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The energy of a simple connected graph G is equal to the sum of the absolute value of eigenvalues of the graph G where the
eigenvalue of a graph G is the eigenvalue of its adjacency matrix A (G). Ultimately, scores of various graph energies have been
originated. It has been shown in this paper that the different graph energies of the regular splitting graph S’ (G) is a multiple of

corresponding energy of a given graph G.

1. Introduction

Let G be a simple, finite, and undirected graph and its vertex
set and edge set are denoted by V (G) = {vl,vz,v3, . .,vp}
and E(G) = {61,62,63, e ,eq}, respectively. Number of
edges finishing at a vertex v of a graph G is named as degree
of vertex v and is denoted by d(v) or d,,.

The adjacency matrix of G, denoted by A (G), is a square
matrix [a;;] such that a;; is equal to unity if v;v; € E(G) and
is equal to zero otherwise. The eigenvalues of the adjacency
matrix A (G) are known as the eigenvalues of the graph G.
Collection of eigenvalues of the graph G together with their
multiplicities is called spectrum of the graph G.

Letpy, tp, s - - - 4, be eigenvalues of G and are assumed
in nonincreasing order; then, Ivan Gutman in 1978 [1]
defined the energy of the graph G as the sum of the absolute
values of all eigenvalues of the graph G:

p
E(G) =) |u. (1)
j=1

The inspiration of description energy of graph happened
from quantum Chemistry. During 1930s, E. Hiickel presented
chemical applications of graph theory in his molecular orbital

theory where eigenvalues of graphs take place. In quantum
chemistry, the skeleton of nonsaturated hydrocarbon is
represented by a graph. The energy levels of electrons in such
a molecule are eigenvalues of graph. The strength of particles
is closely identified with the spectrum of its graph. The carbon
atoms and chemical bond between them in a hydrocarbon
system denote vertices and edges, respectively, in a molecular
graph. A lot of work has been done on graph theory, special
graph labeling [2-10], chemical graph theory and graph
energies. In the thesis of Siraj [11], certain elementary results
on the energy of the graph are also described.

The present work is considered to relate several energies of a
graph to bigger graph acquired from the given graph with the
help of some graph operations, namely, the splitting graph
which is defined in [12]. For a graph G, the splitting graph S’ (G)
is obtained by taking a new vertex v' corresponding to each
vertex v of the graph G and then join v' to all vertices of G
adjacent to v. In [13], it has been proven that E(S'(G)) =
\V5E(G).

Let A = [a;;] and B = [b;;] be two matrices of order a x
mand b x n, respectively. Then, their tensor product, A® Bis
obtained from A when every element g;; is replaced by the
block a;;B and is of order ab x mn.
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Proposition 1 (see [14]). Let A € M1 and B € MP. Also, let
o be an eigenvalue of the matrix A with corresponding ei-
genvector y and f3 be an eigenvalue of the matrix B with
corresponding eigenvector z. Then, aff is an eigenvalue of
A®B with corresponding eigenvector yz.

In recent times, comparable energies are being considered,
based on eigenvalues of a variety of other graph matrices. Nu-
merous matrices can be related to a graph, and their spectrums
provide certain helpful information about the graph [15-18].

2. Maximum Degree Energy

The maximum degree energy E,; of a simple connected
graph G in [19] is defined as the sum of the absolute values of
eigenvalues of the maximum degree matrix M (G) of a graph
G. Then, M (G) = [Ml-]-] where
~ { max(d;, d;), ifv,v;eE(G),
ij =

0, otherwise,

(2)

where d; and d; are the degrees of vertices v; and v},
respectively.

