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Mathematical modeling with the help of numerical coding of graphs has been used in the different fields of science, especially in
chemistry for the studies of the molecular structures. It also plays a vital role in the study of the quantitative structure activities
relationship (QSAR) and quantitative structure properties relationship (QSPR) models. Todeshine et al. (2010) and Eliasi et al.
(2012) defined two different versions of the Ist multiplicative Zagreb index as [](I)=[]pey () ldr( p)*] and
[T: (@) = [ pgerm [dr (p) + dr (@), respectively. In the same paper of Todeshine, they also defined the 2nd multiplicative Zagreb
index as [[,(T) = npqu(F) [dr(p) x dr(q)]. Recently, Liu et al. [IEEE Access; 7(2019); 105479--105488] defined the generalized
subdivision-related operations of graphs and obtained the generalized F-sum graphs using these operations. They also computed
the first and second Zagreb indices of the newly defined generalized F-sum graphs. In this paper, we extend this study and
compute the upper bonds of the first multiplicative Zagreb and second multiplicative Zagreb indices of the generalized F-sum

graphs. At the end, some particular results as applications of the obtained results for alkane are also included.

1. Introduction

The numerical demonstration of a molecular graph can be
assumed as a single number, commonly known as to-
pological index (TI). There are many interesting and
significant results about TIs to study the different
properties of chemical compounds such as chromato-
graphic retention times, heat of formation and evapo-
ration, flash point, viscosity, freezing, boiling and melting
point, octanol-water partition coefficient, surface ten-
sion, stability, temperature, density, weight, polariz-
ability, connectivity, and solubility. Many medicines,
crystalline and nanomaterials, that are used in numerous
pharmaceutical industries are examined with the assis-
tance of different TTs, see [1-7]. TIs also study QSPR and
QSAR models that join molecular graphs to their mo-
lecular characteristics by means of statistical tools. For
additional information, see [8-17].

In 1947, to investigate the paraffin’s boiling point,
Wiener utilized the distance-based TI [18]. Gutman and
Trinajsti¢ [19] determined a pair of degree-based first and
second Zagreb indices. After this, different impressive TIs
are introduced in molecular graph theory [20,21], but the
degree-based TIs are famous than others, see [22].

In graph theory, the various operations on different graphs
show an important role in the creation of advanced families of
graphs, see [23,24]. Yan et al. [13] gave the idea of four op-
erations S;,R;,Q,, and T, of graphs and computed the
Wiener index of the resultant graphs obtained by using these
operations. Eliasi and Taeri [25] introduced the F,-sum graphs
(T'y4£,T) by using the cartesian product of graphs F, (I';) and
I'), where I', and I', are the two simple graphs and F, (I';) is
obtained by using F; € {S,R,,Q;,&T,}. They also de-
termined the Wiener index of these F;-sum graphs. Addi-
tionally, Deng et al. [26], Imran and Akhtar [27], Shirdel et al.
[28], and Liu et al. [29] determined the 1st and 2nd Zagreb
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indices, F-index, Hyper-Zagreb index, and the 1st general
Zagreb index of F;-sum graphs.

Recently, Liu et al. [30] defined the generalized form of the
aforesaid four operations {S, Ry, Q, and T, for k > 1 integer}.
They also constructed the generalized F-sum graphs (I'y,p,I',
for Fj € {S}, R, Q, & T }) and obtained the 1st and 2nd
Zagreb indices. In this paper, we calculate the upper bounds of
the 1st and 2nd multiplicative Zagreb indices of the F;-sum
graphs. The remaining article is organized as follows: Section 2
contains few definitions and terminologies, Section 3 covers the
main results, and Section 4 includes applications and closing
comments.

2. Preliminaries

A molecular graph I' = (V (I'), E(T)) has the node (vertex)
set V() ={py, P P3--->P,} and the edge set
E(T) <V (T) x V(T). The vertices in the molecular graphs
are denoted as atoms, and bonds are denoted as edges. The
order and size of a chemical structure is denoted as |V (T')| =
pand |E(T)| = w. The degree (dy(p)) is the total edges that
are incident on a node p. Throughout the paper, we study the
finite, indirected, simple (without loops, isolated vertices,
and multiple edges), and connected graphs. The well-known
TIs are discussed as follows.

