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Laminar natural convection-conduction heat transfer in vertically positioned annular channels with inherent eccentricity is
investigated for optimum solid-fluid thermal conductivity ratio and optimum cylinder walls thicknesses allowing maximum
induced fluid flow rate and heat transfer under varying geometry parameters, i.e., annulus eccentricity and radius ratio. A finite-
difference technique is employed to solve the coupled momentum and energy equations for the cylindrical annulus walls and the
annular fluid with Prandtl number 0.7. As part of the results, fluctuations in the induced fluid flow rate and heat transfer in the
eccentric annular channel due to the conjugate effect, governed by the ratios of the solid and fluid thermal conductivities and
thicknesses of outer and inner circular cylinder walls, are obtained for the boundary conditions of one wall heated isothermally
and the other kept adiabatic. Commonly encountered ratios of the solid and fluid thermal conductivities and cylinder walls
thicknesses are utilized in the present analysis. Results reveal that the optimum conductivity ratio and cylinder walls thicknesses
increase nonlinearly with eccentricity and radius ratio. Such results can be very useful in effectively designing the heat transfer

equipment for optimum performance.

1. Introduction

Combined conduction-natural convection (conjugate) heat
transfer in vertically positioned annular channels with ec-
centricity finds various applications in the passive cooling of
electrical parts, nuclear power plants, oil and gas drilling
components, etc. One of the applications is the cooling of
electric power cables. Each inner small cable (the inner
cylinder) is positioned eccentrically into the outer housing
(the outer cylinder). Heat is generated in the copper wire due
to the flow of electricity. This generated heat must be dis-
pensed to the outer surrounding. In general, the only source
of heat dissipation is the natural convection in which the
heat reaches the annular gap between the cable and the outer
housing by passing through the covering of each cable and
then passing through the outer housing to the surrounding.

Substantial work has been done to investigate conjugate
heat transfer in different geometrical domains. The effect of

tube wall axial heat conduction on steady-state laminar
convection heat transfer of a fluid in a single-phase within
the tube with a step shift in the heat flux was numerically
investigated by Anand and Tree [1]. The effect of wall
thermal conduction on natural convection flow and heat
transfer between two unevenly heated upright panels with
heat flux was examined numerically by Kim et al. [2]. A
finite-difference implicit scheme was utilized to resolve the
governing equations of the phenomenon. They took into
account various independent parameters influencing wall
conduction, such as the ratio of solid and fluid thermal
conductivities, the asymmetric heating parameter, channel
height-width ratio, wall thickness-channel width ratio, and
Grashof number. Chung [3] investigated combined con-
duction-natural convection in a power-law (non-New-
tonian) fluid in a vertically positioned thick channel with
separate sources of heat in both the channel walls and the
fluid using the finite-difference technique. Sheremet [4]
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developed a mathematical model of unsteady three-di-
mensional combined conduction-natural convection in a
closed vertically positioned cylindrical channel dissipated to
its surroundings with a local heat source. Hassab et al. [5]
developed a finite-difference technique to solve the com-
bined conduction-laminar forced convection in a parallel-
plate channel with two different coolant fluids. They showed
that the conjugate effect could be enhanced by significantly
changing the parameters such as coolant fluids’ temperature
difference step change, Biot number, and wall thickness
ratio.

Numerous research papers are found on conjugate
forced/free convection in concentric annular channels. El-
Shaarawi et al. [6] proposed a finite-difference-based nu-
merical model to address the unsteady conduction-forced
convection problem in an annular channel formed by two
concentric cylinders with concurrent development of
thermal and hydrodynamic boundary layers. With a finite-
difference scheme, El-Shaarawi et al. [7] numerically studied
the unsteady conduction-forced convection in a concentric
annular channel full of an isotropic and homogeneous
porous medium. El-Shaarawi and Negm [8, 9] investigated
the steady and unsteady conduction-laminar natural con-
vection heat transfer in vertically positioned concentric
annular channels open at both ends using a computational
model based on the finite-difference method. Aldoss et al.
[10] studied the influence of a medium with considerable
porosity on steady-state combined conduction-free con-
vection flow and heat transfer in an annular channel
bounded by two concentrically aligned horizontal cylinders.
Imtiaz and Mahfouz [11] utilized the Fourier Spectral
Method (FSM) to numerically analyze flow driven by
buoyancy effect and combine conduction-convection flow
and heat transfer in a concentric annular channel full of
micropolar fluid. More recently, a numerical study on
conjugate natural convection in a horizontally placed con-
centric annular channel using Carreau non-Newtonian
blood as the annular fluid was conducted by Alsabery et al.
[12]. According to them, natural convection flow and heat
transfer in the flow of blood using the Carreau model
attracted fewer researchers in the past. They incorporated
the finite element technique to solve the equations governing
the conjugate natural convection phenomenon.

Despite several studies published in the past for tradi-
tional cases of either free or forced convection in eccentric
annular channels [13-25], a close examination of the lit-
erature revealed that there are limited research articles
available related to the combined conduction-convection
case in vertical/horizontal eccentric annular channels. One
of those is that of El-Shaarawi and Haider [26] for the case of
forced flow convection. They obtained the results for a fluid
having a Prandtl number equal to 0.7 flowing with eccen-
tricities 0.1, 0.3, 0.5, and 0.7 in a fluid annular channel with a
nondimensional radius ratio equal to 0.5. The other articles
by El-Shaarawi et al. [27, 28] numerically studied the effects
of conduction-convection coupling (conjugation) and ge-
ometry parameters on steady-state laminar flow natural
convection in vertically positioned open-ended annular
channels with inherent eccentricity. An article by Jamal et al.
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[29] presented numerical results of critical threshold values
of the ratio of solid and fluid thermal conductivities beyond
which, and walls thicknesses under which, the conjugate
effect on natural convection flow and heat transfer in ver-
tically positioned eccentric annular channels bounded by the
finite thicknesses of outer and inner circular cylinder walls
could be neglected. In a recent article, Nasiri et al. [30]
studied the steady-state conjugate natural convection in an
infinitely long horizontal eccentric annular channel by
employing the SIMPLER algorithm of the finite volume
method. They considered the finite thickness of only the
inner wall of the cylinder and studied the effects of solid-
fluid conductivity ratio, eccentricity, the thickness of inner
cylinder wall, and the angular location of the inner cylinder
relative to the outer one on combined conduction-natural
convection flow and heat transfer.