Theorem 1. For a graph G,

v v, 2 . vy
viT 0 2dy, 24y, 24y,
Vy 2dk21 0 2dk23 2dk2p
v | 2dy,  2dy, 0 2dy,
Vp depl 2dkp2 deP3 . 0
VI, 0 2dk12 de13 2dk1p
V2, 2dk21 0 2dk23 dezp
V3’ 2dk31 2dk32 0 de3p

!
Vp _depl depz deP3 ce. 0
That is
, 2M (G) 2M (G)
M(S'(Q) =
2M (G) 0
(6)
22
or = [ ® M (G).
20
Here, the maximum degree spectrum of S’ (G) is
((1+\/§)uj (1—\/3)!4;) )
p P

where y; for j=1,2,3,...,p are the eigenvalues of

M (G)and 1 + /5 are the eigenvalues of [§ (2) ]
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Ey (S (G)) =2E (G). (3)

Proof. Let G be a graph with vertices v;,v,, v, ..., v,. Then
the maximum degree matrix M (G) is
ViV, V3 Y,
v [0 dy, di, --- dklp 1
vy dk21 0 dk23 RPN dkz;; (4)
M(G) = V3 dk31 dk32 0 ... dk31,
Vp _dkpl dkpz dkp3 .

where dk,.j = max(d;,d;) and d; and d; are the degrees of
vertices v; and v, respectively, for i=1,2,3,...,p and
i=1,23,...,p.

Let v}, v5,v3,...,v, be the vertices corresponding to
V1> V2> V35 ..V, Which are added in G to obtain S’ (G) such
that N(v]-) = N(v}) for j=1,2,3,..., p. Then, the maxi-
mum degree matrix of §' (G) is denoted by M (S’ (G)) and
can be written as a block matrix:

v v, v, . v,
0 2dy, 24y, 24y,
2d,,, 0 2d,, 2dy,,
2d,, 24y, 0 2dy,,
2dkp1 2dkp2 dep3 0 (5)
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
Here,
j=p
Ey (S'(@) = Y |1+ V5 )u|
=1
j=p
= |//¢j‘(1+\/§+1—\/§)
=1 (8)
J=P
=2, i)
j=1
=2Ey (G),
which completes the proof. O
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3. Minimum Degree Energy

In [20], the minimum degree energy E,, of a simple con-

nected graph G is defined as the sum of the absolute values of

eigenvalues of minimum degree matrix 1 (G) of a graph G.
Here, m(G) = [mij] where

min(d;,d;), ifv,v,eE(G),

mf{ (dod). 162, E@ (9)

0, otherwise,

where d; and d; are the degrees of vertices v; and v},
respectively.

Theorem 2. For a graph G,

E, (S'(G) =2E, (G). (10)
Proof. Let G be a graph with vertices vy, v,,v3,.. ., v,. Then,
the minimum degree matrix m (G) is
2 v, 12 . v
141 0 2dk12 de13
V2 2dk21 0 2dk23
V3 2dk3l de32 0
i 0 dku dk13 . dklp
Vzl dk21 0 dk23 e dep
V3I dk31 dk32 0 e dk3p
V; L dkpl dkpz dkpS e 0
That is
2m(G) m(G)
m(S' (G)) =
L m(G) 0
(13)
(21
or = ®m(G).
110

Here, the minimum degree spectrum of S' (G) is

< (1+v2); (1- \/f)v]->
, (14)

p p

3
141 Vy, V3 Vp
WO d, dy o dy ]
Vy deI 0 dk23 dk2p (11)
m(G) = V3 dk31 ks, 0 . dk3p
v ldi, di, d, ... 0 ]

where dkij =min(d;,d;) and d; and d; are the degrees of
vertices v; and v;, respectively, fori = 1,2,3,...,pand j =
1,2,3,...,p. Let v),vy,v3,..., v; be the vertices corre-
sponding to v,,v,,vs,...,v, which are added in G to
obtain §' (G) such that N (v;) = N (v}) for j = 1,2,3,..., p.
Then, the minimum degree matrix of splitting graph of G,
denoted by m(S' (G)), can be defined as a block matrix as
follows:

c. P
0 dy, digy e dyg)]

dey 0 dy o dyy

P 0 ey

dkpl kpz dkp3 0 (12)
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 |

where Z for j=1,2,3,..., p are the eigenvalues of m(G)

and 1 + /2 are the eigenvalues of [f (1)]

Here,

J

E, (S'(G)) n[u £ V2]

(N
Il
o -

|vj‘(1+\/5+1—\/§) (15)

J

o L
=

11
)

|Vf'
=

2E,, (G),

—

which is the required result. O



4. Randic Energy

The randi¢ energy Ey of a simple connected graph G in [21]
is the sum of the absolute values of eigenvalues of the randi¢
matrix R(G). Here, R(G) = [rl-j] where

1
—, ifv, v; e E(G),

ry =4 Vi) (16)

0, otherwise.

