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Several constitutive equations have proposed to model the strain rate sensitivity of metals to strain rate. This paper presents a
comparative of six equations reported in the open literature. All equations are used to fit the yield stress of three copper materials
and one steel material at two different temperatures. A specific cost function and an optimization problem are defined.The authors
recommend the use of the Cowper-Symonds equation or a modified-Eyring equation as both of them fit well the experimental data
while using only three material constants. A modified flow stress Johnson-Cook equation is then proposed for metallic materials.

1. Introduction

Metallic materials are largely used in several industrial fields,
for example, aeronautical, naval, automobile, and military
industries. In these applications, transportation vehicles have
to be designed against impact loads. Thus, the characteri-
zation and modeling of metals’ sensitivity to strain rate are
highly important. The split Hopkinson bar is largely used
to characterize materials in the high strain rate range [1, 2]
while the direct-impact Hopkinson bar is used at the very
high strain rate [3, 4]. In terms of constitutive equations, the
Johnson-Cook law [5, 6] has been widely used to model the
behavior ofmetallicmaterials including temperature or (and)
strain rate effect(s) [3, 7–9]. This constitutive equation sep-
arates the hardening, temperature, and strain rates. Namely,
they are written in amultiplicative form.The strain rate effect
is considered as varying linearly in terms of the logarithm of
strain rate.

Several studies have showed that the linear variation of
yield or flow stress in terms of strain rate is only valid in
the quasi-static and intermediate strain rate ranges [10–13].
However, there is a sharp increase in the strain rate sensitivity
at high strain rates.This increase cannot be considered by the
classical Johnson-Cook equation. Some modified Johnson-
Cook equations have then been proposed [14]. Huh andKang

[15] proposed a quadratic for the strain rate sensitivity. Tua-
zon et al. [16] expressed the dependence on the logarithm of
strain rate as a power-law. Couque [17] proposed a modified
Johnson-Cook equation where the strain rate sensitivity is
written in terms of a four-constant equation. El-Qoubaa and
Othman [18, 19] have proposed a modified-Eyring equation
for polymers yield stress sensitivity to strain rates.Thismodel
was successfully applied to several metallic materials in [20].

The aim of this work is to compare and discuss the above
constitutive equations: the standard Johnson-Cook, Huh-
Kang, Tuazon et al., Couque, andmodified-Eyring equations.
The pioneeringCowper-Symonds equation is also considered
[21]. In terms of strain rate dependence, it gives similar
relation as The Zerilli-Armstrong equation [22].

2. Methodology

2.1. Experimental Data. In this work, we are interested in
evaluating several constitutive equations. Thus, they are used
here to fit the strain rate sensitivity of the yield stress of two
metallic materials: steel and copper. These two materials are
extensively characterized in the literature. In terms of the
copper yield stress, we rely upon the experimental data of
Couque [17]. For the steel yield stress, we will rely upon the
experimental data of Clarke et al. [11].
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Table 1: Constitutive equations.

Names Equations (𝜎
𝑦
is the yield stress and ̇𝜀

is the strain rate) Constants

Standard Johnson-Cook [5] 𝜎
𝑦
= 𝐴(1 + 𝐶 log( ̇𝜀

̇𝜀
0

))
𝐴 and 𝐶 are two material constants, and ̇𝜀

0
= 1 s−1 is a

reference strain rate

Huh-Kang [15]
𝜎
𝑦
=

𝐴(1 + 𝐶
1
log( ̇𝜀

̇𝜀
0

) + 𝐶
2
log2 ( ̇𝜀

̇𝜀
0

))

𝐴, 𝐶
1
,and 𝐶

2
are three material constants, and ̇𝜀

0
= 1 s−1

is a reference strain rate

Tuazon et al. [16] 𝜎
𝑦
= 𝐴(1 + 𝐶log𝑝 ( ̇𝜀

̇𝜀
0

))
𝐴, 𝐶, and 𝑝 are three material constants, and ̇𝜀

0
= 1 s−1 is

a reference strain rate

Couque [17] 𝜎
𝑦
= 𝐴(1 + 𝐶 log( ̇𝜀

̇𝜀
0

) + 𝐷(

̇𝜀

̇𝜀
1

)

𝑘

)
𝐴, 𝐶,𝐷, and 𝑘 are four material constants, and ̇𝜀

0
= 1 s−1

and ̇𝜀
1
= 103 s−1 are two reference strain rates

Cowper-Symonds [21] or
Zerilli-Armstrong [22] 𝜎

𝑦
= 𝐴(1 + 𝐷(

̇𝜀

̇𝜀
1

)

