
Research Article
Sliding Mode-Based Control of a UAV Quadrotor for Suppressing
the Cable-Suspended Payload Vibration

Tom Kusznir and Jaroslaw Smoczek

AGH University of Science and Technology, Faculty of Mechanical Engineering and Robotics, Krakow 30059, Poland

Correspondence should be addressed to Jaroslaw Smoczek; smoczek@agh.edu.pl

Received 11 September 2019; Revised 26 November 2019; Accepted 17 December 2019; Published 11 January 2020

Academic Editor: Radek Matušů
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/is paper addresses the problem of damping vibrations of a cable-suspended payload during positioning of the quadrotor. A
nonlinear model is derived for the coupled quadrotor-pendulum system in the X-Z plane using Euler–Lagrange formulation.
Sliding mode control (SMC) is used for horizontal positioning and payload vibration damping, while a feedback linearizing
controller is used for both altitude and attitude control. /e SMC surface parameters are determined by placing the eigenvalues of
the linearized system at a desired position. /e simulation results show the effectiveness of the proposed control method in
minimizing payload vibration by comparing it with a partial feedback linearizing controller and a ZVDD input shaper.

1. Introduction

During the last decade, technological advancements in
unmanned aerial vehicles (UAVs) have increased signifi-
cantly. /is has led to a wide range of applications such as
highly advanced UAVs developed for military purposes;
commercial UAVs used for cinematography, surveying,
inspection, etc.; and UAVs developed by academic insti-
tutions for research into robotics, control systems, etc. [1].
One of the main applications used by all three, military,
commercial, and academic, UAVs is that of load trans-
portation. Load transportation has long been used in
manned aerial vehicles, such as helicopters, with applica-
tions including heli-logging, to obtain timber from hard to
reach or environmentally sensitive areas, or during search
and rescue operations. Currently, aerial load transportation
with small UAVs is being used in tasks such as construction,
disaster response, package delivery, agriculture, military
scenarios, and search and rescue missions [2–4].

/e two most common ways of aerial transportation are
by either using a robotic arm with a gripping mechanism or
by suspending the payload with a cable attached to the UAV
[5]. /e robotic arm approach has several drawbacks in-
cluding increased weight, varying inertia, which reduces

maneuverability, and increased costs [6]. In contrast to the
robotic arm, a cable-suspended payload does not have the
added mechanical complexity, but it introduces a new set of
challenges such as transient and residual vibrations of the
cable. /e transient vibrations pose a safety hazard to the
UAV, to the objects within the workspace of the UAV, and
to the payload itself, while the residual vibrations increase
the time to position the payload accurately.

Quadrotors, although being a highly nonlinear, coupled,
underactuated, and unstable system, have become one of the
most widely used vertical take-off landing (VTOL) UAVs
due to their mechanical simplicity. By attaching a payload
suspended with a cable to the center of mass of the quad-
rotor, an extra degree of underactuation is added to the
system in planar motion which adds additional complexity.
/e cable-suspended load is a hybrid system in which the
two states are determined by the tension in the cable, being
either taut or slack [7].

Researchers have tackled the problem of reducing re-
sidual vibrations with various open-loop and feedback
control strategies. /e most common open-loop methods in
payload vibration suppression during transportation are
input command shaping and trajectory optimization. Input
command shaping has a long history in suppressing
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vibrations in systems such as cranes [8–10]. In [11], a
combination of a feedforward ZVD shaper to reduce pay-
load oscillations was used together with a feedback model-
based controller. In [12], the authors implemented input
command shaping for vibration suppression in conjunction
with a feedback linearizing controller for the quadrotor.
Trajectory optimization is an optimal control technique that
requires the desired state trajectories be calculated before-
hand which is usually computationally expensive. In [6], the
authors optimized the trajectory to produce energy efficient
maneuvers by reformulating the trajectory planning prob-
lem as a Mathematical Program with Complementary
Constraints (MCPP) and solving it using Sequential Qua-
dratic Programming (SQP). In [13, 14], the authors use
dynamic programming for trajectory optimization that
suppresses oscillations for the quadrotor with a cable-sus-
pended payload.

