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This work presents the design of two control schemes for a Delta/Par4-like parallel robot: augmented PD (APD) controller
and augmented nonlinear PD (ANPD) controller. The stability of parallel robot based on nonlinear PD controller has been
analyzed and proved based on Lyapunov method. A comparison study between APD and ANPD controllers has been made
in terms of performance and accuracy improvement of trajectory tracking. Also, another comparison study has been presented
between augmented nonlinear PD (ANPD) controller and nonaugmented nonlinear PD (NANPD) controller in order to show the
enhancement of introducing the augmented structure on dynamic performance and trajectory tracking accuracy.The effectiveness
of augmented PD controllers (APD and ANPD) and nonaugmented nonlinear PD (NANPD) controller for the considered parallel
robot are verified via simulation within the MATLAB environment.

1. Introduction

The parallel manipulators are defined as mechanisms with
closed-loop kinematic chains, in which the end effector is
linked to the base through several independent kinematic
chains. Parallelmanipulator has the advantages of high speed,
high precision, and ability to manipulate heavy loads [1].

In the last two decades, several structures of modified
proportional integral derivative (PID) controllers have been
presented in the industrial control application. One of these
controllers is the nonlinear PID (NPID), which is introduced
byHAN [2].Themain idea was to replace the gain scheduling
by a nonlinear gain function by introducing a continuous
dynamic nonlinear function to achieve better noise rejection
and better tracking. This is achieved by synthesizing a
function composed of a linear function near the zero error
and nonlinear function far from zero error.

Recently, several controllers are proposed to control the
parallel manipulator. In [3], Anoop R Nair and Achu Govind
KR designed and verified the performance of adaptive PID
control of Delta parallel manipulator. In this work, the
controller was able to trace the desired trajectory without any
deflection. Zhang et al. studied the problem of dynamic con-
trol design for redundantly actuated planer 2-DOF parallel

manipulator.Thework proposed an augmented PDcontroller
based on forward dynamic compensation control technique,
which showed better performance when compared with
conventional PD controller [4]. Hussein Saied et al. proposed
different model-based (augmented PD and adaptive feed-
forward with PD) controllers and nonmodel-based (PD, PID,
and nonlinear PD) controllers for a 4-DOF parallel VELOCE
robot [5]. The work investigated how well the dynamic
performance of the system could be enhanced by including
Parallel Kinematic Manipulator (PKM) and employing its
varied parameters for further improvement. Wei-Wei Shang
et al. proposed an augmented nonlinear PD controller based
on conventional dynamic control. This proposed controller
replaced linear PD controller in order to improve the tracking
accuracy for 2 DOF redundantly actuated parallel manipu-
lator [6]. Wei-Wei Shang and Shuang Cong developed new
computed torque (CT) controllers called nonlinear computed
torque (NCT), which is applied to real high-speed planer
parallel [7]. Su et al. developed a nonlinear proportional
integral derivative (N-PID) algorithm in link space to achieve
high precision tracking control for a general 6-DOF parallel
manipulator. Experimental results indicated that the nonlin-
ear control method can achieve a superior performance [8].
Fatma et al. designed nonlinear PID controller for trajectory
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Figure 1: Solid work drawing of Delta/Par4-like parallel manipula-
tor.

tracking of a manipulator robot (SCARA) and developed
a PID controller having high performances in terms of
controllability and stability of manipulator [9].

In the present work, design and stability analysis of
augmented-based PD control structure is presented in order
to control a redundant Delta/Par4-like parallel manipulator.

Delta/Par4-like robot is a redundantly actuated parallel
manipulator and it is much known for the application that
needs for high speed and high acceleration. The Delta/Par4-
like robot is characterized by light-weight mechanical com-
ponent common with good structural stiffness. Also, it can
achieve velocity and acceleration to reach above 10 m/𝑠 and
150 m/𝑠2, respectively, in case of pick and place applications.
This redundant actuated parallel manipulator is able to reach
100 G. This parallel robot is 3-DOF (translation along x-y-
z) and has four actuators (redundantly actuated), each motor
has a maximum torque of 127N.m. The suggested parallel
manipulator has a workspace of at least a cylinder of 300mm
radius and 100 mm height [10]. Figure 1 shows an outlook of
Delta/Par4-like robot.

Themain contribution of the work can be summarized by
the following points:

(i) Design of augmented-based PD control scheme for
controlling a redundant Delta/Par4-like parallel ro-
bot.

