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This paper is focused on the absolute stability of Lure systems with time-varying delay. Based on the quadratic separation
framework, a complete delay-decomposing Lyapunov-Krasovskii functional is constructed. By considering the relationship
between the time-varying delay and its varying interval, improved delay-dependent absolute stability conditions in terms of linear
matrix inequalities (LMIs) are obtained. Moreover, the derived conditions are extended to systems with time-varying structured

uncertainties. Finally, a numerical example is given to show the advantage over existing literatures.

1. Introduction

Since the concept of absolute stability and the Lure problem
was introduced in 1940s, the absolute stability of Lure
control systems has received much attention and many rich
results have been proposed [1-6]. As time-delay is frequently
encountered in practical systems and is often a source of
instability and poor performance, the problem of absolute
stability of Lure systems with time-delay has been attracting
much attention [7-14].

In [10, 11], the absolute stability of Lure systems with
time-invariant delay was addressed. In the case that the delay
is time-varying, the problem of absolute stability has also
been investigated in [12]. In addition, by retaining some
useful information and employing an improved free-matrix
approach to consider the relationship between the time-
varying delay and its upper bound, some less conservative
criteria are obtained in [13]. Nevertheless, the results obtained
in [13] are based on simple Lyapunov-Krasovskii functionals
and are still conservative. In [14], the absolute stability of Lure
systems with interval-varying delay has been investigated via
a delay decomposition approach. However, there is room for
further improvement.

Recently, a delay decomposition method was proposed
in [15], which significantly reduced the conservatism of

the derived stability conditions for systems with time-varying
delay. However, as pointed out in [16], the term 7(t) — (k—1)§
with (k — 1)6 < 7(t) < k& was enlarged as § and another
term k& — 7(t) was also regarded as § in [15], leading to the
conservatism. Moreover, in the construction of Lyapunov-
Krasovskii functional, the term J}t_r ® xT(s)Qx(s)ds has been
universally employed in [15]; that is, Q > 0 is kept on the
whole delay interval [t — 7(f),¢], which is also a source of
conservatism for systems with time-varying delay.

In this paper, a complete-decomposing Lyapunov-
Krasovskii functional is employed to investigate the absolute
stability of Lure systems with a time-varying delay. By
considering the relationship between the time-varying
delay and its varying interval, improved delay-dependent
absolute stability conditions are presented in the linear
matrix inequality (LMI) setting. Finally, a numerical example
is given to demonstrate the effectiveness and the merits of
the presented method.

Notation. Throughout this paper, the superscripts “—1” and
“T” stand for the inverse and transpose of a matrix, respec-
tively; R" denotes the n-dimensional Euclidean space; R is
the set of all # x m real matrices; P > 0 means that the matrix
P is symmetric and positive definite; I is an appropriately



dimensioned identity matrix; diag{---} denotes a block-
diagonal matrix; and the symmetric terms in a symmetric
Xy XY

matrix are denoted by #; for example, [ V] = | i ]

2. Problem Statement
Consider the following system:
x(t)=Ax(t)+ Bx(t —d (t)) + Dw (t)
z () = Mx (t) + Nx (t — d (1))

w(t) = -tz (1)
x(t)zllj(t)’ te[_h)o])

where x(t) € R", w(t) € R™, and z(t) € R™ are the
state, input, and output vectors of the system, respectively;
A,B,D,M, and N are constant matrices with appropriate
dimensions; the initial condition y(t) is a continuous vector-
valued function of t € [-h,0]. ¢(t,z(t)) € R" is a
nonlinear function, which is piecewise continuous in ft,
globally Lipschitz in z(t), ¢(t,0) = 0, and satisfies the
following sector condition V¢ > 0 and Vz(t) € R™:

[pt.z(®)-Kiz®)] [otz(1) -K,z(®)] <0, (2)

where K; and K, are constant real matrices of appropriate
dimensions, and K = K, - K| is a symmetric positive definite
matrix. Customarily, the nonlinear function, ¢(t, z(t)), is said
to belong to the sector [K;, K,].

The time-delay, d(t), is a time-varying differentiable
function satisfying

@

0<d(t) <h, (3)

d@t) <u, (4)

where h and p are constants.
First, we introduce the following definition of absolute
stability.

Definition 1. System (1) is said to be absolutely stable in the
sector [K,K,] if a trivial solution x(t) = 0 is globally
uniformly asymptotically stable for any nonlinear function
o(t, z(t)) satisfying (2).

