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This paper investigates the observer-based controller design problem for a class of nonlinear networked control systems with
random time-delays. The nonlinearity is assumed to satisfy a global Lipschitz condition and two dependent Markov chains are
employed to describe the time-delay from sensor to controller (S-C delay) and the time-delay from controller to actuator (C-A
delay), respectively. The transition probabilities of S-C delay and C-A delay are both assumed to be partly inaccessible. Sufficient
conditions on the stochastic stability for the closed-loop systems are obtained by constructing proper Lyapunov functional. The
methods of calculating the controller and the observer gain matrix are also given. Two numerical examples are used to illustrate

the effectiveness of the proposed method.

1. Introduction

Networked control systems (NCSs) are spatially distributed
systems where the communication between sensor, con-
troller, and actuator is carried out by a shared band limited
digital network [1, 2]. NCSs are used in a wide range of areas
such as robots, industrial manufacturing plants, and remote
surgery due to their advantages in practical applications, for
example, flexible architectures, the reduced weight, simple
installation, and maintenance as well as high flexibility and
reliability [3, 4]. However, the communication networks also
present some constraints such as time-delays and packet
dropouts result from the limited bandwidth. It is generally
known that the time-delay maybe degrades the performance
or even causes instability [5, 6].

The Markov chain which is a discrete-time stochastic
process with the Markov property can be effectively used to
model the time-delay in NCSs. The random time-delays in
NCSs modeled as Markov chains have been researched in the
past several years, and many results have been reported [7-
17]. In [7], the time-delay of NCSs was modeled as a Markov

chain, and further a LQG optimal controller design method
was proposed. In [8], the NCSs were molded as Markov
jump linear systems (MJLSs) where the S-C delay was molded
as a finite state Markov chain, and a V-K iteration method
was proposed to get a stabilizing controller. In [9], a buffer
was added ahead of the actuator, and the time-delays from
sensor to actuator were lumped together which was molded
as a Markov chain, and then the mean-square stability of
the closed-loop system was derived. In [10-12], for the NCSs
with S-C delay, the problem of H,, control was investigated
using the Bounded Real Lemma and the Markov jump theory.
In [13, 14], the S-C delay and C-A delay were modeled as
two independent Markov chains. The resulting closed-loop
systems were transformed to control systems which contain
two Markov chains. The sufficient and necessary conditions
for the stochastic stability of the resulting closed-loop systems
were established, and the mode-dependent state feedback and
output feedback controller were designed, respectively.

The transition probabilities of time-delays in [7-14] were
assumed to be completely accessible. However, in practical
applications, this assumption is too ideal and hence will limit
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FIGURE 1: Diagram of the NCSs.

the application of the derived results due to the difficulty in
obtaining all the transition probabilities of time-delay pre-
cisely. Some results have been obtained when the transition
probabilities of the time-delays (data packet dropout) are
partly inaccessible. In [15], the H. control problem was
investigated for the NCSs with random data packet dropouts.
The closed-loop systems were modeled as MJLSs with four
modes and partly inaccessible transition probabilities. In [16,
17], the closed-loop systems were modeled as MJLSs with
partly inaccessible transition probabilities of the S-C delay,
and the stabilization controller was designed though the
linear matrix inequality (LMI) method. In [18], the transition
probabilities of the time-delay were assumed to be partly
inaccessible, and the fault-tolerant controller for the discrete-
time NCSs was designed. Unfortunately, in [16-18], only the
S-C delay was considered and an improved controller should
take both S-C delay and C-A delay into consideration.

It is well known that nonlinearities usually exist in
practical systems. Hence, research about nonlinear NCSs is
important in both application and theory. To the best of the
authors” knowledge, up to now, involving both S-C delay and
C-A delay to design the controller for nonlinear NCSs when
transition probabilities of S-C delay and C-A delay are both
partly inaccessible has not been investigated, which motivates
our investigation.

In this paper, we propose two controller design methods
for a kind of nonlinear NCSs with both S-C delay and C-A
delay based on observer. Compared to the previous relevant
works, the main contribution of this paper is that the pro-
posed methods can deal with the situations of both complete
accessible transition probabilities and partly inaccessible
transition probabilities. The rest of this paper is organized as
follows. The closed-loop system model with Markov delays is
obtained in Section 2. The main results and proofs are given
in Section 3. Section 4 presents the simulation results, and the
conclusions are provided in Section 5.

2. Problem Formulation

The configuration of the NCSs considering time-delays is
depicted in Figure 1 where 7, and d; denote the S-C delay
and C-A delay, respectively.