(ii) Performance comparison between augmented-based
controllers (APD and ANPD) in terms of dynamic
behaviors and accuracy of trajectory tracking.

(iii) A Lyapunov-based stability analysis is presented for
parallel robot controlled byANPD controller to prove
the asymptotically convergence of both tracking error
and error rate to zero as 𝑡 → ∞.

(iv) A comparison study has been made between aug-
mented-based nonlinear PD (ANPD) controller and
nonaugmented-based nonlinear PD (NANPD) con-
troller in terms of tracking accuracy and dynamic
performance.
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Figure 2: Geometric parameters of Delta/Par4-like robot.

2. Geometric Description of
Delta/Par4-Like Robot

The geometric parameters used in describing the dynamic
model of Delta/Par4-like robots are depicted in Figure 2,
where 𝑖 = 1, .., 4. In developing the dynamic model of
parallel robot, the forearms of Delta/Par4-like parallel robot
are replaced by simple rods.

The Cartesian coordinates 𝑥 − 𝑦 − 𝑧 of joint center
locations 𝑃𝐴𝑖 , 𝑃𝐶𝑖 , and 𝑃𝐵𝑖 are
𝑃𝐴𝑖 = [𝑥 𝑃𝐴𝑖 𝑦 𝑃𝐴𝑖 𝑧 𝑃𝐴𝑖]𝑇 = 𝑅𝑏 [cos 𝛼𝑖 sin 𝛼𝑖 0]𝑇
𝑃𝐵𝑖 = [𝑥 𝑃𝐵𝑖 𝑦 𝑃𝐵𝑖 𝑧 𝑃𝐵𝑖]𝑇

= 𝑃𝐴𝑖 + 𝑙𝐴 [cos 𝛼𝑖 cos 𝑞𝑖 sin 𝛼𝑖 cos 𝑞𝑖 sin 𝑞𝑖]𝑇
𝑃𝐶𝑖 = [𝑥 𝑃𝐶𝑖 𝑦 𝑃𝐶𝑖 𝑧 𝑃𝐶𝑖]𝑇

= [𝑅𝑡𝑝 cos𝛼𝑖 + 𝑥 𝑅𝑡𝑝 sin 𝛼𝑖 + 𝑦 𝑧]𝑇
(1)
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where 𝑅𝑡𝑝 and 𝑅𝑏 are the radius of traveling plate and
base of robot, respectively, 𝑙𝐴 and 𝑙𝐵 are the lengths of arm
and forearm, respectively, and 𝛼𝑖 denotes the orientation of
actuator axes, described by

𝛼𝑖 = 2 (𝑖 − 1) 𝜋4 , 𝑖 = 1, . . . 4. (2)

There is another frame associated with each actuator desig-
nated as 𝑃𝑖 − 𝑢𝑖𝜐𝑖𝑧, where 𝑢𝑖 and 𝜐𝑖 are given by

𝑢𝑖 = [cos 𝛼𝑖 sin 𝛼𝑖 0]𝑇
𝜐𝑖 = [− sin 𝛼𝑖 cos 𝛼𝑖 0]𝑇 (3)

The relation between Cartesian and joint velocity vectors of
the traveling plate is described in the following equation [11]:

𝐽𝑞q̇ = 𝐽𝑥�̇� (4)

where q̇ and �̇� are the joint and Cartesian velocity vectors,
respectively. Equation (4) can be written as follows:

q̇ = 𝐽−1𝑞 𝐽𝑥�̇� = 𝐽𝑚�̇� (5)

Therefore, the matrix 𝐽𝑚 maps the velocity vector of the
forearm from joint to Cartesian space. The matrix 𝐽𝑚 is
square and invertible in case of nonredundant robots, while
it is not inverted for redundant robots and the pseudoinverse
matrix can be used instead. The derivation of (5) leads to

�̈� = 𝐽𝑚�̈� + �̇�𝑚�̇� (6)

3. The Simplified Dynamic Model of
Delta/Par4-Like Robot

This section presents the simplified direct dynamic model
(DDM) ofDelta/Par4-like parallelmanipulators. To do so, the
following assumptions are made [12, 13]:

(1) Neglect the joint friction.
(2) Neglect the inertia of forearms (𝐼𝑓 ≅ 0).
(3) The total mass of each forearm 𝑚𝑓 is assumed to

be split into two parts located at the ends of the
forearm such that each part has half the value of 𝑚𝑓
as indicated in Figure 3.

