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At present, the electric power system is getting bigger and more complex, and its loading is also increasing. As a consequence,
planning, operation, and control of the power system also become more complicated. It is known that system planning and
operation are mostly based on the steady-state condition of the power system, and the system steady-state condition can only be
determined from the load flow study. )us, the development of a reliable and efficient method to solve the load flow problem is
necessary so that the system steady-state condition can properly be evaluated. Since the characteristics of the electric distribution
system are different from those of the transmission system, special treatments are usually required in the distribution system load
flow (DSLF) analysis. In this context, several interesting techniques have been proposed in the analysis. In this paper, the
application and extension of the trust-region method to solve the three-phase DSLF problem are proposed and investigated. Case
studies using 19-node, 25-node, and 123-node distribution systems are also given in this paper. Results of the studies show that the
output values obtained by the proposed method are in excellent agreement with those obtained by previously published methods.
)ese results confirm the validity of the proposed method. Case study results also indicate that the proposed method has better
computational performances than the forward/backward sweeping (FBS) method.

1. Introduction

Load flow (or power flow) analysis is basically a solution for the
normal operating conditions of a power system. )e results of
load flow analysis are normally used for system planning, basis
data in the operational stage, and electric power system op-
eration and control. Results obtained from load flow studies are
also used for system steady-state studies, optimum scheduling
of power generation, and system dynamic or stability studies.
)e significance of load flow analysis has attracted the attention
of many engineers for several decades. Many researchers have
spent much of their professional careers looking for solutions
to load flow problems. A number of efforts that have been
made to solve the load flow problem have produced a number
of methods reported in many technical publications [1].

)e Gauss-Seidel method was the first method that
solves the load flow problem digitally. )e method was
invented by Ward and Hale in 1956. However, the method

needs a significant amount of computer memory and iter-
ation number as the power system size increases. )e dis-
advantage of the Gauss-Seidel method triggers the
development of the Newton–Raphson method, which was
first developed by VanNess and Griffin [1]. In contrast to the
Gauss-Seidel algorithm, the Newton–Raphson-based
methods require only a small number of iterations to obtain
the solution. Moreover, the methods do not depend on the
size of the system network. )is advantage makes the
method applicable to large power systems and has widely
been used to solve the load flow problem of electric power
transmission systems [2–15].

However, the application of the Newton–Raphson-based
methods to electric power distribution systems can cause
some convergence problems. )ese convergence problems
arise because the characteristics of the distribution system
are different from those of the electric power transmission
system. Electric power distribution systems are usually
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characterized by (i) radial or weakly meshed network
structures; (ii) high ratio of line resistance/reactance (R/X);
(iii) very large number of branches and nodes; and (iv)
unbalanced network and load. )e characteristics (i)–(iii)
can cause singularity of the Jacobian matrix in the New-
ton–Raphson iteration schemes, and the solution will be
difficult or impossible to obtain. )e characteristic (iv), that
is, the system unbalance, requires that the system must be
modeled in three phases, and consequently, the three-phase
load flow study must be used instead of the single-phase load
flow study. )is will lead to additional computational effort.
)is computational effort will further increase if the load
flow calculation is carried out repeatedly, for example, the
case of service restoration, feeder reconfiguration, and op-
timal placement of capacitor. )us, in addition to being
reliable, the load flow solution method of an unbalanced
electric power distribution system also needs to be efficient.

Other researchers have also conducted investigations
into the load flow problem solution methods [16–25]. )ese
researchers use a method or technique that utilizes the radial
structure of the electric power distribution system. )is
technique is also known as the FBS technique. In finding a
solution to the load flow problem, the forward/backward
sweeping technique does not use the Newton–Raphson it-
erative scheme. )erefore, it does not have the convergence
issue as in the Newton–Raphson method. )e drawback of
this method is that it requires some complicated branch
numbering and bus ordering techniques. In the method
investigated and proposed in this paper, the load flow
problem is solved using the trust-region method. )e trust-
region method is commonly used to solve optimization
problems. However, several researchers have carried out
studies and applied the method to find a solution to a set of
nonlinear equations [26–29]. )e results of the studies show
that this method is very potential to be used as a technique to
solve a set of nonlinear equations. Results of the researchers’
studies also show that the trust-regionmethod can overcome
the case of a singular Jacobian matrix since the optimization
method is used in the solution updating process.

