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This study addresses the intricate interplay of magnetohydrodynamics (MHD), thermal radiation, and porous media effects, which are
crucial in numerous engineering applications, including aerospace, energy systems, and environmental processes. The development of
a mass-based hybrid nanofluid model signifies a novel approach, potentially yielding more accurate predictions and insights into the
thermal behavior of fluids in diverse scenarios. Thus, the current research explores the heat transfer characteristics of a unique
nanofluid known as TiO, (titania)-CuO (copper oxide)/H,O (water) hybrid nanofluid. This nanofluid flows past a static or moving
wedge considering the impact of thermal radiation and magnetic field in the appearance of porous medium. To calculate the effective
thermophysical attributions of the hybrid (TiO,-CuO) nanofluid, a mass-based strategy is employed. This approach involves analyzing
the masses of both the first and second nanoparticles, along with the mass of the base fluid, as essential input parameters. The proposed
mathematical model is modified to a dimensionless form by applying similarity transformations. The numerical solution is obtained by
utilizing the bvp4c built-in function within the MATLAB environment. Graphs illustrate the influence of various parameters on
temperature and velocity trends, including the magnetic field parameter and heat absorption/generation parameter as well as the
thermal radiation parameter. It is noted that along with the enhancement in the values of parameters related to porous medium or
magnetic field, the velocity of the hybrid nanofluid improves. This occurs when the moving wedge parameter’s value is below
1. Conversely, when the moving wedge parameter’s value exceeds 1, the velocity of the hybrid nanofluid decreases. The shape factor is
more effective in the temperature profile for developed inputs of heat absorption/generation parameter. A juxtaposition of en-
hancement in heat transfer rate due to nanofluid (TiO,/H,0) and hybrid nanofluid (TiO,-CuO/H,0) is likewise presented. The main
outcome indicates that the hybrid nanofluid exhibits superior thermal conductivity relative to the conventional nanofluid.

1. Introduction

Nanofluid is a blend of fundamental fluids (mainly liquids)
such as ethylene glycol, water, and engine oil, and
nanometer-sized solid particles (Ag, Cu, and Al), which was
first introduced by Choi [1]. He observed that the thermal
capability of traditional fluids was enhanced when

nanoparticles were scattered into the above-mentioned base
fluids. Due to the stability and reactivity of metallic nano-
particles, their uses are limited in the field of nanofluid
applications. Viewing the features of nonmetallic and me-
tallic nanoparticles, it can be observed that the thermo-
physical properties of a nanofluid, which is a composition of
Al, O3 nanoparticles in fundamental fluid, can be enhanced
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by adding metal nanoparticles in it [2]. Many researchers use
oxide nanoparticles to boost the thermal conductivity of
working base fluid which signifies that oxides are a good
substitution for metal nanoparticles and carbon nano-
particles. Nanofluids are widely used in nanotechnologies
due to its several order larger thermal conductivities than
traditional fluids such as ethylene glycol, water, and different
oils. Due to high thermal conductivity at low cost, long-term
stability, and good fluidity, nanofluids are also utilized in
different industrial and engineering areas. Nayak et al. [3]
have shown some experimental results for thermal expan-
sion behavior of several nanofluids as application of heat
removal systems considering various nanoparticles such as
ALO3;, CuO, SiO,, and TiO,. Dinarvand and Pop [4]
evaluated heat transfer of an electrically conductive nano-
fluid (copper/water) with the effect of cross-magnetic field
applying Tiwari-Das nanofluid model over a revolving cone.
There is growing interest in the advanced level of nanofluid
called “hybrid nanofluid,” which is produced by combining
distinct kinds of nanoparticles within an already-existing
nanofluid. Hybrid nanofluid has high effective thermal
conductivity when it is compared to mono nanofluids (a
nanofluid with one type of nanoparticles). Due to the ex-
cellent characteristics of hybrid nanofluids, they are helpful
for many applications, including electronic cooling, heat
interchangers, lubrication, solar heating, refrigeration, nu-
clear system cooling, defense, biomedical, drug reduction,
and space aircraft. Using both single and dual nanoadditives,
Jana et al. [5] looked into improving fluid thermal con-
ductivity. Baghbanzadeh et al. [6] analyzed the consequences
of hybrid nanostructures such as multiwall carbon nanotube
and silica nanospheres on thermal conductivity of related
basic fluid. Nuim Labib et al. [7] explored the impact of
convective heat on two different base fluids with mixing of
Al,O; as nanoparticles. Numerical investigation is carried
out on forced convection of pure-water-based nanofluid
(AL;05/H,0) and hybrid nanofluid (Al,0;-Cu/H,0) in
turbulent regime by Takabi and Shokouhmand [2]. Sunder
et al. [8] have published a research article that focuses on
thermal attributes, heat transfer features, and virtues of the
friction factor of hybrid nanofluid. In the appearance of
chemical reaction and thermal radiation, Hayat and Nadeem
[9] pointed out that the nanofluid with more than one type
of nanoparticles has a rich heat transfer rate relative to single
particle nanofluid. Garia et al. [10] and Jat and Sharma [11]
have studied nanofluids over different surfaces to analyze
fluid flow and heat transfer phenomena. There are several
studies (both theoretical and experimental) available on
hybrid nanofluids to explain their applicability over simple
nanofluids. To understand thermal performance of hybrid
nanofluid (Al,O3-Cu/water), Momin [12] and Suresh et al.
[13] have represented some useful experimental data. For the
purpose of studying the mixed convection movement of
hybrid nanofluid in an upward-facing microchannel, Xu and
Sun [14] offered a comprehensive hybrid nanofluid model
with numerous types of nanoparticles lying in a fundamental
fluid. Sagheer et al. [15] investigated how nonuniform heat
sources/sinks affect the flow of an upper-convected Maxwell
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nanofluid along a stretching surface heated by convection.
They ensure the accuracy of their numerical findings by
utilizing the shooting technique, supplemented with the
bvp4c MATLAB function. Shah et al. [16] conducted a de-
tailed numerical analysis examining the flow of upper-
convected Maxwell (UCM) nanofluids in 3-D, which were
induced by a stretching surface. Their primary objective was
to explore the influence of nanoparticles on heat and mass
transfer within this specific scenario. They developed
a model that accounted for thermophoresis and Brownian
motion effects to better understand the phenomenon.
Because of its variety of uses in astrophysics, geophysics,
and technology during the past few decades, the magne-
tohydrodynamic (MHD) nanofluid concept has gained more
significance. Due to the significant behavior of MHD at high
temperature, it attracts tremendous interest from re-
searchers in fields such as reactors, satellites, gas turbines,
missiles, and microelectronics. Magnetohydrodynamic
(MHD) is a term for the influence of a magnetic field on
a moving fluid that was initially examined by Alfvén [17].
Sparrow and Cess [18] conducted a study that delved into the
occurrence of natural convection in an electrically con-
ducting fluid when subjected to the influence of a magnetic
field. Makinde and Aziz [19] conducted a numerical in-
vestigation to examine the behavior of a nanofluid flow
within the boundary layer over a stretching sheet subjected
to convective boundary conditions. Thermal radiation holds
a crucial role in the functioning of space technology
equipment, particularly when operating under extremely
elevated temperatures. Hady et al. [20] and Pal et al. [21]
delved into the examination of the viscous movement and
heat transfer in a radiative nanofluid over a sheet that ex-
periences nonlinear stretching or shrinking. Meanwhile,
Anwar et al. [22] described the effect of heat generation or
absorption on the magnetohydrodynamic (MHD) move-
ment of a nanofluid across a porous moving surface, which
also involved chemical reactions. The movement of water-
based nanofluid involving buoyancy effects and thermal
radiation in control of a transverse magnetic field was an-
alyzed by Rashidi et al. [23]. Das et al. [24] explored mixed
consequences of Joule heating and viscous dissipation in the
context of magnetohydrodynamic slip flow occurring over
an inclined plate. Devi and Devi [25] have presented a nu-
merical study, which is focused on the hydromagnetic hy-
brid nanofluid (Cu and Al,O; as nanoparticles in base fluid
water) movement past a spongy and stretchable surface. A
numerical analysis is carried out by Kandasamy et al. [26] for
the effects of nanoparticle shapes on the MHD flow of
nanofluid with thermal radiation over a porous sheet.
Ghadikolaei et al. [27] and Sheikholeslami and Shamlooei
[28] explored the influence of a generated magnetic field on
thermophysical characteristics of hybrid nanofluid and
mono nanofluid, with particular consideration given to the
impact of the shape factor. Ashorynejad and Shahriari [29]
conducted an investigation on the phenomenon of natural
convective flow within an open wavy cavity for a hybrid
nanofluid, which is composed by mixing of Al,O3; and Cu
nanoparticles in water while applying a uniform magnetic