In this paper, 7, and d;, are modeled as two homogeneous
Markov chains which take value in the set Q = {r

o> Tl
and ' = {d,,,...,dy}, and their transition probability
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matrices are & = [A;] and IT = [m,,], respectively. That is,

7 and d), jump from mode i to jand from r to s, respectively,

with probabilities A;; and 7,,, which are defined by A;; =

Pr(te,, = j | 7 = 1), m, = Pr(dy,y = s | d = r), where
d

Al‘j > O) T[TS > 0, and Z}-I\:/[Tm A’l] = 1; ngim T[TS = 1) fOI‘ all

i,jeQandr,sel.

In this paper, the transition probabilities of 7 and d,, are
both considered to be partly accessible; that is, some elements
in matrix & and IT are unknown. For notational clarity, Vi €
Q, we denote Q = O + Q;, with O} = {j : A;; is known},
QLk = {j: )x,-j is unknown}. Moreover, if Q}c + @,itis
further described as Q;C = {Qkak;v-kaL} (I <uc<e),

i ; i . . .
and Q) is described as (), = {QE’ QFX o QEW}’ where e

is the number of elements in the set Q.

Similarly, Vr € T, we denote I' = I} + I}, with I} = {s :
7, is known}, I}, = {s : 7, is unknown}. If I} # &, it is

: T

fgrther desc'rlbed as rI‘k = T gy > T} (1 <0 < (/)) and
I} is described as I, = {FE’ I"E;, s TE;_S}, where ¢ is the
number of elements in the set T

Considering the following controlled plant after sam-

pling,

Xiey1 = Axk + f (k, xk) + Bﬁk, (1)
Vi = Cxp

where x;. € R” is the state vector, &1, € R" is the control input,
and y; € R? is the measured output. A, B, and C are known
real constant matrices with appropriate dimensions. f(k, x;)
is a nonlinear vector function which satisfies the following
global Lipschitz conditions:

|f (2]l < gl
|f (ke xi) = f (k2] < g (i = 2]

where g is a known real scalar.
The dynamic observer-based control scheme is given by

Xjy1 = AXp + f (kX ) + Bug + L( Ve, = Ve, )
Observer: Ak+1 i i+ f (k. Xp) k (J’k « Yk k) (3)
Ik =Cxp
I/lk = ka,
Controller: (4)
U = Ug_q,>

where X, € R", u, € R™, and y, € RP are the state vector,
control input, and output vector of the observer, respectively.
K € R™" is the controller gain and L € R™? is the observer
gain.

Remark 1. It should be pointed out that the control input i
of the controlled plant (1) is different from the control input
uy. of the observer (3) due to the existence of the C-A delay
dy., while, in the most of the observer-based controller design
problem, #;, and u; were assumed to be identical.

Define the state estimate errors as

€ = Xk — k\k‘ (5)
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Substituting (3) and (4) into (1) and (5), the closed-loop
system can be obtained as follows:

X1 = Axg + f (k x) + BK (xk—rk - ek—fk) >
ek+1 = (A + BK) ek + Fk - Bka + BK (xkidk - ekfdk) (6)
- LCek,Tk,

where F, = f(k,x;) — f(k, Xp).
By defining #{ = [x,f e,f]T, the closed-loop system (6)
can be written in a compact form as follows:

k1 = (Z - BIKII) M + BoKI Mg, — IZLE’lk—rk )
+Fy,

where

|

[
>
[}

o
I
(=)
[

(8)

—~
fn
1]
—
—~
|
—~
—

n
I
o
—

|1

Cc=[o0 C],

7o —f(k)xk)].
L Fk

Definition 2 (see [13]). System (7) is stochastically stable if,
for every finite 77, and 7, € Q, d, € T, there exists a finite
matrix R > 0 such that

v {z | no,ro,do} R ®
k=0

In this paper, our objective is to design the dynamic observer-
based control scheme (3) and (4), such that the closed-
loop system (7) is stochastically stable on condition that
the transition probabilities of 7, and d) are both partly
inaccessible.

3. Main Results and Proofs

In this section, we will present the main results. To proceed,
we will need the following three lemmas.

Lemma 3 (see [19]). For any positive-definite matrix W,
scalars 8,8, satisfying § > 8, > 1 and vector function v}, one

has (¥, 0)"W Yo vy < (8= 8 +1) Yy vf W

Lemma 4 (see [20], S-procedure). Let T; € R™" (I = 0,1,
.., 2) be symmetric matrices. The conditions on E'TyE < 0,

VE+0st.ETTE<0, (1=0,1,...,2) hold if there exist scalars

§>0(=0,1,...,2) such that T, - Y, &T, < 0.

