates.

From the perspective of 3D space, the crash rate shows
a rising trend as curvature and torsion diference increases

simultaneously. It is also verifed that the changes in physical
properties of spatial alignments, curvature, and torsion are
signifcantly positively correlated with the crash rate.
However, a crash is a random event in general, especially
when displayed in the beginning space within the curvature
diference range from 0 to 7 × 10− 3 and torsion diference
range from 0 to 3 × 10− 6. As shown in Figure 7, those special
points can be observed that fail to meet the integral ten-
dency. Te analysis shows that although these accidents are
afected by the factors of road alignment space changes,
other accident factors may play a leading role, such as the
driver ’s fatigue driving in a small radius curve section or
speeding through the curve.

After highway path construction, the spatial alignment
of any road and its alignment combination have been de-
termined. In spatial curve building, each road has a fxed
combination of curvature and torsion.Te average, standard
deviation, and coefcient of variation of curvature/torsion,
as well as crash rates can be calculated according to the
collected data. Te diference in curvature/torsion of each
road will correspond to diferent crashes. Table 5 and Fig-
ure 8 reveal the relationship of the crash rate and spatial
curve under diferent road conditions.

Obviously, computed results show crashes have a sig-
nifcant fuctuation following the changes in curvature and
torsion. On the whole, there is a positive correlation between
crash rate and mathematical statistical information on
curvature/torsion (Table 6). Te crash rate has a stronger
correlation with the AV of curvature than the AV of torsion.
Te SD of torsion is more important to the accident rate than
curvature. Te correlation between CV of torsion and crash
rate is weaker than that of CV of curvature. Among the

Table 5: Crash rate and spatial curve properties of diferent roads.

No. CR
Curvature Torsion

AV SD CV AV SD CV
1 0.095 0.001789 0.005869 3.281 0.00000825 0.00012100 14.667
2 0.159 0.001538 0.004338 2.821 0.00000609 0.00007141 11.717
3 0.113 0.001325 0.003220 2.430 0.00000452 0.00003959 8.751
4 0.021 0.000279 0.000143 0.512 0.00000023 0.00000132 5.870
5 0.030 0.000391 0.000280 0.717 0.00000039 0.00000156 3.965
6 0.235 0.002537 0.011804 4.653 0.00001990 0.00031290 15.723
7 0.036 0.000626 0.002054 1.148 0.00000289 0.00004235 5.133
8 0.067 0.001252 0.004108 2.297 0.00000578 0.00008470 10.267
9 0.111 0.001077 0.003037 1.975 0.00000426 0.00004999 8.202
10 0.079 0.000928 0.002254 1.701 0.00000316 0.00002771 6.126
11 0.015 0.000195 0.000100 0.358 0.00000016 0.00000092 4.109
12 0.021 0.000274 0.000196 0.502 0.00000027 0.00000109 2.776
13 0.165 0.001776 0.008263 3.257 0.00001393 0.00021903 11.006
14 0.138 0.000746 0.001456 1.367 0.00000235 0.00020209 6.014
15 0.214 0.001989 0.010369 3.648 0.00001457 0.00025531 12.268
16 0.099 0.000645 0.001089 1.182 0.00000153 0.00000722 3.306
17 0.235 0.001519 0.006713 2.496 0.00003528 0.00025823 10.732
18 0.197 0.001065 0.002080 1.953 0.00000336 0.00028870 8.591
19 0.305 0.002842 0.014813 5.212 0.00002081 0.00036473 17.526
20 0.141 0.000921 0.001556 1.689 0.00000219 0.00001032 4.723
21 0.336 0.001899 0.009590 3.566 0.00005040 0.00036890 15.332
Note. CR � crashes per million vehicle-kilometers; AV� average; SD� standard deviation; CV� coefcient of variation.
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parameters related to curvature, the crash rate has the
strongest correlation with the AV of curvature, and the CV
of curvature has the weakest correlation. Among the relevant
parameters of torsion, the crash rate has the strongest
correlation with the SD of torsion, and the correlation with
CV is the weakest. And the nonlinear relationship between
road parameters and crash rate is further estimated by the
regression model (Figure 8 and Table 7).