Here, it is important to include some accounts of the
experimental work on natural/forced convection in vertical
concentric/eccentric annular channels. In 1990, El-Genk and
Rao [31] published a paper in which they did laminar flow
visualization of water flow and heat transfer measurements
in a vertically positioned concentric annular channel having
the inner heated annular channel wall and outer insulated
wall. Later, Takahashi et al. [32] carried out experimental
and numerical methods to study the natural/free convection
phenomenon in a vertical concentric annular channel filled
with air for different thermal boundary conditions, inner to
outer pipe diameter ratios, and modified Grashof numbers.
They measured and analyzed thermally developing as well as
fully developed regions. Investigation on natural convection
in a vertically positioned eccentric annular channel with
open ends was done by Hosseini et al. [33], in which they
kept the outer annular channel wall heated whereas the inner
one adiabatic and varied the eccentricity and uniform heat
flux to find optimum eccentricity at which maximum heat
transfer coefficient in the annular channel filled with air
could be obtained. Husain and Siddiqui [34] used an ex-
perimental set-up by partially heating the inner annular
channel wall with varying heat flux to investigate the natural
convection flow and heat transfer in a high aspect ratio
(annular length to gap ratio) vertical concentric annular
channel having water as the annular working fluid. In ad-
dition to this, their work included numerical simulation and
comparison of the results with those obtained from ex-
periments. The effect of rotating outer unheated cylinder
with varying rotation parameters (ratio of Reynolds and
Grashof numbers) on the natural convection air draft in-
duced in the vertically positioned concentric annular
channel due to the inner stationery heated cylinder was
studied both experimentally and numerically by Chi-
thrakumar et al. [35]. A recent paper is by Zhu et al. [36] in
which they investigated forced convection in vertically
positioned eccentric annular channels experimentally and
numerically under varying water-air working fluid ratio,
eccentricity, and radius ratio with constant incoming vol-
umetric flow rate. In all the above experimental studies, the
conjugate effect was not considered.

The present paper explores a very important aspect of the
coupled conduction-natural convection phenomenon in
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vertically positioned eccentric annular channels, i.e., opti-
mum solid-fluid thermal conductivity ratio and optimum
cylinder walls thicknesses, for a set of boundary conditions
not previously applied on the cylinder walls for the conjugate
case. A finite-difference technique-based numerical model is
used to solve the conjugate natural convection case. Nu-
merical results are obtained for the variation of the fluid flow
rate induced in the eccentric annular channel and convective
heat transfer influenced by the conjugate effect under the
thermal boundary conditions of isothermally heating one
cylinder wall while keeping the other adiabatic, also known
as boundary conditions of the third kind. Finally, the op-
timum values of thermal conductivity ratio and walls
thicknesses with maximum induced fluid flow rate and
convective heat transfer for given eccentricities and radius
ratios are obtained.

2. Problem Formulation

The present problem consists of a vertical eccentric an-
nular channel. Fluid enters the annular channel and flows
upward by natural convection due to a density gradient
that is generated as a consequence of the thermal
boundary conditions imposed on the annular cylinder
walls. Two cases can be considered. One is termed case I,
in which the isothermal heating is applied on the inner
side of the inner cylinder while the outer side of the outer
cylinder is kept adiabatic, whereas the other is termed case
O, in which these boundary conditions are swapped. A
typical application of the swappable boundary conditions
can be found in the case of a sectioned curved double glass
window with air filled in the gap between the two layers of
glass. A coating with low thermal emissivity is added
between the layers. During summer, the outer surface of
the outer glass is at high temperature while the inner
surface of the inner glass, with the help of the coating, is at
low temperature and represents a low conductivity surface
that can be idealized as insulated. On the other hand, the
inner surface of the inner glass remains at high temper-
ature as compared to the outer surface of the outer glass in
winter. Again the outer glass with the coating is not
supposed to let the heat escape through it and can be
idealized as insulated. The current numerical model is
capable of simulating this scenario by entering a very low
nondimensional eccentricity such as 0.01. The partial
differential equations (PDEs) representing the fluid flow
and heat transfer through a geometrically eccentric fluid
annular channel are expressed in the bipolar coordinates.
On the other hand, the cylindrical coordinates are more
suitable for the cylindrical solid walls because of their
uniform thickness and circular curvature. Therefore, the
heat conduction equations for the cylindrical walls are
represented in the cylindrical coordinate system. Figure 1
depicts the bipolar and cylindrical coordinate systems.
Due to the geometrical symmetry about the x-axis as can
be seen in Figure 1, half of the symmetric geometry, i.e.,
0<&<m, is considered for analysis. Hughes and Gaylord
[37] presented the equations governing fluid flow and heat
transfer in a general form of orthogonal curvilinear

First pole

Second pole
at (-a,0)

FiGure 1: Bipolar and cylindrical coordinate systems in a 2D cross
section of the geometry.

coordinate system. The fluid is considered as Newtonian. In
case of non-Newtonian fluids, when shear is applied, their
viscosity decrease or increase, depending on the fluid. So if a
non-Newtonian fluid is used in the eccentric annulus, the
shear thickening or shear thinning effects must be consid-
ered. Specifically, in case of shear thickening, the increasing
viscosity with shear might result in modified convective flow
patterns and effect the heat transfer. In order to use a non-
Newtonian fluid for such problems, different non-New-
tonian fluid models must be used in addition to the above
consideration. The steady laminar fluid flow goes into the
open-ended vertical eccentric annular channel from its
bottom with a flat velocity profile U,. The assumption of a
uniform inlet velocity is a widely used inlet velocity profile
for the natural convection flows [8, 9, 18, 19, 38-41]. Hy-
drodynamic and thermal boundary layers then simulta-
neously develop as the flow progresses vertically in the
channel. Furthermore, to simplify the equations, certain
parabolic-flow assumptions [42] are considered. These
simplifying assumptions are as follows: the pressure is de-
fined solely by the axial (vertical) coordinate
(0p/on = 0p/d& = 0), the momentum and energy axial dif-
fusions in the entire domain, including eccentric fluid an-
nular channel and cylinder walls, are ignored (82/822 =0),
and the component of #-velocity (v) is significantly lesser
than the components of &- and z-velocity (w and u). A
steady-state solution is obtained with the thermal boundary
conditions uniformly imposed along the total length of the
outer and inner sides of the circular cylinder walls making
the axial (z-direction) conduction (diffusion of energy) in
cylinder walls negligible. Moreover, the axial momentum in
the annular fluid is mainly by convection and not by dif-
fusion. Hence, ignoring axial diffusion of energy and mo-
mentum in the entire domain is a reasonable assumption.
The present numerical model is formulated for laminar flow
only. Turbulent flow has high irregularity, diffusivity,
rotationality, and energy dissipation. In the present model,
the simplifying assumptions, as indicated above, make the
model suitable for steady-state laminar flows. The other
reason for not considering the turbulent flow is that the
natural convection is density gradient driven heat transfer
and the flow velocities are very low and seldom reach the
turbulent flow regime.