Feedback control strategies that were used for reducing
payload vibrations during transportation include those in
[15] where a discrete-time state feedback mixed H2/H∞ was
developed for tiltrotors load path tracking, while in [16],
model predictive control (MPC) was used for path tracking.
Geometric control is implemented in [17, 18] to carry the
payload, while in [7], the control of lifting the payload from
when the cable is slack is considered. Interconnection
Damping Assignment-Passivity Based Control (IDA-PBC)
was used to control the quadrotor position and damping of
the oscillations in [19].

In this paper, we assume the cable carrying the payload is
taut during horizontal operation of the quadrotor. /e
differential equations describing the motion of the coupled
quadrotor-pendulum system are obtained using the
Euler–Lagrange formulation for a planar model. We develop
a control approach that combines feedback linearization, for
the altitude and attitude control, with sliding mode control
for the horizontal motion of the quadrotor and sway of the
payload. To obtain the parameters of the sliding surface, a
pole placement method is used on the coupled system
linearized around the equilibrium point. Stability of the
closed-loop system is proved using Lyapunov’s theorem. To
demonstrate the effectiveness of the proposed control al-
gorithm, a ZVDD input shaper is developed. Numerical
simulations are carried out for three separate cases: (i) the
proposed controller is subjected to a step input function with
different operating conditions, (ii) a controller is subject to a
continuous input function to test the tracking performance,
(iii) the proposed controller is compared with the partial
feedback linearizing controller and the feedback linearizing
controller combined with input shaping.

/e paper is organized as follows. Section 2 develops the
mathematical model of the planar quadrotor-pendulum
system using the Euler–Lagrange formulism. In Section 3,
the controller is developed using a feedback linearizing
controller for both the altitude and attitude dynamics, while
SMC is utilized for horizontal motion. In Section 4, simu-
lation results of the proposed approach are presented and
compared with the partial feedback linearizing controller
and the feedback linearizing controller combined with input
shaping. Lastly, the conclusions are presented in Section 5.

2. Dynamic Model

A planar model of a quadrotor UAV with a cable-suspended
payload, as shown in Figure 1, is considered. /e system is
modeled under assumption that the quadrotor is rigid and
symmetrical and the unactuated pendulum is a point mass
suspended at the end of a massless rigid rod attached to the
quadrotor’s center of gravity. /e symbols in Figure 1 are
described as the UAV quadrotor massM, pendulummassm,
rope length l, pitch and payload swing angle θ and α, re-
spectively, and r is the distance between rotors and the center
mass of the quadrotor.

/e generalized coordinates defining the configuration
of the system are q � [x, z, α, θ]T, where x and z are the
positions of the center mass of the quadrotor in the X-Z
plane. Denoting xp � x + l sin α and zp � z − l cos α as the
payload coordinates, the kinetic K(q, _q) and potential U(q)

energy of the system are

K(q, _q) �
1
2

M _x
2

+
1
2

M _z
2

+
1
2
Jθ

_θ
2

+
1
2

m _x
2
p +

1
2

m _z
2
p,

U(q) � Mgz + mgzp,

(1)

where Jθ is the inertia moment of the quadrotor and g is the
gravitational acceleration.

For the Lagrangian function L(q, _q) � K(q, _q) − U(q),
the system’s motion equations are derived using the Euler-
Lagrange’s equation:

d
dt

zL

z _q
  −

zL

zq
� u, (2)

where the input vector is given by u � [f sin θ, f cos θ, 0, τ]T

with the total thrust f� f1 + f2 and the pitch moment τ �

r(f1 − f2) provided by the rotors.
/e motion equations derived from (2) are as follows:

f sin θ � (M + m) €x + ml cos α€α − ml _α2 sin α,

f cos θ � (M + m)€z + ml sin α€α + ml _α2 cos α +(M + m)g,

0 � ml
2
€α + ml €x cos α + ml€z sin α + mlg sin α, τ � Jθ

€θ.