In [30], the trust-region method has successfully been
applied to find a solution to the single-phase DSLF problem.
However, in [30], the distribution system has been assumed
to be balanced, and the single-phase load flow method has
been used in the analysis. Since distribution systems are
inherently unbalanced and to obtain accurate results, the
system unbalance needs to be considered and taken into
account in the analysis. As a consequence, the distribution
systemmust bemodeled in three phases, and the three-phase
load flow method must be used in the analysis. )erefore, in
this paper, the application and extension of the trust-region
method proposed in [30] to three-phase load flow analysis
are investigated. )e contributions of the present paper can
be outlined as follows:

(i) )e developed algorithm has a better convergence
characteristic, and only a small number of iterations
are required in the calculation.

(ii) )e proposed method is more efficient; that is, the
load flow solution can be obtained with a minimum
computation time.

To be more systematic, this paper is organized as follows:
Section 2 discusses the formulation of the three-phase DSLF
problem. Section 3 continues with an explanation of the
proposed method for solving the load flow problem. Case
study is presented in Section 4, where validation of the
proposed method is also given. Finally, Section 5 points out
some important conclusions of the paper.

2. Formulation of Three-Phase DSLF Problem

Load flow problem is usually solved using node analysis
where the admittance matrix is frequently used in the
analysis. In terms of node quantities, the behavior of a three-
phase electric power distribution system can be explained
using the following relationship:

Iabc−YabcVabc
� 0, (1)

where Iabc is the vector of nodal currents,Vabc is the vector of
nodal voltages, and Yabc is the system admittance matrix.

For distribution system with n nodes, Iabc, Vabc, and Yabc

will have the following forms:
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Nodal current in (1) can be expressed in terms of nodal
voltage and nodal power as follows:

Iabc� diag Vabc
􏼐 􏼑􏽨 􏽩

− 1
SabcG − SabcL􏼐 􏼑􏼚 􏼛

∗
, (4)

where SabcG is the vector of powers entering the node
(generation powers) and SabcG is the vector of powers leaving
the node (load powers).
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For distribution system with n nodes, formulations for
SGabc and SLabc are given by
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Substituting (4) into (1) results in

diag Vabc
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∗
− YabcVabc
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Equation (7) is the formulation of the three-phase DSLF
problem. All of the variables (known and unknown) in the
formulation are shown in Table 1. It is to be noted that
distribution systems are normally fed at one node (sub-
station node). )erefore, in DSLF analysis, the substation
node is usually considered as a reference node, and the
voltage magnitude of this node (|VSS|) is specified at a certain
value (e.g., 1.0 pu). Moreover, as the system is only fed at the
substation node, power generations at the remaining nodes
(load nodes) will be zero. It can be seen that (7) is a set of
nonlinear equations which has to be solved in load flow
analysis to evaluate the steady-state condition of the dis-
tribution system. )e method of solution to these equations
is explained in the next section.

3. Solution Technique

3.1. Trust-Region Method. Similar to the Newton–Raphson
method, the iterative technique is also employed in the trust-
region method to find a solution to a set of nonlinear
equations [30]. Consider a general set of nonlinear equations
in terms of vector function F(x) as follows:
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where n is the number of equations, fi(x) is the ith nonlinear
equation, and x � x1 x2 . . . xn􏼂 􏼃

T is the vector of unknown
variables (to be calculated).

In the iterative method, (8) is solved using

x(k+1)
� x(k)

+ d(k)
, (9)

where k is the iteration count and d � d1 d2 . . . dn􏼂 􏼃
T is

the vector of correction factors.
In the Newton–Raphson method, the vector of correc-

tion factors is calculated directly. However, as the Jacobian
matrix for the distribution system is sometimes singular, the

calculation does not always succeed, and the solution cannot
be obtained. In the trust-region method, a different tech-
nique is used to calculate the vector of correction factors. It is
determined through the optimization process, where
inverting the Jacobian matrix is not required in the process.
In this way, the trust-region method can always produce a
valid solution. In the trust-region method, the vector of
correction factors is determined using

min
d(k)
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where Δ(k)> 0 is the radius of the trust region. Details on
how to choose the radius value in every iteration step can be
found in [26–30]. Also, in (10), quantity q(d(k)) is deter-
mined using
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. (15)

Elements of J(x) can be calculated analytically or nu-
merically. However, calculation using the numerical method
is more advantageous because the analytic formulations of
the partial derivative are sometimes difficult to obtain. An
explanation of the numerical method for the determination
of the Jacobian matrix is given in Appendix A.