Interrelations between the crash rate and curvature are
shown in Figures 8 1(a)–1(c). For curvature, the crash rate
increases with the increase in AV, SD, and CV. However,
with the increase in curvature, the infuence of curvature on
the crash rate is somewhat reduced. What can also be no-
ticed is that curvature change has a signifcant infuence on
crashes within a certain range, such as average in the in-
tervals [0 to 0.002] and standard deviation in [0 to 0.006],

y = –10454x2 + 134.07 x –0.0087
R2 = 0.694

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35
Cr

as
he

s p
er

 m
ill

io
n 

ve
hi

cl
e-

ki
lo

m
et

er
s

0.00200.0010 0.00250.0000 0.0005 0.00300.0015
Average of curvature

(1a)

y = –492.77x2 + 24.426x + 0.0436
R2 = 0.6937

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Cr
as

he
s p

er
 m

ill
io

n 
ve

hi
cle

-k
ilo

m
et

er
s

0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.0160.000
Standard deviation of curvature

(1b)

y = –1E + 08x2 + 11698x + 0.055
R2 = 0.7496

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Cr
as

he
s p

er
 m

ill
io

n 
ve

hi
cl

e-
ki

lo
m

et
er

s

0.00001 0.00002 0.00003 0.00004 0.00005 0.000060.00000
Average of torsion

(2a)

y = 997546x2 + 305.15x + 0.0607
R2 = 0.8396

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Cr
as

he
s p

er
 m

ill
io

n 
ve

hi
cle

-k
ilo

m
et

er
s

(2b)

(1c)

y = –0.0066x2 + 0.0938x – 0.0211
R2 = 0.8069

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Cr
as

he
s p

er
 m

ill
io

n 
ve

hi
cl

e-
ki

lo
m

et
er

s

1 2 3 4 5 60
Curvature coefcient of variation

(2c)

y = 0.0003x2 + 0.0108x + 0.0094
R2 = 0.6192

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Cr
as

he
s p

er
 m

ill
io

n 
ve

hi
cl

e-
ki

lo
m

et
er

s

2 4 6 8 10 12 14 16 180
Torsion coefcient of variation

0.
00

00
5

0.
00

01
0

0.
00

01
5

0.
00

02
0

0.
00

02
5

0.
00

03
0

0.
00

03
5

0.
00

04
0

0.
00

00
0

Standard deviation of torsion

Figure 8: Interrelations of crash rate and spatial curve under diferent road conditions.
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seen from Figures 8 1(b) and 1(c). However, the number of
accidents may reduce as the dangerous degrees of the road
continue to increase (generally, a greater discrete degree of
curvature change indicates more dangerous and difcult
road conditions), the reason for whichmay be that poor road
conditions usually require drivers with a high level of
caution and a lower operating speed.

Figures 8 2(a)–2(c) are compared with crash rate with
the torsion change, which mainly infuences the longitudinal
gradient in the vertical plane. A larger torsion angle will
bring a higher risk of collision, as shown in Figure 8 2(a).
Frequent and sharp changes of slope are detrimental to
driving safety, with greater torsion bringing a surge in
collision risk as shown in Figures 8 2(b) and 2(c). In other
words, the higher the discrete degree of torsion change is, the
more crashes there will be. However, for the AV of torsion,
the greater the AV of torsion, the lower the impact of the AV
of torsion on the crash rate. For the SD and CV of torsion,
with the increase of SD and CV, not only the accident rate
will increase but also the efect of SD and CV on the accident
rate will become stronger.

5. Conclusions

Te spatial confguration should not be determined sepa-
rately, as the location of a highway is comprised of hori-
zontal alignment and profle. Curvature and torsion, two
invariants of a curve in space, can defne the spatial char-
acteristics of highway alignments. Tis study develops an
evaluation method for determining highway geometric
design and safety operations based on spatial curve prop-
erties. Te detailed methods and fndings of the research are
summarized as follows.

(1) Te spatial curve path of a road is segmented into six
types based on spatial combination regularities. Te
three-dimensional location of each point on the

curve is written by a parametric representation.
Tus, three-dimensional numerical models of
highway alignments are built.

(2) Based on a parametric representation of a spatial
curve, two geometric invariants of curvature κ and
torsion τ are calculated to determine the spatial
shape and trends. Te dispersion of curvature/tor-
sion change between adjacent segments on a low-
grade highway is greater than on a motorway,
according to the results of a calculation.

(3) Using global and local approximations, the in-
terrelationships between collisions and curvature/
torsion distribution are determined.Te results of an
analysis show that the regularity of curvature/torsion
change has signifcant impacts on crash frequency.
By comparison, curvature distribution has more
obvious correlation to crashes than torsion spatial
variation. Te segments with a higher dispersion of
curvature/torsion diference correspond to a higher
crash rate.

(4) Te proposed method can be used to identify the
spatial structure of curvature/torsion for in-plan or
in-service highways, providing a basis for the de-
termination of crash frequency and optimizing
highway geometric design to improve safety oper-
ation levels.Te evaluation model building will allow
for improved accessibility for future research to
explore the 3D space design of route.