(3)

Furthermore, equation (3) can be rewritten to

€x �
M + m cos2 α
M(M + m)

f sin θ +
m sin α cos α
M(M + m)

f cos θ +
ml _α2 sin α

M + m
,

€z �
m sin α cos α
M(M + m)

f sin θ +
M + m sin2 α
M(M + m)

f cos θ −
ml _α2 cos α

M + m
− g,

€α� −
cos α
Ml

f sin θ −
sin α
Ml

f cos θ,

€θ�
τ
Jθ

.

(4)

Assuming that the pitch angle is restricted within
− π/2< θ< π/2, which is justified by the common practice to
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limit the quadrotor capability for longitudinal/lateral mo-
tion in hover flight, and decomposing the total thrust to the
fx � fsin θ and fz � fcos θ components acting the quadrotor
motion along the x- and z-axis, respectively, consider the
redefinition of the model (4) as follows:

€x �
M + m cos2 α
M(M + m)

fx +
m sin α cos α
M(M + m)

fz +
ml _α2 sin α

M + m
,

€z �
m sin α cos α
M(M + m)

fx +
M + m sin2 α
M(M + m)

fz −
ml _α2 cos α

M + m
− g,

€α � −
cos α
Ml

fx −
sin α
Ml

fz,

€θ �
τ
Jθ

.

(5)

3. Control Scheme Design

/e control objective is to move the quadrotor from the
initial position (x0, z0) to the desired position (xd, zd) with
suppressing the pendulum oscillation. /e control scheme
presented in Figure 2 is split into the SMC applied to
quadrotor-pendulum horizontal position control, and two
feedback linearizing controllers are used for altitude and
attitude control. /e virtual control signals fx and fz, which
are the products of sliding mode controller and altitude
controller, respectively, are transitioned to the total thrust f,
as well as the desired pitch angle θd is utilized for rotational
control of the quadrotor. /e virtual force fx is calculated
based on fz and, contrariwise, the vertical component of the
thrust is necessary to determine fx. /is creates a loop, in
which knowledge of one of the control forces is required
beforehand. /us, in practice, the altitude and horizontal
controllers should be performed sequentially to ensure
feasibility.

/e combination feedback linearization and sliding
mode control has been utilized and proven effective in

[20, 21] by both obtaining superior performance as opposed
to classical PI controllers but also in being able to stabilize the
system at varying operating conditions. Sliding mode con-
trollers suffer from the chattering phenomenon which is most
commonly encountered during practical implementation.
/e phenomenon is caused by unmodelled dynamics such as
those from sensors, data processors, etc. Several methods of
mitigating chattering can be found in the literature which
includes using higher-order sliding modes (HOSM) [22],
boundary layer [23], and observer-based chattering sup-
pression [24]. To alleviate the problem of chattering in the
quadrotor-pendulum system, we divide the control input into
a continuous equivalent and the discontinuous switching part
which reduces the switching amplitude.

3.1. Horizontal Motion Control. Consider the dynamic
model of a quadrotor with suspended pendulum moving
along the x-axis can be described using the state space
expression:

_x1 � x2,

_x2 � g1(x) + b1(x)fx,

_x3 � x4,

_x4 � g2(x) + b2(x)fx,

(6)

where x � [x1, x2, x3, x4]
T � [x − xd, _x − _xd, α, _α]T and gi

and bi (i� 1, 2) for fz assumed as the time-varying parameter
are given by

g1(x) �
m sin α cos α
M(M + m)

fz +
ml _α2 sin α

M + m
− €xd,

b1(x) �
M + m cos2 α
M(M + m)

,

g2(x) � −
sin α
Ml

fz,

b2(x) � −
cos α
Ml

.