Table 1: Known and unknown variables in DSLF formulation.

Node Known variable Unknown variable

Substation Vabc �

|VSS|∠0o

|VSS|∠ − 120o

|VSS|∠120o

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦ SabcG

Load SabcG � 0 0 0􏼂 􏼃
T Vabc
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3.2. Starting Values for Iteration. To initialize the iteration
process in the trust-region method, the following starting
values for the unknown variables can be used:

Substation power:

Sabc(0)
G � 􏽘

abc

Li

(total load in the system). (16)

Load node voltages:

Vabc(0)
i �

1∠0o

1∠ − 120o

1∠120o

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦. (17)

4. Case Study

4.1. Test Systems and Software Conditions. To validate the
method proposed in Section 3, the following three unbal-
anced distribution networks areused:

(i) 19-bus network [31, 32]

Single line diagram of this 11 kV distribution net-
work is shown in Figure 1. )e system (line and
load) data are given in (Tables 2 and 3).

(ii) 25-bus network [31]

Single line diagram of this 4.16 kV distribution
network is shown in Figure 2. )e system (line and
load) data are given in (Tables 4–6).

(iii) 123-bus network adopted from [33]

Single line diagram of this 4.16 kV distribution
network is shown in Figure 3. )e system (line and
load) data are given in (Tables 7–9).

It is to be noted that MATLAB® software has been used
for all of the computations in the present work (the proposed
method algorithm has been implemented as MATLAB®codes or m-files).
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Figure 1: 19-bus network.
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Figure 2: 25-bus network.

4 Journal of Electrical and Computer Engineering



4.2. Results andDiscussion. Output of the load flow analysis
in terms of system voltage magnitudes are shown in
Tables 10–12. For comparison purposes, output from other
methods (i.e., FBS method [16–25, 31, 32]) and results from
the OpenDSS tool [34] are also shown in the tables. It can
be seen that the output of the proposed method is in ex-
cellent agreement with those from other methods. )ese
results confirm the validity of the proposed method for
solving the three-phase DSLF problem. In addition,

Table 13 gives computational performances of the proposed
method and the FBS method. )e computations were run
on a PC with Intel Core 2 2.4 GHz processor. It can be seen
from Table 13 that the proposed method requires fewer
iterations, which indicates that it has a better convergence
characteristic. Moreover, the proposed trust-region
method is more efficient than the BFS method since the BFS
method consumes more computation time than the pro-
posed method.
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Figure 3: 123-bus network.

Table 2: Line impedance of 19-bus network.

No. Line Self-impedance (ohm) Mutual impedance (ohm)
1 1–2 3.0× (1.56090 + j0.67155) 3.0× (0.52030 + j0.22385)
2 2–3 5.0× (1.56090 + j0.67155) 5.0× (0.52030 + j0.22385)
3 2–4 1.5× (1.56090 + j0.67155) 1.5× (0.52030 + j0.22385)
4 4–5 1.5× (1.56090 + j0.67155) 1.5× (0.52030 + j0.22385)
5 4–6 1.0× (1.56090 + j0.67155) 1.0× (0.52030 + j0.22385)
6 6–7 2.0× (1.56090 + j0.67155) 2.0× (0.52030 + j0.22385)
7 6–8 2.5× (1.56090 + j0.67155) 2.5× (0.52030 + j0.22385)
8 8–9 3.0× (1.56090 + j0.67155) 3.0× (0.52030 + j0.22385)
9 9–10 5.0× (1.56090 + j0.67155) 5.0× (0.52030 + j0.22385)
10 10–11 1.5× (1.56090 + j0.67155) 1.5× (0.52030 + j0.22385)
11 10–12 1.5× (1.56090 + j0.67155) 1.5× (0.52030 + j0.22385)
12 11–13 5.0× (1.56090 + j0.67155) 5.0× (0.52030 + j0.22385)
13 11–14 1.0× (1.56090 + j0.67155) 1.0× (0.52030 + j0.22385)
14 12–15 5.0× (1.56090 + j0.67155) 5.0× (0.52030 + j0.22385)
15 12–16 6.0× (1.56090 + j0.67155) 6.0× (0.52030 + j0.22385)
16 14–17 3.5× (1.56090 + j0.67155) 3.5× (0.52030 + j0.22385)
17 14–18 4.0× (1.56090 + j0.67155) 4.0× (0.52030 + j0.22385)
18 15–19 4.0 × (1.56090 + j0.67155) 4.0× (0.52030 + j0.22385)
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Table 5: Type and length of conductor lines of 25-bus network.
No. Line Conductor type Length (ft)
1 1–2 1 1000
2 2–3 1 500
3 2–6 2 500
4 3–4 1 500
5 3–18 2 500
6 4–5 2 500
7 4–23 2 400
8 6–7 2 500
9 6–8 2 1000
10 7–9 2 500
11 7–14 2 500
12 7–16 2 500
13 9–10 2 500
14 10–11 2 300
15 11–12 3 200
16 11–13 3 200
17 14–15 2 300
18 14–17 3 300
19 18–20 2 500
20 18–21 3 400
21 20–19 3 400
22 21–22 3 400
23 23–24 2 400
24 24–25 3 400