Definition 1. Let T be a graph, then the first and second
Zagreb indices are defined as follows:

M, (D)= Y [dr(p)+dr (9],

pq<eE(T) (1)
M,(D) = Y [dr(p) x dr(q)].

pqeE(T)

Gutman and Trinajsti¢ [19] defined these indices which
are utilized to determine the structural base different
characteristics of graphs like molecular complexity, energy,
ZE-isomerism, chirality, connectivity, and heterosystems, as
well as branching , see [15,31-36].

Definition 2. Let I' be a graph, then the first and second
multiplicative Zagreb indices are

H () = H dr(P) +dr(q)]>

PpqeE(T) (2)
[TO= ] 4 x dr (@]
2 pqeE(T)

During the past two decades, various noteworthy ap-
plications regarding multiplicative Zagreb indices have been
explained in detail, see [37-46] and the references cited
therein. The resultant graphs under the four new generalized
subdivision operations defined in [30] are given as follows:
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(i) Si (T) is the generalized subdivided graph (I').
(i) Ry (T) is the generalized semitotal (point) graph.
(iii) Qg (T) is the generalized semitotal (line) graph.

(iv) Ty (I) is the generalized total graph. For more
details, see Figure 1.

Definition 3. Let I, and T, be two graphs,
thenF, € {Si, Ry, Qi, Ty} and F, (T)) be a new graph gained
after using F; on I'; having an edge set E (F (T';)) and vertex
set V (Fi (I})). So, the generalized F-sum graph (I' 5 I,) isa
graph having the vertex set V(I'j,pT,) =V (F(I}))x
V(I,)=V(I[)UE(I)) x V(I;) in such a way that two
vertices (py,q;) and (p,,q,) of V(T'y, 5 I;) are adjacent if and
only if [p, = p, e V(T}) and (q;,9,) € E(I,)] or [q, =g,
eI, and (p;, p,) € E(Fi (T))].

Thus, the generalized F-sum graph I'y,; T, contains
[V (T',)| copies of new graphs F, (I',) that are labeled with the
vertex set of I',. For further details, see Figures 2 and 3.

3. Main Results

Now, we calculate the key results of the multiplicative
Zagreb indices for the different classes on graphs.

Theorem 1. Let I';, I, be two graphs with |V (I})| = u,,
VIl =u, |ET)I=w, and [E(I)|=w, For
Uy» Uy >4and and k> 1, we have

1
| |(F1 +skr2) < ——[4w,0, + M, (T,)]"
1 lez

1 Wiy
X ———[4w, 0, + 1, M, (S, (rl))]z :

20,4,
x 4(k - Dy, =Y,
W,y (k _ 1)[ &) ]
1 w,
H(rl +skr2) < [0, M (Ty) + 20, M (T) + M, (T,)]"
2 Uy,
X M, (S, (T,)) + 8w, w, ]!
2#2%[.’42 2( 1( 1)) 1 2]
1 (k1)
— [4(k-1 b
X (k—l)‘uzwl[ ( )AMZa)l]
(3)
Proof

(a) Consider d(p,q) =
(p,@ inT| +4 e

dr, - T, (p,q) as a degree of a node
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FiGure 1: (a) T, (b) S4(T), (¢) Ry (D). (d) Q,(T), and (e) T, (T).

FiGure 2: (a) I =C;, (b) T, = G5, () Iy 15, and (d) Ty Iy

(L y) (1, 2)

vy, %) (v, x)

Figure 3: Continued.
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FIGURE 3: (a) Hy.q,H, and (b) I',p I5.

[T +sT,) = I1 [d(pray) +d(psr )]

1
(Poar) (Pz"lz)EE(rl*'skrz)

= [T [II [da)+dpa)l x [] [1 [d(p1q) +d(prq)]
pev (T)) q14,€E (T,) qev (T,) Pip2EE (S (1)) (4)
1€V (T,)p€V (S (T))-T))

<[] [T [dena)+d(pra)
qEV(Fz) p1p2 € E(Sk (rl))
Pip2€V (Sk (T))-T))

=H1><H2><H3.