Lemma 5 (see [21]). For given scalars A; >0 (i = 1,...,N;),
m, = 0(r = 1,...,N,) and matrix P,, = 0, the following
inequality always holds:

N N, N N, N N,

sziﬂrpi,r < ZZAiﬂrZZPLr' (10)

i=1r=1 i=1r=1 i=1r=1
In the following, a sufficient condition such that the
closed-loop system (7) is stochastically stable will be derived.

Theorem 6. Tuking the controller gain matrix K and observer
gain matrix L, if there exist positive-definite matrices P;, > 0,
Pii>0,Q >0Q,>0Q;>0,Q>0Q5>0,Q >0,
Z,>0,Z,>0,Z3>0,Z, >0and scalar e, >0, &, > 0 such
that the following inequality

[OJPI * * * % % %

Q2 <0, (1)

Z, Z, 0 0 @y * % %
0 Z, 0 0 0 By # =
Z, 0 Z, 0 0 0 &, =
0 0 Zy 0 0 0 0 O)

where
Q) = (dp—dy +1) Q)+ (Ta =T, + 1) Qy + Qs

FQu+ Qs+ Qo+ (dy —d,) (A-BKI, 1)
-Z,(A-B,KI, - I) +d., (A- B,KI, - I)T

- Zy (A= BKI, = 1) + (1p ~ 7,,)°
(A-BKI,~1)" 2, (A~ B,KI, - )

+1,, (A-B,KI, - I)T Z,(A-B,KI, - 1)
+(A- BlKll)T P, (A-B\KIL,)- P, +&4' L1,
+ 6,971 1,

@y, = (dy —d,,)” (BKL,)" Z, (A~ B,KI, - 1)
+d2 (B,KL)" Z, (A~ BiKIL, ~ 1) + (1y — 7,,)°
-(B,KL,)" Zy (A~ B,KI, - I) + 72, (B,KI,)"
-Z, (A~ B,KI, 1) + (B,KI,)"

Py, (A-B,KL,),



0, = (dM - dm)z (BzKll)T Z, (BZKII)

T 2 T
+ dfn (B,KI))" Z, (B,KL,) + (15 — 7,,)” (B,KI,)

- Zy(B,KI,) + 72, (B,KI,)" Z, (B,KI,)
+(BKL,)" P, (B,KI) - Q, - 22y,

s, = —(dy - d,,)’ (LIC)' Z, (A~ BKI, - 1)
- & (LIC)' Z,(A-BKI, ~1) - (1, — 7,,)"

(L)' 2y (A~ B,KI, - 1) - 7%, (LIC)"

- Zy(A-BKI, - 1) - (IZLE)T P, (A-B,KIL,),

—\T
@3, = - (dM - dm)2 (IzLC) Z (BZKII)

i (IZLE)T Z, (B,KI,) - (1 - 7,,)° (IZLE)T

.23 (B,KI,) - 72 (LIC)' Z, (B,KI,) - (LLT)"

- P (B,KI),

Oy = (dy -d,,) (IZLE)T Z,(LLC) +d, (IZLE)T

-2, (LLC) + (1 - 7,,)* (LIC) Z, (LLC)
+ 7, (LIC)" Z, (LLT) + (LLT)' P, (L,IC)
-Q, - 2Z;,

@, = (dy —d,,)’ Z, (A~ B,KI, - 1)
+d2Z, (A=BKI, ~ 1) + (1~ 7,,,)°
- Z3(A-B\KI, - 1) + 7,2, (A- B,KI, - I)
+P;.(A-BKI,),

O, = (dy - d,) Z, (B,KT,) + d2 Z, (B,KI,)
+ (tar = 1) Z5 (B,KT,) + 72,7, (B,KI,)

+ P (BKI,),

D45 = —(dy —d,,)* Z, (LLC) - d2,Z, (LLT)
~ (tag = )’ Z3 (LLC) - 7,2, (LLC)
-P,,(LLC),

Oy = (dy —d,) Zy + d2 7, + (13— 1) Zs
+1, 2+ P - i I — &I 1,

Oy =-Q3-2,- 2y,

Journal of Control Science and Engineering

q)66 - _Q4 Zl’

CI)77 - _QS Z Z3’
88 - QG 3>

L= 0]

I, = [O I]’

. Ty dy

P]s: Z /\1] rsP]s’

J=Tm s=d,,

(12)
holds for alli, j € Q and r,s € T, the closed-loop system (7) is
stochastically stable.