(4) Due to very high acceleration, which reaches up to
100 G, the gravity will not be considered and can be
neglected.

To start the derivation of simplified dynamic model of
Delta/Par4-like robot, the equilibrium analysis of the arm is
first presented. The actuator torque vector 𝜏𝑞 is related to the
acceleration vector �̈� by the following equation:

𝜏𝑞 − 𝐽𝑇𝑞𝐹 = 𝐼𝑡𝑜𝑡�̈� (7)

where 𝐽𝑇𝑞 denotes the joint Jacobian of the robot, 𝜏𝑞 is the
vector of actual joint torques,𝐹 represents the vector of forces

If ≈ 0
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Figure 3: Splitting the forearm mass into two parts.

exerted on robot arm at points 𝑃𝐴𝑖 , and 𝐼𝑡𝑜𝑡 is a diagonal
matrix whose diagonal elements is given by

𝐼𝑡𝑜𝑡 = 𝐼𝑎𝑐𝑡 + 𝐼𝑎𝑟𝑚 + (𝑚𝑓𝑙2𝐴)2 (8)

where 𝐼𝑎𝑟𝑚 and 𝐼𝑎𝑐𝑡 are the inertia of arms and actuator, 𝑙𝐴
defines the length of the arm, and 𝑚𝑓 is the mass of the
forearm.

Secondly, the equilibrium of the traveling plate is ana-
lyzed. The motion equation of the traveling plate is given by
[10]

𝐽
𝑇
𝑥𝐹 =𝑀𝑡𝑜𝑡�̈� (9)

where 𝐽𝑇𝑥 is Cartesian Jacobian of the robot and 𝑀𝑡𝑜𝑡 is a
diagonal matrix whose elements are given by

𝑀𝑡𝑜𝑡 = 𝑚𝑡𝑝 + n
𝑚𝑓2 (10)

where 𝑛 denotes the number of actuators and 𝑚𝑡𝑝 is the
traveling plate mass. The Cartesian Jacobian 𝐽𝑥 of Delta/Par4
like parallel robots is not invertible if there are more actuators
than degrees-of-freedom.

Substituting (7) into (9), the dynamicmodel ofDelta/Par4
like robot will be written in Cartesian space as

𝑀𝑡𝑜𝑡�̈� = 𝐽𝑇𝑥𝐽−𝑇𝑞 (𝜏𝑞 − 𝐼𝑡𝑜𝑡�̈�) = 𝐽𝑇𝑚 (𝜏𝑞 − 𝐼𝑡𝑜𝑡�̈�) (11)

Using (6), one can obtain

𝑀𝑡𝑜𝑡�̈� = 𝐽𝑇𝑚 (𝜏𝑞 − 𝐼𝑡𝑜𝑡 (𝐽𝑚�̈� + �̇�𝑚�̇�)) (12)

or

(𝑀𝑡𝑜𝑡 + 𝐽𝑇𝑚𝐼𝑡𝑜𝑡𝐽𝑚) �̈� + 𝐽𝑇𝑚𝐼𝑡𝑜𝑡�̇�𝑚�̇� = 𝐽𝑇𝑚𝜏𝑞 (13)

If one set 𝑋 = [𝑥 𝑦 𝑧], then the dynamic model of (13) can
be written in the following form:

𝑀�̈� + 𝐶�̇� = 𝐽𝑇𝑚𝜏𝑞 (14)
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Figure 4: Graphical description of the nonlinear function.

or

𝑀�̈� + 𝐶�̇� = 𝐹 (15)

where 𝐽 is the Jacobian matrix, M = 𝑀𝑡𝑜𝑡 + 𝐽𝑇𝑚𝐼𝑡𝑜𝑡𝐽𝑚
defines the inertial matrix, while 𝐶 = 𝐽𝑇𝑚𝐼𝑡𝑜𝑡�̇�𝑚 stands
for both centrifugal and Coriolis forces. The force matrix
𝐹 expresses the forces required in the Cartesian task space
and the following equation relates this force 𝐹 to actual joint
torque 𝜏𝑞:

𝐹 = 𝐽𝑇𝑚𝜏𝑞 (16)

Since the Delta/Par4-like manipulator is a redundant robot,
the matrix 𝐽𝑇𝑚 is not a square matrix and cannot be inverted.
Hence, the pseudomatrix concept is involved and the pseudo-
inverse of 𝐽𝑇𝑚 can be defined as