Now,

[Tt="TT I la)+dpa)]s

peV (T1) q192€E (1)

1 [ Y oY ldpa)+d(pa)]

w
@ PEV(FI) 419,€E (Fz)

H1@0y
1 1 w
Y Y [dnprrd (@) +dr, (q2>]} = s M (D)

Uy w;

PGV(FI) qquGE(Tz)
2wy
1
[T2= T[] Il @ee9+dpalss—| X > [d(p1q) +d (P q)]
gV (12) prpacE (52 (1)) 12 gev (1) PipacE(Sc (1))
preVvV (rl))PZEV(Sk (rl))i“ (rl)
2wy
1
= 20,44 Z Z [dsk(rl) (p1) + dr,(q) + dsk(rl) (Pz)]
qeV (T,) P1preE (S (1))

PIEV(FI)>p2€V(Sk (Fl))i“ (rl)

= 4w w, + M, (S, (T))]2“1,
2601#2[ 1Wy T Uy 1(1( 1))]
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[T3= 11 [T ldpra)+d(pg)]
a<V (12) ppeE (S (T)))
PiPEV (Sk (rl)*rl)

wypy (k=1)
1
<—— |- Y Y [d(p1-q) +d(p2»9)]
an#z (k— 1) qEV(FZ) P1P2€E(5k (rl))
PlsteV(Sk (rl))’/‘ (rl)
Wy (k=1)
. ) @,y (k=1)
= k-1 Y D [2 +2] =7{(k— Dlw(Ty)] Y (4)}
Wy (k—1) 4V (5 ppsch (5 (1) W phy (k= 1) qev (1)

252594 (Sk (Fl))—y(l"l)

(4= Dy ]

"y (k- 1)
(5)
Hence,
1 w 1 w
H(rl + Skrz) < M[4w1w2 + M, ()] x 20,4, (40,0, +p, M (S (rl))]z e
_ W, (k-1)
X e oD 1)[4(k Dy, | ,
(b) H(rl + skrz) = H [d(p1a1)d (P 2,)]
2
(Pl»‘h) (sz‘Zz)EE(rl‘*'skrz)
= [T II [da)dpa)
peV(Fl)qlqzeE(Fz) (6)

X l_[ H [d(p1-q)d (P2 q)]4
eV (1) pipaeE (S (1))
P1p2€V (8 (1)) (1)

X l_[ H [d(p1>a)d (P2 9)]
qev (rz) Pip€E (Sk (rl))
Plev(rl)’PZEV (Sk (1"1))—[4 (1"1)

=1_[1><1_[2><H3.



Now,

[Tr="11 11

peV (I1) q14,€E (1)

[d(padpal s ¥ Y

w
172 [PGV (rl) 41‘126E(r2)

D)

Cuw
#1902 PEV(FI)%QZGE(FZ)

1w
[dr1 (p) +dr, (‘11)] [drl (p) +dp, (‘12)]]

= o (@, M, (T,) + 20, M, (T;) + u, M, (T,)],
10,

- 11

qev (T,)

[d(p1-2)d (P2 q)]
P1PZEE(SI< (rl))
p1eV (rl)’PZEV (Sk (rl))*l‘(rl)

24,0,

1
< > >
P1p2€E (S (D))
Plev(rl)’PZGV (Sk (1"1))—/4 (rl)

[d(p1-@)d (P2 9)]

24y 0,

1
Ly )
PleEE(Sk (rl))
PieV (T1)paeV (S (T1))-u (T1)

[T3= X >
qu(Fz) PlPZEE(Sk (1"1))
PV (Fl),pZGV (Sk (1"1))7‘14 (rl)

[dsk (r) (p1) +dr, (9) |ds, () (P2)

[d(p1>9)d (P2 q)]

(k=Dpp 01

1
<———| 1] [
k= Dror| v ) pper(s, ()
P1p2€V (Sk (Fl))*ﬂ (Fl)

[d(p1>-9)d (P2 q)]

(k=1)py 0,

1
T (k- Do, 2 2 4

€V (L) pipeE (S (T)))
PrpaeV (S (T1))-u(T1)

CERTD
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[d(p.q1)d (p ‘12)]:|

(7)

[4(k _ 1)!’[2(‘)1] (k—l)!"zwl.
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Consequently, Theorem 2. Let I', I', be two graphs with |V (I'))| = u,,

1 3 V()| = py IEI)| = 0y, and |E(L,)| = w,. For py, u, >4

l_[(rl +skr2) < " wz[‘”le (Ty) + 2w M (T,) + py M, ()] and k> 1, we have
2 1

1

2,0, [ M, (S, (T4)) + 8‘”1“’2]2}‘2“]1

X

1

x 4k~ Dpyw, ] ",
(k—l)‘uzwl[ H 1]

(8)