Here, d; and d; are the degrees of vertices v; and v;,
respectively.

Theorem 3. For a graph G,

Ex(S'(G)) = %ER (G). (17)

Proof. Let x,x,,x5,...,x, be vertices of a graph G. Then,
the randi¢ matrix of G is denoted by R(G) and is given as

X1 Xy X3 . X,
r 1 1 1
X 0 [ [
dd, dd, dyd,
1 1 1
Xy | =— 0 —_— o —_—
dyd, dyd, dd,
1 1 1
X3 | — — 0
dyd,  dyd, dyd,
1 1 1 0
X
P ldd, dd, dyd,
o 1 o 1 1 1
! dd, dd, dd,
X | 0 L !
2 | dd, dyd, dyd,
R 1 0 1
P |dyd,  dyd, dyd,
/ 1 1 1
X 0

That is,
Loy Lr@] [ 5 7
“R(G) —=R(G SRR/
R(S' (@) = 2 V2 = ®R(G).
L R(G) 0 1
V2 N

(20)
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Xy Xy X3 Xp
o[ o L 1]

dd, dd, " dyd,

%, 1 0 L 1

dyd, dydy " dyd, (s

RG= | 1 1 0 1

> | dyd, did, " dyd,
1 1 1

“r \d,d, dyd, dd; 0 ]

Let xi, %), X3, . ..,x}; be the vertices corresponding to
Xp>Xp, X355 X, which are added in G to obtain S’ (G) such
that N (x;) = N(xj'-) for j=1,2,3,..., p. Then, the randi¢
matrix of §' (G) is denoted by R (S’ (G)) and can be written as
a block matrix as follows:

X Xy X3 x;
0 1 1 1 7
dd, dd, dd,

L 0 L L
dyd, dyd, dyd,
o 0 L
dyd,  dyd, dyd,

1 1 1 0
dd, dd, ddy, (19)

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

Here, the randi¢ spectrum of S' (G) is

(%)pf (Dp; (21)

p p



Journal of Chemistry

wherep; for j =1,2,3,..., pare the eigenvalues of R(G)and

. 12 12
—1/2 and 1 are the eigenvalues of [ N3 0 ]

Here,

B @)= Y2+ 1),

(22)

5. Seidel Energy

In [22], Haemers defined the Seidel energy Eg;; of a simple
connected graph G as the sum of the absolute values of
eigenvalues of the seidel matrix SE (G) of G. Here, SE(G) =
[sij] where

-1, ifv;and v;are adjacent andi # j,

s..=14 1,

i if v;andv;arenonadjacentandi# j,  (23)

0, ifi=j.

Theorem 4. For a s-regular graph G,

Eg (S'(G) 2 Es (G). (24)

Proof. Let G be a graph with vertices v;,v,,v3,...,v,. Then,
the seidel matrix SE(G) of G is
VIV, V3o Y
Vi[O s 83 .00 8,]
Va s 0 sy ... 8y
(25)
SE(G)=vs |$31 s 0 ... 53
Vo LSp1 Sp2 Spz - 0]

Let u,uy,u;,...,u, be the vertices corresponding to
V1, V3, Vs, vV, Which are added in G to obtain S'(G). Then,
the seidel matrix of §' (G) is denoted by SE(S' (G)) and can
be written as a block matrix as follows:

5
VioVy ViV, Up Uy Uz ... U
Vi[O s s3 ..o 8, 1 osp S;3 ..0 8,]
Vi S 0 S35, Sy 1S sy,
V3 |83 s 0 S3p S31 Sy 1 S3p
Vo | Sp1 Sp2 Sp3 0 sp1 Spa Spa 1 (26)
up | 1 sy s;3 ..o5, 01 1 1
Uy |1 1 83 o8, 10 1 1
Uz | S3; s3 1 s3p 110 1
Up LSp1 Spa Sp3 1 1 1 1 0 ]
That is,
SE(G) SE(G)+1,
SE(S'(G)) =
SE(G)+1, J,-1,
(27)
SE(G) SE(G) or, I,
or = + .
Hence,