𝐻
𝑇 = 𝐽+𝑇𝑚 = (𝐽𝑚𝐽𝑇𝑚)−1 𝐽𝑚 (17)

Therefore, one can have the following expression, which
relates the torque 𝜏𝑞 to the force matrix 𝐹:

𝜏𝑞 =𝐻𝑇𝐹 (18)

4. Augmented NPD Control Design for
Delta/Par4-Like Robot

The ANPD controller proposed in the present work is
synthesized by replacing the linear PD by the structure of
APD controller based onNPD algorithm.The structure of the
NPD controller can be described by [14]

𝑢𝑇 (𝑡) = 𝑘𝑃𝑓𝑢𝑛 (𝑒 (𝑡) , 𝛼1, 𝛿1) + 𝑘𝑑𝑓𝑢𝑛 ( ̇𝑒 (𝑡) , 𝛼2, 𝛿2) (19)

The 𝑓𝑢𝑛(𝑒(𝑡), 𝛼, 𝛿) is a nonlinear function
𝑓𝑢𝑛 (𝑒 (𝑡) , 𝛼, 𝛿) = {{{

|𝑒|𝛼 sign (𝑥) |𝑥| > 𝛿𝑥𝛿1−𝛼 |𝑥| ≤ 𝛿 (20)

where 𝛿 (Delta) determines the threshold of error (or error
derivative), which discriminates between the linear (below
or equal 𝛿) and nonlinear region (above 𝛿). The parameter𝛼 (alpha) governs the degree of nonlinearity and complexity
of the function 𝑓𝑢𝑛(.) above the value of 𝛿. The value of 𝛼 is
normally chosen between (0-2) and the function 𝑓𝑢𝑛(.) has
linear characteristics with 𝛼 = 1 as illustrated in Figure 4.

According to general NPD control law of (19) and the
dynamic model described by (15), the proposed NPD control
law for Delta/Par4-like robot,

𝜏𝑑 =𝑀�̈�𝑑 + 𝐶�̇�𝑑 +𝐾𝑝 (𝑒) 𝑒 +𝐾𝑑 (�̇�) �̇� (21)

where �̇�𝑑 and �̈�𝑑 are the desired velocity and desired acceler-
ation of traveling plate, respectively, and 𝑒 = [𝑒𝑥 𝑒𝑦 𝑒𝑧]𝑇 =
𝑋𝑑 −𝑋 is the position error,𝑋 = [𝑥 𝑦 𝑧]𝑇.

The control law of the ANPD controller of Delta/Par4-
like robot consists of two parts: the first part describes the
dynamic compensation defined by the desired trajectory

𝜏𝑑1 =𝑀�̈�𝑑 + 𝐶�̇�𝑑 (22)

The second part represents the error elimination given by

𝜏𝑑2 = 𝐾𝑝 (𝑒) 𝑒 +𝐾𝑑 ( ̇𝑒) �̇� (23)

The nonlinear gains 𝐾𝑝(𝑒) and𝐾𝑑( ̇𝑒) are given by

𝐾𝑝 (𝑒) = [[[[
𝐾𝑝 (𝑒𝑥) 0 0

0 𝐾𝑝 (𝑒𝑦) 00 0 𝐾𝑝 (𝑒𝑧)
]]]]

(24)

𝐾𝑑 (�̇�) = [[[[
𝐾𝑑 ( ̇𝑒𝑥) 0 0

0 𝐾𝑑 ( ̇𝑒𝑦) 00 0 𝐾𝑑 ( ̇𝑒𝑧)
]]]]

(25)
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where𝐾𝑝(𝑒𝑖) and 𝐾𝑑( ̇𝑒𝑖) for 𝑖 = 𝑥, 𝑦, 𝑧 are given by

𝐾𝑝 (𝑒𝑖) = {{{
𝑘𝑝 𝑒𝑖𝛼1−1 , 𝑒𝑖 > 𝛿1𝑘𝑝𝛿𝛼1−11 , 𝑒𝑖 ≤ 𝛿1 (26)

𝐾𝑑 ( ̇𝑒𝑖) = {{{
𝑘𝑑  ̇𝑒𝑖𝛼2−1 ,  ̇𝑒𝑖 > 𝛿2𝑘𝑑𝛿𝛼2−12 ,  ̇𝑒𝑖 ≤ 𝛿2, (27)

where 𝑘𝑝 and 𝑘𝑑 are positive constant gains.
5. Stability Analysis of Delta/Par4-Like Robot
Controlled by ANPD Controller

This section focuses on the proof of the asymptotic stability
of the Delta/Par4-like robot system controlled by the ANPD
controller (21). Before proceeding, two lemmas are intro-
duced based on [11, 15].