1 1
H(rl + erz) < [, M (T,) + 8w, @, ] x (4w, w, + 24, M, (T)]

1 U@, w4,
1
x 4w w, + pp (MR, (T,) = 2M, (T)))]"*> x ————[4(k - Dy, ]+ *,
2‘01#2[ 105 + iy (M Ry (T) 1(T1)] whuz(k—l)[ prw; ]
1 W
H(rl +er2) < U[‘lszl (Ty) + 4w, M, (T,) +p, M, (T,)] " 9
2 2t
x © (44, M, (T;) + 4w, M, (T) + @, M, (T,)] "
1M
1 _
x 8w,w, + ty (M, (R, (T,)) = 4M, (T))]*1*> x —————[d,, (k — 1)] FDte,
2601#2[ 105 + iy (M (R, (T)) 2(T1))] (k—l)whuz[ tyw, )]
Proof
(a) Consider d(p,q) =dr, r)(p,q) as a degree of a
node (p,q) in Ij+5Tp: *°
H(Fl +g I ) = H [d(p1>a1) +d (P2 a2)]

1
(pl’ql) (P2>‘12)€E(r1+kkrz)

= H H [d(p.q:) +d(p.q)]

peV (Ty) 419,€E (T2) (10)

< T1 T1 [dpea)+d(pna)]
qu(FZ)pIPZEE(Rk(rl))

=[] <[]
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Now,

[Tr="T1 T [d(p.a)+d(p.a.)] < 1 [ Y 2 ldpa)+d(pay)]

w
Pev(rl)‘llfbeE(rz) Hiw; pEV(Fl)qlqzeE(Fz)

U0y
1
= [Z 2 [Zde(rl)@)+drz(q1)+drz(qz)]]
pe

@ V(rl)‘JﬂzEE(rz)

Py @y

1 1 w,

o Z Z [4dr1 (p) +dr, (q1) + dr, (‘12)] = 7[#1M1 (T,) + 8w, w, ]2,
@ PEV(F1)‘11‘IZEE(F2) H1@a

(11)
HZZ H l_[ [d(p1a) +d(prq)] = n H [d(p1-a) +d(p29)]

qu(Fz) PIPZEE(Rk (rl)) qev (rz)P1PzEE(Rk(F1))
PPV (Fl)
X n H [d(p1,q) +d(prq)] x H H [d(p1,q) +d(p2q)]
€V (Ty) pipacE (R (1)) asV () pipacE (R (T))
prev (1) Prpa€V (Re (1)) (1)

nr

:ILIZXIZIZXHZ.

Now, for p;p, € V(T,), then p,p, € E(R,(T;)) if and 2dr1(P1) and for p, e V(R (T})) —u(T;), we have
only if p,p, € E(T'}); for p; € V(I), we get dp r)(p1) =  dg r,)(p2) = 2. Now,

Wiy
[T2= 11 [T [ +dprals—| ¥ Y [dpna)+d(prq)]
aeV (1) pupscE (Re () 21 gev (1) ppue (v, (1))
prp2€V (Ih) pipaeV (T)
Wy
1 1
= 2d; ()| + dr, (r,) (P1) + g, (r,)(P2) =——[4w @, + 2, M, (T)] ",

@it qe‘%ﬁ)}’ﬂzé(rl)[ ' ] ‘IEVZ(:FZ) Plpzé(ﬂ)[ : (r) 1 ! (r) ’ ] el o S

20,4,

M2=- 11 1 Eeea+dmealc—oV S Y [dpna) +d(pra)

q€V (T,) p1p2€E (R (1)) 21y qev (T,) Pip2€E (R (1))
eV (T)) eV ()
20,4,
1 1 w
- 2w,y Z Z [de(rl) (p1)+ dr,(q) +dg, (Tl)(pZ)] - M[‘lwlwz + 4y (MR, (T)) —2M, (rl))]z ",
qu(FZ) P12 E (R (T)))
pev(T)
[T2= TI [1 [d(p1,a) +d(pr )]
q¢V (T,) Pipa€E (R (1))
Pup2eV (R (1)) (1)
@y (k=1)
1 - - _ Wty (k=1)
Sm Z Z [d(pl’q)+d(p2’q)] _wlﬂz(k_l)[4(k 1)‘[/!2(01] :

4V () pypyeE (R (1))
PupaeV (R (1)) (1))
(12)
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Hence,