Proof. Choose the Lyapunov function candidate as
V(o e dy) = Zp 1 Vo (i i di), where

Vi (1o T dy.) = i p-rk,dknk’

k-1
Vs (M di i) = Z mQumy + Z 1 Qs

I=k—d, I=k—1,

k-1 k-1
Vs (Mo djo ) = Z m Qmy + Z 7 Quy
I=k—d,

—d,, I=k—dy,

k-1 k-1
+ Y Qe+ Y 1 Qe
I=k—T,

—Tp I=k—Ty,

-d, k-1
V, (Mo dio ) = Z Z ’11TQ1’71

n=—dy+11=k+n

T,

k-1
o 2 mQum 3)

n=—7p+1I=k+n

-d,,

Vs (M dio Tic) = Z Z (dy - d) 8 2,8,

n=—dy+11=k+n

-1 k-1

+ Y Y a7y

n=-d,, I=k+n

m

~Tm k-1

+ Z Z (Tar = 7o) CzTZ3<l

n=—Ty+1I=k+n

-1 k-1
+ z Z TmC;TZAlCl’

n=-1, l=k+n

C1 = M1 =1
In the following, we denote P, . as P,; when d;, = r and
7, = i. Then along the solution of system (7), we have

E{AVi} =E {’71?+1Prk“,dk“’1k+1 | 7 =i, dy = r}

— M Pty = ((Z - 31K11) i + B KL g,
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v dy

- IZLE}/Ik—Tk + Fk)T Z Z Aijﬂrspj,s

J=Tm s=d,,,

. ((Z - B1K11) M + BoKL g, — IZLank’Tk + ﬁk)

T
= M Py 1iges

k-1
E{AV,} = miQuip — e, Qi+ Y. 1 Qi

I=k+1-d;,

k-1
- Z ’11TQ1’71 + W/TQzﬂk - ’71:in’7/<4

I=k+1-d,,
(S S
+ Y Q- Y Q.
I=k+1-7)4, I=k+1-1;
(14)
It is noticed that
k-1 k-1 k—d,,
T T T
Y o mQm= ) mQm+ Y nQmn
I=k+t1=dy, I=k+1-d,, I=k+1dy,
k-1 k-d,,
T T
< Y wQm+ Y nQm
I=k+1-d, I=kt+1—dy,
(15)
ST ST ket
Y omQm= Y mQm+ Y o Qm
I=k+1-Tp, I=k+1-7,, I=k+1-Tp 4,
k-1 k-7,
T T
s Z M Qo + Z M Qo1
I=k+1-7;, I=k+1-7y;

Therefore, we obtain

k—d,,
E{AV} < i Qu = i, Quer + Y. 0/ Qug
1=kt 1dy,
+ WZ Qo — ﬂz—innk—i

k-1,

+ Y Qm

I=k+ 11y
E{AVS} = 1 Qg — WZ—de3ﬂk—dm + 1 Qulli
- WZ—dMQ4nk—dM + 71;5 Qs
~ e Qstlicr, *+ 1Tk Qi

T
- nk—TMQGWk—TM >

k-d,,
E{AV,} = (dy —d,) ﬂZQlﬂk - Z ’71TQ1’71

I=k+1-dy

k-1,

+(Tar = Tn) memk - Z ?llTsz,

I=k+1-1y;

E {AVS} = (dM - dm)2 (zzlck
k-d,,~1

- Y (dy-d,) G2

I=k—d,,

k-1
+ dfn(;fzzik —d, Z (zTZzCl
I=k—d,,

+(Tp = Tm)2 ‘TkTZaCk

k-t,,-1

- Z (Tar = 7o) Cszscl + Trzn(l’fz4ck

I=k—1y;

k-1
_Tm Z C;TZALCZ

I=k-T,

m

(16)

Note that
k-d,,—1

Y (du—dn) 8 20,

I=k—dy,

k-1 -
- dm Z CZ ZZ(I -
I=k—d,,
k—-d,,-1

k-1
==d, Y {20~ Y (dy-d,) 2

I=k-d,, I=k—r

k—r—1

- Z (dM_dm)C;TZICl

I=k=dy; 17)

k-d,,~1

k-1
<-d, Z CzTZz(l— Z (T_dm)cszlcl

I=k—d,, I=k—r

k—r—1

- Z (dM—T)CzTZKz-

I=k—d,y

We can obtain the following inequality by Lemma 3:

k-1 k-d,,—1
—dy Y G250 Y (dy-d) 521G
I=k—d,, I=k—dy;
<- [ﬂk - ﬂk—dm]T Z [’1k - Wk—dm] (18)

- [ﬂk—dm - Wk—r]TZ1 [Uk—dm - ﬂk—r]

- [ﬂk—r - Wk—dM]T Z, [’7k—r - ﬂk—dM] .