Definition 1. A scalar continuous function 𝛼(𝑥), defined for𝑥 ∈ [0, 𝑎), is said to belong to the class K if it is strictly
increasing and 𝛼(0) = 0 [16].
Lemma 2. Let the function 𝛼𝑖(.) belongs to the class K and(.) : R → R is a continuous function. If (𝑥) ≥ 𝛼(|𝑥|) ∀𝑥 ∈
R, then

∫𝑥
0
𝑓 (𝜏) 𝑑𝜏 > 0, ∀𝑥 ̸= 0 ∈ R (28)

and

∫𝑥
0
𝑓 (𝜏) 𝑑𝜏 → ∞ as |𝑥| → ∞ (29)

The concept of Lemma 2 can be clarified using Figure 5.

Proof. Since 𝛼𝑖(.) belongs to the class K, then 𝛼(|𝑥|) > 0,
which means that 𝛼(|𝑥|) is a real-valued function. Addition-
ally, since 𝑓(𝑥) ≥ 𝛼(|𝑥|), then the area under the curve
defined by ∫𝑥

0
𝑓(𝜏)𝑑𝜏 yields strictly positive real value, which

proves Lemma 2.

Lemma 3. The continuous matrix diagonal𝐾𝑝 can be consid-
ered asR3 → R3×3

𝐾𝑝 (𝑒) = [[[[
𝐾𝑝 (𝑒1) 0 00 𝐾𝑝 (𝑒2) 00 0 𝐾𝑝 (𝑒3)

]]]]
(30)

where 𝑒𝑖 = 𝑒𝑥, 𝑒𝑦, 𝑒𝑧 for 𝑖 = 1, 2, 3, respectively.

Suppose that there exist classKfunction 𝛼𝑖(.) such that
𝑓 (𝑒𝑖) ≥ 𝛼𝑖 (𝑒𝑖) 𝑥 ∈ R 𝑖 = 1, 2, 3 (31)

To guarantee a positive value of the function 𝑓(𝑒𝑖), it can be
described as

𝑓 (𝑒𝑖) = 𝑒𝑖𝐾𝑝 (𝑒𝑖) = {{{
𝑘𝑝𝑒𝑖 𝑒𝑖𝛼1−1 , 𝑒𝑖 > 𝛿1𝑘𝑝𝑒𝑖𝛿𝛼1−11 , 𝑒𝑖 ≤ 𝛿1 (32)

In order to satisfy (31), then 𝛼𝑖(|𝑒𝑖|) is expressed as

𝛼𝑖 (|𝑥|) = 𝜀𝑖𝑒𝑖𝐾𝑝 (𝑒𝑖) 0 < 𝜀𝑖 < 1 (33)

or

𝛼𝑖 (𝑒𝑖) = {{{
𝜀𝑖𝑘𝑝𝑒𝑖 𝑒𝑖𝛼𝑖−1 , 𝑒𝑖 > 𝛿1𝜀𝑖𝑒𝑖𝛿𝛼𝑖−1𝑖 , 𝑒𝑖 ≤ 𝛿1 (34)

Referring to Lemma 2 and since 𝑓(𝑒𝑖) > 0, we have
∫𝑒𝑖
0

𝑓 (𝜂𝑖) 𝑑𝜂𝑖 > 0, ∀𝑒𝑖 ̸= 0 ∈ R (35)

Consequently,

∫𝑒𝑖
0

𝜂𝑖𝐾𝑝 (𝜂𝑖) 𝑑𝜂𝑖 > 0, ∀𝑒𝑖 ̸= 0 ∈ R (36)

and

∫𝑒𝑖
0

𝜂𝑖𝐾𝑝 (𝜂𝑖) 𝑑𝜂𝑖 → ∞ 𝑒𝑖 → ∞ (37)

If we set 𝜂𝑇 = [𝜂1 𝜂2 𝜂2]𝑇, then the function

∫𝑒
0
𝜂
𝑇
𝐾𝑝 (𝜂) 𝑑𝜂 = ∫𝑒1

0
𝜂1𝐾𝑝1 (𝜂1) 𝑑𝜂1

+ ∫𝑒2
0

𝜂2𝐾𝑝 (𝜂2) 𝑑𝜂2
+ ∫𝑒3
0

𝜂3𝐾𝑝 (𝜂3) 𝑑𝜂3
(38)

is a positive definite function. Figure 6 illustrates graphically the
concept of Lemma 3 proof.