1
H(rl TR 1"2) < (1M, (T,) + 8w, @, ] x
1 i Uy,

1

w4y

(4w, @, + 24, M, (rl)]wmz

1 20 Wty (k=1)
x ——[4w,w, + u, (MR, (T,) —2M, (T o [4(k - Du,w, |12,
2‘01[/‘2[ 105 + phy (MR, (T) 1 ()] whuz(k—l)[ 2N

(b)H(r1+erz) = H [d(p1a1)d (P2 05)]
2
(Pl"ll)(Pz»‘iz)fE(rl‘*'erz) (13)

= 1 TI1 ldpa)d(p.a)]

pev (r1) 919,€E (1"2)

< I [T [dpna)d(pra)l

qu(Fz) P]PzGE(Rk (rl))
=]t x[]=2

Now,

le H H [d(p.a1)d(p.q,)] < ! [ Z Z [d(PJh)d(P’QZ)]]
p

w
pev (1) a1, <E (T) 2t eV (T1) 41, E (T,)

1

Wfty
- L Z Z [de(rl)(P) +dr, (‘11)] [de(rl)(P) +dr, (‘b)]}

Wath eV (T,) 90, E (T,)

1 ot
= Wl [4“’2M1 (Ty) +4w1M1(F2) +u M, (1“2)] R
2t

[T2= TI [T [dpna)d(pra)]

qEV(FZ) PleeE(Rk (rl)) (14)

= 1 [T U[eeadpsa)lx [] I1 [d(p1,9)d (P2 9)]
qu(rz) PIPZEE(Rk(rl)) ‘ZGV(FZ) PleeE(Rk (rl))
pip2eV(Ty) piev(T))
P2V (R (T1))-u(Ly)

< 1 [1 [d(p1»9)d (P2 9)]
qu(FZ) PleGE(Rk (rl))
Pup2€V (Re (T1))-w ()

nr

:ﬁZXﬁZXHZ.
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Now, we consider

!

[12= TI [T [eeadpal= ] I [derad(p,q)]
eV (T3) pi1p€E (R (T1)) qeV (T,) pip,<E (T))
Plpzev(rl)

Wil

< LY Y [pnad(pna)

T w
12 LacV (rz) Pip€E (rl)

W1y

- Z Z [de(rl) (py) +dr, (q)] [de(rl)(Pz) +dr, (Q)]

w
12 L9V (rz) plPZEE(Fl)

1 Wy
W, (44, M, (T) + 4w, M, (T}) + 0, M, (T)] 2,
142

n

[Te= 1T I1 [doad(p9)
qEV(rz)PlszE(Rk(r1))
pev(T)

2wy 4y 2w,y

1 1
s Z Z [d(p1-q)d (P2, q)] = Z Z [de (r) (p1) +dr,(@)| x 2
2w, 2w,
q¢V () P12 E (R (1)) q<V (T2) Pipa€E (R (1))
peV (Ty) eV (L))

= [8w,w, + py (M, (R, (T})) — 4M, (rl))]2w1#2>
2w,

n

[T2= 11 [ [4(p1,9)d (2 9)]
qev, (1"2) PipcE (Rk (rl))
P1p2€V (R (T1))-u (1))

(k=Dwp,
1 1 oy,
SRy K 2. > [d(p1.9)d (P2 9)] = e D, Lt (k= D] Rl
2 4V () puper (R, (1) #
P1P2€V(Rk (rl))_."‘(rl)
(15)
Therefore, we have
1 W,y
H(Fl +erz) < w—[4sz1 (Ty) + 4w, M, (T,) + py M, (T,)]*
2 2H
1 Wiy
x W, [4u, M, (T)) + 4w, M, (T}) + 0, M, (T,)] 3 (16)
14
x 8w, @, + phy (M, (R, (T})) = 4M, (TN x ————— 4w, (k — 1)]F D,
2601.“2[ 103 + phy (M (Ry (T)) 2(T1))] (k—l)wlyz[ paw, ( )]
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Theorem 3. Let I';, I', be two graphs with |V (I'\)| = u,,
V()| = py IEI')| = wy, and |E(I',)| = w,. For py,p, >4
and and k> 1, we have

1 1
Uy 2w,
H(rl +ri2) < 14, [40 @, + py M ()] % 2014, [40; @, + 3p, My (T))] ™

1
x ——————[2(k - Dy, M, (T,)] = *
wl‘uz(k_l)[ ( )nuZ 1( 1)]