Journal of Engineering

field. Choudhary and Jarwal [30] conducted a study ex-
ploring the characteristics of MHD nanofluid flow,
addressing the consequence of thermophoresis, Brownian
motion, Navier slip, and convective heating, over an
extending sheet. Atif et al. [31] studied how MHD micro-
polar nanofluid behaves when it flows past a surface that is
being stretched. Instead of using traditional models, they
used advanced non-Fourier and non-Fick’s models to an-
alyze the system in detail. They also looked at various factors
such as viscous dissipation, thermal radiation, and Ohmic
heating, which were all included in the energy equation.
Choudhary and Chand [32] investigated the heat transfer of
a magnetohydrodynamic nanofluid movement past a cir-
cular cylinder using thermal radiation and Joule heating.
Jarwal et al. [33] undertook an investigation aimed at
evaluating rise in heat transfer due to flow of two distinct
nanofluids, namely, Ag-H,O and Cu-H,O. Their analysis
took into account the influence of some external factors,
including thermal radiation and magnetic field. The findings
of their study led them to conclude that Cu-H,O nanofluid
exhibits greater convective heat transfer capabilities than
Ag-H,0 nanofluid. Mohana and Rushi Kumar [34] con-
ducted an investigation of the unsteady three-dimensional
hybrid nanofluid flow with convective heat transfer past
a stretching sheet, employing the Darcy-Forchheimer
model. They specifically focused on the study of the behavior
of nanofluid made of cadmium telluride and graphite
nanoparticles of brick and blade shapes suspended in water.
This analysis considered the impact of viscous dissipation
and Joule heating on the nanoparticles’ behavior in the
nanofluid flow. Mohana and Kumar ([35, 36]) delved into an
examination of how the shape of nanoparticles influences
the hydromagnetic flow of a nanofluid consisting of copper
and water, exploring various effects in the process.

Fluid flow with moving wedge called “Falkner-Skan
problem,” is an important phenomenon which is applied in
various engineering applications. Falkner-Skan flow anal-
ysis is significant for understanding the behavior of fluid
near a solid surface. The Falkner-Skan equations provide
solutions for the boundary layer thickness and velocity
distribution along a surface, offering valuable insights into
the drag forces experienced by objects moving through
fluids. This analysis is particularly relevant in aerospace
engineering, where minimizing drag is essential for opti-
mizing fuel efficiency and the overall performance of air-
craft. Moreover, Falkner-Skan flow plays a pivotal role in
diverse applications, ranging from heat exchangers to the
design of streamlined vehicles, contributing significantly to
the development and improvement of various engineering
processes and technologies. For instance, these activities
include crafting paper, the process of wire drawing, the art of
carpet making, and the shaping of plastic sheets, polymeric
sheets, and fiber mats, as well as shaping thin sheets. Ve-
locities related to fluid flow and wedge are proportionate to
each other in this phenomenon. Falkner and Skan [37] dealt
with the viscous flow in two dimensions across a nearly
infinite plate (wedge with zero angles) and numerically
solved the governing nonlinear PDEs, which are converted