Similarly, we have

k-1 k-t,,—1
~Tm Z CITZ4CI - Z (Tar = ) {ZTZ#VI
I=k-1,, I=k—T);
<- [’7k - ﬂk—rm]T Zy [’7k - Wk—rm] (19)

- [ﬂk—rm - ﬂk—i]Tzs [’Ik—rm - ’7k—i]

- [ﬂk—i - ﬂk—TM]T Zs [’7k—i - Wk—TM] .



From (14)-(19), we have
E{AV (o do i) | 7 = iy di = 1} < fzaf;a (20)
where

(OIS % % % % % *
O, O, = * * * * %
Dy D3y D33 = * * * *

Dy Dy Dyy Dy * * * *

D= ,
Z, Z; 0 0 @5 = * %
0 Z, 0 0 0 @yf =* =
Z, 0 Zy 0 0 0 @y =
L0 0 Z; 0 0 0 0 O]

511 =(dy—dp+1)Q +(ty — 7, + 1) Q +Qy
FQu+ Qs+ Qo+ (dy —d,) (A-BKI, 1)

_ _ T (21)
-Z,(A-B,KI, - I)+d., (A-B,KI, - 1)

-Zy (A= BKI, ~ 1) + (1p ~ 7,,)°

_ T _
(A-B,KI, - 1) Zy(A-B,KI, 1)
+72 (A-BKI, - 1) Z,(A-BKI, 1)

S— T — S—
+(A-BKI,) P;,(A-BKI,)-P,,
- 2 2
DOy =(dy—dy) Zy + dfnZZ + (T =) Zs

N A ﬁj)s,

& = [ e M Fe fia, Midy M, Mo,

It follows from (2) that

T 2. T
S S, < 9 X Xpo
(22)
FkTFk < gzeZek,

which imply that

T 2T =T 1. = 2 T,T
JexJox, = 9 X%k = F L LF — g i 13 L

F—g213TI3* x % & k% %
0 0 = % % x % %
0 0 0 % % =% % =
g 0 001{13****£k
0 00 0 0 = =*x =
0 00 0 0 0 % =
0 00 0 00 0 =
. 0 00 0 000 O]
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2 EZA151< <0,

T 2T =T .17 = 2 T,T
E B —gece = Fi I, LLFy — g m I, Iyng

[—GPITL, % % % o % % *]
0 0 * % % % % %
0 0 0 % % % % =%
e 0 001{14****£k
0 00 0 0 *x =*x =
0 00 0 0 0 = =
0 00 0 00 0 =
| 0 00 0 000 O]

a T
= EkAZEk <0.
(23)
By the well-known S-procedure, that is, Lemma 4, we can get

E{AV (1, di 1)} < E,fﬁfk < 0 with constraints (23) holding
if there exist nonnegative real scalars &, > 0, &, > 0 such that

DA, —gA,=D<O0. (24)
From (24), we have
E{AV (e dio i) | T = iy dj = 1} < =Xy (—D)
B8 = i (<) (1 1 s+
+ ?zl_ﬁ + WZ—dm Ni—d,, T W;f—dM Ni—dy, T 'II;F—T,,, Nk, 2
+ lerMﬂkaM) < ol

where a = inf{-A_,,(-D)} > 0.
From (25), we can see that, forany T > 1,

< 1
E {Z "’lk”z]> < ;E {V (19 do> 70)}
k=0
1
- ;E {V (r]T+1’dT+1’TT+1)} (26)

1
S ;E {V (o> do 7o)} -

According to Definition 2, the closed-loop system (7) is
stochastically stable, which completes the proof. O

Theorem 7. Taking the controller gain matrix K and observer
gain matrix L, the closed-loop system (7) is stochastically stable
if there exist positive-definite matrices P,, > 0, P;; > 0, F; ¢ >
0,Q >0,Q,>0Q;>0,Q,>0,Q;>0,Q5>0,2Z, >0,
Z,>0,2;,>0,2,>0,Y,>0,Y,>0,Y;>0,Y, >0and
scalar &, > 0, &, > 0 such that

Ay o* * *

Ay Ay * *

<0, (27)
Asyp 0 Az =
Ay O 0 Ay
Pj,st,s =1 (28)

