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Stability of pneumatic cabin pressure regulating system with complex nonlinear characteristics is considered. The mathematical
model of each component is obtained and given in detail. The governing equations of the considered system consist of 8 differential
equations. In the circumstance, commonly used methods of nonlinear system analysis are not applicable. Therefore a new method
is proposed to construct phase plane trajectories numerically. The calculation steps are given in detail. And convergence region of
numerical calculation and limits on step size is defined. The method is applied constructing phase plane trajectories for considered
cabin pressure regulating system. Phase plane analysis shows that there exists a limit cycle, which is responsible for pressure
pulsating in aircraft cabin. After parameters adjustment, excellent stability characteristics are acquired. And the validity of this

method is confirmed by the simulation.

1. Introduction

It is known that cabin pressure regulating system is used
to provide a safe and comfortable surrounding for crew
and passengers at high altitude [1]. Now cabin pressure
regulating system is necessary for commercial airplanes and
military aircrafts cruising at high altitude. For commercial
airplanes, digital pressurization systems had become a new
developing trend. And in some newly designed airplanes,
it is integrated with other systems [2]. The implement of
this new technology advantages improvement in intellec-
tualization and automation of control. At the same time,
it improves comfort of the passenger and reduces labor
cost in maintenance work. But these numerical systems are
electrical energy dependent and sensitive to electromagnetic
interference. Therefore in military aircrafts, pneumatic cabin
pressure regulating systems are still preferable.

The cabin pressure regulating system considered in
present paper is an all pneumatic system. It regulates cabin
pressure automatically and no human interference is needed.
It works pneumatically and needs no electrical energy. This
makes it a system of high reliability, even if electromagnetic
interference of high intensive cannot have any influence on its

performance. And it adapts automatically for use on high alti-
tude airports. It also has additional desirable characteristics
of light weight, small volume, and low maintenance. These
characteristics satisty exactly the needs of advanced military
airplanes. Now it is used widely in newly developed military
airplanes in China.

But at certain flying conditions, pulsating of cabin pres-
sure arises. The pulsating of cabin pressure is undesirable for
it may lead to common symptoms of airplane ear including
hearing loss, discomfort in the ear, or mild to moderate pain.
Continuous existence of such symptoms distracts attention
of pilots and reduces their work efficiency or even leads to
permanent hearing impairment [3]. Therefore the stability
of cabin pressure must be ensured. The main object of the
present paper is to define the cause of the cabin pressure
pulsating and eliminate it.

2. Cabin Pressure Regulating System and Its
Dynamic Equation

2.1. Diagram of Cabin Pressure Regulating System. As Figure 1
displays, the considered cabin pressure regulating system
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FIGURE I: The diagram of cabin pressure regulating system.

comprises five main parts, schedule pressure generator, rate
limiter, pneumatic amplifier, outflow valve, and cabin. Com-
prised of two independent components, schedule pressure
generator is the core of the system. Its main function is to
produce cabin pressure schedule signal to control outflow
valve. The rate limiter limits maximum rising rate and
maximum dropping rate of scheduled pressure. The output
signal of rate limiter is too weak to drive pneumatic outflow
valve; therefore pneumatic amplifier is used to amplify its
driven capability. And as a pneumatically sourced element,
it is capable of driving outflow valve directly. Outflow valve
is the actuator of the system. Its function is to open valve in
accordance with pressure in its control chamber, which is a
pneumatic load of amplifier. At certain altitude, the flow rate
of cabin air to ambient circumstance is directly proportional
to the opening of outflow valve. And by this means cabin
pressure is regulated.

2.2. Mathematical Model of Components. The differential
equations of the cabin pressure regulating system are built on
basis of the following assumptions [4].

(1) The cabin temperature T, keeps invariant, and T}, =
20°C.

(2) The cabin volume keeps constant.

(3) The air filling the cabin is ideal gas.

(4) The leakage area of the cabin is constant.

Because the cabin temperature keeps constant, the flow
quantity can be measured in volume in the mathematical
model built for each component. This greatly simplifies
computation.