Using the dimensionless parameters presented in the
nomenclature, carrying out the magnitude analysis of
the individual terms of the equations, and considering
that the above simplifying assumption justifies the re-
moving of the y-momentum equation, the equations for
a steady-state flow with no radiation heat transfer, no
dissipation of energy due to viscous effects, and no
internally generated heat, and with body force (due to
buoyancy) in only the vertical direction can be expressed
as follows [27].
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2.1. Continuity Equation
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2.4. Fluid Energy Equation
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2.5. Cylinder Walls Energy Equation
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For the outside cylinder wall, 6;=0;,, and R vary from
X3=11to x4

For the inside cylinder wall, §;= 6; and R vary from y; to
X2

2.6. Continuity Equation Integral Form. The integral form of
the continuity equation (1) with no-slip (zero velocity)
conditions at the annular walls is as follows:
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Here U, V, and W are the nondimensional velocities in
the axial, #-, and &-directions, H is the nondimensional scale
factor for coordinate transformation, y, is the radius ratio, 0
is the nondimensional temperature, P is the nondimensional
fluid pressure at any cross section of the annulus, Pr is the
Prandtl number, R and ¢ are the first and second transverse
cylindrical coordinates in the radial and tangential direc-
tions, respectively, and U is the nondimensional average
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axial velocity. The fluid entering the eccentric annulus under
natural convection is considered to obey the Boussinesq
approximation, according to which the flow has a consid-
erable temperature triggered density gradient in the body
force term of the axial momentum equation. Due to this, the
pressure in the axial direction varies significantly more than
in other transverse directions. Moreover, dropping of
0p/onand 0p/d¢ is justified by the fact that while carrying
out the order of magnitude analysis of the governing
equations, the pressure terms resulted in the lower order of
magnitude than the other terms in the #- and {-momentum
equations. It is to be noted that due to the lower order of
magnitude of the # (radial-like)-velocity component than
the & (azimuthal-like)- and Z (axial)-components of fluid
velocity, the 7-momentum equation is dropped. As a matter
of fact, in concentric annular channels, the velocity com-
ponent in the radial direction is not zero in the hydrody-
namic developing region, whereas the azimuthal velocity
component is zero. In eccentric annular channels with little
eccentricity, #- and &-velocity components are essentially
nonzero. However, these are of a much lower order of
magnitude than the Z-component of the fluid velocity U in
the developing region. With the increase of eccentricity, the
&-component of the fluid velocity W becomes more pro-
found than the n-component of the fluid velocity V and
becomes significant. One should not infer from dropping the
n-momentum equation that there is no velocity component
V in the mathematical model; it simply means that its order
of magnitude is lower than the other two components of the
fluid velocity, i.e., U and W (velocity component V can be
seen in equations (1)-(4)).

The following boundary conditions are applied to
equations (1) through (5):
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(i) U=U,, W=V=0, and P =-U?2/2 for Z=0 and
’1i>’7>’10

(ii) P=0 for Z=L and n;>n>1n,

(iii) U=V=W=0 for Z>0 and n=#; and 7,

(iv) 0=1 and 00,,/0R =0 for case I, and 00;/0R =0
and 0,,=1 for case O

(v) At the line of symmetry (£ =0 and 7 and for Z> 0):

w_ov_ow a0 s

of 08 o0& o8 0

(vi) At the outer and inner interfaces (R=y; (y3=1) and
X2 and for Z>0)

0 =0, continuity of temperature, and
(1/H) ((96/0x) + (06/98)) = K, ((00,/0R) + (1/R) (06,/0¢)),
continuity of heat flux

Here U, is the nondimensional axial velocity at the
annulus entrance. It is observed in the mathematical model
that the pressure gradient in Z-direction is of first-order, i.e.,
0P/0Z. Therefore, only one boundary condition is needed for
pressure, which is P = —U?%/2 at Z = 0. Here, it is important to
mention that the boundary condition for the pressure is
given in the dimensionless form. As can be seen in the
nomenclature, the expression for U, involves kinematic
viscosity y, which is y/p. In addition, the Grashof number is
also a function of density p. Hence, p is inherent in the
expression of U, and does not need to be included explicitly
in the expression of dimensionless pressure boundary
condition.

3. Numerical Solution Steps

Equation (5) is written two times; once for the outer cylinder
wall and the second time for the inner one. That makes seven
equations. The present problem has seven unknown pa-
rameters; the three components of fluid velocity U, V, and
W, pressure P, the temperature field in the fluid eccentric
annulus 64 and the temperatures in both the cylinder walls
0;; and 6. The above governing equations are transformed
into finite-difference forms, obtained by El-Shaarawi et al.
[27], to solve the seven unknowns at the gridline intersec-
tions, i.e., nodes, for each axial (vertical) location Z. The
solution continues in exponentially increasing axial steps
from the entrance to the exit of the channel. The thermal
properties of the annular channel interfaces such as tem-
perature and heat flux are unknown because boundary
conditions are applied on the outer and inner sides of the
outer and inner cylinder walls, respectively. Also, using the
eccentric annular channel governing equations and the heat
conduction equations for the cylinder walls in bipolar and
cylindrical coordinate systems, respectively, results in un-
paralleled nodes on both annular channel interfaces. To cater
for this mismatch, continuity of temperature and continuity
of heat flux principles are used to obtain the temperature
values on the cylindrical grid nodes at the annulus interfaces,
whereas linear interpolation relations are used to obtain the
temperature values on the bipolar grid nodes at the annulus

interfaces. Hence the aforesaid problem is treated as a
coupled problem.