(7)

/e sliding surface s is proposed as

s � c1x1 + x2 + c2x3 + c3x4, (8)

where c1, c2, and c3 are the sliding-mode control parameters.
Splitting the control signal fx into equivalent ueq and

switching control usw,

fx � ueq + usw. (9)

/e equivalent control is derived from _s � 0:
_s � c1x2 + _x2 + c2x4 + c3 _x4

� c1x2 + g1(x) + b1(x)fx + c2x4 + c3 g2(x) + b2(x)fx( ,

(10)

which through defining fx � ueq results in

ueq � −
c1x2 + c2x4 + g1(x) + c3g2(x)

b1(x) + c3b2(x)
. (11)

X

Z

f2M

l
α

θ

m

r f = f1 + f2

f1

Figure 1: Quadrotor transporting a payload in the X-Z plane.
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/e sliding-mode control parameters can be determined
through assigning the eigenvalues of the linearized closed-
loop system (6) at specified location. Hence, linearizing the
closed-loop system at an equilibrium point x� [0, 0, 0, 0]T,
the closed-loop (6) can be expressed as

_x2 � g1(x) + b1(x)ueq

�
c3fz

(M + m) l − c3( 
x3 −

l

l − c3
c1x2 + c2x4( ,

_x4 � g2(x) + b2(x)ueq

� −
fz

(M + m) l − c3( 
x3 +

1
l − c3

c1x2 + c2x4( ,

(12)

or in the simplified compact form _x � Ax:

_x2

_x3

_x4
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
�

−
c1l

l − c3

c3fz

(M + m) l − c3( 
−

c2l

l − c3

0 0 1
c1

l − c3

fz

(M + m) l − c3( 

c2

l − c3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x2

x3

x4

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (13)

/e parameters c1, c2, and c3 should be selected such that
A is Hurwitz. Since the characteristic polynomial is given by

det(sI − A) � s
3

+
c1l − c2

l − c3
s
2

+
fz

(M + m) l − c3( 
s

+
c1fz

(M + m) l − c3( 
,

(14)

for the desired Hurwitz polynomial

P(s) � s
3

+ p2s
2

+ p1s + p0, (15)

the parameters of sliding-mode controller should be

c1 �
p0

p1
,

c2 � c1l −
p2

p1(M + m)
fz,

c3 � l −
fz

p1(M + m)
,

(16)

where fz is considered as the time-varying parameter. Since
the quadrotor’s pitch angle is restricted within − π/2<
θ< π/2, the system will be asymptotically stable as long as
fz> 0.

Consider the Lyapunov candidate function in the form

V �
1
2
s
2
. (17)

Differentiating (12) with respect to time and substituting
(6) and (8)–(10), we have

_V � s _s � s c1 _x1 + c2 _x3 + g1(x) + c3g2(x)

+ b1(x) + c3b2(x)(  ueq + usw 

� s b1(x) + c3b2(x)( usw.

(18)

Choosing the switching control as

usw � −
η1s + η2sgn(s)

b1(x) + c3b2(x)
, (19)

leads to
_V � − η1s

2
− η2|s|≤ 0, (20)

where η1 and η2 are the positive constants.
Equation (20) will be locally negative definite (except the

trivial solution x1 � x2 � x3 � x4 � 0) in the neighborhood of
the equilibrium point taking into account some limitations
of the sliding surface parameters. For s� 0, we have

c3 � −
c1x1 + x2 + c2x3

x4
. (21)

To find the limit value of c3, consider system (6) con-
verges to the equilibrium x� 0 as t⟶∞. Applying de
L’Hospital rule in (22), the limit value of c3 is determined as

Horizontal motion
control

(SMC), equation (8)

Altitude control
(feedback

linearization),
equation (30)

Attitude control
(feedback

linearization),
equation (31)

Quadrotor-
pendulum

system

fx

fz
fx fz

xd

zd

zf = fz/cosθd

θd|θd| = |arctg(fx/fz)| < π/2 τ

f

θ

x, α

Figure 2: Structure of the control system.
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c3 < lim
x⟶0

−
c1x1 + x2 + c2x3

x4
�
H lim

x⟶0
−

c1x2 + _x2 + c2x4
_x4

� lim
x⟶0

−
c1x2 + c2x4 + g1(x) + b1(x)fx

g2(x) + b2(x)fx

� l.