Te safety of road alignment design is a primary con-
sideration in this study. Te physical properties of spatial
alignment, curvature, and torsion are used to characterize
the quality of road alignment design, beginning with the
actual situation of road alignment space change. Tis study
establishes a safety evaluation method for analysing the
interrelation between crash rate and spatial curve properties.

Table 6: Results of correlation analysis of crash rate and spatial curve under diferent road conditions.

CR AV of curvature SD of curvature CV of curvature AV of torsion SD of torsion CV of torsion
CR 1 0.830∗∗ 0.828∗∗ 0.826∗∗ 0.823∗∗ 0.908∗∗ 0.785∗∗

AV of curvature 0.830∗ ∗ 1 0.963∗∗ 0.999∗∗ 0.649∗∗ 0.797∗∗ 0.949∗∗

SD of curvature 0.828∗∗ 0.963∗∗ 1 0.961∗∗ 0.719∗∗ 0.831∗∗ 0.915∗∗

CV of curvature 0.826∗∗ 0.999∗∗ 0.961∗∗ 1 0.638∗∗ 0.792∗∗ 0.950∗∗

AV of torsion 0.823∗∗ 0.649∗∗ 0.719∗∗ 0.638∗∗ 1 0.769∗∗ 0.697∗∗

SD of torsion 0.908∗∗ 0.797∗∗ 0.831∗∗ 0.792∗∗ 0.769∗∗ 1 0.798∗∗

CV of torsion 0.785∗∗ 0.949∗∗ 0.915∗∗ 0.950∗∗ 0.697∗∗ 0.798∗∗ 1
∗ p< 0.05, ∗∗p< 0.01.

Table 7: Results of regression models of Figure 8.

Model R 2 F P Intercept B 1 B 2

1a 0.694 20.408 ≤0.01 −0.009 134.070 −10453.677
1b 0.694 20.383 ≤0.01 0.044 24.426 −492.772
1c 0.686 19.702 ≤0.01 −0.008 0.073 −0.003
2a 0.750 26.948 ≤0.01 0.055 11698.158 −131228923.350
2b 0.840 47.101 ≤0.01 0.061 305.151 997546.050
2c 0.619 14.637 ≤0.01 0.009 0.011 0.0003
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It also ofers a new perspective for evaluating road alignment
design from a three-dimensional state. Ten, a genuine
three-dimensional evaluation of the road’s safety is realized.
However, the design of roads does not account for the
equilibrium between all sustainability factors. Te social,
economic, and environmental aspects of road design should
also be examined in depth, despite the fact that safety is
a signifcant factor that directly afects people and indirectly
afects other social factors, such as economic loss and social
concern. Tus, although safety is a top priority, economic,
environmental, and social factors need to be considered
more thoroughly in future research to promote urban
sustainability.

Notations

2D: Two-dimensional
3D: Tree-dimensional
&†: Superposition of two line elements
(x, y, z): Any coordinate point of spatial curve
(x0, y0,
z0):

A starting point for calculating

l: Length, m
i: Slope of spatial straight line, %
α: Angle, degree
R: Corresponding radius, m
β: Defection angle of this segment in radians,

degree
A: Spiral parameter
(m, n): Center of a circle
θ: Parameter of circle equation that denotes the

azimuth angle
a, b: Coefcient of a parabolic equation
κ: Curvature, m−1

ρ: Radius of curvature, m
τ: Torsion, m−1

T: Te curve tangent vector
N: Te curve normal vector
c: Changing rate of grade
S: Length of vertical curve, m
i 1, i2: Grades of the former and latter tangents, %
∆xj: Te curvature/torsion diference of adjacent

combination segments, m−1

xi, xi−l: Te average values of curvature/torsion in section
i or i− 1, m−1

CRi: Te crash rate of the section, i
_⇋: A certain correlation

x: Mean value of spatial curvature/torsion, m−1

σ: Standard deviation of spatial curvature/torsion,
m−1

CV: Coefcient of variation
AV: Average
SD: Standard deviation
CR: Crashes per million vehicle-kilometers
TT: A spatial combination alignment consisting of

straight line in the horizontal projection plane
and straight line in the vertical projection plane

TP: A spatial combination alignment consisting of
straight line in the horizontal projection plane
and parabola in the vertical projection plane

ST: A spatial combination alignment consisting of
Euler spiral in the horizontal projection plane and
straight line in the vertical projection plane

SP: A spatial combination alignment consisting of
Euler spiral in the horizontal projection plane and
parabola in the vertical projection plane

CT: A spatial combination alignment consisting of
circular curve in the horizontal projection plane
and straight line in the vertical projection plane

CP: A spatial combination alignment consisting of
circular curve in the horizontal projection plane
and parabola in the vertical projection plane.
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