In the following mathematical models, p;, p,, ps;, and
P4 are the output pressures of schedule pressure generator,
rate limiter, pneumatic amplifier, and cabin, [, is the opening
of valve 1 in the active component of schedule pressure
generator, I, [;, are the opening of valve 31 and valve 32,
which connect pneumatic amplifier to higher and lower
pressure source, respectively, I/, is the opening of outflow
valve, sy, $3;, S35, and s, are the corresponding effective flow
area of valve 1, valve 31, valve 32, and outflow valve, and P, is
the air pressure around the aircraft.

2.2.1. Mathematical Model for Schedule Pressure Generator.
Schedule pressure generator is composed of two components:
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FIGURE 2: Functional structure of differential pressure generator.

proportional pressure generator and differential pressure
generator. The two components take part in schedule pres-
sure modulating at different altitude of flight. Proportional
pressure generator works at lower altitude of flight, and
differential pressure generator takes over its job a height about
5100 meter. The two components have similar structure and
similar governing equations. Therefore in the present paper,
only differential pressure generator is analyzed. Correspond-
ingly only stability at altitude above 5100 meter is considered.
The stability at lower altitude can be analyzed similarly.

The functional structure of differential pressure generator
is shown in Figure 2. Having a double nozzle-flapper struc-
ture disposed in modulating chamber, differential pressure
generator has a similar structure as proportional pressure
generator [5]. The differential equation of its valve’s opening
I, is

. (Pa— Prc) Ay + Fip + k1
I = h ’
0, I, <0o0rly =Ly,

)

0<l <Ly

where A, is the effective area of pressure applied on
diaphragms, F,, is the preload spring force on diaphragms,
k, is the equivalent elasticity coeflicient of the springs, and f;
is the kinetic friction coeflicient of valve 1 movement.

In the situation of dynamic balance, volumes flowing in
and out of feedback chamber are equal. According to flow rate
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calculation formula equation (3) in [6] and equation (1) in [7],
D1 is dynamic solution of the following equation:

B P3P — by )2 _ _ <P1C/P4—b2 >2
qclplc\jl ( 1-b =qopPa)\[1 1-b ]
2)

where g, is the saturation volume flow of capillary pipe mcl,
4., is the saturation volume flow of capillary pipe mec2, b, is
the critical pressure ratio of capillary mcl, and b, is the critical
pressure ratio of capillary mc2. Therefore p,. is a variable
which lies between p; and p,.

In accordance with (15) in [8], the change rate of p, is

- 2405y, py\|p1 (Pa— 1)

Vi

2
(3)

- 240 (S0 = s11) 1 \/(P3 ~C)(p-ps+Cy)
v, '

where s;; = ¢ -] is the effective flow area of valve 1 and S, is
the maximum effective flow area of valve 1. C; is a constant,
which stands for the pressure drop of P;. V] is the volume of
modulating chamber of differential pressure generator.

2.2.2. Mathematical Model for Rate Limiter. The rate limiter
is composed of a capillary pipe mc3 connecting to a gas
container. By limits volume flowing through capillary pipe,
the change rate of output pressure in gas container is limited.
Dynamic equation of p, is as follows:

c / -b ?
‘1‘3/51 \/1_(1)211)_15 3) Py <Py
3

(4)

3.
%)
Il

_9e3P> \/1 _ <P2/P1 - b

2
v, 1-b, >7 P> Pos

where g5 is the saturation volume flow of capillary pipe mc3,
b, is the critical pressure ratio of capillary pipe mc3, and V,, is
the volume of gas container.