For any heat transfer problem, the channel dimensions
(channel height [ and hydraulic diameter D), wall thermal
boundary conditions, and surrounding temperature are
generally known while the induced flow rate f (nondi-
mensional flow rate F) is not known. Conversely, the current
problem is treated oppositely, i.e., the unknown nondi-
mensional channel height L is calculated for a given non-
dimensional induced flow rate F while checking the pressure
condition of P =0. Satisfaction of this condition of pressure
(P =0) marks the channel exit and hence the channel height,
i.e., Z=L. Hence, the pressure condition at the channel exit
is a check rather than a boundary condition. The present
investigation considers seven nondimensional parameters,
namely, the Prandtl number Pr, inlet velocity of fluid U,
ratio of solid and fluid thermal conductivities K,, the ec-
centricity E, the annular channel radius ratio y,, and the
outer and inner cylinder walls thicknesses §, and §;. These
parameters control conjugate natural convection phenom-
enon in the eccentric annular channel. Here, it is worth
mentioning that the general relation of dimensional ec-
centricity in a bipolar coordinate system can be extracted
from the article by Akyildiz et al. [43]. The expression can be
expressed as e = a(coth #, — coth #;). While converting this
dimensional eccentricity to a nondimensional form, the
annular gap is taken as the reference, which remains con-
stant at any given angle in the domain. Thus the nondi-
mensional form is expressed as E =e/(r;, —r,;). For the
radius ratio, it is known that the size of a circular channel or
pipe is given by its nominal pipe size, which is its inner
diameter [44]. Therefore, the inner radius of the outer
cylinder is taken as the reference dimension and the non-
dimensional from the annular gap is obtained by dividing
the outer radius of the inner cylinder by the reference given
as Xy = 1oiltio-

The solution proceeds step by step. First, for a given
Prandtl number and geometry parameters, the values of #;
and 7, are computed. The values of Ay & A& are then de-
termined by choosing a reasonable number of intervals in
the directions of # and & (N and M, respectively). Similarly,
AR,, AR;, and A¢ are determined for the cylinder walls by
choosing reasonable values of y; and x4, an appropriate
number of radial intervals in the outer and inner cylinder
walls NSO and NSI, and also an appropriate number of
intervals in the circumferential ¢ direction M. Uniform inlet
axial velocity U, is assumed. The corresponding nondi-
mensional induced fluid flow rate F is then found by means
of the relation F = U, (1 - x3).

The governing equations in finite-difference forms (1)
through (6) are solved for the present problem. At each axial
location, the unknown parameters 0 6; and 0, are de-
termined at the next axial location by solving equations (4)
and (5) together through Gauss-Seidel iteration. Inside the
Gauss-Seidel iteration, the two interface node temperatures
of the cylindrical grid are determined with the help of the
principles of the continuity of temperature and heat flux,
whereas the two interface node temperatures of the bipolar
grid are determined by performing linear interpolation



among the cylindrical grid node temperatures surrounding
the bipolar grid nodes. To determine the two unknown
parameters P and U at each axial (vertical) location, equa-
tions (2) and (6) are used. The resulting equations from the
application of equation (2) at each annular channel interior
grid node along with that equation resulting from expressing
the integral continuity equation using the trapezoidal rule
are put in a matrix form. This matrix form of the system of
equations is resolved using a modified form of the Gauss-
Jordan elimination technique, which was previously used by
El-Shaarawi [45]. To compute the W-velocity component,
the tangential £&-momentum equation (3) is solved by means
of Gauss-Seidel iteration. Finally, the V-component of the
fluid velocity at all the annular grid inner nodes is evaluated
by solving the continuity equation (1). These computational
steps are repeated at each advancing axial (vertical) location
until the pressure condition becomes zero (P =0), marking
the channel exit.

4. Results and Discussion

The Grashof number is not explicitly needed for the solution
process since it is embedded in the nondimensional equations
of the problem. Convective heat transfer and fluid flow phe-
nomena, during the computational analysis, are investigated
for different values of nondimensional eccentricity (E=0.1, 0.3,
0.5, 0.7) and the ratio of annular channel radii (y,=0.1, 0.3, 0.5,
0.7) to obtain values termed as optimum conductivity ratio
K, opt and optimum walls thicknesses &;op; and §,,0pt, allowing
maximum induced flow rate F and total heat absorbed Q in the
eccentric annular fluid for the above-mentioned geometry
parameters. Here, §; is fixed at half of the value of J, according
to the practical ranges of these parameters. Standard practical
outer and inner walls thicknesses and solid-fluid thermal
conductivity ratios [27] are used in the present analysis.
Numerical discrepancies can be lessened by increasing
the number of grid nodes or, in other words, reducing the
size of the mesh. In order to obtain a grid-free solution,
twelve separate sizes of the mesh for the fluid annular
channel and outer and inner cylinder walls are tried.
Summary of some of those for the selected parameters is
shown in Table 1. The parameters H F,1 eIX and HF ix are the
nondimensional heat fluxes averaged on the i inner and outer
cylinder walls at the channel exit, Nu; !  and Nu,, ix are the
Nusselt numbers averaged inner and outer cylinder walls at
the channel exit, and 0" is the dimensionless mean bulk
temperature at the channel exit. Case 1. I represents the
boundary condition of the first kind, which is obtained by
isothermally heating the inner side of the inner cylinder wall
while keeping the outer side of the outer cylinder wall at the
temperature of inlet fluid (ambient). On the other hand,
Case 1. O is obtained by interchanging these boundary
conditions between the cylinder walls. Combinations of 30
divisions in #- and &-directions in the eccentric annular
channel and 30 divisions in R- and ¢-directions in the
cylinder walls are taken as reference mesh sizes. After
running the computer code for all mesh sizes, grids of 25
divisions in #- and &-directions in the fluid annular channel
and 25 divisions in each R- and ¢-directions in the
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cylindrical walls are selected. These mesh sizes represent an
acceptable percentage difference (<0.2%) of the selected
parameters from the reference mesh values and reasonable
computational time. Moreover, the standard dimensions of
outer and inner tubes presented by El-Shaarawi et al. [27]
indicate that the outer wall thickness is almost double that of
the inner one.