In this paper, we investigate not only the absolute stability
of nominal system (1), but also the following system with
time-varying structured uncertainties:

%(t) = (A+AA (D) x (t)
+(B+AB(t) x(t—d (1) + Dw(t)
z(t) = Mx(t) + Nx (t — d (£)) (5)
w(t) = —¢(t,z (1))
x(t)=y (), tel[-h0],

where the time-varying structured uncertainties are of the
form

[AA () AB(t)] = LF (t) [E, E,]. (6)
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L, E,, and E,, are appropriately dimensioned constant matri-
ces, and F(t) is an unknown real and possibly time-varying
matrix satisfying

Fr@)F@t)<I, Vt. 7)

Before presenting our main results, we first introduce
two lemmas, which are useful in the stability analysis of the
considered system.

Lemma 2 (see [10]). Let M = MT > 0 be a constant real n xn
matrix, and suppose x : [-h,0] — R" with h > 0 such that the
subsequent integration is well defined. Then, we have

! T . T M M
| (M ds ¢ (t)[ _M]C(t), ®)

where {(t) = col {x(t), x(t — h)}.

Lemma 3 (see [17]). Let H, E, and F(t) be real matrices of
appropriate dimensions with F(t) satisfying FT(t)F(t) < I.
Then, for any scalar e > 0

HF () E+ (HF ) E)" < ¢ 'HH" + ¢E"E. )

3. Main Results

Firstly, by applying the loop transformation the absolute
stability of system (1) in the sector [K;, K,] can be converted
to that of the following system:

x(t) = (A- DK;M) x (t)
+(B-DK|N)x(t—d(t)) + Dw ()
z(f) = Mx (t) + Nx (t - d (t)) (10)

w(t) = -tz (1))
x(t) =y (t), tel-ho]

in the sector [0, K, — K;]. Thus, we consider the absolute
stability of system (10) in the sector [0, K, — K] [18].

Now, we decompose the delay interval [0,4] into m
equidistant subintervals, where m is a given integer; that is,
[0,h] = U;.il[(j - 1)6, j6] with 6 = h/m. Thus, for any
t > 0, there should exist an integer k € {1,2,...,m}, such
that d(t) € [(k — 1)J, k6]. Then the Lyapunov-Krasovskii
functional candidate is chosen as

4
V(%) |d(t)e[(k—1)5,k8] = ZVJ’ (%) (11)
j=1
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where

V, (x,) = x" (t) Px ()

V)= [ dORG @ds

=38 [ [ F@zz@dsa
x,) = z () Z.z(s)ds
} ! =1 —jo t+6 / (12)
KL o=
Vi)=Y | A 9Qum @ ds
=1 t—jo

t—(k-1)8
+ j X! (s) Qrx (s) ds,
t—d(t)

Rll RIZ le
* Ry = Ry,

where P > 0, R, = o > 0, Qj > 0, and
* * .

£ % % Ry;,m
Z; > 0,j=12,...,m, are to be determined, and {;(s) =
[x"(s) x"(s-9) x"(s= (m-1)9)]".

Remark 4. Recently, the delay-decomposing approach is
employed to reduce the conservatism of stability analysis
for systems with time-varying delay in [15]. However, the
technique proposed in this paper improves the existing
ones. In Lyapunov-Krasovskii functional (11), the quadratic
separation is employed in V,(x,), and a new term, V,(x,),
is introduced, which play an important role in reducing
conservatism of the resulting conditions.

For the absolute stability of system (1), we have the
following result.

Theorem 5. Given a positive integer m and scalars h > 0
and y, system (1) with a time-varying delay d(t) satisfying (3)
and (4) is absolutely stable in the sector [K,, K,] if there exist

Ryp Ry -+ Ry,
. * Ry o Ry
matrices P > 0, R, = o >0,Q; =0, and
% %

* R,

Zj >0, j = 1,2,...,m, and any matrices Gij, Hij,i =12
j=12,...,m, such that fork = 1,2,...,m,
[®y+ @, + A, OTTZ
_|<o (13)
- * _Z
[ D)+ D, + A, OTTZ
R P (14)
* -Z