2.2.3. Mathematical Model for Pneumatic Amplifier. The
functional structure of pneumatic amplifier is shown in
Figure 3. It also has a similar structure as proportional
pressure generator. In pneumatic amplifier, there are two
independent valves: valve 31 and valve 32. Suppose the
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FIGURE 3: Functional structure of pneumatic amplifier.

opening of valve 31 and valve 32 are I;; and I5,, respectively,
the relevant differential equations are as follows:

_ ’(Pz_Ps)A3_F310_k3ll31
I =1 f3 ’

0, I;; <0 or Iy = Ly,

0 <l <Ly

' (P3 = P2) As = Fapg — kspls,

, 0<1ly < Lyso

i = | fa
o, L, <0 or Ly > Ly,
'240531174 ps(pa—p3) _120s3p3  pa _ 05
Vs Vi ’ ps -
5y = 4 240s3, p4\ 3 (P4 — P3)
Vi
240s ﬁ
2403, \/P (ps-p )’ Pa 0.5,
V3 Ps
(5)

where s;; = ¢ - I3, is the dynamic charging area of valve 31,
S35 = C - I3, is the dynamic discharging area of valve 32, and
Vj is the total volume of modulating chamber and pneumatic
load of pneumatic amplifier.

2.2.4. Mathematical Model for Outflow Valve and Cabin
Pressure. Cabin pressure and its change rate is the control
object of cabin pressure regulating system. The velocity of the
outflow valve opening is

) (ps— P3) Ay — Fyg— k1,
ly = fa

0, l4S00rl42LM4,

, 0<ly <Ly

(6)

where A, is the effective area of air pressure applied on
diaphragm of outflow valve, F,, is the force preload on
outflow valve by reset spring in control chamber of outflow
valve, k, is the elasticity coefficient of the reset spring, and f,
is the kinetic friction coefficient of outflow valve movement.



The volume flow rate of outflow valve G, is

1205, py % <05
4
Gout = - (7)
24054P4J& (12} 2sos
P4 P4 P4

According to (13) in [9] and (2) in [10], the change rate of
cabin pressure is

Gs (hh) - G, - Gy

. 8
7 P> (8)

P4=

where V(- is the volume of aircraft cabin, G; is the volume flow

rate caused by cabin leakage, and Gg(h, &) is the volume flow
into the cabin caused by air supply system.

3. Scheme of Stability Analysis and
Its Realization

3.1. Expression of the System in General Form. Set y, = p;,
Y2 = P»Ys = Py Vs = P Ys = b Ys = Ly, = Iy,
and yg = I,, and according to (1)~(8), write their differential
expressions in a general form [11], as shown in

d
% = fi (t>)’1)y2’---7)’8)
dy
d_tzzfz(t>J’1’)’2’~-->)’8)
9)
d
% = fs (t’yl’yZ""’yS)’

and if the initial condition is given in

1O =a, »0)=a.... p0)=a5 (10)
then stability analysis of the system described by differential
equation set (9) with initial condition (10) is the object of the

present paper.

3.2. Equilibrium Point of the System. An equilibrium point
of system (9) with initial condition (10) is a solution, y* =

(7" %755 yg"), of the following algebraic equation:
HEN S5 nys) =0
Lty ynys) =0
(11)
sty sy ys) =0.

At certain height (ht), the considered cabin pressure
regulating system has only one equilibrium point. Suppose ht
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is higher than switching height, at which differential pressure
component takes over the modulating of schedule pressure.
The equilibrium point of the system (9) at height ht is

* 1 * *
"= ELMax L =L =0,
pl* :p2* :p3* :Pht+Asd :pa+Asd’
«  20(Fyo+ pp + 0.5k Lyp) .
Py = ts _191’3 (12)
20(F,, + p, + 0.5k,L
_ (Fio + Pa 1Lan) ~19p,",
s
1% (" = p3") Ay = Fyy
4 >
ky

where p, is pressure of atmosphere at height ht, py, = p,,.

3.3. Definition of Stability. The stability in present paper is a
kind of global uniform asymptotic stability, and its definition
[12] is as follows.

System is said to be asymptotically stable about its equilib-
rium if it is stable in the sense of Lyapunov, and furthermore,
there exists a constant, § = §(¢,) > 0, such that

[x(t)] <6 = IIx(@®)| — 0, ast—oco. (13)
The asymptotic stability is said to be uniform if the existing
constant is independent of t, over [0, c0] and is said to be
global if the convergence ||x(t)|| — 0 is independent of the
initial state x over the entire domain on which the system is
defined.