Theorem 4. If 𝐾𝑝(.) and 𝐾𝑑(.) are nonlinear gains defined
by (26) and (27), respectively, then the closed-loop Delta/Par4-
like robot system based on ANPD control law, given by (21), is
asymptotically stable.

Proof. Let us candidate a Lyapunov function of the following
form:

𝑉(𝑒, �̇�) = 12 �̇�𝑀�̇�𝑇 + ∫𝑒
0
𝜂
𝑇
𝐾𝑝 (𝜂) 𝑑𝜂 (39)

Due to the positive definiteness of matrix 𝑀, the term(1/2)�̇�𝑀�̇�𝑇 is a positive definite function. The second term
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Figure 6: Graphical description of Lemma 3.

of Lyapunov function ∫𝑒
0
𝜂𝑇𝐾𝑝(𝜂)𝑑𝜂 can be explained as

the potential energy, which is driven by error part of the
controller and it is given by (38) and it has been shown that it
is unbounded positive definite.Therefore,𝑉(𝑒, ̇𝑒) is a positive
definite function.

The time derivative of the Lyapunov function is

�̇� (𝑒, ̇𝑒) = �̇�𝑇𝑀�̈� + 12 �̇�𝑇�̇��̇� + 𝑒𝑇𝐾𝑝 (𝑒) �̇� (40)

Using the control law defined by (21) and the dynamic model
given by (15), the closed-loop system equation becomes

𝑀�̈� + 𝐶�̇� =𝑀�̈�𝑑 + 𝐶�̇�𝑑 +𝐾𝑝 (𝑒) 𝑒 +𝐾𝑑 (�̇�) �̇� (41)

or

𝑀(�̈�𝑑 − �̈�) + 𝐶(�̇�𝑑 − �̇�) +𝐾𝑝 (𝑒) 𝑒 +𝐾𝑑 (�̇�) �̇�
= [0] (42)

Equation (42) can be rewritten as

𝑀�̈� + 𝐶�̇� +𝐾𝑝 (𝑒) 𝑒 +𝐾𝑑 (�̇�) �̇� = [0] (43)

where 𝑒 is the position error, �̇� = �̇�𝑑 − �̇�, and �̈� = �̈�𝑑 − �̈�.
Multiplying both sides of (43) by �̇�𝑇 from the left and

solving for �̇�𝑇𝑀�̈� to have

�̇�
𝑇
𝑀�̈� = −�̇�𝑇𝐶�̇� − �̇�𝑇𝐾𝑝 (𝑒) 𝑒 − �̇�𝑇𝐾𝑑 (�̇�) �̇� (44)

Substituting the result from (44) into (40), we have

�̇� (𝑒, ̇𝑒) = −�̇�𝑇𝐶�̇� − �̇�𝑇𝐾𝑝 (𝑒) 𝑒 − �̇�𝑇𝐾𝑑 (�̇�) �̇�
+ 12 �̇�𝑇�̇��̇� + 𝑒𝑇𝐾𝑝 (𝑒) �̇�

(45)

Since 𝐾𝑝(𝑒) is a diagonal matrix, the terms − �̇�𝑇𝐾𝑝(𝑒)𝑒 and
𝑒𝑇𝐾𝑝(𝑒)�̇� are cancelled out and (45) reduces

�̇� = −�̇�𝑇𝐾𝑑 (�̇�) �̇� + 12 �̇�𝑇 (�̇� − 2𝐶) �̇� (46)

Since the property �̇�𝑇(�̇� − 2𝐶)�̇� = 0 is satisfied in the
considered robot, (46) becomes

�̇� = −�̇�𝑇𝐾𝑑 (�̇�) �̇� (47)

Since 𝐾𝑑(�̇�) is a symmetric positive definite matrix, then the
function �̇� is seminegative definite and henceDelta/Par4-like
robot is stable.

However, since 𝑉(𝑡) > 0 and �̇�(𝑡) ≤ 0, the asymptotic
stability of the origin is not guaranteed and the trajectory
may not reach to equilibrium at the origin, but it converges
to specified limit instead.