Table 3: Loads of 19-bus network.

Node Phase a Phase b Phase c
P (kW) Q (kVAR) P (kW) Q (kVAR) P (kW) Q (kVAR)

1 0 0 0 0 0 0
2 10.38 5.01 5.19 2.52 10.38 5.01
3 11.01 5.34 5.19 2.52 9.72 4.71
4 4.05 1.95 5.67 2.76 6.48 3.15
5 6.48 3.15 5.19 2.52 4.53 2.19
6 4.20 2.04 3.09 1.50 2.91 1.41
7 9.72 4.71 8.10 3.93 8.10 3.93
8 7.44 3.60 5.34 2.58 3.39 1.65
9 12.30 5.97 14.91 7.23 13.29 6.42
10 3.39 1.65 4.20 2.04 2.58 1.26
11 7.44 3.60 7.44 3.60 11.01 5.34
12 9.72 4.71 8.10 3.93 8.10 3.93
13 4.38 2.13 5.34 2.58 6.48 3.15
14 3.09 1.50 3.09 1.50 4.05 1.95
15 4.38 2.13 4.86 2.34 6.96 3.36
16 7.77 3.78 10.38 5.01 7.77 3.78
17 6.48 3.15 4.86 2.34 4.86 2.34
18 5.34 2.58 5.34 2.58 5.52 2.67
19 8.76 4.23 10.05 4.86 7.14 3.45

Table 4: Line impedance of 25-bus network.

Conductor type Impedance (ohm/mile)
a b c

1
a 0.3686 + j0.6852 0.0169 + j0.1515 0.0155 + j0.1098
b 0.0169 + j0.1515 0.3757 + j0.6715 0.0188 + j0.2072
c 0.0155 + j0.1098 0.0188 + j0.2072 0.3723 + j0.6783

2
a 0.9775 + j0.8717 0.0167 + j0.1697 0.0152 + j0.1264
b 0.0167 + j0.1697 0.9844 + j0.8654 0.0186 + j0.2275
c 0.0152 + j0.1264 0.0186 + j0.2275 0.9810 + j0.8648

3
a 1.9280 + j1.4194 0.0161 + j0.1183 0.0161 + j0.1183
b 0.0161 + j0.1183 1.9308 + j1.4215 0.0161 + j0.1183
c 0.0161 + j0.1183 0.0161 + j0.1183 1.9337 + j1.4236
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Table 6: Loads of 25-bus network.