On the basis of the above definition, the cabin pressure
regulating system has its special requirement on stability; that
is, the transient must complete within 25 seconds.

3.4. Scheme of Stability Analysis and Its Realization. As stated
above, the considered cabin pressure control system is a
nonlinear system consisting of 8 differential equations and
form of each equation is very complicated. Therefore stability
analysis of the system is difficult.

Describing function method, phase plane method, and
Lyapunov method are the three methods commonly used to
analyze stability of systems. But to a complex system con-
taining multiple nonlinearities, describing function method
is very complicated and unique for special problem [13].
Therefore it is not a universal method. Lyapunov method is
an important technique that is used for not only analyzing
but also designing stability of the system. And it can be
applied conveniently to systems containing new control
techniques and systems with special characteristics [14, 15].
But the difficulty of using Lyapunov function lies in founding
and screening Lyapunov function. In this circumstance,
Lyapunov function methods cannot be used as it is impossible
to find a V function. And classic meaning of phase plane
method, designed for second order systems, cannot solve the
problem too. Therefore in the present paper, a numerical
method is proposed and applied constructing phase plane
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trajectories by approximating time-domain solution of the
system. Then on this basis, system stability can be analyzed
in accordance with phase plane method.

For System (9) with initial condition (10), within cer-
tain time interval 0 < t < T, there are 8 functions
Y1), y,(t), ..., yg(t) that satisfy each of the differential equa-
tions together with all the initial conditions. But it is difficult
to find such functions analytically. Therefore we should first
approximate y,(t), y,(t),..., yg(t) numerically at specified
time intervals. The existence and uniqueness of the time
domain solution are assured by Definition 5.16 and Theorem
5.7 in [11].

To approximate time-domain solution of a complex
nonlinear system subject to initial condition, the uniqueness
of time-domain solution needs to be ensured firstly. Then a
suitable numerical algorithm should be selected and adapted
for special needs of considered problem. And selected step
size should fulfill requirements of numerical stability of the
calculation.

Therefore the secondary object of present paper is to
propose a new method to construct phase plane numerically,
which extends the scope of phase plane analysis from two-
dimension to multidimension.

If the system of first-order differential equations (9),
subject to the initial conditions (10), has a unique solution
Y1), y,(t), ..., ¥,,(t), then numerical methods could be
used approximating its time-domain solution within certain
period of time.

Taking into consideration computational complexity and
accuracy, the improved Euler method is selected, and its
computational formulas are as follows:

h
Vi) = Vin T 5 (kil + kiz) >

kil = f(tn’ yin)’ (14)
kip = f (t, + h, y;, + Bk ),

foreachn=0,1,...,N, i=1,2,...,8,

where N is number of steps needed to completed computa-
tion at time interval [0, T'].

In order to construct phase plane trajectories for con-
sidered cabin pressure regulating system, approximated time
domain solution as well as its derivative needs to be acquired.
Therefore the computation formula is adapted, as shown in

h
Yim+1) = Vin t 5 (ki + ki)

kil = f(tn’ yin)’
kiy = f (t, +h yi, + Bk ), (15)

Yitm+1) = f(tn+1’yi(n+1)) >

for eachn=0,1,...,N, i=1,2,...,8.

In present paper an m-file is programmed on MATLAB
platform to acquire data needed, according to equation set
(15). Use the notation My,; and Dy;; for each j = 0,1,...,N

andi = 1,2,...,8, to denote an approximation to y,(t;) and
its derivative y| (t j), respectively. Set

My, =a;, My, =0y,..., Myg =og. (16)
The process of computation is described as follows.

(1) Set number of cycle N in accordance with step size h
and time limit T, N = T'/h.