where

- .
0BP 0 NG
P P Py O
¥k Pyt Pygmey O
O, =
* % %
* % K Q) me) 0
_* ES % % 0‘
P1j> i=1,1<j<m+2
Pime1yy  2<i<m+1l,i=m+1
Pitm+2)> 2<i<m+2,i=m+2
q)i] - 4_ — . .
Rij_Zi’ i=j=2,3,....m
Rj+Zy 2<ism-1, j=i+1
Lﬁij, otherwise
. ‘
PA+A P+Ry~2y, j=1
Ry, + 2y, j=2
P1j = Ry 3<j<m
0, j=m+1
—T
PD-M'K", j=m+2
~Rii-1ym> 2<i<m-1
Piim+1) = _R(m—l)m+Zm, i=m
_Rmm_Zm> i=m+1
O’ 2<i<m+1
Pitm+2) = ‘
—21, i=m+2
D oy _\T
D= (u/ij)(m+4)x(’"+4) i (wij)(m+4)><(m+4)
Gy — Hypo i=j=1
Hy-Hy +Gy, i=1, j=k+1
~Gueo i=1, j=k+2
1
Hye + 52 i=j=k+1
G = Zps i=k+1, j=k+2
ll/,-j =11
~Z, i=j=k+2
2
—SkHUO i:l’ j:m+4
—0, Hy, i=k+1, j=m+4
1
_ESI%Z](’ i:j:m+4
0, otherwise



=~ AT
Dy = (V/ij )(m+4)><(m+4) + (Wij)(m+4)x(m+4)
G — Hip i=j=1
H,-HL +GL, i=1, j=
e~ Hy +Gy i=1, j=k+1
—le, i=1,j=k+2
1
H2k+§Zk’ i:j:k+1
_GZk_Zk’ i:k+l,j:k+2
‘/71']' =11
~Z i=j=k+2
5%k 1=
_Gkle’ izl, j:m+4
_8kG2k’ i=k+1,j=m+4
1
—55%« i=j=m+4
0, otherwise

Ay =diag {A 1 Ao s A (yayic)
= (1-u)Qp
Ql: j: 2
Q];] - ijzy

0, otherwise

j=1
3<j<k+1
A=A-DKM
B=B-DK,N

Ri; = Rij = Rii1y(j-

(15)

Proof. From the Leibniz-Newton formula, the following
equations are true for any matrices Gy, Hy, i = 1,2, k =
1,2,...,m with appropriate dimensions

0=2[x"(t—d(®) Hy +x" (t-(k—1)3) Hy]

t—(k-1)8

><[x(t—(k—l)S)—x(t—d(t))—J X(s)ds]

—d(t)

0=2[x"(t-d (1) Gy +x (t—(k-1)0) Gy

t-d(t)
X [x (t-d(t)—x(t—-ko) - Jt—k& x (s) ds] .
(16)
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On the other hand, it follows from (2) and (10) that

—2w" O w(t) - 2w (1) (K, - K,) W)
- [Mx (t) + Nx (t — d ()] = 0.

Taking the derivative of V(x,) in (11) with respect to ¢
along the trajectory of system (10) yields

4
v (xt)|d(t)e[(k—1)6,k6] = Z;VJ (%) (18)
iz

where

V, (x,) = 2x7 (1) Px (t)

V, (%) = )R () =T (1= 0) R (1 -96)

m m o t-(j-1)8
Vi (x,) = 5229'; (t) Z;x (t) - 52 Jt ' %' (s) Zx (s)ds
j=1 j=1 t—jo
. k-1
Vi () = Y " (¢ - j8) (Qjr — Q) x (¢ - jo)
=1

+x7 (1) Qux (£)
~(1-d®)x"(t-d ) Qx(t-d )
k-1

< Y " (t - ) (Qjur - Q;) x (t - jO)
j=1
+x7 (5 Qux (t)
~(1-w)x" (t-d @) Qux(t-d ().

(19)

Applying Lemma 2, we have

m et-(j-1)8
SYe| A @z@ds
t

g o
[rec-ey
x(t - jo)

t—(k—1)8
s J £ (5) Zy5 () ds
t—ké
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__i[xa—(f—néqT -Z; 7, r%r%j—néq
AL x(- o) w L x(e- )
_ru—u—n&r{zkzknxa—u—n®]
x (t - jo) x =7 x(t - jo)
s r(km 2T (s) Zyk (s) ds — 8 Jtd(t) T (s) Zy% (s) ds.
t-d(t) t-ké
(20)
Introducing a new vector as
[x(t-d(®)]
x(t)
x(t—90)
x (t —20)
(=] (21)
x (t — md)
w(t)
x(8)
then system (10) gives
x(t) =T((t,s). (22)

Adding the right sides of ((16)-(17)) to (18) and applying
(20) and (22), we have

v (xt)|d(t)€[(k—l)6,k6]

1 t—(k-1)6
<5 ey
O Jicaw

Dy + Dy + Ay + 82FTZZ]T1| {(t,s)ds

j=1

1 t—d(t) T
_ t,
*5 L ¢ (ts)

ko

Oy + Dy +Aj + SZFTZZ]T] ((t,s)ds.
j=1
(23)