Based on this proportion, two mesh combinations in R-
direction for the outer and inner cylinder walls are further
tested as shown in Table 2. It is evident from the results of the
selected parameters that the mesh combination of 20 & 10
segments in R-direction in the outer and inner cylinder walls,
respectively, provides a good compromise between percentage
difference of parameter values (<0.4%) from those of reference
mesh size, i.e., 25 & 25 segments and the code execution time.
Hence, the outer and inner cylinder walls mesh sizes in R- and
¢-directions become 20 x 25 and 10 x 25, respectively.

The adequacy of the present numerical model is estab-
lished through special runs of FORTRAN computer code
capable of solving conventional (without conjugation,
K,— 00) and conjugate cases of both forced and natural
convection. Forced convection can be simulated in the
present computer code when the inlet velocity of fluid flow
U, surpasses the inlet velocity for natural convection [42]. In
the code, to simulate the conventional cases, the ratio of solid
and fluid thermal conductivities is increased (K,=1000)
while cylinder walls thicknesses are decreased (§,=0.002
and §;=0.001) substantially. The outcomes of these special
computer runs are presented below.

First, the present numerical model is validated through
simulating conventional natural convection in the con-
centric annular channel and comparing the results of local
Nusselt number NU;, varying along the heated inner cylinder
wall in the axial (vertical) direction with those obtained
experimentally by Takahashi et al. [32] at a modified Grashof
number Gr# =5.1x10". They used a stainless-steel inner
heated cylindrical pipe and a heatproof vinyl resin outer
cylindrical pipe. They also wrapped the outer pipe with an
insulating material to minimize the heat loss through it, thus
making it an adiabatic wall. They considered the ratio of the
diameters of the inner and outer cylindrical pipes as d;/d,
(x2) =0.64. The concentricity of the cylinders in the present
theoretical model is achieved by taking a very small value of
E=0.01. Figure 2 shows numerical model results in good
agreement with the experimental ones.

Secondly, the present code is run to simulate the results
of conventional fully developed forced convection to
compare with those obtained by Trombetta [13], El-Shaarawi
and Haider [26], and Shah and London [46]. (dp/dz); is the

fully developed pressure gradient and ﬁ: fI & m} fI 4 and
mi} 4 are heat flux and Nusselt numbers at the inner and

outer annulus interfaces in the fully developed region.
Thermal boundary conditions of first kind Case 1. I are
imposed on the cylinder walls. The comparison is shown in
Table 3 below. It is observed that 0.363%, 0.124, and 1.348%
are the maximum discrepancies between the present com-
puter code outcomes and those obtained by Trombetta, El-
Shaarawi, and Haider, and Shah and London, respectively.
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TaBLE 2: Two mesh combinations in R-direction of outer and inner cylinder walls.
Parameters/mesh size 30=0.2, 6;=01
10 & 20 12 & 25 25 & 25
HEY Value 2.03697 2.03753 2.03656
hex % err. 0.020 0.048
HTE Value —-7.580 exp - 01 —-7.600 exp - 01 —-7.560 exp - 01
oex % err. 0.316 0.462
Nt Value 3.37503 3.37371 3.36884
hex % err. 0.184 0.145
Nt Value 1.91307 1.91780 1.91182
0ex % err. 0.065 0.313
L1 Value 3.960 exp — 01 3.960 exp — 01 3.950 exp - 01
mhex % err. 0.250 0.148
Time (min.) Value 12.9 14 18.3
) % ratio 70.492 76.503
100.0 5
10.0 5
Z
.
Z
1.0
0.1 T T T T )
0.0 0.2 0.4 0.6 0.8 1.0
Z/L
—— Present Work

A Takahashi [32]

FIGURE 2: Results of local Nusselt number along the inner cylinder heated wall in the axial (vertical) direction compared with those of
Takahashi et al. [32], K, = 1000, y,=0.64, &;=0.001, &,=0.002, N =30, M =30, NSI =10, NSO = 20.

Thirdly, the Nusselt number for typical conventional
natural convection flow averaged at outer and inner annular
channel interfaces for cases 1. I and 1. O are compared with
those of Mokheimer [47]. Figure 3 shows that the obtained
findings agree well with those of [47].

Only representative results are presented due to space
limitations. Figure 4(a) depicts the behavior of flow rate F
induced in the eccentric annular channel with varying
channel height L at different increasing values of the ratio of
solid and fluid thermal conductivities K, for case I. Two
trends are observed for the variation of flow rate with
channel height for case I. For channels with short height,
when the conductivity ratio increases, the flow rate increases,
and then it starts decreasing beyond a certain value of
conductivity ratio. The reason is that when the conductivity
ratio increases, the heat energy entering the fluid through the
inner wall increases without much influence of the outer wall
causing the mean bulk temperature 0,, and the buoyancy
force of the annular channel fluid to increase. Consequently,
the axial momentum of the fluid, which is being calculated
by the axial momentum equation, increases and results in a
rise in the induced flow rate into the channel. When K,

exceeds a certain value, the outer wall effect dominates with
the improved thermal conductivity allowing the heat to flow
in its radial and circumferential (azimuth) directions. This
reduces the amount of Q and 8,, in the annular channel fluid
leading to a decrease in the induced flow rate. However, for
high channels (L>0.032), only one trend of decreasing
induced flow rate with conductivity ratio is observed. This is
attributed to the rise in the thermal conductivity within the
cylinder walls and a consequent reduction in Q in the fluid.
The trend of having a rise in the induced flow rate up to a
certain value of thermal conductivity ratio K, and then a
drop in its value is also observed in case O for a range of
channel heights as shown in Figure 4(b). It means, initially,
when K, increases, the heat flow from the outer cylinder wall
into the annular channel is resisted to flow through the inner
insulated wall. This causes an increase in 8, of the annular
channel fluid leading to an increase the induced flow rate.
Beyond a certain value of thermal conductivity ratio K,, the
heat conduction in the radial and azimuth directions within
the cylinder walls become prominent, causing the heat
contents in the fluid to reduce and consequently decrease the
induced flow rate. Here, it is worth mentioning that greater
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TaBLE 3: Comparison with available conventional forced convection results for eccentric annular channel having linear axial increment,

K,=1000, E=0.6, y,=0.5, §;=0.001, §,=0.002, Pr=0.7.