Bus Phase a Phase b Phase c
P (kW) Q (kVAR) P (kW) Q (kVAR) P (kW) Q (kVAR)

1 0 0 0 0 0 0
2 0 0 0 0 0 0
3 35 25 40 30 45 32
4 50 40 60 45 50 35
5 40 30 40 30 40 30
6 40 30 45 32 35 25
7 0 0 0 0 0 0
8 40 30 40 30 40 30
9 60 45 50 40 50 35
10 35 25 40 30 45 32
11 45 32 35 25 40 30
12 50 35 60 45 50 40
13 35 25 45 32 40 30
14 50 35 50 40 60 45
15 133 100 133 100 133 100
16 40 30 40 30 40 30
17 40 30 35 25 45 32
18 40 30 40 30 40 30
19 60 45 50 35 50 40
20 35 25 40 30 45 32
21 40 30 35 25 45 32
22 50 35 60 45 50 40
23 60 45 50 40 50 35
24 35 25 45 32 40 30
25 60 45 50 30 50 35

Table 7: Line impedance of 123-bus network.

Conductor type Impedance (ohm/mile)
a b c

1
a 0.4576 + j1.0780 0.1560 + j0.5017 0.1535 + j0.3849
b 0.1560 + j0.5017 0.4666 + j1.0482 0.1580 + j0.4236
c 0.1560 + j0.5017 0.1580 + j0.4236 0.4615 + j1.0651

2
a 0.4666 + j1.0482 0.1580 + j0.4236 0.1560 + j0.5017
b 0.1580 + j0.4236 0.4615 + j1.0651 0.1535 + j0.3849
c 0.1560 + j0.5017 0.1535 + j0.3849 0.4576 + j1.0780

3
a 0.4615 + j1.0651 0.1535 + j0.3849 0.1580 + j0.4236
b 0.1535 + j0.3849 0.4576 + j1.0780 0.1560 + j0.5017
c 0.1580 + j0.4236 0.1560 + j0.5017 0.4666 + j1.0482

4
a 0.4615 + j1.0651 0.1580 + j0.4236 0.1535 + j0.3849
b 0.1580 + j0.4236 0.4666 + j1.0482 0.1560 + j0.5017
c 0.1535 + j0.3849 0.1560 + j0.5017 0.4576 + j1.0780

5
a 0.4666 + j1.0482 0.1560 + j0.5017 0.1580 + j0.4236
b 0.1560 + j0.5017 0.4576 + j1.0780 0.1535 + j0.3849
c 0.1580 + j0.4236 0.1535 + j0.3849 0.4615 + j1.0651

6
a 0.4576 + j1.0780 0.1535 + j0.3849 0.1560 + j0.5017
b 0.1535 + j0.3849 0.4615 + j1.0651 0.1580 + j0.4236
c 0.1560 + j0.5017 0.1580 + j0.4236 0.4666 + j1.0482

7
a 1.5209 + j0.7521 0.5198 + j0.2775 0.4924 + j0.2157
b 0.5198 + j0.2775 1.5329 + j0.7162 0.5198 + j0.2775
c 0.4924 + j0.2157 0.5198 + j0.2775 1.5209 + j0.7521
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Table 8: Type and length of conductor lines of 123-bus network.

No. Line Conductor type Length (ft)

1 0–1 ∗ ∗
2 1–2 1 400
3 2–3 5 175
4 2–4 6 250
5 2–8 1 300
6 4–5 6 200
7 4–6 6 325
8 6–7 6 250
9 8–9 1 200
10 9–13 5 225
11 9–10 4 225
12 9–14 1 300
13 10–15 4 425
14 14–35 6 150
15 14–19 1 825
16 12–15 4 250
17 11–15 4 250
18 16–17 6 375
19 16–18 6 350
20 19–20 4 250
21 19–22 1 300
22 20–21 4 325
23 22–23 5 525
24 22–24 1 250
25 24–25 6 550
26 24–26 1 275
27 26–27 2 350
28 26–29 1 200
29 27–28 2 275
30 27–32 6 225
31 28–34 4 500
32 29–30 1 300
33 30–31 1 350
34 31–121 1 200
35 32–33 6 300
36 35–16 6 100
37 36–37 3 650
38 36–41 1 250
39 37–38 4 300
40 37–39 5 250
41 39–40 5 325
42 41–42 6 325
43 41–43 1 250
44 43–44 5 500
45 43–45 1 200
46 45–46 4 200
47 45–48 1 250
48 46–47 4 300
49 48–49 1 150
50 48–50 1 250
51 50–51 1 250
52 51–52 1 250
53 53–54 1 200
54 54–55 1 125
55 55–56 1 275
56 55–58 1 350
57 56–57 1 275
58 58–59 5 250
59 58–61 1 750
60 59–60 5 250
61 61–62 1 550
62 61–63 7 250
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Table 8: Continued.