Forallk = 1,2,...,m,if @y + @+ A +6°T Y7 Z,T < 0
and @y + Oy + Ay + 6 TT Yit1 Z,;T < 0, which are equivalent
to LMIs (13) and (14) in the sense of Schur complement [19],
then V(x,) < 0 for any {(t,s) # 0. Noted that V(x,) is
continuous at d(t) = kd, so the absolute stability of system
(10) in the sector [0, K, — K;], which is equivalent to that of
system (1) in the sector [K}, K,], is achieved. This completes
the proof. O

For system (5) with time-varying structured uncertainties
(6), replacing A and B in (13) and (14) with A + LF(t)E, and

B + LF(t)E,, respectively, applying Lemma 3 and the Schur
complement, the following theorem can be derived.

Theorem 6. Given a positive integer m, scalarsh > 0, y, system
(5) with time-varying structured uncertainties (6) and a time-
varying delay d(t) satisfying (3) and (4) is robustly absolutely
stable in the sector [Ky, K, ] if there exist matrices P > 0, R, =

Ry Ryp Ry
# Ry = Ry .
o >0,Q 20,2Z; >0,j=12,...,m any
ok e
* % x R

matrices Gy;, Hy;, i = 1,2, j = 1,2,...,m, and scalars A;; > 0,

i=1,2j=12,...,m such that fork = 1,2,...,m,
[y + D, + A, T'Z PL  ALE
* -Z &8Z'L o
<0
| * * *  =Anpl
- _ _ _ (24)
O, + D +A, OT'Z PL AyE
* -Z 8Z'L o0
<0,
s x  —Ayl 0
| * * * Ayl
where
P=[0oPo -0
(25)

E=[E, E, 0 --- 0]"

and ®y, Oy, By, Ay, T, and Z are defined in Theorem 5.

Remark 7. In previous works such as [12, 13, 15], considerable
attention has been paid to the case that the derivative of the
time-varying delay d(t) satisfies (4). In the case that d(¢) have
different upper bounds in various delay intervals, that is,

dt) <w, d(t)el[(k-1)8,k8], k=1,2,...,m, (26)

the treatment in [12, 13] means that d(t) in (26) is enlarged
to d(t) < u = max{y,, fhy,...,H,}, which may inevitably
lead to conservativeness. Nevertheless, replacing p with y
in Theorems 5 and 6, some less conservative conditions are
readily obtained, in which the aforementioned case can be
taken fully into account. In addition, for the case that the
time-varying delay d(t) is nondifferentiable in a subinterval
d(t) € [(k-1)d,ké], k € {1,2,...,m}, setting corresponding
matrix Q, = 0 in Theorems 5 and 6, the corresponding
criteria can be derived. For the limitation of pages, we omit
them.

4. Numerical Example

In this section, we will present a numerical example to show
the effectiveness of the proposed method.



TABLE 1: Maximum allowable time-delay bounds h for different p.

u 0.0 0.3 0.6 0.9

[12] 3.3057 2.0787 1.4195 0.9228
[13] 3.3057 2.2262 1.7409 1.4682
(14] (m = 2) 41076 2.4136 1.7457 1.6007
[14] (m = 3) 4.2657 2.4700 1.8185 1.6817
Theorem 6 (m = 2) 4.1076 2.4660 1.8787 1.7190
Theorem 6 (m = 3) 4.2664 2.5164 1.9147 1.7923

Example 1. Consider the robust absolute stability of the
uncertain system (5) with the following parameters:

[—2 0 ] [—1 0 :| [—0.2]
A= , B= , D=
0 -09 -1 -1 -0.3

M=[03 01], N=[01 02],

C os L _[or o o_e [L0
20 “lo o01] L N

For different m and g, the maximum allowable time-delay
bounds (MATB) obtained by Theorem 6 and those methods
in [12-14] are listed in Table 1. It is clear that our results are
less conservative than those in [12-14]. Furthermore, it can
be concluded that the larger the m is, the less conservative
results we obtain and the more computing time we consume.
As a compromise between less conservative results and CPU
computing time, taking m = 2 or m = 3 is a good choice.

5. Conclusions

In this paper, the problem of absolute stability of Lure
systems with a time-varying delay has been investigated. A
complete-decomposing Lyapunov-Krasovskii functional has
been proposed, in which all integral terms including delay are
decomposed. By introducing some free-weighting matrices
to consider the relationship between time-varying delay and
its varying interval, some improved conditions have been
derived. A numerical example has been given to demonstrate
the superiority over the existing ones.
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