to a self-similar type third-order ODEs known as the Fal-
kner-Skan equations. Ishak et al. [38] presented a theoretical
study entitled “Falkner-Skan equation for flow past
a moving wedge with suction or injection.” Numerous re-
search studies have been conducted to explore various as-
pects of nanofluid flow over wedges, taking into account
different parameters and conditions. Yacob et al. [39] have
explored the nature of a boundary layer flow past a sta-
tionary or moving wedge, where a wedge is placed within
a nanofluid. They performed the numerical analysis of the
flow problem with the help of NAG routine DO2HAF and
Keller box method. Tamim et al. [40] delved into the study of
magnetohydrodynamic mixed convection within the
boundary layer of a nanofluid flow. Specifically, their in-
vestigation focused on 2-D stagnation point flow over
a vertical permeable plate (wedge with 180-degree angles).
Nadeem et al. [41] looked into viscous fluid movement with
an induced magnetic field over a stationary/moving wedge.
Gaffar et al. [42] conducted a study on the topic entitled
“Computational modeling and solutions for mixed con-
vection boundary layer flows of nanofluid from a non-
isothermal wedge.” Sudhagar et al. [43] also explored mixed
convection flows with convective boundary conditions. They
studied how these conditions influenced heat and mass
transfers within a nanofluid. Specifically, their investigation
focused on flow over an isothermal vertical wedge that was
situated in a porous medium, notable for its non-Darcy
behavior. Dinarvand et al. [44] addressed an article to ex-
plore behavior of a 2-D boundary layer movement of
a hybrid nanofluid (TiO,-CuO/H,0) over a stationary or
dynamic wedge. Kumaran et al. [45] conducted research that
involved analyzing the numerical aspects of a 2-D, in-
compressible MHD Falkner-Skan flow. This flow pertains to
the Carreau nanofluid and was studied over a wedge, plate,
and stagnation region of a flat plate. This investigation
considered convective boundary conditions and chemical
reactions in the process. Bibi and Xu [46] investigated the
influence of homogeneous-heterogeneous responses on the
movement of magnetohybrid nanofluid within a symmetric
channel, while also considering the thermal radiation effect
and velocity slip condition. Rawat et al. [47] conducted
a comparative analysis of the flow characteristics over
a vertical cone and wedge immersed in a Cu-water nano-
fluid. Their investigation involved employing effective
models for thermal conductivity and viscosity. Additionally,
they have applied the zero-mass flux condition at the sur-
faces of both the cone and wedge. The laminar in-
compressible and electrically conducting magnetohybrid
nanofluid movement within an isothermal wedge in com-
bination with Joule heating and viscous heating was iden-
tified by Mahanthesh et al. [48]. In their research, Kakar et al.
[49] explored fluid flow at the stagnation point of a hybrid
nanofluid which is made by different nanoparticles (Al,O5
and Cu), with H,O as the fundamental fluid. They also
considered the influence of the melting heat transfer effect
while examining the flow past a dynamic wedge. Bhatti et al.
[50] discussed the benefits of using magnetic nanoparticles
for solar energy applications in the area of heat transfer.



Yaseen et al. [51] extended the Falkner-Skan problem to
encompass the effects of nanoparticle aggregation on
a stretching or shrinking wedge. Their model incorporates
the influence of magnetic field, thermal radiation, and
suction/injection effects. Kumar Rawat et al. [52] delved into
the flow characteristics of a titania-ethylene glycol nanofluid
(TiO,/EG) over a wedge, taking into account the influence of
nanoparticle aggregation. Their study aimed to contribute to
the advancement of the Falkner—Skan problem. This analysis
incorporated factors such as suction/injection effects, mixed
convection, and nonuniform heat source/sink within the
flow scenario. Kumar et al. [53] presented a numerical
solution to tackle the complex interaction between non-
linear radiation and chemical reactions in an MHD
Williamson nanofluid flow around a moving permeable
wedge. Their research accounted for factors such as heat
generation, Brownian motion, and thermophoretic effects,
providing a comprehensive understanding of these in-
tricate phenomena. Bing Kho et al. [54] revealed a nu-
merical simulation of MHD hybrid nanofluid movement
considering viscous dissipation and heat radiation over
a permeable wedge.

Currently, there is a lack of findings on the heat transfer
features of magnetohybrid (TiO,-CuO/H,0) nanofluid flow
past a stationary/moving wedge, considering thermal radi-
ation and porous medium impacts, using a mass-based
computational procedure based on existing literature in
the field of nanofluids and hybrid nanofluids. This study
aims to fill this gap by analyzing the aforementioned topic,
while also examining variations of the size factor on velocity
profile and temperature profile. During the investigation,
variations in heat transfer rate will be explored, particularly
when free stream velocity and moving wedge velocity are in
the same path or in the opposite direction. The base fluid and
nanoparticles are considered to make a homogeneous
working fluid, in which fluid and particles, both are in
thermal equilibrium. The Tiwari and Das [55] model is used
as a nanofluid model. By utilizing similarity conversion, the
governing model, which is in the form of boundary layer
equations, is reduced to a dimensionless form. Also, nu-
merical findings are attained by applying the MATLAB
built-in function “bvp4c.” For bvp4c code validation, the
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present problem is also solved using a shooting technique
with the Runge-Kutta fourth-order method. Through
graphical representations or tabulated data, the study ex-
plores the influence of many parameters, including nano-
particle shape factor and mass on velocity profile,
temperature profile, and heat transfer characteristics. Code
validation results and residual errors are also presented via
tables.

In this study, we are investigating an appealing scenario
involving an electrically conducting water-based hybrid
nanofluid. The considered hybrid nanofluid contains two
disjoint nanoparticles, named TiO, (titania) and CuQO
(copper oxide). Our focus lies on a steady 2-D boundary
layer flow, whereby the fluid moves past a stationary or
moving wedge. The flow characteristics are expected to be
laminar, and the nanofluid is treated as incompressible
throughout the analysis. The thermal conditions of the
fundamental fluid, in this case, water and introduced
nanoparticles (TiO, and CuO), have been assumed to be in
equilibrium, preventing any occurrence of thermal slip
between them. To characterize the geometric configuration,
we define x-axis as running parallel to the surface of the
wedge and the y-axis as oriented normal to it. We apply
a magnetic field with variable intensity B(x) directed ver-
tically towards the wedge’s surface. Figure 1 shows the
physical configuration of the flow problem. To describe the
considered hybrid nanofluid known as TiO,-CuO/H,0,
a two-step process is employed. Firstly, titania (TiO,)
nanoparticles are uniformly dispersed into a base fluid.
Subsequently, copper oxide (CuO) nanoparticles are in-
troduced into the TiO,/water nanofluid. Table 1 presents the
thermophysical characteristics of both the base fluid and
nanoparticles at a specific temperature of 25°C. Further, it is
also supposed that the velocity of the free stream is U (x) =
Uyox™ and T is temperature of the ambient hybrid
nanofluid, while u,(x)=U,x™ represents velocity of
a moving wedge, where U, U,,,, and m (within the range of
0-1) ([51, 52]) are constants and T', is surface temperature of
the wedge. Wedge angle is 8 such that = 2m/(m + 1).