Quantities/results Current El-Shaarawi and Haider % err. Current Shah and London % err.
(dp/dz)fd 32.247 32.207 0.124 32.247 31.818 1.348

Current El-Shaarawi and Haider % err. Current Trombetta % err.
HF,; 3.595 3.593 0.056 3.595 3.582 0.363
m};d 5.741 5.738 0.052 5.741 5.746 0.087
Nty 14 4762 4762 0.008 4762 4754 0.168

11.0
10.0
9.0
8.0
[Z 7.0
6.0

5.0 4
4.0 4

3.0

1.0

Nu‘l,'j«d Nuo’fd

0.1 0.3

— Present Work
,,,,, Mokheimer [47]

0.5 0.7 0.9
E

FIGURE 3: Present results of average Nusselt number along the outer and inner interfaces for cases 1. I and 1. O for conventional natural
convection compared with those of Mokheimer [47], K, =1000, x,=0.5, §,=0.002, §;=0.001, N =20, M =20, NSO =25, NS =25.

flow rate induced in the channel in the case of convection
heat transfer means a larger convective heat transfer coef-
ficient leading to an enhanced rate of heat transfer.

Due to this variation in the trend of induced fluid flow
rate, for cases I (short channels) and O (substantial range of
channel heights), there is a need to determine thermal
conductivity ratio K, that induce the maximum possible flow
rate for each given eccentricity E and annular channel radius
ratios x,. These thermal conductivity ratio K, values can be
referred to as the optimum conductivity ratio K, ,p.
However, this analysis is extended to case O only since the
short channels for case I do not essentially exhibit hydro-
dynamic and thermal full development, which may be in-
significant to analyze. Four nondimensional channel heights
are used for the analysis, these being 0.008, 0.01, 0.012, and
0.014. Figures 5(a) and 5(b) show the induced flow rate F
plotted against the thermal conductivity ratio K, for the four
specified channel heights in a fluid annular channel (y, = 0.5)
at E=0.1 and 0.5, respectively, for case O. From these figures,
it can be observed that for each channel height considered,
there exists an optimum thermal conductivity ratio K, op at
which maximum flow rate is induced in the annular channel.
It is also observed that peak flow rates F exist over a narrow
range of K, ., for the four-channel heights investigated.
From this observation, it can be stated that for each ec-
centricity, the channel height does not influence K,
significantly. This observation enables us to take the mean of
the optimum thermal conductivity ratio K, at these
channel heights for each eccentricity E and plot such values

against the eccentricity as shown in Figure 6. A polynomial
curve of second-order is fitted to the plotted data points. It is
eminent from the figure that an increase in the eccentricity
in turn increases the optimum thermal conductivity ratio
K, opt- This also means that the maximum induced flow rate
for a given channel height can be achieved at larger K, qp
with increasing eccentricity. The values of K, ., versus E are
also presented in Table 4.

A similar analysis is carried out for different radius ratios
at the same channel heights, i.e., 0.008, 0.01, 0.012, 0.014 for
case O. Only one representative figure, i.e., Figure 7 for
X2=0.3 is presented here due to space constraint. This figure
presents the plot of thermal conductivity ratio K, versus the
induced flow rate F for a given eccentricity E = 0.5. The figure
depicts peak values of F existing over a narrow range of K,. o
for the given channel heights. Taking the mean values of the
optimum thermal conductivity ratio K, o at these channel
heights for each radius ratio y, and plotting these values
against y, show an increase in K, ., with 5 as can be seen in
Figure 8. The values of K, ., versus y, are also presented in
Table 5. Hence, these findings can help design an efficient
vertical eccentric channel for effective natural convection
cooling by inducing the maximum possible flow rate for
given radius ratio, eccentricity, and walls thicknesses.

The cumulative heat absorbed until the channel exit Q in
the annular fluid follows the same trend as for the flow rate
for case O, which can be seen in Figure 9. The figure depicts
the existence of peak values of Q at a range of channel
heights while increasing K. Since F has a direct relationship
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FIGURE 4: Induced flow rate versus channel height for different K,, E=0.5, y,=0.5, §,=0.2, §;=0.1; (a) case I and (b) case O.
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FIGURE 5: F vs K, at different channel heights for case O for different eccentricities, y,=0.5, §,=0.2, §;=0.1; (a) E=0.1, (b) E=0.5.

with Q, physical interpretation can be given in a similar way
as presented earlier for the induced flow rate.

In order to understand the phenomenon more, tem-
perature profile representative results for the selected values
of K, across the channel at widest (y = 0) and narrowest gaps
(y=1) for case O are presented in Figures 10(a) and 10(b).
These temperature profiles are obtained at an axial, i.e., the
vertical location of 1.006 x 10~2. An important observation is
the decrease of the temperature gradient across the heated
cylinder wall with conductivity ratio K;. This is attributed to
their improved thermal conductivities with K,. In
Figure 10(a), the temperature profile across the widest gap
(y=0) follows a similar pattern observed in Figure 4(b).
Initially, the temperature profile goes up with K, but after a
certain value, the profile starts to go down, the reason being
the improved conduction in the inner cylinder at larger
values of K,.

Figures 11(a) and 11(b) show the flow rate variation
with channel height at different cylinder walls thicknesses
0, and 6, for cases I and O, respectively. For case I, in-
creasing both walls thicknesses increases the flow rate
induced into the channel. This is because while the inner
cylinder wall resists the heat to enter the fluid annular
channel, the outer wall, which is twice as thick as the inner
one with the larger surface area, prevents it from leaving
the fluid annular channel. This allows the mean bulk
temperature 0,, and hence the buoyancy force in the
eccentric annular channel to rise. This, in turn, increases
the channel flow rate. On the contrary, it is observed in
Figure 11(b) for case O that when the annular channel
cylinder walls become thicker, the induced flow rate F
after the initial increase starts to decrease. The reason is
that when the cylinder walls are thin, heat from the outer
heated wall enters the fluid annular channel. As the walls
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FIGURE 6: K, op¢ versus E for case O, y,=0.5, §,=0.2, §;=0.1.