𝑘

)
𝐴,𝐷, and 𝑘 are three material constants, and ̇𝜀

1
= 1 s−1

is a reference strain rate

Modified-Eyring [18–20] 𝜎
𝑦
= 𝜎
0
+

𝑘
𝐵
𝑇

𝑉
0

exp(√
̇𝜀

̇𝜀
𝑐

) log( ̇𝜀

̇𝜀
0

)

𝜎
0
, 𝑉
0
, and ̇𝜀

𝑐
are three material constants, and 𝑘

𝐵
is the

Boltzmann constant, 𝑇 is the absolute temperature, and
̇𝜀
0
= 1 s−1 is a reference strain rate

2.2. Constitutive Equations. The constitutive equations stud-
ied in this work are dressed in Table 1. Here, we are only
interested in the strain rate sensitivity. We should notice that
the equations are sometimes changed from their original
form for identification purposed.

2.3. Identification Procedure. In this section, we depict the
methodology followed in order to identify the material
constants of each of the constitutive equations that are
dressed in Table 1. Actually, each constitutive equation
depends on a set of two, three, or four material constants.
The standard Johnson-Cook model depends on only two
material constants: 𝐴 and 𝐶. The Huh-Kang, Tuazon et al.,
Cowper-Symonds, and modified-Eyring equations depend
each on three material constants. Finally, the Couque equa-
tion depends on four material constants. The main idea of
this section is to find for each constitutive equation a set of
material constants that reduces the difference between the
experimental yield stresses and the yield stresses obtained by
that equation.

Let �̇� = ( ̇𝜀𝑖) be a vector that collects the experimental
strain rate values which are collected from the literature
as explained in Section 2, where ̇𝜀𝑖 denotes the strain rate
obtained for a test 𝑖. Similarly, let Σ̂ = (�̂�𝑖) be a vector which
collects the yield stresses �̂�𝑖 measured at strain rates ̇𝜀𝑖. Using
a constitutive equation 𝜒 from Table 1, it is possible to build a
vector Σ𝜒 = (𝜎𝜒𝑖) which collects the yield stresses 𝜎𝜒𝑖 that are
calculated at strain rates ̇𝜀𝑖.

In order to obtain the best material constants for each
constitutive equation, we need to optimize a cost function
𝑓𝜒. This cost function is built in terms of the difference
between the experimental and calculated yield stresses. Let
‖ ‖2 and ‖ ‖∞ be the Euclidean norm and the maximum
norm, respectively. It is possible to define an error using the
Euclidean norm.

More precisely,

EucErr𝜒 =





Σ𝜒 − Σ̂





2






Σ̂





2

. (1)

Likewise, it is possible to define an error using the maximum
norm. Namely,

MaxErr𝜒 =





Σ𝜒 − Σ̂





∞






Σ̂





∞

. (2)

The Euclidean norm-based error gives a measurement of
the average difference between the experimental yield stress
and the yield stress predicted by the considered constitutive
equation. It can be considered as a global error measurement.
On the opposite, the max norm-based error focuses on the
tests where the maximum difference is encountered. It can
then be considered as a local error measurement.

In this study the cost function is defined as the average
between the Euclidean norm-based error and the maximum
norm-based error:

𝑓𝜒 (𝜅
𝜒

1
, 𝜅
𝜒

2
, . . .) =

EucErr𝜒 +MaxErr𝜒
2

, (3)

where 𝜅𝜒
1
, 𝜅
𝜒

2
, . . . are the material constants of the constitutive

equation 𝜒. The best material constants are then obtained by
minimizing the cost function 𝑓𝜒:

𝜅
𝜒

1
, 𝜅
𝜒

2
, . . . = argmin𝑓𝜒. (4)

3. Results and Discussion

3.1. Standard Johnson-Cook Model. The standard Johnson-
Cook equation is used to fit the compression yield stress of
three copper materials (Figure 1(a)) and for steel at two tem-
peratures (Figure 2(b)). The material constants, the errors,
and the correlation coefficient are calculated and depicted in
Table 2. It is clear that this equation cannotmodel the increase
in strain rate sensitivity at high strain rates. This is observed
in the five situations studied here.The error is important.The
minimum error is obtained for the case of steel at 273K. It is
equal to 13.4%. It can increase up to 48.2% which is obtained
with the case of copper 105.
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Figure 1: Yield stress fitting by the standard Johnson-Cook model: (a) copper and (b) steel.
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Figure 2: Yield stress fitting by the Huh-Kang model: (a) copper and (b) steel.