The governing equations of conservation of mass, mo-
mentum, and energy for hybrid nanofluid are presented as
follows, employing the boundary layer approximation [39].

ou v _, (1)
ox oy
2

WO g ey T Oty s 2 U0) 2)
Ox 0y  dx ppy 0y Phnf Py Ko

or  oT T Q,(T-T) 1 og,
Ut Ve = Qs t+ - = (3)
ox Oy fayZ (PCP)hnf (PCP)hnf oy
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FIGURE 1: Visual representation and the corresponding coordinate system.
TaBLE 1: Comprehensive thermophysical characteristics of nanoparticles and base fluid ([3, 4, 50]).
p (kg/m?) % (W/m K) C, (J/kg K) o (S/m)
Titania (TiO,) 4250 8.9538 686.2 2.38 x106
Copper oxide (CuO) 6500 17.65 533 5x107
Pure water 997.1 0.613 4179 0.05

and corresponding boundary conditions are as follows:

u=u,(x), T=T,v=0aty=0; (4)

u—U(x),T — T, wheny — oo. (5)

Here, the varying magnetic field is B(x) = Byx™?
(L/ x)” 2. where B, is constant and L is characteristic length,
K, = K;x™™(x/L) is the porous medium’s permeability, and
Q, = Q,x™(L/x) is heat generation/absorption.

Thermophysical characteristics of hybrid nanofluid in
terms of their effectiveness as density py,,, specific heat for
certain pressure (C,);,s heat capacitance (pC,)y,s dy-
namic viscosity g, s, and thermal diffusivity e, ; are defined
as follows ([9, 27]):

Phnf = ¢(ps) +(1- ¢)(Pf), (CP)hnf = ¢(CP)S+ (1- (/5))

s = By P Khnf
"= (pcy)

hnf

(6Cp )y = [9(p) + (1= 9)(p)] x[8(C,), + (1= 9(C,), |
(6)

The ¢, p;, and (C,); provide corresponding volume
fraction, density, and specific heat for certain pressure of
nanoparticles. These quantities can be calculated by the
following formulas (Sunder et al. [8]):

_ (p1 X wy) + (py X w,)

Ps wy +w,
R e CAR RS R CA N

¢ = (wy +w,/p;) , .
(wf/pf) + (w; +w,/p;) )

(wi/py)
welps) +(wilp)) + (walp,)

¢1=(

(w,/p,) _
welpe) + (wilpy) + (wylpy)

¢2=(

Here, we have three distinct masses represented by w,
w;, and w,, corresponding to fundamental fluid, the initial
nanoparticle, and the subsequent nanoparticle, respectively.
Each nanoparticle and the base fluid are characterized by
their respective densities, denoted as p;, p,, and p,. Fur-
thermore, the specific heats of the first and second nano-
particles are represented as (C,); and (C,),, respectively.
Additionally, both ¢, and ¢, represent the volume fraction
of the initial and subsequent nanoparticles, respectively.

From the Hamilton-Crosser model ([9, 27, 46]), we
enumerate thermal conductivity «,, and electric conduc-
tivity o,,¢ of nanofluid with single particle as follows:



Kt Kf(”l -1) _(Kf - "1)‘/’1 (n, - 1)

fnf = i+ kg (= 1) +(kp— )y < ®
v :‘71{1+(”1_1)¢1}+(”1_1)0f(1_¢1)0
" 01(1_¢1)+‘7f{(”1_1)+¢1} F

Kt _ Ky + Kuy (n, - 1) ‘(an - K2)¢2 (n, - 1) « Ky + Ky (n, - 1) ‘(Kf - K1)¢1 (n, - 1)
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where n, is the shape factor for the nanoparticle.
Using the above model, we define thermal conductivity
Kna and electric conductivity oy, for the hybrid nanofluid

(TiO,-CuO/water) as follows ([14, 46]):

Kf K2+an(”2_1)+("nf_"2)¢2 K +Kf(”1_1)+(Kf_K1)¢1 ’ (©)
Oy _ 0oL+ 5 (1 ~ D} + (1, ~ )0y (1 =) 0n{L+,(m — D} +(m ~ D)oy (1-¢1)
O 02(1_¢2)+0nf{(”2_1)+¢2} 01(1_¢1)+0f{(”1_1)+¢1} '

T* = 4TT> - 3T%.. (11)

To determine the effect of nanoparticles on hybrid
nanofluid flow, their thermophysical properties are in-
corporated in Table 1.

Radiative heat flux, determined through the application
of the Rosseland approximation, is represented as follows:

oT* (46"
R e 10
ar oy <3k* )’ (10)

where k* represents absorption coefficient, and ¢* stands for
Stefan-Boltzmann constant. By disregarding higher-order
terms and assuming that T* can be elaborated as a Taylor
series about T',,, we obtain the following equation:

_[m+Uu@]” (205U ()
(ol T B A T

vax

The dimensional stream function, denoted as y, can be
represented by the following expression:

u = (0y/dy) and v = —(0y/0x) are its standard form.
The symbol f stands for nondimensional stream function, 0

Applying equation (11) to equation (10), we obtain

oT (160" T dq, 0T (160°T>
el il ] h r_ T2 e
q, 8y< e >and ence 3y 8y2< 3 > (12)

We utilize the subsequent similarity conversion to
change the governing equations into a set of dimensionless
nonlinear ODEs (White [56]):

T-T,,

_— 13
T T.. (13)

12
] f(n)and 0(n) =

for the nondimensional temperature distribution, and # for
the similarity variable.

Equations (2) and (3) are combined with equations (5),
(8), (11), and (13) to create the system of nonlinear ODEs as
shown in the following equation:

A1fm +f'f +/3<1 - flz > - (24,AsM +2AK) (f' -1) =0, (14)

A,
Pr

(A;+R) 0" + f6' +2A,Q0

(15)
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with the coupling of boundary conditions in terms of f and 6:

where prime is employed to indicate the derivative con-
cerning the variable 7.