1

T (2w — 1) - k 2(2“’1‘ 1)
* &, 2w, _#1)[(’0#2 (M, (T,) +2M, (T,) — 2M, (T, )] o),

1 w,
H(rl +ri2) < 0w [, M (Ty) + 2w, M (T,) + py M, ()]
2 192

x [40, M, (Ty) + p, [M; (L) +2M, (rl)]]%w1

2,0,

= Dy 6 D[22 (1) M (T 1

ke, (2“’1‘.”1)

1 1
X m 7% [§M4 (Ty) - EMs (H)] + wevz(rl) rdr (u)dy, (v)

ku, (2“’1_.‘41)

1 2
SR d dy. (u) — 2M, (T
Ty 2wy - ) VGVZ(:FI) Rt ueVz(:l"l) )

uveE(rl)

Proof.

(a) H(rﬁriz) = H [d(pr-a1) +d(p2 )]

(prar) (PZ)QZ)EE(FlJerrZ)

=[] ] [E@ea)+dpa)lx [] [T [dpia)+d(pra)]

P‘?V(rl)‘h‘hEE(rz) ‘IGV(rz) p1p2€E (Qk (rz))

=[]1x]]=

11

(17)

(18)
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Now,
[Tt= T [ [da)+d(pa)]
peV(Fl)q]qzeE(Fz)

i@y

1
< Z [Zdrl (p) +d, (q1) + dr, (‘b)] =

TR
#1@a PGV(rl)‘Zl‘IzEE(rz)

[12= I [ [dpva)+d(ppa)]=qaeV () [] 1 [d(p1,q) +d (P> q)]
qEV(rz) P1P2€E(Qk (rl)) qu(I‘Z) PP EE(Qk (rl)) (19)
P eV (L))
292534 (Qk (rl))*ﬂ(rl)

1 @
phw (40,0, +py, M, (T,)],
10,

X H H [d(p1-9) +d(prq)]
qeV (1) pip2cE(Qc (1))
plPZEV(Qk (rl))_.“(rl)

! n
=H2x]_[2.

Consider
[T2= TI I [d(p1,q) +d(p>»a)]
4V (L) pipoeE(Qc(T)))
pev (Ty)
PIPZGV(Qk (rl))_.”(rl)
2@iks
1
< dq, (r,)(P1) +dr, (@) +dg, (r,)(P2)
20, B R . [ Qe (1) \F1 r Qi (1) \F2
Plev(rl)
pupaeV (0 (1) 4 (1) ] (20)
r 2w,
1
= d 1(p )+d (q)
20,4, _qe\%Fz)pleVz(l"l)[ n ' ]
2@ik,
1
+ Z H do, (r,) (P2)
2w, qeV (1,)  pipacE(Q (1)) [ ) ]
peV (Ty)
P1P2€V(Qk (rl))_!"(rl)
Then, !
, . [12= 1_([) ];[ . [d(p1-a) +d(p29)]-
— 20,4, 21 q€V(Lz)  pipy € E(Q(Ty
[12= 50 oros M (R D eV (04 (1)) #(1)

Now we take (22)
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n

Let [T2=]]3 x []4, then

o= T I1 [daqe)+dagy(e)]
qeV (Ty)  pipacE(Q (1))
2122V (Qi (1)) -4 (T1)

wyphy (k=1)

! (k=1 > Y [dp,w)+dr,(v)]

< —|2
iy (k= 1) qev (T,) uveE (T,)

— _ Wy (k=1)
_wl,uz(k— 1)[2(k 1)!’l2]\/11 (rl)] ’

H 4= H H [ko ) (P1) +dg (1) (Pz)] (23)

qEV(rz) PleeE(Qk (rl))
P1p2€V (Qi(T1))-w (Ty)

ky, (2‘4’1‘.“1)

1
ST d d
) r (201 = 41) qe‘g}z) PIPZEE%?k(FI)) [ Q. (1) (P1) +do, (r,) (P2)

Pipa€V (Qi (11))-u (1))

1 N
=m[(k)#z [M, (1)) +2M, (T,) - 2M, (T, )] )5 (Gort),

Therefore, we have

1 Wy
U (40, w, + 34, M, (rl)]z :

1
H(rl +riz) < m[4“’1“’2 + M (T,) ] x 200,

1

1

_ wpp (k=1)
X W,y (k= 1)[2(k D, M, (Ty)] (24)

; _ kety (2011,
X ki, (20, —H1)[(k)y2 [M;(T,) +2M, (T,) - 2M, (T,)]]™ .