(2) Set initial value as
My, =a;, My,; =0,,...,
Dy, , = f(O’Myl,l)’ Dy,, = f(0>M,'V2,1)>---’ (17)

Dys, = f(O, My&l)'

My, = as,

(3) While s increase from 1 to N, carry out computation
from Step 4 to Step 7:

(4)
ki Dy
ka1 Dy
-1 (1)
kg, Dy,
(5)
ki, fi (s + b, My, + hky;)
ky, f> (s + h, My, + hk,, )
- ' . )
kg, fs (s + h, My, + hkg, )
(6)
My (541 My ki + ki,
My, (541 My, h ka1 + ks,
= + — , (20)
: 2 :
Myg(si1) My, kgy + kg,
(7)
Dyl(s+1) fl (ts+1’My1(s+l))
Dy, si1) f (ts+1’ My2(5+1))
= ) . (21)
Dyg(s11) fs (tsrs MYgsiy)

(8) Plot interested ith pair of variable (My;, Dy;) of
acquired data (here i may be any number between 1
and 8). Phase plane trajectories are now constructed,
and stability of system with initial-value may be
analyzed in accordance with phase plane methods.



3.5. Convergence of Calculation. Define model equation of
absolute stability as linear differential equation:

%oy,
N 0% B2
b3 0 % 0 §2)
— 9,

Vs Ifs | Lys

AL O 0|7y

0 /\2 P 0 yz

0 0 - Agl Ly,

The region of absolute stability for the improved Euler
method is |1 + kA + (h1)?/2| < 1, and the interval of absolute
stability is -2 < hA < 0, for each of 1, 14,,..., 4.

Set Aix = maXrldfi/dy;l, Ax = max(Aiy), (i =
1,2,...,8); then to ensure the results of calculation approxi-
mate to the time-domain solution y(t), the interval of / value
is limited by 0 < h < 2/|A x|

4. Results

The method stated above is applied to construct phase plane
trajectories of cabin pressure regulating system with 2 initial
conditions.

At height ht = 7000 m, the first initial condition is given

as
P10 = 80, Pao = 80, P30 = 80, Pao = 80.5,
lo =0, 310 =0, I35 =0, ly = 0.
(23)
And at height ht = 7000 m, the second initial condition
is
P10 =78, P2 =78, P =78, P =795,
lo =0, L1 =0, I35 =0, ly = 0.
(24)

According to Section 3.3, the calculated [A x| < 308.4;
then the interval of h value is 0 < h < 0.0064. Then step
size h is chosen as h = 0.001s. Take into consideration the
actual requirement of the system, set T = 30s, and then N =
T/h = 30000. And data is acquired by an m-file programmed
in accordance with computation process listed in Section 3.2.

In the cabin pressure regulating system, pressure stability
of p, and p, is variables interested. The phase plane trajecto-
ries of p, and p, are shown in Figures 4 and 5, respectively.

Figure 4 shows that, under the 2 given initial conditions,
a limit cycle exists in pressure p,. That means pressure p,
will not be stable. The fluctuation in p, will pass on and

Journal of Control Science and Engineering

0.6
0.4
02}
0 L
2 -02}
<
&
=, —04r 1
Q.‘ p
-0.6 i 4
|
!
-0.8 | ¢ E
\ !
|
1t %\ g
S
-1.2 1 1 1 1
77.5 78 78.5 79 79.5 80
p, (kPa)
— Pn=78
—= P2 =80
FIGURE 4: Phase plane trajectories of p,.
1
0
‘(
[as !
-1 I P RN AP !
1
> \ |
~ \ |
§ -2 \‘ -:
= -
-3 i
hy
h
1l
4 i
I
-5 L L L
78.5 79 79.5 80 80.5
P4 (kPa)
-~ P = 80.5
— Py =795

FIGURE 5: Phase plane trajectories of p,.

be reproduced in cabin pressure, may be in reduced or
comparable amplitude. Figure 5 shows an amplitude reduced
limit cycle exists in p, phase plane trajectories. This is not
allowed for the fluctuation may be aggravated in the complex
environment of the flying aircrafts.