SE(G) SE(G)

SE(S'(G)) > [ ®SE(G). (28)

[11
110

Here, the seidel spectrum of S'(G) is greater than or
equal to the spectrum

SE(G) 0

1 1
—(1++5)s; =(1-+/5)s,
2 i al (29)

p p

where s 5

SE(G)and 1/2(1 + +/5) are the eigenvalues of [ i (1) ]
Thus,

for j=1,2,3,...,p are the eigenvalues of

\-”..
sl

Es: (S'(G)) =

<%(1 + \/§)>sj

-
Il
—

+—+
2 2 2 2

j—p|s"<1 N \/§>
=i (30)

1 1 j=p
=(3+3) 2l
j=1

= Eg; (G).



Hence,
Eg: (S'(G)) = Eg; (G). (3I1:|)

6. Sum-Connectivity Energy

The sum-connectivity energy Eg. of a simple connected
graph G in [23] is defined as the sum of the absolute values of
eigenvalues of the sum-connectivity matrix SC(G). Here,
SC(G) = [scij] where

1
if v;, vj e E(G),

s =4 Vit (32)

0, otherwise.

Here, d; and d; are the degrees of vertices v; and v;,
respectively.
Theorem 5. For a regular graph G,
1
V2
Proof. Let G be a graph with vertices zy,2,,23,...,2,.

Then the sum-connectivity matrix of G is denoted by
SC(G) and is defined as

Es (S'(G)) = —=E4 (G). (33)

Journal of Chemistry
z, z, zZ3 z,
r 1 1 1 )
Zy 0
Vd, +d, ~d, +d; d,+d,
2z 1 0 1 1
N
d, +d, d, +d; dy+d,
SC(G) = 2 1 1 0 1
3 o —/—
Vdy +d, ~d;+d, dy+d,
1 1 1
Zp 0
\dp +dy d, +dy \d, +ds

(3-4)

where d; is the degree of vertex z; for j =1,2,3,..., p. Let
Z1,25, 23, - . -, 2, be the vertices that are added in G to acquire
§'(G) such that N (z;) = N (z}). Then the sum-connectivity
matrix of §' (G) is denoted by SC(S' (G)) and is defined as a
block matrix as follows:

z, 2z, z; z, z, z, z; z,
r 1 1 1 1 1 1
Z; 0 0
Vdi+dy Vdi+ds o\l +d, Vdy +dy \dy+di d+d,
z 1 1 1 1 0 1 1
2 .
Vd, +d, Vh+dy \dy+d, \[d,+d] N +dj  \dy+d,
z 1 1 0 1 1 1 0 1
&+ d, \d+d; Jh+d, dvd] s+ d; Vi +d;
1 1 1 1 1 1
Zp 0 - - = 0
\dp+dy \d,+dy \d,+dy N+ \d,+d; \d, +d; (35)
z{ 0 ! ! ! 0 0 0 0 )
:
Vdi+d, \d{+dy  \di+d,
z ! 0 ! ! 0 0 0 0
;
\d}+d, Vdj+dy  di+d,
z ! ! 0 ! 0 0 0 0
| .
\d;+d, di+d, Vdi+d,
' 1 1 1
z 0&0 0 0 0
T g rds g, g d,
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where dj’» is the degree of vertex z} for j=1,2,3,..., p. Thus,
M1 2
WSC(G) \/;SC(G)
SC(S'(G) =
\ESC(G) 0
V2 V3

or=SC(S'(GQ)) = ®SC(G).