—_— —_— ! —_— —_— .
f) =060 =11 () = Aaty =0; (16) The following equations are the parameters utilized in
, equations (14)-(17):
f (n) — 1,0(n) — O0wheny — oo, (17)
2m Ui /.“ (pCP) Kpn Ohn p Uw
ﬁ:—l,Alz hf/f)A_ f,A3= hf,A4= hf,A5= f,AzU_, (18)
N o A
b U oBL ok o LQ, _16To0" (19)
ocf’ (m+ 1)U00pf’ (m+ 1)U K, (m+ 1)Uoo(pcp)f’ 3k*1cf ’

Here, M represents the magnetic field parameter, A
stands for parameter associated with moving wedge, K
denotes the permeability parameter, Q represents the pa-
rameter related to heat absorption/generation, and R cor-
responds to the radiation parameter. Furthermore, we have
five distinct constants: A;, A,, A;, A, and A..

Bnn f
Cy,

The reduced skin friction coefficient and the Nusselt
number are determined by substituting equations (6) and
(13) into equation (20) as follows:

where Re, = (U(x)x/vf) represents the local Reynolds
number.

2. Numerical Method

By using the in-built function “bvp4c” in MATLAB software,
the nondimensional momentum equation (14) and energy
equation (15) have been numerically solved along with the
associated boundary conditions (15). The bvp4c method in
MATLAB offers several advantages compared to other
methods for solving boundary value problems (BVPs). One
notable strength lies in its versatility, as bvp4c is well-suited
for handling a wide range of linear and nonlinear BVPs
arising from various scientific and engineering applications.
It employs a collocation approach, which discretizes the
problem domain into a set of collocation points, providing
accurate and stable solutions. The adaptive mesh refinement
feature enhances efficiency by automatically adjusting the
grid during the solution process, optimizing computational

A p——
Uz(x)P_f ay y:O’ * Kf(Tw_Too) hnf 3k* a)/ y:O)

zRex 1/2 1 ) 2 1/2 Khnf '
<m+ 1) Cr. =(1_4¢)25f (0), (m) Nu, =( K +R>9 (0),

We encounter two significant nondimensional quanti-
ties of paramount importance; the first is the skin friction
coefficient and the second is the local Nusselt number. These
quantities can be precisely described in a subsequent
manner:

(20)

(21)

resources. Additionally, bvp4c supports a user-friendly in-
terface, simplifying the implementation of complex BVPs.
Its robustness, flexibility, and efficiency make bvp4c a pre-
ferred choice for researchers and engineers when tackling
diverse boundary value problems within the MATLAB
environment. In order to convert resulting boundary layer
equations into ODEs of first-order in the present problem,
the following terms are introduced to the following
equation:

f, :fz,
=1 (22)
0=f4
0 = f..

Using the abovementioned substitutions, the following
system of first-order ODEs is obtained:



f{:fz)
f2I=f3’

fi= (A%) [(fg - 1)/5 = f1fs+(2AAM +2AK)(f, - 1)]» [

fzisz)

Pr

fs= —{AZ(A3+R){}[f1f5+2A2Qf4]}~

with initial conditions
n=0:f1=0,f,=Afs=a10, f4=1 f5=0y (24)

Here, a,, and «,, are unknown quantities. The first time
we assume these unknowns and afterward, these are ap-
proximated within bvp4c coding itself such that boundary
conditions at # — oo, ie, f, — 1 and f, — 0 are
satisfied. From the computational point of view, we have
considered # in the interval [0, 5] instead of the unbounded
interval [0, 0o). We employed a step size h = 0.05 and an
error tolerance value 1 x 107 for computational accuracy.
For the validation of our “bvp4c” code, we have also pre-
pared a MATLAB code of Runge-Kutta fourth-order
method along with shooting technique (RK-S) for the
present problem taking the same step size and error toler-
ance, and results are presented in tabular form.

3. Results and Discussion

Using the in-built function “bvp4c” in the MATLAB software,
we perform numerical analysis of the system of dimensionless
ODEs represented by equation (23) with associated boundary
conditions specified in equation (24). The parameters we
consider for the computation fall within a specific range of
values such as 1.0<K<3.0, .0<M<3.0, -5.0<Q<5.0,
0.1<R<2.0, -0.6<1A<0.6, 3.0<n <57, 3.0<n,<57,
0.0<¢<0.1002, 0.0<¢, <0.630, 0.0<¢,<0.412, and
0<B<1. The standard values of parameters are taken into
account during the entire process of numerical computations
as K=1.0, M=1.0, Pr=6.2, Q=0.1, R=0.1, §=1/3 (m=0.2)
and A = —0.4 unless stated separately. In the present study, we
have used nanoparticles with four distinct kinds of shape
which are sphere, brick, cylinder, and platelets; further cor-
responding values of shape factor parameter (n) for these
shapes are 3.0, 3.7, 4.9, and 5.7, respectively. In the present
study, A > 0 indicates that both wedge and fluid are moving in
same direction, whereas A <0 signifies that wedge and fluid
are moving in opposite directions.