In order to ensure stability of cabin pressure p,, the
parameters of the system should be adjusted. According to
design experience, enhancing energy storage capability in the
pressure regulating process helps to realize stability of system.
And reducing dead zone threshold of pneumatic amplifier
helps in eliminating limit cycle. Therefore, by substituting
new type of polymer material for old one, and using new type
of spring with bigger elastic coefficient in differential pressure
generator, some system parameters are changed. And preload
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forces on amplifier’s valve are reduced slightly. New set of
parameters is as follows:

k, =4N/cm, k;; =0.2N/cm, ks, =0.2N/cm,
fi=01, f31=f=01, f4=10.5,
F, =94N, F;0 = 0.15N,
F;,, = 0.15N, F,=15N.
(25)

And the corresponding replaced old set of parameters is

as follows:
k, =3.5N/cm, ks, = 0.17N/cm,

ks, = 0.17N/cm,

£ =006,  fy=fp=005  f,=05  (26)
F, =94N,  Fy,=02N,
Fy=02N,  F,=15N.

After parameters adjustment, the new phase plane tra-
jectories of p, are shown in Figure 6. Figure 6 shows that
no limit cycle exists in the system and the phase plane
trajectories goes to the same equilibrium point even though
the initial conditions are different. The simulating result
shown in Figure 7 confirms this conclusion. Figure 7 shows
that the stability of cabin pressure is achieved quickly and
little fluctuation will happen. On this base, we come to
the conclusion that the system is stable after parameter
modification.

It needs to point out that, comparing with two-
dimensional system, in a multidimensional system some
difference exists in their phase plane trajectories; that is, the
trajectories may come across limit cycle before it finally enters
into it, as shown by Figure 4.
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FIGURE 7: Simulation result of cabin pressure p,.

5. Conclusion

The considered cabin pressure regulating system in present
paper is a multidimensional complex nonlinear system. To
analyze stability of cabin pressure regulating system which
is used in advanced military airplane, a numerical method
of construct phase plane trajectories is proposed in the
present paper. This method extends the scope of phase
plane analysis from two-dimension to multidimension. The
method is applied to stability analysis of cabin pressure
regulating system, and the validity of analysis is verified by
simulation result. The method is applicable to complex non-
linear system of any dimension and may provide an effective
way for stability analysis of complex nonlinear systems. It is
instructive for researchers facing similar problems.

Nomenclature

A;: Effective area of pressure applied on
diaphragms in differential pressure
generator

Aj:  Effective area of pressure applied on
diaphragms of pneumatic amplifier

A,: Effective area of pressure applied on
diaphragm of outflow valve

f1: Kinetic friction coefficient of valve 1

movement

f31: Kinetic friction coefficient of valve 31
movement

f3p: Kinetic friction coefficient of valve 32
movement

f4:  Kinetic friction coefficient of outflow valve

F,o: Preload force on diaphragm of differential
pressure generator

F5,4: Preload force on valve 31

F;,0: Preload force on valve 32

E,,: Preload force on outflow valve



plc:

Volume flow rate caused by air supply
system
Volume flow rate caused by cabin Leakage

: Volume flow rate caused by outflow valve

Height of the aircraft

Equivalent elasticity coefficient of springs
in differential pressure generator
Equivalent elasticity coeflicient of valve 31
movement

Equivalent elasticity coeflicient of valve 32
movement

Equivalent elasticity coefficient of the reset
spring in outflow valve

Opening of valve 1 in differential pressure
generator

Opening of valve 31

Opening of valve 32

Opening of outflow valve

: Maximum opening of valve 1

Output pressure of differential pressure
generator

Output pressure of rate limiter

Output pressure of pneumatic amplifier
Pressure in cabin of airplane

Pressure in control chamber of differential
pressure generator

Ambient pressure around airplane
Saturation volume flow of capillary mcl
Saturation volume flow of capillary mc2
Saturation volume flow of capillary mc3
Dynamic flow area of valve 1

Dynamic flow area of valve 31

Dynamic flow area of valve 32

Dynamic flow area of outflow valve
Maximum effective flow area of valve 1
Critical pressure ratio of capillary mcl
Critical pressure ratio of capillary mc2
Critical pressure ratio of capillary mc3
Volume of modulating chamber in
differential pressure generator

Volume of feedback chamber in
differential pressure generator

Volume of gas container in rate limiter
Total volume of modulating chamber and
pneumatic load of pneumatic amplifier
Volume of cabin.
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