No. Line Conductor type Length (ft)
63 63–64 7 175
64 64–65 7 350
65 65–66 7 425
66 66–67 7 325
67 68–69 4 200
68 68–73 1 275
69 68–98 1 250
70 69–70 4 275
71 70–71 4 325
72 71–72 4 275
73 73–74 6 275
74 73–77 1 200
75 74–75 6 350
76 75–76 6 400
77 77–78 1 400
78 77–87 1 700
79 78–79 1 100
80 79–80 1 225
81 79–81 1 475
82 81–82 1 475
83 82–83 1 250
84 82–85 6 675
85 83–84 1 250
86 85–86 6 475
87 87–88 1 450
88 88–89 4 175
89 88–90 1 275
90 90–91 5 225
91 90–92 1 225
92 92–93 6 300
93 92–94 1 225
94 94–95 4 275
95 94–96 1 300
96 96–97 5 200
97 98–99 1 275
98 99–100 1 550
99 100–101 1 300
100 101–116 1 800
101 102–103 6 225
102 102–106 1 275
103 103–104 6 325
104 104–105 6 700
105 106–107 5 225
106 106–109 1 325
107 107–108 5 575
108 109–110 4 450
109 109–117 1 1000
110 110–111 4 300
111 111–112 4 575
112 111–113 4 125
113 113–114 4 525
114 114–115 4 325
115 36–120 1 375
116 53–119 1 400
117 68–118 1 350
118 102–122 1 250
119 61–118 1 250
120 19–120 1 250
121 14–119 1 250
122 98–122 1 250
∗Transformer with impedance: Zaa �Zbb �Zcc � 0.017306 + j0.138444 ohms and Zab �Zac �Zbc � 0 ohms.
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Table 9: Loads of 123-bus network.

Bus
Phase a Phase b Phase c

P (kW) Q (kVAR) P (kW) Q (kVAR) P (kW) Q (kVAR)
0 0 0 0 0 0 0
1 0 0 0 0 0 0
2 40 20 0 0 0 0
3 0 0 20 10 0 0
4 0 0 0 0 0 0
5 0 0 0 0 40 20
6 0 0 0 0 20 10
7 0 0 0 0 40 20
8 20 10 0 0 0 0
9 0 0 0 0 0 0
10 40 20 0 0 0 0
11 20 10 0 0 0 0
12 40 20 0 0 0 0
13 0 0 20 10 0 0
14 0 0 0 0 0 0
15 0 0 0 0 0 0
16 0 0 0 0 0 0
17 0 0 0 0 40 20
18 0 0 0 0 20 10
19 0 0 0 0 0 0
20 40 20 0 0 0 0
21 40 20 0 0 0 0
22 0 0 0 0 0 0
23 0 0 40 20 0 0
24 0 0 0 0 0 0
25 0 0 0 0 40 20
26 0 0 0 0 0 0
27 0 0 0 0 0 0
28 0 0 0 0 0 0
29 40 20 0 0 0 0
30 40 20 0 0 0 0
31 0 0 0 0 40 20
32 0 0 0 0 20 10
33 0 0 0 0 20 10
34 40 20 0 0 0 0
35 0 0 0 0 40 20
36 40 20 0 0 0 0
37 0 0 0 0 0 0
38 40 20 0 0 0 0
39 0 0 20 10 0 0
40 0 0 20 10 0 0
41 0 0 0 0 0 0
42 0 0 0 0 20 10
43 20 10 0 0 0 0
44 0 0 40 20 0 0
45 0 0 0 0 0 0
46 20 10 0 0 0 0
47 20 10 0 0 0 0
48 35 25 35 25 35 25
49 70 50 70 50 70 50
50 35 25 70 50 35 20
51 0 0 0 0 40 20
52 20 10 0 0 0 0
53 40 20 0 0 0 0
54 40 20 0 0 0 0
55 0 0 0 0 0 0
56 20 10 0 0 0 0
57 0 0 20 10 0 0
58 0 0 0 0 0 0
59 0 0 20 10 0 0
60 0 0 20 10 0 0
61 20 10 0 0 0 0
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Table 9: Continued.