(22)

Proceeding in the same manner for c2, the limits of
sliding surface parameters are found as follows:

c2 < c1l,

c3 < l.
(23)

Please note that the same conditions as (23) can be also
directly established from (14)./us, the limit values of c2 and
c3 correspond to the singularity of the closed-loop matrix
A(x) (13). Substituting (16) into (23), it is enough to state
that the matrix A(x) is nonsingular everywhere as long as
fz � f cos θ> 0⟹ |θ|< π/2.

Integrating both sides of (20), we obtain

V(t) − V(0) � 
t

0
− η1s

2
− η2|s| dt. (24)

Furthermore, we have

V(0) � V(t) + 
t

0
η1s

2
+ η2|s| dt≥ 

t

0
η1s

2
+ η2|s| dt.

(25)

For the closed-loop satisfying (23) (c2, c3, and θ are
bounded), from (24), we have

V(t) � V(0) − 
t

0
η1s

2
+ η2|s| dt<V(0)<∞. (26)

/us,

lim
t⟶∞


t

0
η1s

2
+ η2|s| dt<V(0)<∞, (27)

and there exist

lim
t⟶∞


t

0
η1s

2
 dt<∞,

lim
t⟶∞


t

0
η2|s|( dt<∞.

(28)

Applying Barbalat’s lemma, we can conclude that

lim
t⟶∞

s � 0. (29)

If any state diverges, such that limt⟶∞xi �∞ (i� 1, 2,
3, 4) and limt⟶∞s �∞, which contradict (29), it implies
that as long as fz � f cos θ> 0⟹ |θ|< π/2, the closed-loop
matrix is nonsingular and all states asymptotically converge
to equilibrium point.

3.2. Altitude and Attitude Control. /e feedback lineariza-
tion procedure is applied to develop the altitude and attitude
control of a quadrotor. /e quadrotor’s vertical and rota-
tional motion is described by

€z �
m sin α cos α
M(M + m)

fx +
M + m sin2 α
M(M + m)

fz −
ml _α2 cos α

M + m
− g,

€θ �
τ
Jθ

,

(30)

where fx is assumed as the time-varying parameter.
Choosing the control inputs as

fz �
M(M + m) − kpzez − kdz _ez + €zd + g  + mMl _α2 cos α − fxm sin α cos α

M + m sin2 α
, (31)

τ � − Jθ kpθeθ + kdθ _eθ − €θd), (32)

where ez � z − zd and eθ � θ − θd are tracking errors, kpz,
kdz, kpθ, and kdθ are the positive control parameters, and θd is
the desired pitch angle:

θd


 � arctg

fx

fz

 




<
π
2

. (33)

4. Simulation Results

/ere are three groups of simulation results analyzed in this
section to verify effectiveness of the proposed control ap-
proach developed for the quadrotor transporting suspended
payload. In the first group, we investigate the control system
performances for the step input function with respect to the
variation of the pendulum length and we test the tracking
performances. /e second group of numerical simulations

compares the control method proposed in this paper with
the partial feedback linearizing controller (PFLC) and
feedback linearizing controller combined with input shap-
ing. /e last simulation group was performed to analyze the
robustness of the proposed method under parameter
uncertainty.

4.1. Performances with Different Operating Conditions.
/e numerical simulations were carried out for different
rope lengths 1, 2, and 4m, respectively, and constant mass of
the payload m� 0.4m. /e quadrotor parameters are pre-
sented in Table 1, together with parameters of the altitude
and attitude controllers which were empirically chosen.