Initially, the impact of varying inputs of permeability
parameter (K) on velocity and temperature profiles is il-
lustrated in Figures 2 and 3, correspondingly. With an
enhancement in permeability parameter (K), the nature of
velocity and temperature profiles exhibit distinct
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characteristics. Figure 2(a) shows that when A <0 (A = -0.4),
velocity profiles improve with an increment in data of K.
When A >0, velocity profiles increase for A = 0.4 while these
profiles drop down for A = 1.4 with the rise in inputs of K; as
seen in diagram 2(b). Figure 3(a) declares that when A <0
(A = -0.4), the temperature profiles fall as the values of
permeability parameter (K) grow. Figure 3(b) shows that
when A >0, the temperature profiles reduce for A = 0.4 and
increases for A = 1.4 as values of K increase. Figures 4 and 5
illustrate how changes in magnetic field parameter (M)
influence both velocity and temperature distributions.
Figure 4(a) reveals that when M increases, the velocity
profiles for the present hybrid nanofluid accelerate when
A <0 (A =-0.4). As demonstrated by Figure 4(b), when 1 > 0,
the velocity profiles increase for A = 0.4 while they diminish
for A = 1.4 as the value of M increases. When charged
particles, such as electrons or ions, move through a magnetic
field, they experience a force known as the Lorentz force. The
magnitude and direction of this force depend on the charge
of the particle, its velocity, and the strength and orientation
of the magnetic field. If the direction of the magnetic field
remains constant, an increase in the magnetic field strength
will result in a stronger force acting on the charged particle;
therefore, the velocity of the fluid reduces for increasing
values of the magnetic field parameter. The particle might
experience acceleration or deceleration, depending on its
initial velocity. In the current investigation, when the free
stream velocity surpasses the wedge velocity, an escalation in
the magnetic field parameter results in an increase in fluid
velocity. Conversely, when the wedge velocity exceeds the
free stream velocity, the fluid velocity experiences a decrease
for escalating values of the magnetic field parameter.
According to Figure 5(a), when A <0 (A = —0.4), tempera-
ture profiles decline as value of magnetic parameter (M)
grows. As seen in Figure 5(b), when A > 0, the temperature
profiles reduce for A < 1 and increase for A > 1 as the value of
M increases. Figure 6 illustrates how changes in heat ab-
sorption/generation parameter (Q) influence the tempera-
ture profile. It confirms that improved inputs of Q cause an
elevation in temperature profiles. On the other hand, Fig-
ure 7 shows how the temperature profile is affected by the
radiation absorption parameter (R). The observation drawn
from this graph indicates that an improvement in R creates
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FiGURE 3: Influence of K along with #n; and n, on temperature profile when (a) A <0 and (b) 1> 0.

a corresponding enhancement in the temperature profiles of
the nanofluid. As the radiation absorption parameter rises,
there is an associated increase in the internal energy of the
nanofluid, resulting in a temperature elevation. This tem-
perature rise is attributed to the conversion of absorbed
energy into heat, consequently raising the internal energy of
the nanofluid. Figure 8 has been constructed to examine the
effect of the dynamic wedge parameter (1) on velocity
distribution, and observation from this diagram illustrates
that the velocity profile for the hybrid nanofluid is higher
when A > 0, while the velocity profile of the hybrid nanofluid
is lesser when A < 0. Figure 9 illustrates how the temperature

profile is affected by variations in the moving wedge pa-
rameter (A). It is indicated that for raising inputs of A,
temperature profiles decrease. In addition to Figure 6, it is
concluded by Figures 2-9 that growing values of the shape
factor parameter (n, and »,) enhance the velocity and
temperature profiles for the nanofluid flow across a moving/
static wedge, together with magnetic field effects, thermal
radiation effects, and the porous medium parameter. Fig-
ure 6 illustrates that the shape factor exerts a greater in-
fluence on temperature distribution, particularly when the
heat generation parameter (Q) attains higher values. Si-
multaneously, the effect of shape factors (n, and n;) becomes
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FIGURE 5: Influence of M along with n; and n, on temperature profile when (a) A <0 and (b) 1> 0.

negligible for increasing values of R, which is clearly ob-
served in Figure 7. Here, static wedge is represented by A = 0.
The Hartree pressure gradient parameter, denoted by f,
signifies a complete wedge angle, represented by . Further,
p=1(m=1) demonstrates boundary layer flow in the vi-
cinity of the stagnation point of an upright flat plate, §=1/3
(m=0.2) represents the wedge flow with a complete angle
71/3, and f=0 (m=0) reflects the flow over a smooth hor-
izontal plate. An opposite pattern is observed in Figure 10
for both velocity and temperature patterns with distinct
values of 8. Figure 10 displays that velocity profiles of hybrid
nanofluid continuously diminish while temperature profiles
of the same increase when boundary layer flow shifts their
position from the stagnation point of an upright smooth
plate to a horizontal flat plate. Figures 11 and 12 show,
respectively, a comparison of [(2Re, )/ (m + D]Y2C I (local

skin friction coefficient) and [2/{Re, (m + 1)}]1/2Nux (local
Nusselt number) in terms of various values of w; and w, by
considering A = —0.4 and A = 0.3. Figures 11 and 12 exhibit
that whenever mass of each nanoparticle enhances, so does
[(2Re,)/ (m+1)]"*C; and [2/{Re, (m + 1)}]"*Nu,. Fur-
thermore, the skin friction coefficient for A = 0.3 is less than
that of A = —0.4, and the local Nusselt number for A = 0.3 is
larger than that of A = —0.4. Based on these findings, it is
possible to conclude that flow of hybrid nanofluid over
a wedge considering that both fluid and wedge are moving in
the same direction (A>0) gives better results when com-
pared with the opposite direction movement (A <0). Of all
the fluid models we are considering here, the highest
[2/{Re, (m + 1)}]1/ *Nu, (heat transfer rate) and greatest
[(2Re,)/ (m + RS . (skin friction coefficient) occurs in
case of HNF4 hybrid nanofluid model for both A = —0.4 and
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A =0.3, which highlight the benefits of using hybrid
nanofluid over single nanofluid and pure water. Of all the
nanoparticle’s sha]pe we are considering here, the highest
[2/{Re, (m + 1)}]1 zNux (heat transfer rate) occurs in case of
platelet shape (n; =n,=5.7) of nanoparticles for both A =
—0.4 and A = 1.4. Table 2 conveys the standard values of the
shape factor parameter (n) of nanoparticles, and Table 3
indicates the various kinds of fluid situations investigated for
the present study. Admirable results ([38, 39, 44]) have been
detected on viewing Table 4, which is formulated for the
[(2Re,)/ (m + D]Y2C I (local skin friction coefficient)
considering fluid as pure water (¢ = ¢, = ¢, =0), static
wedge (A =0), and several values of 8. Table 5, which is
formulated for [ (2Re, )/ (m + 1)] 12c o and Table 6, which is
formed for [2/{Re, (m + 1)}]1/2Nux (ﬁsing Maxwell-Garnet
model for «;, /¢ [39]) considering TiO,-water nanofluid
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(i.e., ¢, = 0) and static wedge (i.e., A = 0) with various values
of ¢ = ¢, and f3, also gives good agreement with published
results ([39, 44]).