Y,Z, =1, 1€{1,2,3,4},
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where

Kll * * *
0 -Q,-27, s *
Ay = >
0 0 0 0L -1,
Z, Z; 0 0
A |0z 0o
271z, 0 Zy 0|
0 0 Z, 0
Qs -2, - Z, * * *
0 -Q, -7, * *
Ap= >
0 0 Qs —Z,—Z,4 *
I 0 0 0 —Qg — Z;4
(dM - dm) Y (dM - dm) BZKII - (dM - dm) IZL6 (dM - dm) I
N d,Y d,.B,KI, -d,I,LC -d,,I
T (ry -1, Y —1,)BKI, —(1y - C ’
T~ Tn) Y (tp = T) BKL (1 = 7,,) LLC (7~ 7,) ]
7, Y 7,,B,KI, -1,,I,LC -7,,1
——Yl * * *
A= 0 -Y, = *
S VR RS A
0 0 0 -v,
_ T — T
1Mm%m%(A—BJUJ 1f-Z)ﬂ <L—Znﬂ>@4—&KL)
leQi lely,
T
\/Aiﬂki T (B,KI,) 1- Z Ai 1- Z”rl) BZKII
o leQ, leT;
Ay =
—\T
=\ Pia, o (IZLC) - DA <1 - Zn,l> (L,LC)
leQ;{ 161",:
N o, 1 1= Y Ay <1 - an,>1
' e, leTy
_Fﬂki’rk{ * *
Ay = 0 * >
0 0 -Fo, r,
L IQ—M k-0
Ay =(dy=dp+1)Q+(ty— Ty + ) Q@+ Q+ Q+ Qs+ Qs — 2, - Z, +519213Tls +529214TI4_

Y=A-BKI -1

hold for alli, j € Qandr,s € I

z ZA’l] Tlys ]sS Zﬂrl ZA’l] Z Z J»s? (31)

()

Proof. Making use of Lemma 5, we have jEQy seTy, lery jeQi  jeQy sely,
X Yy, 2 2 b
jeQl, sely jeQi, seTy,

(30) (32)

XS DX DI E

leQ sell  jeqi sel]

1- Zﬂrl

leTy

1- Z/\il

leQy

2 2P

= T
je, selly

(2
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Letting P! = F;, j € Q,s € I, 2" =Y, 1 € {1,2,3,4} and YA x ] o
by Schur complement Lemma, (27) can be obtained from (11) sely <0, VjeQu (34)
and (30)-(32), which complete the proof. O Oqi v A v ]
In Theorem 7, in order to get a desired controller (3)- Z LA . 7
(4) for the closed-loop NCS (7) with partly inaccessible P .
.. e . jeq <0, VseTl,, (35)
transition probabilities, Lemma 5 is used to separate A;;7, o, AL u
from A;;7, P; ;. However, this could lead to conservativeness R Dol
to some extents as shown in the Numerical Example. In -
the following, a less conservative result will be given in the A *
following theorem. O A <0,
QT Xl | (36)
Theorem 8. There exists dynamic observer-based control ‘
scheme (3)-(4) such that the resulting closed-loop system (7) is Vje Q;k, Vs € Fﬁk’
stochastically stable if, for all i, j € Q and r,s € T, there exist
matrices P, > 0, P;¢ > 0, F; i >0,Q; >0,Q, >0,Q; >0, F, P, =1,
Q,>0,Q;>0,Q,>0,2,>0,2,>0,2;,>0,2Z,>0,Y, > Pk (37)
0,Y,>0,Y; >0,Y, >0and scalar e, > 0, &, > 0 such that Y,Z =1, 1e{l,2,3,4},
Z Z Ay A %
jeQl seTy <0, (33) where
Oopr; Aoy
(A, * *
A=Ay Ay = |,
Ay 0 Ag
—A11 * * *
R 0 -Q,-27, x *
"0 0 —Q,-27, x ’
0 0 0 I -0,
"Zy, Z, 0 0
0 Z 00
Ay = »
Zy, 0 Z3; 0
0 0 Z 0
[-Q; -2, - Z, * % *
A 0 -Q, -7, * *
2 0 0 Qs—Z,~-Z; % ’
i 0 0 0 ~Qg - 7,
[ (dM - dm) Y (dM - dm) BZKII - (dM - dm) IZL6 (dM - dm) I
N d, Y d,,B,KI, -d,, I, LC -d,, I
T @)Y () BKL () BIC (ny -1 |
7, Y 7,,B,KI, -1,,,LC ~1,I
=Y, = * *
0 -Y, = =
A.33 - b
0 0 -Y; =
L0 0 0 -v,
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Ku =(dy-d,+1)Q