TaBLE 4: Optimum conductivity ratio K, ., at different values of
eccentricity E.

E 0.1 0.3 0.5 0.7
K opt 5.39 7.00 9.29 15.38
0.0120 1
0.0115
1/
0.0110 1
F 1 .
0.0105 .
0.0100
0.0095 1 . . . . ,
0.0 10.0 20.0 30.0 40.0 50.0
K?’
—L=0008 - L=0.01
==L =0.012 -—-L=0014

FiGure 7: F vs K, at different channel heights for case O for radius
ratio x,=0.3, E=0.5, §,=0.2, 6;=0.1.

thicken, the resistance of the inner insulated wall to
conduct heat increases and allows more heat to be trapped
in the annular channel. This causes the heat contents to
increase in the fluid and hence the buoyancy force
resulting in a rise in the induced flow rate into the
channel. After certain thicknesses of the walls, a thick
outer wall with the same nature as a wall with a low
conductivity ratio resists the heat to flow through it. This
consequently reduces the amount of heat reaching the
annular space and hence reduces Q in the annular channel
leading to a reduction in the induced flow rate.
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S
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FIGURE 8: Ko Versus y, for case O, E=0.5, §,=0.2, §;=0.1.

TaBLE 5: Optimum conductivity ratio K.y at different values of
radius ratio y,.

X2 0.1 0.3 0.5 0.7
Kropt 3.09 8.62 9.29 24.38
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..... Kr=5 ------ Kr =1000

FIGURE 9: Total heat absorbed versus channel height for different
K,, E=0.5, y,=0.5, 6,=0.2, §;=0.1 for case O.

Since the induced flow rate reversal with walls thick-
nesses is observed for case O (Figure 11(b)), therefore, an
analysis similar to that of K, is also carried out here for case
O. The fixed relationship between &; and 6, (§;=% 6,) is
considered while presenting the results of only one wall
thickness, i.e., §,. Figure 12 shows the variation of F with
outer wall thickness §, at four different channel heights, i.e.,
0.004, 0.006., 0.008, and 0.010, for E=0.5. It is noted in this
figure that for each channel height, F reaches a peak value
corresponding to a specific value of §,. A similar variation of
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FIGURE 10: Temperature profiles across the channel, at the (a) widest and (b) narrowest gaps, at Z=1.006 x 1072 for different values of K,

(Case O), E=0.5, y,=0.5, §,=0.2, 6;=0.1.
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F1GURE 11: Induced flow rate versus channel height for different §, and J;, K,=10, E=0.5, y,=0.5; (a) case I and (b) case O.

F with &, is observed for other eccentricities. The value of §,
with the corresponding peak value of F for each eccentricity
is termed as the optimum outer wall thickness &, op¢. It is also
noted in the figure that peak values of F exist over a narrow
range of §, op at different channel heights. A similar trend is
observed for other eccentricities. Therefore, 8, op¢ is averaged
at these channel heights for each eccentricity and plotted
versus E as shown in Figure 13. A polynomial curve of
second-order fitted to the plotted data points in the figure

shows that increasing the eccentricity results in an in-
crease in the optimum outer wall thickness J, op. This also
means that the maximum induced flow rate for a given
channel height can be achieved at larger §, o, with in-
creasing eccentricity. The values of §, o Versus E are also
presented in Table 6. A similar analysis is carried out for
different radius ratios at the same channel heights, i.e.,
0.004, 0.006, 0.008, 0.01 for case O. Only one represen-
tative figure, i.e., Figure 14, shows the plot of F versus §,
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FIGURE 12: F vs §, at different channel heights for case O at E=0.5,
K,=10, y=0.5.
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FIGURE 13: §, ¢ Versus E for case O K, =10, y,=0.5.

TaBLE 6: Optimum wall thickness J, p at different values of ec-
centricity E.
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FIGURE 14: Fvs §, at different channel heights for case O for radius
ratio x,=0.3, K, =10, E=0.5.
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FIGURE 15: §,,4p Versus x, for case O K, =10, E=0.5.

TaBLE 7: Optimum wall thickness §,, ., at different values of radius
ratio x».

E 0.1 0.3 0.5 0.7

X2 0.1 0.3 0.5 0.7

Soopt 0.14 0.21 0.24 0.36

So.0pt 0.09 0.15 0.24 0.31

for a given radius ratio (y,=0.3) is presented here. Fig-
ure 15 presents the mean values of &, ,p¢ plotted versus y,.
The plot shows increasing 8,,,¢ with y,. The values of 6, ¢
versus y, are also presented in Table 7.

Figure 16 shows the cumulative heat absorbed until the
channel exit Q in the annular fluid varying with channel
height at different wall thicknesses for case O. It is obvious
from the figure that as the walls become thicker, the amount
of Q in the fluid annular channel increases because the thick
wall (inner insulated wall for case O) resists the heat to flow
through it radially, which eventually traps the heat in the
annular channel leading to an increase in Q and eventually

enhances induced flow rate and heat transfer. However, after
certain thicknesses of the walls, the amount of Q in the fluid
annular channel starts decreasing. This is attributed to the
less amount of heat conducted through a substantially thick
outer heated cylinder wall.

The temperature profile along the symmetry line
stretching across the channel is also helpful in understanding
the wall thickness effect on the flow rate induction into the
channel as shown in Figures 17(a) and 17(b) for case O on
the widest (y=0) and narrowest (y=1) gap sides of the
annular channel at a vertical location of 8.363 x 107>, It is
known that thick walls resist heat flow to a greater extent
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FIGURE 17: Temperature profile across the channel, at the (a) widest and (b) narrowest gaps, at an axial location of 8.363 x 10~ for different

values of §; and 6, (case O), K, =10, E=0.5, y,=0.5.

than thin walls. However, for case O, the annular temper-
ature profile exhibits an anomalous pattern as the cylinder
walls grow in thickness, as is shown in Figures 17(a) and
17(b). The reason for this phenomenon is already given
above.