\F
-0
L\3

Here, the sum-connectivity spectrum of S’ (G) is

3v2 + VITd WW
(5 (5

12 ; (37)

p p

where ;. for j = 1,2,3,..., p are the eigenvalues of SC(G) and

. 1/v2 273
(32 + V/114)/12 are the eigenvalues of [ N ]

Hence,

j=

Egc (S' (@) = Z

3V2 + /114
(=5 )

& (3V2 + V114 342 - V114
( 12 ! 12 )

—_

j=

6v2 'L 1
=1 J; 18] = 70 (O):

(38)

which completes the proof. O

w, w, ws w,
w [ O di+d, dy+dsy ... dy +d,
w, | dy+d, 0 dy+ds ... dy+d,
w; |dy+d, ds+d, 0 . dy+d,

wy|d,+d d,+d, d,+d; ... 0
w, 0 di+d, di+d;s ... d|+d,
wy | dy+d, O dj+ds ... dy+d,
wildivd, dj+d, 0 ... dj+d,

Wpldlvd, d)+d, d)+dy ... 0

where d is the degree of vertex w for j =1,2,3,..., p.

Note that

7. Degree Sum Energy

In [24], the degree sum energy Epg of a simple connected
graph G is defined as the sum of the absolute values of
eigenvalues of the degree sum matrix DS(G) of G. Here,
DS(G) = ds,-j where

di+d, ifit],
dsijz{ J J

(39)
0, otherwise.

Here, d; and d; are the degrees of vertices v; and v;,
respectively.

Theorem 6. For a s-regular graph G with order p,

Eps(S'(G))<6s(3p-2). (40)

Proof. Let G be a s-regular graph with vertices
Wy, Wy, Wi, ..., w,. Then the degree sum matrix of G is
denoted by DS(G) and is defined as
w, w, wy . w,
Wir 0 di+d, di+d; ... d+d,)
w, | d, +d, 0 dy+ds ... dy+d,
DS(G)= Ws |dy+d, d;+d, 0 . dy+d, |,
Wpld,+d, d,+d, d,+d5 ... 0 |
(41)
where d; is degree of vertex w; for j=1,2,3,...,p. Let
Wy, Wy, ws, . .., w, be the vertices corresponding to vertices
Wy, Wy, Ws, ..., W, that are added in G to get the splitting

graph 8’ (G). Then the degree sum matrix of S’ (G) is given as

»
0 d +d, d +d, dy+d,]
dy+d; 0 dy+d; ... d,+d,
d,+d, dy+d;, 0 . dy+d,
d,+d| d,+d, d,+d; ... 0 (42)
0 di+dy di+d ... d{+d)|
dy+d; 0 dy+dy ... dy+d,
di+d| dy+d, 0 cdy+d,
dy+d) dy+dy dy+d; ... 0 |
4s|], -1 3s| ] o«
O A ARE TR R