Based on Lyapunov function 𝑉(𝑡) described by (39),
one may conclude that both of error and error derivative is
bounded. Since the matrix𝑀 is symmetric positive definite,
therefore its inverse 𝑀−1 exists and bounded. Then, the
closed-loop error dynamic systems can be written as

�̈� = −𝑀−1 (𝐶�̇� +𝐾𝑝 (𝑒) 𝑒 +𝐾𝑑 (�̇�) �̇�) (48)

According to Barbalat lemma [17], the second derivative
of error ̈𝑒 is also bounded. Therefore, one can decisively
conclude ̇𝑒 → ∞ as t → 0, which implies that 𝑒 → ∞
as 𝑡 → 0.

The block diagram of Delta/Par4-like Robot control
scheme based on augmented PD controller is shown in
Figure 7. As indicated earlier, this controller is composed
of two parts: the first part is the PD-based control law and
the second part is the feedback signal. Moreover, the PD-
based control can be either classical PD controller (APD) or
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Figure 7: Block diagram of ANPD controller.

Table 1: Numerical values of system parameters [10].

The Parameters Symbols Values
The radius of robot base. 𝑅𝑏 0.35 (𝑚)
Traveling plate radius. 𝑅𝑡𝑝 0.1 (𝑚)
Arm length. 𝑙𝐴 0.35 (𝑚)
Forearm length. 𝑙𝐵 0.8 (𝑚)
Traveling plate mass. 𝑚𝑡𝑝 0.6 (𝑘𝑔)
The inertia of actuating motor. 𝐼𝑎𝑐𝑡 0.003 (𝑘𝑔.𝑚2)
Arm inertia. 𝐼𝑎𝑟𝑚 0.071 (𝑘𝑔.𝑚2)
ForearmMass. 𝑚𝑓 0.3 (𝑘𝑔)
Themaximum allowable torque. 𝜏𝑞𝑚𝑎𝑥 90 (𝑁.𝑚)
nonlinear PD controller (ANPD).The actuating control input
for augmented PD controller can be written as

𝜏𝑞 = 𝐻𝑇 (𝑀�̈�𝑑 + 𝐶�̇�𝑑 + 𝐾𝑝 (𝑒) 𝑒 + 𝐾𝑑 (�̇�) �̇�) (49)

where𝐻𝑇 is pseudoinverse of 𝐽𝑇𝑚.
In case of nonaugmented PD controller, the terms𝑀�̈�𝑑

and 𝐶�̇�𝑑 are eliminated from (49), which becomes

𝜏𝑞 =𝐻𝑇 (𝐾𝑝 (𝑒) 𝑒 + 𝐾𝑑 (�̇�) �̇�) (50)

In addition to performance comparison between the aug-
mented PD structures (APD and ANPD), a comparison is
made between augmented nonlinear PD (ANPD) controller
and nonaugmented nonlinear PD (NANPD) controller.

6. Simulation Results

Delta/Par4-like robot is redundant parallel manipulator con-
sisting of four motors and 3-DOF, and its actuators are the
RTMB140-100 ETEL, which have a maximum torque 127 N.
m and maximum speed 550 RPM and workspace (cylinder of
300 mm radius and 100 mm height) [8]. The numeric values
of system parameters are listed in Table 1.

Table 2: Settings of controller parameters.

Parameters of
ANPD

Value Parameters of
APD

Value

𝑘𝑝 [1, 1, 1]×105 𝑘𝑝 2 × 104𝑘𝑑 [5, 5, 5]×103 𝑘𝑑 150𝛼1 [1, 1, 1]×10−1𝛼2 [5, 5, 5]×10−1𝛿1 [9, 0, 3]×10−4𝛿2 [416, 0, 324]×10−4
In this section, the dynamic model of Delta/par4-like

robot and proposed controllers are implemented in Mat-
lab/Simulink (R2017b). The setting of parameters for both
ANPD and APD structures is based on the try-and-error
procedure and listed in Table 2.