5. Conclusions

Coupled conduction-laminar natural convection (conju-
gate) flow and heat transfer in a vertically positioned annular

channel with eccentricity is numerically investigated. Nu-
merical solution results are obtained for a Newtonian fluid
with Prandtl number Pr=0.7 in a fluid annular channel with
radius ratio y, and nondimensional eccentricity E each
varying from 0.1 to 0.7. Commonly practiced ranges of the
ratio of solid and fluid thermal conductivities (K,=1-1000)
and nondimensional cylinder = walls thicknesses
(6,=0.02-0.8 and J;=0.01-0.4) are investigated. The effects
of the ratio of solid and fluid thermal conductivities K, and
cylinder walls thicknesses §, and §; on the induced fluid flow
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rate F and the cumulative heat absorbed Q in the annular
fluid at different channel height is studied at various ec-
centricities E and annular channel radius ratios y, for the
boundary conditions (imposed on cylinder walls) of the
third kind.

Results reveal that the induced flow rate F and the total
heat absorbed Q in the annular fluid increase for case I,
whereas these first increase and then decrease for case O
when the thermal resistance of the cylinder walls is im-
proved; i.e., the ratio of solid and fluid thermal conduc-
tivities is reduced or cylinder walls thicknesses are increased.
It is worth mentioning that the anomalous phenomenon
observed for case O may also exist in short eccentric
channels for case I but not that significant. This phenom-
enon has, thereby, become the motive to determine the
optimum thermal conductivity ratio K, o and the optimum
outer wall thickness &, o, both independent of the channel
height, at which one can attain maximum induced fluid flow
rate and convective heat transfer. Both K, o and §,,0p in-
crease nonlinearly with the geometry parameters, i.e., E and
X2- In general, the conjugate effect becomes noticeable as the
thermal resistance of the cylinder walls is increased. Hence,
it can be concluded that for the given geometry parameters E
and y, under the boundary conditions of the third kind with
outer wall isothermally heated and inner wall insulated,
shorter channels with suitable values of optimum thermal
conductivity ratio K, o, and cylinder walls thicknesses &, o
and J; op¢ can be incorporated allowing maximum F into the
annular channel for effective natural convection cooling. The
results of this study can be useful and can be transferred to
the drilling operation in the drill rigs of oil and gas ex-
traction. Natural convection in the idealized shear-thinning
liquid mud can be useful to passively cool down the hot drill
pipe within the outer wellbore wall during idle periods.

Nomenclature

a: The positive polar location of the bipolar
coordinate system on the Cartesian x-axis, ,; sinh
n; or 1, sinh #,

e: Eccentricity (nonconcurrency of the centers of the
two circular cylinders making the eccentric
annular channel), a(coth #, — coth #;)

E: Nondimensional eccentricity, e/ (r;, — ;)

(dp/ Fully developed pressure gradient

dZ)de

ky. Fluid thermal conductivity

ky: Solid thermal conductivity of solid

K, Solid-fluid conductivity ratio, ky/ky

h: Coordinate transformation scale factor,
al (coshn — cosé)

H: Nondimensional scale factor for coordinate
transformation, h/D),

HF;:  Nondimensional heat flux averaged on the inner

cylinder wall

Nondimensional heat flux averaged on the outer
cylinder wall

Nondimensional volumetric flow rate,

F = Uo (1 - X%)
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Gr: Modified Grashof number, Gr D, /I

i n-direction bipolar grid and R-direction cylindrical
grid index

J: &-direction bipolar grid and ¢-direction cylindrical
grid index

L: Nondimensional height of vertical annular channel
(value of Z at channel exit), I/Gr*

NSL R-direction inner cylinder wall intervals

NSO:  R-direction outer cylinder wall intervals

Nu;: Localized Nusselt number for the inner solid-fluid
interface

Nu;: Nusselt number averaged on the inner cylinder
wall

Nu,:  Nusselt number averaged on the outer cylinder
wall

P Nondimensional fluid Pressure gradient inside the
annular channel at any cross-section,
(P' D)/ (p2y*Gr*)

Q: Nondimensional cumulative heat absorbed until
the annular channel exit, i.e., values of Q at z=1,
F 6rn,ex

M: &- and ¢-directions intervals in the annular
channel and cylinder walls, respectively

N: y-direction intervals in the annular channel

R: First transverse cylindrical coordinate (radial)

AR;: (x, — x1)/NSI
AR,: (X4 — x3)/NSO

Tiit Radius of the inner surface of the inner cylinder

Toit Radius of the outer surface of the inner cylinder

Tio! Radius of the inner surface of the outer cylinder

Toot Radius of the outer surface of the outer cylinder

T, Fluid temperature at the annular channel entrance

T,: Temperature of the isothermally heated wall

V: Nondimensional #-velocity component, vD,/y

Uy Entrance or average (mean) axial velocity, &

U,: Nondimensional velocity in the axial direction at
annular channel entrance, (u,r2)/(lyGr*)

U Nondimensional velocity in the axial direction at
any point, (ur3)/(lyGr*)

W: Nondimensional velocity component in
&-direction, wD,,/y

Z: Nondimensional coordinate in the axial direction,
z/ (IGr*)

AZ: Nondimensional step increment in the axial
direction, Az/(IGr*)

Greek Letters

n: 1 value on the inner annular channel interface,

- 1 value on the outer annular channel interface

p:  Coefficient of volumetric thermal expansion

n:  First bipolar coordinate in the transverse direction
inside the annular channel

An: Mesh size of the numerical grid in #-direction,
(’71’ - 770)/ N

0: Nondimensional temperature, (T - T,)/(T,, —T,) for
isothermal walls case

y:  Normalized value of &, &/n



Second transverse cylindrical coordinate (tangential)

Inner cylinder wall nondimensional thickness, y, — y;

Outer cylinder wall nondimensional thickness, x4 — x3

Ratio of r;; and r;,, 7;/7;,

X2 Ratio of r,; and r;, (radius ratio of the eccentric annular
channel), r,;/r;,

x3: Nondimensional radius of the inner surface of the outer
cylinder, r;,/r;, = 1

Xa: Ratio of r,, and 7,,, 7,,/7;,

& Second bipolar coordinate in the transverse direction

inside the annular channel.

2.

—
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