Next,

[1(T+oT,) = [1 [ (prar) + (psra)]

? (Pl’ql)(P2>q2)eE(rl+ri2)
= [1 [l Wea)deae)]= [] [T [dpna)d(pa)] (25)
pEV(Fl)qquEE(FZ) qEV(rz)PlpzeE(Qk(rl))

=[]1x]]>

Consider
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[Tr= T1 TI lpa)dpa)

pev () a1q:€E (T5)

< ! LZ Z [d(p.q1)d(p:q,)]

T uw
H1@2 eV (T)) g€ E (T,)

1
0, [, M, (T)) + 20, M, (T,) + M, (rz)]ylwz’

Hy

[T2= TI [T [dpna)d(pa)]

qEV(Fz) PleeE(Qk (rl)) (26)

=11 I [eeade9)
qev(FZ)plPZEE(Qk(rl))
piev(T))

< [] [ [d(p1.9)d (prq)]
qEV(FZ) PleEE(Qk (rl))
P1P2€V (Qc (1)) (T1)

! n
=[]2x]]2
Then,

!

[Te= TT  I1 [@evad(era)
qGV(FZ)PlpzeE(Qk(FI))
pev(T)

20,4y

1
<ol Y > ld(pna)d(pra)]
21 gev (1) pupacE(Qu (1))

pevV (1)

2w, 4y

(27)

1
20 Z Z [drl (p1) +dr, (‘Z)]ko () (p2)
12 gev () P E(Q (1))

pev(Ly)

1 )
= ———[4w0, M, (T}) + 4, [M5 (L) + 2M, (rl)]]2 “,
20,4,

H 2= 1_[ H [d(p1-q)d (P2 q)]-
qeV (L) pipacE(Qe (1))
PleEV(Qk (rl))_l"(rl)
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n

Let [T2=]]3 x []4, then
H3 = H H [ko(rl)(Pl)ko(rl)(Pz)

qu(FZ) P1PzEE(Qk (rl))
PPV (Q (17))-p (1)

(k=D 0,

1
< ——— Z Z dq, (r,)(P1)dq, (r,) (P2)
(k_l).u2w1 qu(rz) PlpzeE(Qk(rl)) [ ( ) ( )
PleGV(Qk (rl))’/‘(rl)

l - w
= D |~ D2V (1) + M, ()],

H4: 1—[ H [ko (rl)(pl)ko (rl)(Pz)
qu(Fz) P1P2€E(Qk (rl))
12V (Qk (rl))_l"(rl)

K, (2w1_V1)
e I D .
ST dg, (r,) (P1)dq, (r,) (P2)

ku, (2w, — uy) 4V (L) pypyeE(Q(T))) QR

P1P25V(Qk (rl))_.“ (Fl)

ku, (2“’1*!41)

1
=—|(k d d d d
k!‘z (2(‘)1 - zul) ( )qégrz) uveEz;‘rl) [ : (U) " Iy (V)] [ 1N (V) + I (w)]

vweE (T,)

1 1 Ky, (2‘”1—.“1)
) (k)["Z[EMAI(FI)_EMS (rl)] + Z rdp (w)dy (v)

- k#z (2(4)1 ! uveV(Fl)
ku, (2“’1*#1)
1 2
b—_ 42 (v) dr (1) - 2M, (T ,
k‘l/lz (2(4)1 _‘“1) VEVZ(FI) I Z I, 2( 1)

uev (T,)
uveE (Fl)
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where r is the total neighbors that we consider mutual nodes Therefore,
of u and v in (T)).

1
H(rl + riz) < [w,M, (Ty) + 2w, M, (T,) + M, (T,) ]

2 p @0y
1 w
x 2 [40,M, (T)) + iy [M; (T,) + 2M, (T;)]] "
X ;[(k_ 1)‘“ [2M2 (1—*1) +M (Fl)]](k—l)yzwl
(k = Dpyw, 2 3
1 1 1 kp (201-p) (29)
X s =) | Pk M (1) =5 ()| + LI
ky, (Zwl—#l)
1 2
ki (20 — ) d dp (1) - 2M, (T
' kpy (20, = py) vevz(:rl) n uevz(:rl) r, () »(Th)
uveE(T,)
O