35[]pxp] 25[117 - Ip] .
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Thus,
L\ [4s|],-1,| oI
Eps(S'(G)) < Zﬂj [ ! p] !
P oI, oI,
, , (44)
Zp:pt [ 0I, 3S]PXP] Zp:y |:OI 01, ”
j j
G737y O, 0, 4s[J,-1,]
As 8. Degree Square Sum Energy
) ~ -
- " 45[]P IP] oI, —8s(p-1) The degree square sum energy Epg(G) of a simple con-
P ] oI oI ’ nected graph G in [25] is defined as the sum of the absolute
P b values of eigenvalues of the degree square sum matrix
% [ 0I, 3s],] ] ) DSS(G). Here, DSS(G) = [dssij] where
Hj = 6sp, 45 B dd ifiti
j= 3S]P><P OIP ] dSSij:{ i j’ 1 156]). (47)
2 0 Ip 0 Ip _ 0, otherwise.
U =4s(p-1). Here, d; and d; are degrees of vertices v; and v;,
=| |01, 45[ J,—-1 p] ] respectively.
Hence, Theorem 7. For a s-regular graph G with p vertices,
!
Eps(S'(G))<8s(p-1)+6sp+4s(p—1) EDSS(S'(G))§252(14P—9). (48)
=12s(p—1) +6sp (46)
=18sp — 12s Proof. Let xy,%,,X3,...,x, be vertices of a s-regular graph
G and x{,x5 X3, ... ,xp be the vertices added in G corre-
=6s(3p-2), sponding to x;, x,, X3, . . ., X, to get the sphttlng graph §' (G)
L . such that for j=1,2,3,. ..,p,N(x)—N(x) Then, the
which is the required result. = degree square sum matrix of G and S (G) are given as
X, X, X3 x,
x [ 0 di+dy di+dy .. di+dy]
X, |d+dl 0 d+dy .. di+d,
DSS(G) = x, | d5 +d} dy+d; 0O LA+ |
x, L dy+d} dy+d5 dy+d 0
X X, X5 x, x| x5 X x,
x [ 0 di+d di+di . di+d, 0 di+dy di+dy ... di+d]
x|d+di 0 d+di . d+d, &+d] 0 dy+dy .. dy+d] (49)
xy | d2+dd E+dd 0 Cdy+d), d+d? d+dy 0 di+d;
x,|drdy drdy d+d; .. 0 di+d} dy+dy do+ d2 0
x| 0 dledddiedd odi+dd 0 dl+d] d’f+d’; d>+d?|
xy|di+di 0 dP+dy ody+dy di+d? 0 di+d} .. di+d]
xi|di+d> d2+d> 0 cdi+dl dY+d? di+dy 0 Cdy+d]
xpldy+dy di+dy d)+dy ... 0 dl+d} d)+dy d)+d; 0
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9
where d; is the degree of vertex x; and d. is the degree of Note that
vertex x, for i = 1,2,3,..., p.
8s*(J,—1,| 58[J(pxp)]
DSS(S' (G)) = Up=15] . (50)
5[] (px p)) 28°[], = 1,]
Thus,
Ll [8s*],—-1,] oI
= o1, oI,
(51)
2 oI, 552 [J (p x p)] 2| [0I, U
up2) Tt 2 o g0
S L52U (p x p)] oI, o1, 2¢2[J,-1,] ||
As d;+d;, ifv,v;eE(G),
z;; = (54)
2p 852[ ] 0I , 0, otherwise.
Ui =165 (p - 1),
s oI, 0l | Here, d; and d; are degrees of vertices v; and v;,
respectively.
2 o, 520 (pxp)I] 2 pectively
. = 10s"p,
j; Hi 5[] (p x p)] o, | P Theorem 8. For a regular graph G,
2p oI, oI, ZE, (S (G)) = 2ZE, (G). (55)
U =45 (p-1).
| Lor, 282, -1,] ]
(52) Proof. Let G be a graph with vertices z,, z,, 23, 0 ,Z,. Then,
the first zagreb matrix of G is denoted by Z! )(G) and is
Hence, defined as
Epss (S (G))<165° (p— 1) +105°p + 45> (p — 1) z 2 Z; - 7,
=205 (p— 1) + 10s*p afl 0 dirdy divds o divdy]
, , (53) z,|dy+d, 0 dy+d; - dy+d,
= 30s°p - 20s
ZYG) =z, |dy+d, dy+d, 0O cdy+d, |,
=105 (3p - 2),
which completes the proof. O
z,|ld,+d, d,+d, d,+d; -~ 0 |
(56)
9. First Zagreb Energy

In [26], the First zagreb energy ZE, of a simple connected
graph G is defined as the sum of the absolute values of
elgenvalues of first zagreb matrix ZW(G) of G where
zW(G) = [z )] where

where d] is the degree of vertex z; for j = 1,2,3,..., p. Let
21y 29y Zas e - - ,zp be vertices added in G correspondmg to
21523523, -2, tO get S'(G) such that N(z;) = N(z}).
Then, the first zagreb matrix of S’ (G) can be written as a
block matrix as follows:
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2 |dy+d, 0 dy+ds ...

2

0

E2) Z3

d +d, dy+d; ...

z3 | dy+d, dy+d, 0

z,|d,+d, d,+d, d,+d; ...

z | di+d, 0 dj+d, ...

0

d +d, di+d; ...

zi|dlvd, di+d, 0

where d]'~ is the degree of vertex z]'- for j=1,2,3,..