Table 2: Material constants and errors obtained with the standard
Johnson-Cook equation.

Metal A (MPa) C Error (%)
Copper 105 120.5 0.0924 48.2
Copper 26 207.9 0.0717 28.8
Copper 9 298.3 0.0532 19.5
Steel 293K 163.2 0.0695 13.4
Steel 493K 111.8 0.0502 18.6

3.2. Huh-Kang Model. TheHuh-Kang equation is a modified
form of the standard Johnson-Cook model with a quadratic
relation between yield stress and the logarithm of the strain
rate. The fit of this model to the experimental data of copper
and steel is shown in Figure 2. The material constants and
the errors are reported in Table 3. The model follows roughly
the experimental data. The fit is highly better with steel than
copper. The errors are ranging from 5.3% for steel 293K
to 41.4% for copper 105. It can catch the sharp increase in

Table 3: Material constants and errors obtained by the Huh-Kang
equation.

Metal 𝐴 (MPa) 𝐶
1

𝐶
2

Error (%)
Copper 105 50.0 0.0450 0.0398 41.4
Copper 26 120.5 0.0594 0.0177 20.9
Copper 9 221.6 0.0330 0.0088 15.3
Steel 293K 132.9 0.0675 0.0058 5.3
Steel 493K 88.9 0.0303 0.0076 9.8

the yield strain at high strain rate. However, it predicts an
increase of the yield stress in the quasi-static strain rate range
because of the quadratic form of the constitutive equation.
This increase at low strain rates was never reported in the
open literature, to the best knowledge of the authors. Thus,
it is considered here nonphysical.

3.3. Tuazon et al. Model. Tuazon et al. [16] modified
the Johnson-Cook equation by adding an exponent 𝑝 to
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Figure 3: Yield stress fitting by the Tuazon et al. model: (a) copper and (b) steel.
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Figure 4: Yield stress fitting by the Couque model: (a) copper and (b) steel.

the logarithm of strain rate. More precisely, the expres-
sion log( ̇𝜀/ ̇𝜀0) in the standard Johnson-Cook equation is
substituted by the expression log𝑝( ̇𝜀/ ̇𝜀0). The Tuazon et al.
model fits quite well the experimental data of steel and
copper (Figure 3). The error ranges between 3.4% (obtained
with copper 26) and 15.2% (obtained with steel 293) (see
Table 4). This equation can catch the increase in the strain
rate sensitivity at high strain rates. However, it predicts a
sharp drop in yield stress at low strain rates. This behavior
was never reported in the literature, to the best of the authors
knowledge, and thus considered here nonphysical. Hence, we
rather recommend using the Tuazon et al. equation for strain
rates higher than 10−2 s−1.

3.4. Couque Model. Couque [17] modified the standard
Johnson-Cook equation by adding a third term which is
written as a power of the strain rate and not the logarithm
of strain rate, that is, ( ̇𝜀/ ̇𝜀1)

𝑘. This equation fits well the
experimental data of copper and steel (Figure 4) over the total

Table 4: Material constants and errors obtained by Tuazon et al.
model.

Metal 𝐴 (MPa) 𝐶 𝑝 Error (%)
Copper 105 95.4 2.26 × 10

−9 9.2544 9.1
Copper 26 182.0 2.24 × 10

−7 6.9553 3.4
Copper 9 282.7 1.46 × 10

−7 6.9458 6.1
Steel 293K 142.6 0.0015 2.8758 15.2
Steel 493K 108.2 1.14 × 10

−5 4.8235 6.9

strain range, that is, between 10
−3 s−1 and 5 × 10

4 s−1. The
model describes well the sharp increase in the yield stress
which is recorded at high strain rate. The error is low and
ranges between 2.8% for copper 105 and 6.2% for copper 9
(Table 5).

3.5. Cowper-Symonds Model. The Cowper-Symonds equa-
tion uses a power equation of the strain rate. It fits well the
experimental data for the coppermaterials and for the steel at
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Figure 5: Yield stress fitting by the Cowper-Symonds model: (a) copper and (b) steel.
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Figure 6: Yield stress fitting by the modified-Eyring model: (a) copper and (b) steel.

Table 5: Material constants and errors obtained by Couque equa-
tion.