Thedesired trajectory inCartesian space can be described
by

𝑥 (𝑡) = 0.15. sin (6𝜋𝑡 + 3.𝜋2 ) ,
𝑦 (𝑡) = 0,

𝑧 = −0.53
(51)

Figure 8 depicts the traces of above desired trajectory.
In performance evaluation of accuracy in most robotic

applications, the RMSE is used instead of Integral absolute
value of error (IAE) or Integral of the square value of error
(ISE). However, the RMSE criteria is strongly related to
ISE one, where RMSE=√(∫ 𝑒2𝑑𝑡). In the present work, a
discrete version of RMSE is adopted to evaluate the accuracy
performance, which can be defined by

RMSE = √ 1𝑁
𝑁∑
𝑗=1

(𝑒2𝑥 (𝑗) + 𝑒2𝑦 (𝑗)) + 𝑒2𝑧 (𝑗) )
= √ 1𝑁

𝑁∑
𝑗=1

(𝑥𝑑 (𝑗) − 𝑥 (𝑗))2 + (𝑦𝑑 (𝑗) − 𝑦 (𝑗))2 + (𝑧𝑑 (𝑗) − 𝑧 (𝑗))2
(52)
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Figure 8: The traces of the desired trajectory.
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Figure 9: Cartesian error dynamics in 𝑥 and 𝑧 based on APD and ANPD.

Table 3: The RMSE given by the APD and ANPD controllers.

APD ANPD Improvement
0.0068 0.0013 78.27%

where𝑁 is the number of samples, 𝑗 is the sampling instant,
and 𝑒𝑥, 𝑒𝑦, and 𝑒𝑧 represent the tracking errors along 𝑥, 𝑦, and𝑧.

The first part of the simulation establishes a comparison
study in performance between augmented PD control struc-
tures (APD and ANPD). Figure 9 shows the error behaviors
on x, y and z-axes for APD and ANPD controllers. It is
clear from the figure that the ANPD controller can provide
better tracking performance than the APD controller. Also,
it is worthy to notice that the errors in 𝑦-axis given by both
controllers are in order of 10−17, which can be regarded as
a negligible error. However, this is a reasonable result since
there is no desired trajectory on this axis 𝑦(𝑡) = 0. As such
this axis is discarded from the comparison in the next part of
simulation.

Table 3 reports the performances of APD and ANPD
controllers and gives the percentage of improvement gained

with ANPD controller. The better controller is the one
which gives less RMSE value. From Table 3, the RMSE
value of error given by ANPD is equal to 0.0013, while that
resulting from APD is equal to 0.0068 with an improve-
ment of 78.27%. Therefore, one can conclude that ANPD
gives better tracking accuracy with an improvement of
78.27%.

The responses of torques generated by the four robot
actuators are shown in Figure 10.These control efforts, repre-
sented by torque signals have to respond to the requirements
of controllers such as to compensate and pay for accuracy
improvement.

The second part of simulation results focuses on the
evaluation of performance based on augmented and nonaug-
mented nonlinear PD controllers (ANPD and NANPD).
Figure 11 shows the behaviors of error on 𝑥 and 𝑧-axes for
ANPD and NANPD controllers. Table 3 lists the values of
RMSE for ANPD and NANPD. It is evident from the table
that ANPD results in a value of RMSE equals to 0.0013, while
a value of 0.0052 is resulting from NANPD controller. This
indicates that ANPD controller achieves 75% improvement
and it outperforms NANPD controller in terms of tracking
performance.
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Figure 10: Torque responses for APD and ANPD controllers.
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Figure 11: Cartesian error dynamic in 𝑥- and 𝑧-axes for NANPD and ANPD.

The torque responses generated from the four actu-
ating motors of the parallel robot is depicted in Fig-
ure 12. For a fair comparison, the same set of parameters
given to ANPD, which are listed in Table 2, are assigned
to the corresponding parameters of NANPD control-
ler.

7. Conclusion

This paper presented two comparison studies. One study is
based on the comparison between augmented PD control
structures (APD and NAPD controller). The other com-
parison study is established between augmented nonlinear
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Figure 12: Torque responses for NANPD and ANPD controllers.

Table 4: The RMSE given by the NANPD and ANPD controllers.

NANPD ANPD Improvement
0.0052 0.0013 75%

PD (ANPD) controller and nonaugmented nonlinear PD
(NANPD) controller. The assessment of controllers for com-
parison is made in terms of tracking performance and accu-
racy for 3-DOF Delta/Par4-like parallel robot. The measure
of improvement is calculated in terms of error variance.

The simulated results showed that ANPD controller
gives 78.26% improvement in tracking accuracy as compared
to that given by APD as indicated by Table 3. Also, the
ANPD controller gives 75% improvement in performance as
compared to that given by NANPD as reported by Table 4.
Therefore, one can conclude that ANPD outperforms both
APD and NANPD controllers.
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