Here,

zW(8'(G)) =

or ZW (8 (G)) =

p _dp+d

2

3

L2

N W

Ldlvd, dlvd, .

p p

r 3
220(G) Ez“’ (G)

3 m
“zWG 0
5 (G)

YARN(E)

-0

Here, the first zagreb spectrum of S’ (G) is

Journal of Chemistry
z, z, z, z; ..oz,
di+d, 0 dy+dy, d +dy ... d+d,]
dy+d, dy+d; 0 dy+dy ... d,+d,
. dy+d, dy+d] dy+d, 0 ... dy+d,
0 d,+d d,+dyd,+dy ... 0 (57)
di+d, 0 0 o ... o |
d,+d, 0 0 o ... 0
cdy+d, 0 0 0 ... 0
0 0 0 0 0|
> p- 10. Second Zagreb Energy

The second zagreb energy ZE, of a simple connected graph G
is defined in [26] as the sum of the absolute values of ei-
genvalues of the second zagreb matrix Z? (G) of G where
Z@(G) = [zi(jz)], where
L0 _ d;-d;, ifv,v;eE(G), 1)
(58) Y 0, otherwise.
Here, d; and d; are the degrees of vertices v; and v;,
respectively.

Theorem 9. For a regular graph G,

ZE, (S’ (G)) = AZE, (G). (62)
2-+/13 2++/13
A AL
(59)  Proof. Let G be a graph with vertices z,, z,, 23, . . ., z,,. Then,
the second zagreb matrix of G is denoted by Z? (G) and is
p p defined as
; . z z, zZy e 2,
where (; for j=1,2,3,...,p are the eigenvalues of 0 dod d.d g -
ZW(G)and ((2+ V13)/2) are the eigenvalues of Z1 e R 4
2 3/2 zy|dy-dy 0 dyed; - dyed,
32 0 | Hence, @
Z7(G)=z3|dy-dy dy-d, 0 30d, |
L2+ V13 S : P
ZE,(S'(@) = ). (Z)%
=1 z,ld,-d, d,-dy dy-dy - 0|
j=p (60) (63)
= |(j|<2 - V13 + 2+ \/1_3> where d; is the degree of vertex z; for j=1,2,3,..., p. Let
=1 2 2 zl',zz',z;,...,zé be vertices added in G corresponding to
21,2323+, 2, tO get S (G) such that N(z;) = N(z]'-).
=2ZE,(G) Then, the second Zagreb matrix of S'(G) is denoted by

o Z? (8" (G)) and can be written as a square matrix as follows:
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z zZ, zZ3 z, z, z, z3 z,
o[ 0 di-dyd-dy...d-d, 0 d-dyd-dy..d-d]
o |dydy 0 dyedy...dy-d, dy-d] 0 dy-d) ... dy-d]
zy|dy-d, dy-d, 0 dsy-d, ds-d} dy-dy 0 ... ds-d]
2y|d,-dy d,-dy dyody ... 0 d,.-d]d,-djd,-d 0 (64)
zi| 0 di-d, d-dy...d-d, 0 0 0 0
z|d-dy 0 didy ... di-d, 0 0 0 0
z |\ dl.d, di-d, 0 dl 0 0 0 0
% \d)-dy d)-d, d}-d, o 0 0 0 0 |

where d is the degree of vertex z} for j=1,2,3,...,p.
Here,

) (2)
Z(m(s,(c)):[u G) 2z (G)}

229(G 0
(G) (65)
@ (o 421 o
z7(8(Q) = ®Z(G).
20
Here, the second zagreb spectrum of §' (G) is
2+2V2)n; (2-2V2)y;
(( m; ( \F)n,) o
p p
where #; for j=1,2,3,...,p are the eigenvalues of
Z® (G)and 2 + 2+/2 are the eigenvalues of [ ;1 3 ] Hence,
, j=p
ZE, (S (G)) = ) |2 £ 2v2)y|
=1
j=p
=) |ml2+2v2 +2-2v2)
= (67)
j=p
= |’1i|(4)
=1
= 4ZE, (G).
O

11. Conclusion

The energy of a graph is one of the important idea of spectral
graph theory. This idea links organic chemistry to mathe-
matics. Numerous graph energies established from the ei-
genvalues of a variety of graph matrices and their bounds has
been discovered. In this paper, we give a relation of various
graph energies between the regular graph and its splitting

graph. It is interesting to compute graph energies for the
families of graphs considered in [27-31].
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