/e closed-loop eigenvalues were located at
λ � − ω � −

���
g/l


, where ω is the natural undamped
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frequency of a pendulum, which results in the SMC per-
forming with sliding surface parameters determined
according to (16):

c1 �
ω
3

,

c2 �
lω
3

−
fz

ω(M + m)
,

c3 � l −
fz

3ω2(M + m)
.

(34)

Table 2 presents the sliding surface parameter c1 and the
limit values of c2 and c3.

/e rest of the SMC parameters were set as η1 � 1 and
η2 � 0.01. Figures 3–6 present the system unit-step input
responses, while the settling time of quadrotor position
(measured with tolerance margin of 2%) and maximum
absolute value of the swing angle are presented in Table 3.
/e simulations proved that the pendulum vibration is ef-
fectively suppressed for different operating conditions. /e
horizontal desired position is achieved without overshoot, as
the eigenvalues of the closed-loop are located at λ � − ω,
within 5, 5.6, and 6.9 seconds, while the maximum ampli-
tude of the pendulum swing angle is 0.061, 0.04, and

0.026 rad for rope lengths 1, 2, and 4 meters, respectively.
/e response of the altitude subsystem also reaches the
desired position zd without overshoot within 3 s. For the
assumed strategy of assigning the closed-loop eigenvalues
λ � − ω, the settling time and pendulum swing angle am-
plitude do not depend on the mass of the payload and only
the rope length influences these performance indices. /e
specific performance criteria can be met by choosing proper
location of closed-loop poles and tuning the altitude and
attitude control parameters.

Figure 7 presents the quadrotor position in the X-Z plane
and pendulum swing angle when the quadrotor with cable-
suspended payload follows the trajectory given by

xd(t)

zd(t)
  �

cos t + 0.3t − 1

cos t + t − 1
 . (35)

/e simulation, which was carried out form� 0.5 kg and
l� 0.5m, demonstrates good tracking performances with
maximum error 0.06m respect to the reference trajectory,
while the amplitude of the pendulum swing is mitigated
within 0.126 rad.

4.2. Comparison with PFLC and ZVDD. In this group of
simulations, the control scheme described in this paper is
compared with the open- and closed-loop techniques used
for reducing the pendulum oscillation. As the first example,
the feedback linearizing controller combined with input
shaping is proposed and developed. In this control strategy,
the altitude and attitude control laws (31) and (32), re-
spectively, are completed by the horizontal position con-
troller given as

fx �
M(M + m) − kpxex − kdx _ex + €xd  − mMl _α2 sin α − fzm sin α cos α

M + m cos2 α
, (36)

where ex � x − xd, and kpx and kdx are the positive pa-
rameters./us, the feedback control laws (31), (32), and (36)
are adapted for positioning the quadrotor in the X-Z plane,
while the feedforward input shaping filter is incorporated to
reduce pendulum oscillations. A ZVDD input shaper was
chosen, as this shaper provides more robustness against
variation of the system’s natural frequency compared to the
ZV and ZVD shapers [9]. /e general formula for the
amplitudes Ai and time locations ti of the impulse sequence
is as follows:

Ai

ti

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ �

1
(K + 1)3

3K

(K + 1)3
3K2

(K + 1)3
3K3

(K + 1)3

0
π
ωd

2π
ωd

3π
ωd

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

i � 1, 2, 3, 4,

(37)

where K � exp(− ξπ/
�����

1 − ξ2


), ωd � ω
�����

1 − ξ2


, and


4
i�1Ai � 1.
/e series of impulses (37) were convolved with input

signal fx (36). /e amplitudes and their time locations (37)
were determined for natural undamped frequency of the
pendulum ω and by estimating the damping ratio as
ζ � 0.273. /e parameters of the feedback controller (36)
were set to kpx � 1 and kdx � 2, while the rest of the pa-
rameters were set as in the previous simulations.