Table 7 displays variations in [ (2Re, )/ (m + 1)]"*C ¢ for
a variety of numerical inputs assigned to parameters
employed in the present investigation using the bvp4c and
the RK fourth-order method with shooting technique (RK-
S). Table 8 presents a summary of alterations in
[2/{Re, (m + 1)}]1/2Nux across various numerical inputs
assigned to the parameters analyzed in this study. These
calculations were performed using the bvp4c method and
the RK 4™ order method with a shooting technique (RK-S).
Additionally, Table 7, it is observed that larger inputs of K,
M, and f correspond to an increase in the
[(2Re,)/ (m + D]Y2C o while contrary outcomes observed
for A. Examining the data in Table 8 allows us to conclude
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F1GURE 11: Local skin friction coefficient [ (2Re,)/ (1 + 1)] 12¢ . of TiO,-CuO/water hybrid nanofluid estimated for several values of w; and
w,, when w;=100gm and n; =n, =3.
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TasLE 2: Different fluid models considered for the study.

Type RF NF1 NF2 NF3 NF4 HNF1 HNEF2 HNEF3 HNF4
wy (gm) 100 100 100 100 100 100 100 100 100
w, (gm) 0 15 30 0 0 15 15 30 30
w, (gm) 0 0 0 15 30 15 30 15 30

TaBLE 3: The prevalent values for nanoparticle shape factor (n).

S. no. 1 2 3 4
Shapes of nanoparticles Spherical Brick Cylinder Platelet
Structure . i m -
n 3.0 3.7 4.9 5.7

TasLe 4: Comparison of numerous values of f"(0) (skin friction coefficient) for various values of f, when
M=K=1=¢=¢, =¢,=w, =w, =0 and w; =100 gm.

B Dinarvand et al. [44] Ishak et al. [38] Yacob et al. [39] Present study
bvp4c RK-S

0 0.469600 0.4696 0.4696 0.469645 0.469645
1/6 0.654993 0.6550 0.6550 0.655000 0.655000
1/3 0.802125 0.8021 0.8021 0.802127 0.802127
1/2 0.927680 0.9277 0.9277 0.927680 0.927680
4/7 0.976824 — — 0.976825 0.976825
10/15 1.038900 — 1.0389 1.038903 1.038903
1 1.232587 1.2326 1.2326 1.232587 1.232587

TaBLE 5: Comparison of the values of skin friction coeflicient [(2Re,)/(m + e . for several values of  and ¢ = ¢; (TiO,-water
nanofluid), ¢, = 0, when M=K=1=0 and n, =3.

[(2Re,)/ (m+1)]"Cy,

= Present stud
P $=% Dinarvad et al. [44] Yacob et al. [39] ¥
bvp4c RK-S
0 0.1 0.616929 0.6169 0.616978 0.616978
0.2 0.797872 0.7978 0.798002 0.798002
0.1 1.364842 1.3648 1.364842 1.364842
10/15 (m=0.5) 0.2 1.765142 1.7651 1.765143 1.765143
1 0.1 1.619291 1.6192 1.619291 1.619291
0.2 2.094220 2.0942 2.094220 2.094220

TaBLE 6: Comparison of the values of local Nusselt number [2/{Re, (m + 1)}]"*Nu, for several values of  and ¢ = ¢, (TiO,-water
nanofluid), ¢, = 0, when M=Q=R=K=1=0, n, =3, and Pr=6.2.

[2/{Re, (m + 1)}]"*Nu,

B o=¢, . Present study
Dinarvad et al. [44] Yacob et al. [39]
bvp4c RK-S
0 0.1 1.018845 1.0189 1.018872 1.018872
0.2 1.156053 1.1561 1.156116 1.156116
0.1 1.246064 1.2460 1.246064 1.246064
10715 (m =0.5) 0.2 1.408206 1.4082 1.408205 1.408205
1 0.1 1.301085 1.3010 1.301084 1.301084

0.2 1.469032 1.4691 1.469032 1.469032
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K=1.0, M=1.0, Pr=6.2, Q=0.1, R=0.1, and f=1/3 (m=0.2).

TaBLE 7: Numerical values of skin friction coefficient [(2Re, )/ (m + 1)] l/szx, when w, =w, =30gm, w;=100gm, n, =n, =3, Q=0.1, and

R=0.1.
© o 5 N [(2Re,)/ (m + 1)]'*Cy,
bvp4c RK-S

1.0 1.0 1/3 -0.4 3.873648 3.873648
2.0 4.652700 4.652700
3.0 5.318913 5318913
1.0 2.0 1/3 -0.4 4.682742 4.682742
3.0 5.371386 5371386
1.0 1.0 0 -0.4 3.701487 3.701486
1 4.196968 4.196966
1.0 1.0 1/3 0.3 2.029297 2.029297
1.4 —1.238629 -1.238629

TaBLE 8: Numerical values of local Nusselt number [2/{Re,, (m + 1)}]”2Nux, when Pr=6.2, w, =w, =30gm, wy =100 gm, and n; =n, =3.

[2/{Re, (m + 1)}]"*Nu,

K M p R Q A bvp4c RK-S
1.0 1.0 1/3 0.1 0.1 -0.4 0.865840 0.865839
2.0 1.006022 1.006022
3.0 1.104281 1.104281
1.0 2.0 1/3 0.1 0.1 -0.4 1.010828 1.010828
3.0 1.111351 1.111350
1.0 1.0 0 0.1 0.1 -0.4 0.820067 0.820066
1 0.943022 0.943024
1.0 1.0 1/3 1.0 0.1 -0.4 1.365100 1.365100
2.0 1.842555 1.842554
1.0 1.0 1/3 0.1 -0.5 -0.4 3.002588 3.002585

0.5 —3.287662 —3.287664

1.0 1.0 1/3 0.1 0.1 0.3 1.685550 1.685550
1.4 2.762437 2.762434

a definite conclusion regarding the hybrid nanofluid model
HNF4; the [2/{Re,(m +1)}] l/zNux shows a tendency to
decrease as inputs of parameter Q improve. Conversely, the
parameters K, M, R, A, and § demonstrate an opposing trend,
where their increasing values lead to an escalation in the
[2/{Re, (m + 1)}]1/ ’Nu,. To validate the results obtained

from our present method “bvp4c,” we also perform calcu-
lations using Runge-Kutta fourth-order method along with
shooting technique. From Tables 4 to 8, we also observe that
the results obtained via both methods i.e., bvp4c and RK-S
have good agreement upto 6 decimal places which em-
phasize on validity of our used bvp4c code. Using both
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TaBLE 9: Numerical values of residual errors at the boundary (1 = 5) when Pr=6.2, w, =w, =30gm, w; =100 gm, and n, =n, =3.