Theorem 4. Let I';, I', be two graphs with |V (I'|)| = y,,
V()| =y, IEI')| = wy, and |E(I',)| = w,. For py,p, >4
and and k> 1, we have

T+, 1) <—[uM,(T,)+ 8w, w, ] x
H(1 Ty 2) H1wz['u1 1 () 1@, ] Wt

1 20 1
4w, w, + 4u, M, (T [T
2(01‘142[ 12 ”2 1( 1)] wlyz(k_l)
X;
k#z(zwl—#l)

[4w;w, + 24, M, (rl)]wlﬂ2

x [2(k = DpyM, (T,)]* e

[y [ M () + 2M, () ~ 2M, ()] Crt),

1 W,
H(r1+Tkr2> < ——[4w0, M, (I)) + 4w, M (T,) + 4y M, ()] %

Wiy Wi (44, M, (T,) + 4w, M, (T) + 0, M, (T,)] "
2

1 . ) o

8 24,0, [40, M (T)) + pp [2M () + 4M, (T)) )] x m[(k — Dy, [2M, (T,) + M, (T,)]] &P
1 1 ku, (2‘”1*/41)
s =) Ok M ()~ M ()| + z() rdy, )y, ()
Ky, (2‘”1*.“1)
1 2
i 2o — ) d dp (u) = 2M, (T
" ki, (20w, = 1)) VE\,Z(:rl) r ) uevz(:rl) r, () 2 ()
uveE(Fl)

(30)
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4. Conclusion a and b, respectively. Then, the following results are the
direct outcomes of the above four theorems.

For a,b>4 and k = 4, we consider thatT', = P, and T, = P,

are specific examples of alkane known as paths having orders

1

3ab-3b
S apl12ab— 12617,

[12ab — 4a — 14b + 4]0 «

1 .
[ [(Pass,Py) = ———[8ab-10a-da+ 4]

. 2ab - 2b

[16ab — 8a — 20b + 81" x [12ab - 126",

_ 1 ab—a 1
[ [(Pass,Py) = ———[16ab - 24a — 14b+ 18] x -——, S

2

[12ab — 4a — 16b + 4]%°

1 ba 1
H(PQ+R4PZ,) = ———[12ab - 14a - 8b + 8] b -

1

3ab-3b
3ab — 3b[12ab 12b] ,

1 2ab-2b
———[16ab — 4a — 20b + 4]
X2ab—2b[ a a + 4] X

1 : .
[ [(Pasr,Py) = ———[36ab — 48a — 40b + 48177 x [36ab — 22a — 60b + 30]%°

1
) ab-a ab-b

1
24ab — 8a — 32b + 8] x 12ab — 126177,
[24ab - 8a ] 3ab— 352 ]

X 2ab-2b

[16ab — 4a — 22b + 4% %

_ 1 ab—a
H(Pa+Q4Ph) = ———[8ab—10a - 4b+ 4] x ———,

[24ab - 36b]*" " x [32ab - 726]*"*,

" 3ab - 3b dab—8b

1 . .
[1(Paso,Py) = ———[16ab —24a — 14b + 18]%7% x [32ab — 16a — 54b + 24]%%°%
av —a

) 2ab - 2b

1
4 _ 3ab-3b 4 1 4ab—8b)
[48ab — 90b] X b= 8b[6 ab — 160b]

1
" 3ab - 3b

1 :
[12ab — 4a — 16b + 4]%7°

1 av—a
H(Pﬁnph) = ———[12ab~ 14a - 8b +8] boa Y

1 ) ) )
[24ab - 36b]*"% x ———[32ab - 726",

2ab-2b
[20ab— 4a ~ 28b + 4" x 3ab - 3b

« 1
2ab - 2b

1 ab-a 1 ab-b
[[(Pasr,Py) = m[36ab —48a — 40b + 48] x m[36ala —22a - 60b + 30]

y _
1

3ab-3b
1ab—8b [64ab — 160b] R

[48ab — 16a — 84b + 24]%°% « [48ab — 90b]* %

1
" 2ab—2b 3ab - 3b

(31)
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In this paper, for the integer k> 1, we computed upper
bonds of the 1st and 2nd multiplicative Zagreb indices of the
generalized F-sum graphs [(Ty,T,) for Fj € {Si, R, Qo
& T }] that was defined by Liu et al. [30]. However, the
problem is still open to compute the other topological in-
dices of the generalized F-sum graphs.
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