As the second comparative control approach, the PFLC
proposed in [25] is applied for quadrotor positioning in the
horizontal direction and suppressing the payload oscillation
with the control law:

fx � − kpex − kd _ex +
kαl

cos α
_α, (38)

where the controller parameters were chosen as kp � 1,
kd � 2.65, and kα � 10.

Table 1: Parameters of the model and altitude, and attitude
controllers.

Model
parameters

Altitude
control

Attitude
control

M (kg) Jθ (kgm2) m (kg) g (m/s2) kpz kdz kpθ kdθ
2 0.17 0.4 9.81 4 4 200 20
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In this simulation scenario, the SMC performs with the
sliding surface parameters (16) determined for the closed-
loop eigenvalues located at λ� − 0.5ω, while the parameters
of the altitude and attitude controllers are the same as in the
previous simulations.

/e simulations were carried out form� 0.5 kg, l� 0.5m,
and xd � zd � 1m. Figure 8 presents the step responses and

thrust component fx of three control strategies, denoted
SMC, PFLC, and ZVDD, while Table 4 presents the settling
time of quadrotor’s horizontal position (measured with
tolerance margin of 2%) and maximum absolute value of the
swing angle. /e settling time is similar, 6.2 s, 6.3 s, and 6.4 s,
for the SMC, PFL, and ZVDD, respectively, which was
achieved by assigning the SMC eigenvalues at λ� − 0.5ω.

Table 2: c1 and limits of c2 and c3.

Rope length 1m 2m 4m
c1 1.0440 0.7382 0.5220
Limit of c2 1.0440 1.4765 2.0881
Limit of c3 1 2 4
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Figure 3: Quadrotor positions along the x- and z-axis.
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Figure 4: Swing and pitch angle.
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/us, there is minor difference in reduction of pendulum
oscillation in terms of the time, but the SMC better sup-
presses the pendulum oscillation in the transient state. /e
maximum amplitude of the pendulum swing angle is
0.030 rad, 0.035 rad, and 0.047 rad for the SMC, PFLC, and
ZVDD, respectively (over 56% better payload swing

reduction comparing to the ZVDD). In case of the ZVDD,
the small residual vibration is produced, less than 0.0007 rad,
which is not observed in case of the SMC and PFLC. /e
PFLC performs similarly to the SMC; however, the per-
formances of the PFLC deteriorate when subject to operating
conditions. Figure 9 presents comparison of the step re-
sponses for the SMC and PFLC for l� 2m and m� 0.5 kg.
/e PFLC exhibits significant deterioration of performances
in the presence of changing the operating conditions. /e
overshoot, settling time, and maximum payload swing angle
are 7%, 12.7 s, and 0.0234 rad, respectively, for PFLC, while
the SMC performing with the parameters (16) determined
for closed-loop eigenvalues located at λ� − 0.5ω results in
settling time and maximum swing angle of 9.9 s and
0.0115 rad, respectively. /e simulation results confirm the
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Figure 5: /rust components fx and fz.
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Figure 6: Sliding surface parameter c2 and c3.

Table 3: Performances of the proposed control scheme for different
operating conditions.

Rope length 1m 2m 4m
Settling time in x direction 5 s 5.6 s 6.9 s
Settling time in z direction 3 s 3 s 3 s
Maximum swing angle 0.061 rad 0.04 rad 0.026 rad
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Figure 7: Trajectory of the quadrotor in X-Z plane and pendulum swing angle.
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Figure 8: Quadrotor’s position along the X-axis, pendulum swing angle, and force fx, comparison of the proposed SMC with PFLC and
ZVDD controllers for l� 0.5m and m� 0.5 kg.
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Table 4: Performances of SMC, PFLC, and ZVDD controllers (simulation for l� 0.5m and m� 0.5 kg).