Residual error for velocity

Residual error for temperature

K M B R Q A profiles profiles
bvp4c RK-S bvp4c RK-S

1.0 1.0 1/3 0.1 0.1 -0.4 2.489x107* 1.949x107° -1.877x107° —-5.202%1077
2.0 6.911x107° 5.042x107° 3.908 x 1072 —-2.831x 1077
3.0 2.732%107° 4.572x107° -7317x1071° —-2.071x 1077
1.0 2.0 1/3 0.1 0.1 -0.4 6.579x107° 6.160%x107° 9.470 x 1071 -2.942x1077
3.0 2.511%x107° 9.132x107° -7.359%x107"° -1.833x1077
1.0 1.0 0 0.1 0.1 -0.4 1.771 x 107* 6.920x107° -8.378x1071° -1.322x107%
1.276 x107* 8.055x107° 3.612x107% -1.933x1077
1.0 1.0 1/3 1.0 0.1 -0.4 2.489x107* 1.949x107° -1.529%10°° -1.023%x10°°
2.0 2.489x107* 1.949x107° -1.232x107* -1.199x 1077
1.0 1.0 1/3 0.1 -0.5 -0.4 2.489x107* 1.949x107° -1.623x107"3 —2.413%1077
0.5 2.489x107* 1.949%x107° -3312x107* -1.526 x107°
1.0 1.0 1/3 0.1 0.1 0.3 1.011x107* 9.173%x107° 6.288x107° —2.703%x1078
1.4 -7.360%x107° 3.584x107° —-5.015x107° -3.922x107°

methods, bvp4c and RK-S, we have also calculated residual
error in the boundary conditions at # =5 (in place of
# — 00) and the same are presented in Table 9.

4. Conclusions

This article delves into the analysis of a steady and in-
compressible movement of an electrically conducting hybrid
nanofluid (TiO,-CuO/H,0) over a moving wedge, while
taking into account some extra effects such as a porous
medium, thermal radiation, and magnetic field. Here, we
have applied a mass-based strategy to develop a one-step
hybrid nanofluid model. The main goal of this study is to
identify how the behavior of the TiO,-CuO/H,O hybrid
nanofluid flow is influenced by varying values of shape factor
and masses of nanoparticle. Similarity transformations and
bvp4c coding are utilized to solve the current issue and
results are obtained via MATLAB. Some major conclusions
are summarized as follows:

(i) The velocity profiles improve with larger values of
the shape factor parameter for A < 1, while declines
for A>1.

(ii) The shape factor is more effective for rich inputs of
heat absorption/generation parameter (Q) in the
temperature profile.

(iii) As the permeability parameter and magnetic field
parameter increase, a notable rise in velocity
profiles is observed when A < 1. Moreover, when
A>1, a decline in velocity profiles is detected.

(iv) Presence of moving wedge parameter supports
heat transfer enhancement when a wedge moves in
the direction of fluid motion.

(v) Addition of masses for each nanoparticle to the
fundamental fluid improves the heat transfer rate
as well as the shear stress.

(vi) In our considered values of A, maximum local
Nusselt number has been observed for A = 0.3 and
largest skin friction coefficient obtained for A =
—0.4 in case of HNF4 hybrid nanofluid model.

(vii) The implication of the shape factor on temperature
profiles exhibits an opposing trend to that of the
impact of radiation absorption parameter when
considering the same profiles.

(viii) The heat transfer rate accelerates as the complete
wedge angle is extended.

The incorporation of nanoparticles to improve heat
transfer has the potential to make various industries, such as
manufacturing, power generation, and chemical processing,
more energy-efficient. In aerospace, understanding how
fluids move over surfaces, like wedges, is crucial. By
experimenting with different types of nanoparticles in terms
of shapes and masses, new nanofluids could be created for
specific purposes beyond the current study. These applica-
tions range from biomedicine to advanced electronics
cooling. Exploring how nanoparticle characteristics impact
fluid flow could also aid in designing optimized nano-
particles for tasks like catalysis, sensing, and
delivering drugs.

In the realm of fluid dynamics and heat transfer, further
research could explore the incorporation of more sophis-
ticated nanofluid formulations and advanced hybrid models
to enhance the accuracy of predictions. Additionally, the
exploration of novel materials and innovative techniques for
embedding wedges in porous media could expand the range
of practical scenarios to which the model can be applied.
Integration with emerging technologies could also con-
tribute to refining the model’s predictive capabilities.
Moreover, the validation of the model through experimental
studies and real-world applications could establish its re-
liability and foster its adoption in diverse industrial and
engineering contexts, thereby contributing to the develop-
ment of more efficient and sustainable thermal management
systems.

Nomenclature

B,: Magnetic field strength (Kg s °A™")
Cp Specific heat for certain pressure (J/kgK)
K,: Permeability of the porous medium (m?)



f Dimensionless stream function

M:  Magnetic field parameter

T:  Temperature of the nanofluid (K)

Nu: Nusselt number

K:  Permeability parameter

Q,: Heat absorption/generation coefficient (W/m’K)
n:  Shape factor parameter

Cy: Skin friction coefficient

m:  Falkner-Skan power law parameter

Re:  Reynolds number

Ambient temperature (K)

Prandtl number

Heat absorption/generation parameter
Radiation absorption parameter

Wall temperature (K)

Moving wedge velocity (m/s)

v: Velocity component along x- and y-direction (m/s)
Weight of nanoparticles (kg)

}ﬂ

Fe.

SEEERF

Greek symbols

. Density (kg/m®)

Volume fraction of nanoparticles
Dimensionless temperature
Dynamic viscosity (kg/ms)
Similarity variable

Electric conductivity (Kg™'m ?s’A?)
Kinematic viscosity (m?*/s)

Hartree pressure gradient parameter
Thermal diffusivity (m?/s)

Moving wedge parameter

Thermal conductivity (m?/s)

ATRIPEIAIITE PER

Subscript

I:  TiO, nanoparticles

2:  CuO nanoparticles

hnf: Hybrid nanofluid

nf:  Nanofluid

F: Base fluid

2:  Mathematical formulation.
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