T [ g e, ¥ g g, P
®Q;<’r[§ - [ le,i Trk{ IQk;l Trkg >
AQ?;I;Z = diag {_ng’i DISTRRE —FQkerg } ,

T gT ... \yT
O = [ Ty Ty

O'uk’rk k k

A g X = dlag{ ]Tkr""’_Fj,FkQ}’

T T T
oL, :[ Aig, ¥ - Ani\I’]
QT st e ’
Aoik,r;k = diag {_Fok,-l,s’ RN _FQk:'A,S} >
T — —
of, . = [T . 7],
uk>” uk

Agi p =diag{-Fj,...,-F;},
¥=[¥ 0 0],
= [A- B,KI, B,KI, -LIC I|,

Y =A-BKI, - 1.

Proof. Equation (11) is equivalent to

™ dm
A+TT YN Am, P P <0, (39)
J=Tm s=d,,

that is

Z ZAijﬂrs—" Z Z/\ijnrs-" Z Z)‘ijﬂrs

ng;’( sely ngik self jE_Q;( sell,

+ Z ZAI'] TS A+(I7T Z ZAIJ YS JS

jeQt, seli, jeQi sely

+ 2 DhimsPiet D AP
jeq, sery jeQi seTy,

+Z ZAU m P |Y <0.
jeqi, sely,

The above inequality can be written as

Y Y Nm A+ TN N A Py Y

]EQ’ seI" JeQ’ seI"

+ Y A ( Zn,SAJrWZnTSPJS\If)

ey T T
]eQLk sefk sel’

(T = T + 1) Q + Qs + Qu + Qs + Qg —

9
2.7 2,7
Zy=Zsreg L teg L - P,
(38)
+ Zﬂrs ZA A+ T ans s
sell, ]eQ‘ ]EQ‘
+ Y > A (A+ TP ) <.
jEQLk Ser::k
(41)

By Schur complement Lemma,

Y Y hm A+ Y Y Am IR ¥ <o, 42)

jegl ser’ ]egl ser’

is equivalent to the following inequality

Z Z A’ijﬂTSA *
jeQi sery <0, (43)
Oar; Aoy

N o -1 -1 -1 _
where Agir = diag{-P ngrkg""’_P Qk;;rké}. Let P =

Fj,jeQ,sel,and Z;' =Y, 1 € {1,2,3,4}; we can obtain
(33) and (37). Hence, (42) holds if (33) holds. Because Aij >0

+s = 0, it can be concluded that if (33)-(36) holds, (39) holds,
which completes the proof. O

The conditions in Theorem 7 are in fact a set of linear
matrix inequalities (LMIs) with some inversion constraints.
Though they are nonconvex which brings difficulties in
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solving them using the existing convex optimization tool,
we can use the cone complementarity linearization (CCL)
algorithm [22] to transform this problem into the nonlinear
minimization problem with LMIs constraints as follows:

4 ™ dum
min tr| Y ZY;+ ) ZP]-)SFJ)S>
I=1 =t s=d,, (44)
st.  (27), (45), and (46)
>0, l€{l,2,3,4}, (45)
Iy,
Pj)s 1
>0, jeQ, sel. (46)
I F

Furthermore, the iterative algorithm which can be used to
calculate the controller gain matrix K and observer gain
matrix L is given as follows.

Algorithm 9.

Step 1. Find a feasible solution satisfying (27), (45), and (46)
and set as (2}, Z5, 23, Z4, Y1, Y3, Y3, Yy, P) o F) G KO, L); Let
k=0.

Step 2. Solve the following LMI optimization problem
for variables (Z,,2,,Z3,24,Y,,Y,, Y3, Y, P, F; . K, L).

»s

. d
min (¥, (Z7Y) + RYS) + X3 Y2 (PEF  + P Fy)),

subject to (27), (45), and (46); set (Z¥ = Z,, YF = v,
k k k k k k

25 = 2 Yy = Voo 2 = Zy V5 = Yoo 2y = 2 Vi = Vo,

Pf =P Ff =F,K*=K, L= 1)

Step 3. If (27) and (28) are satisfied, then exit the iteration.

Otherwise, let k = k + 1, and return to Step 2.

The conditions in Theorem 8 can be solved by the similar
procedures.