Metal 𝐴 (MPa) 𝐶 𝐷 (Pa) 𝑘 Error (%)
Copper 105 100.6 0.0090 0.0669 1.3417 2.8
Copper 26 166.1 0.0096 0.2265 0.7327 3.6
Copper 9 265.1 0.0062 0.1462 0.7167 6.2
Steel 293K 77.5 0.0077 1.9118 0.1206 4.9
Steel 493K 104.2 0.0174 0.1011 0.5829 4.2

different temperatures (Figure 5). Particularly, it catches well
the sharp increase in the yield stress at high strain rates. The
error is quite low (Table 6). It ranges between 4.8% (obtained
for copper 105) and 7% (obtained for copper 9).

3.6. Modified-Eyring Model. The modified-Eyring model is
developed by El-Qoubaa and Othman [18–20] based on
the original work of Eyring [23] except that they used an
activation volume decreasing with an increasing strain rate.
The model works well here with copper and steel over the

Table 6: Material constants and errors obtained by Cowper-
Symonds equation.

Metal 𝐴 (MPa) 𝐷 (Pa) 𝑘 Error (%)
Copper 105 97.9 2.1616𝑒 − 05 1.2227 4.8
Copper 26 162.8 0.0035 0.6504 5.3
Copper 9 260.9 0.0036 0.5934 7.0
Steel 293K 687.8 1.058 0.1150 4.9
Steel 493K 98.6 0.0232 0.3650 5.5

studied strain rate range (Figure 6). It fits well the increase
in yield stress and the increase in the strain rate sensitivity of
the yield stress that is observed at high strain rate. The error
is low and ranges between 5.8 obtained with copper 26 and
7.8% obtained with copper 9 (Table 7).

3.7. Comparison. In the previous sections, six equations are
used to fit the yield stress of three copper materials and one
steel material at two temperatures. The standard Johnson-
Cook equation gives the biggest error as mainly it cannot
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Table 7: Material constants and errors obtained by the modified-
Eyring equation.

Metal 𝜎
0
(MPa) 𝑉

0
(Å3) ̇𝜀

𝑐
(s−1) Error (%)

Copper 105 96.5 2346 2036 6.0
Copper 26 179.8 737.5 5919 5.8
Copper 9 272.3 620.2 7049 7.8
Steel 293K 148.6 491.3 89815 6.7
Steel 493K 105.6 1365 28578 6.6

fit the behavior at high strain rates. The Huh-Kang equation
gives only slightly better fit. Moreover, it predicts a sharp
increase in the yield stress at quasi-static strain rates and
this is a nonphysical behavior. The Tuazon et al. model yield
an acceptable fit in the intermediate and high strain rate
ranges. However, it predicts a sharp decrease in the yield
stress at very low strain rates which is also a nonphysical
behavior. Couque, Cowper-Symonds, and the modified-
Eyring equations fit well the experimental data. Couque
model yields the least value of error, then Cowper-Symonds,
and finally the modified-Eyring equation. However, Couque
equation uses four material constants while the modified-
Eyring and Cowper-Symonds equations use only three each.
It is then recommended to use the following modified
Johnson-Cook equation for modeling of metallic materials
including hardening, strain rate, and temperature effect:

𝜎𝑦 = (𝜎0 +

𝑘𝐵𝑇𝑟

𝑉0

exp(√ ̇𝜀

̇𝜀𝑐

) log( ̇𝜀

̇𝜀0

))(1 + 𝐵

𝜀𝑝

𝑛
)

⋅ (1 − (

𝑇 − 𝑇𝑟

𝑇𝑚 − 𝑇𝑟

)

𝑚

) ,

(5)

where 𝜎0, 𝐵
, 𝑉0, ̇𝜀𝑐, 𝑛, and 𝑚 are six material constants

and 𝜀𝑝, 𝑇, 𝑇𝑟, 𝑇𝑚, ̇𝜀, ̇𝜀0, and 𝑘𝐵 are the plastic strain,
absolute temperature, the room temperature, the melting
temperature, the strain rate, a reference strain rate, and the
Boltzmann constant, respectively. In this equation, the stan-
dard Johnson-Cook flow stress equation is modified using
the strain rate sensitivity as predicted for room temperature
by the modified-Eyring equation, while keeping the original
hardening and temperature effects as first written by the
standard equation.

4. Conclusion

In this work, we have compared six constitutive equations
that predict the strain rate sensitivity of metallic materials.
They are mainly used to fit the strain rate sensitivity of the
yield stress of three copper materials and a steel alloy at two
different temperatures. It is recommended to use either the
Cowper-Symonds equation or the modified-Eyring equation
as both of them give a close fit to the experimental data while
using only three material constants each. Amodified Johson-
Cook equation is then proposed by including the strain rate
sensitivity predicted by the modified-Eyring equation in the
standard modified Johnson-Cook flow stress equation.
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