Controller SMC PFLC ZVDD
Settling time in x direction 6.2 s 6.3 s 6.4 s
Maximum swing angle 0.030 rad 0.035 rad 0.047 rad
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Figure 9: Quadrotor’s position along the X-axis and pendulum swing angle, comparison of the proposed SMC with the PFLC controller for
l� 2m and m� 0.5 kg.
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Figure 10: Quadrotor positions along the X- and Z-axis, and pendulum swing angle–responses for l� 0.5m and m� 0.5 kg, and for
parameter perturbation with the range of 20% and 40%.
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effectiveness of the proposed control approach for posi-
tioning the quadrotor with cable-suspended payload and
suppressing the transient and residual pendulum
oscillations.

4.3. Parameter Uncertainty. To evaluate the performance of
the proposed controller under parameter uncertainty,
simulations were carried out for perturbation of rope length
and payload mass within the ranges of 20% and 40%, re-
spectively. Assuming the nominal operating conditions as
l� 0.5m and m� 0.5 kg, the parameters of the model (5)
were increased by 20% and 40%, whereas the proposed
control scheme performed during simulations for nominal
values of the rope length and payload mass. /e SMC
performed with sliding surface parameters (16) determined
for nominal operating point by assigning the closed-loop
eigenvalues at λ� − ω and parameters of the altitude and
attitude controllers remained as in the previous simulations.
Figure 10 presents the responses for the nominal values of
rope length and payload mass and uncertainty ranges of 20%
and 40%. /e performance of the SMC applied for posi-
tioning the quadrotor in x direction and suppressing the
pendulum oscillation is not much affected by the parameter
uncertainty: settling time remains within 4.1 and 4.3 s, while
the maximum swing angle is within 0.09 and 0.1 rad. In case
of the altitude feedback linearization controller, the small
steady-state error is observed (0.02m and 0.04m for the
parameters increase by 20% and 40%, respectively). /us, in
case of the plant andmodel mismatch, the deviation between
the output (z) and its setpoint can be eliminated by in-
corporating the integral action to the altitude control law
(31).

5. Conclusions

In this paper, the positioning and damping of transient and
residual vibrations of a quadrotor with a cable-suspended
payload is considered. /e coupled quadrotor-pendulum
dynamics were derived using the Euler–Lagrange formu-
lation in the X-Z plane. /e attitude and altitude dynamics
were controlled using a feedback linearizing controller. To
reduce payload vibration caused by horizontal motion, a
sliding mode controller was used with sliding surface pa-
rameters tuned using the adaptive pole placement method
with the vertical component of the thrust taken as a time
varying parameter. Asymptotic stability of the closed-loop
system was proved as long as the adaptive sliding surface
parameters were less than the rope length./e eigenvalues of
the closed-loop system were chosen to be the natural fre-
quency of the pendulum system, and simulations were
carried out for different rope lengths.

A comparative analysis was performed between the
proposed SMC and a ZVDD input shaper to reduce the
pendulum vibrations. /e poles of the SMC were placed to
obtain similar settling time to be able to compare the
pendulum oscillations. /e SMC reduced the maximum
sway angle by over 56% and did not have any residual vi-
brations unlike the ZVDD input shaper.

During practical implementation, the dynamics of the
rotor would have to be taken into consideration. /e rotor
suffers from nonlinearities such as input dead zone due to
friction. Methods of overcoming this include using neural
networks as was performed in [26]. /e nonnegativity
condition given by fz> 0 is a unidirectional input constraint.
Future work would include augmenting the sliding mode
controller to avoid violating the constraint such as in [27],
taking the rotor dynamics into account as well as expanding
the model into 3D space.

Nomenclature

α: Pendulum sway angle
θ: Quadrotor pitch angle
M: Quadrotor mass
m: Payload mass
l: Cable length
f: /rust
Jθ: Quadrotor moment of inertia
τ: Pitching moment
ω: Pendulum natural frequency
ζ: Estimated pendulum damping ratio
UAV: Unmanned aerial vehicle
VTOL: Vertical take-off landing
SMC: Sliding mode control
PFLC: Partial feedback linearizing controller
ZVDD: Zero vibration derivative-derivative input shaper.
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