Remark 10. Making use of Matlab LMI tool box, a feasible
solution satisfying (27), (45), and (46) can be obtained by the
functions feas&)() and dec2mat(). Once the feasible solution
(21,25, 25, Z4, Y], Y3, Y3, Y[, P) F) K, L°) is obtained,

then the LMI optimization problem min tr(Z?:l(Z;CYl +

d .
ZYF) + DI i (le-(,st,s + Pj)sF]lfs)), subject to (27), (45),

and (46), can be solved by the functions defcx() and mincx().

4. Numerical Example

In this section, we present two examples to illustrate the
effectiveness of the proposed method.

Example 1. Consider the nonlinear controlled plant with the
following parameter:

0.52 —0.69
0 019]

Journal of Control Science and Engineering

0.3
B= ,

0.2

1.5 0.7
C= ,

02 0.3
g=0.1,

f (k, x;) = 0.1 sin x;.
(47)

We can see that the linear part of the control plant is
stable itself. The random S-C delay 7, € {0,1} and C-A
delay d,. € {0, 1}. Their transition probability matrices are as
follows, respectively:

(48)

By Theorem 7, we can obtain the controller gain matrix K and
observer gain matrix L as follows:

K = [-0.0424 0.1725],

0.5519 —2.6383 (49)
0.1065 —0.6730]

The initial value x, = [-1 1]T, X, = [-0.9 —1.1]T, Ty =dy =
0. The trajectories of the closed-loop systen’s states and the
corresponding estimated value are shown in Figures 2 and 3
which indicate that the closed-loop system is stochastically
stable.

By Theorem 8, the controller gain matrix K and observer
gain matrix L can also be obtained as follows:

K = [-0.0802 0.2425],

0.2968 —1.7036 (50)
0.1569 —1.0017] "

The trajectories of the closed-loop system’s states and the
corresponding estimated value are omitted.

Example 2. Consider the classical angular positioning system
shown in Figure 4, which consists of a rotating antenna at the
origin of the plane driven by a motor [23].

Assume that the angular position of the antenna ¢, the
angular position of the moving object ¢,, and the angular
velocity of the antenna ¢ are measurable. The state variables



Journal of Control Science and Engineering

— X

S

FIGURE 2: State x, and its estimated value X,.

1.2 T T T T T T T T T

0.8 R
0.6 1
0.4 1

0.2} 1\ R

—0.2 1 1 1 1 1 1 | ! |
0 5 10 15 20 25 30 35 40 45 50

R

FIGURE 3: State x, and its estimated value X,.

are chosen as [¢ <,b]T; then state equation of the angular posi-
tioning system can be obtained with the following parameter,
where f(k, x;) can be treated as the external disturbance:

[1 0.0995
A = >
10 0.99
'0.0039]
B= R
10.0783
14 08 (51)
C = >
|-0.2 04
g=0.2,
0.2sinx
f () = =225,

Obviously, it can be seen that the linear part of the control
plant is unstable. The random S-C delay 7, € {0,1} and C-A

1
Target
object
Antenna
-2 1 1
0 50 100 150
k
3

FIGURE 5: State x; and its estimated value X.

delay d,. € {0, 1}. Their transition probability matrices are as
follows, respectively:
[
[0.6 0.4] ’

0.2 0.8
II= .
? 2
For this unstable plant, we cannot get the controller gain
matrix K and observer gain matrix L by Theorem 7 due to

its conservativeness. However, by Theorem 8, we can obtain
K and L as follows:

[
Il

(52)

K =[-1.1957 -1.1143],

0.1943 —0.2715 (53)
~ 01130 0.6251 |°

The initial value x, = [-1.6 1.7]", %, = [-1.7 1.6]", 7, =
dy = 0. The trajectories of the closed-loop system’s states and
the corresponding estimated value are shown in Figures 5 and
6 which indicate that the closed-loop system is stochastically
stable.

Remark 11. 'The results in this paper only require a part of
transition probabilities while the results in [13, 14] need the
full information of the transition probabilities. In view of
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— X

- %

FIGURE 6: State x, and its estimated value X,.

these, the proposed controller design method is more general
than that of [13, 14].

5. Conclusion

The observer-based controller design problem for a class
of nonlinear networked control systems with random time-
delays is investigated in this paper. Two dependent Markov
chains are employed to describe S-C delay and C-A delay,
respectively. The transition probabilities of S-C delay and C-
A delay are both assumed to be partly accessible. Sufficient
conditions on the stochastic stability for the closed-loop
systems are obtained by the Lyapunov stability theory. The
CCL algorithm is employed to calculate the controller and
observer gain matrices. Finally, two examples are used to
illustrate the effectiveness of the proposed method.
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