Bus
Phase a Phase b Phase c

P (kW) Q (kVAR) P (kW) Q (kVAR) P (kW) Q (kVAR)
62 0 0 0 0 0 0
63 0 0 0 0 40 20
64 40 20 0 0 0 0
65 0 0 75 35 0 0
66 0 0 0 0 0 0
67 35 25 35 25 70 50
68 0 0 0 0 0 0
69 20 10 0 0 0 0
70 40 20 0 0 0 0
71 20 10 0 0 0 0
72 40 20 0 0 0 0
73 0 0 0 0 0 0
74 0 0 0 0 40 20
75 0 0 0 0 40 20
76 0 0 0 0 40 20
77 105 80 70 50 70 50
78 0 0 40 20 0 0
79 0 0 0 0 0 0
80 40 20 0 0 0 0
81 0 0 40 20 0 0
82 0 0 0 0 0 0
83 40 20 0 0 0 0
84 0 0 0 0 20 10
85 0 0 0 0 20 10
86 0 0 0 0 40 20
87 0 0 20 10 0 0
88 0 0 40 20 0 0
89 40 20 0 0 0 0
90 0 0 0 0 0 0
91 0 0 40 20 0 0
92 0 0 0 0 0 0
93 0 0 0 0 40 20
94 0 0 0 0 0 0
95 40 20 0 0 0 0
96 0 0 20 10 0 0
97 0 0 20 10 0 0
98 0 0 0 0 0 0
99 40 20 0 0 0 0
100 0 0 40 20 0 0
101 0 0 0 0 40 20
102 0 0 0 0 0 0
103 0 0 0 0 20 10
104 0 0 0 0 40 20
105 0 0 0 0 40 20
106 0 0 0 0 0 0
107 0 0 40 20 0 0
108 0 0 40 20 0 0
109 0 0 0 0 0 0
110 40 20 0 0 0 0
111 0 0 0 0 0 0
112 20 10 0 0 0 0
113 20 10 0 0 0 0
114 40 20 0 0 0 0
115 20 10 0 0 0 0
116 0 0 0 0 0 0
117 0 0 0 0 0 0
118 0 0 0 0 0 0
119 0 0 0 0 0 0
120 0 0 0 0 0 0
121 0 0 0 0 0 0
122 0 0 0 0 0 0
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Table 11: Voltage profile of 25-bus network.

Node Proposed method FBS
|Va| |Vb| |Vc| |Va| |Vb| |Vc|

1 1.00000 1.00000 1.00000 1.0000 1.0000 1.0000
2 0.97020 0.97110 0.97545 0.9702 0.9711 0.9755
3 0.96323 0.96444 0.96984 0.9632 0.9644 0.9698
4 0.95978 0.96219 0.96739 0.9598 0.9613 0.9674
5 0.95872 0.96025 0.96644 0.9587 0.9603 0.9664
6 0.95948 0.95587 0.96148 0.9550 0.9559 0.9615
7 0.94191 0.94283 0.94923 0.9419 0.9428 0.9492
8 0.95286 0.95378 0.95957 0.9529 0.9538 0.9596
9 0.93588 0.93668 0.94379 0.9359 0.9367 0.9438
10 0.93149 0.93186 0.93953 0.9315 0.9319 0.9395
11 0.92941 0.92963 0.93763 0.9294 0.9296 0.9376
12 0.92841 0.92839 0.93659 0.9284 0.9284 0.9366
13 0.92871 0.92872 0.93682 0.9287 0.9287 0.9368
14 0.93594 0.93699 0.94338 0.9359 0.9370 0.9434
15 0.93377 0.93487 0.94144 0.9338 0.9349 0.9414
16 0.94083 0.94177 0.94826 0.9408 0.9418 0.9483
17 0.93473 0.93595 0.94203 0.9347 0.9360 0.9420
18 0.95732 0.95864 0.96432 0.9573 0.9586 0.9643
19 0.95241 0.95443 0.95998 0.9524 0.9544 0.9600
20 0.95482 0.95634 0.96201 0.9548 0.9563 0.9620
21 0.95379 0.95487 0.96053 0.9537 0.9549 0.9605
22 0.95184 0.95246 0.95852 0.9518 0.9525 0.9585
23 0.95646 0.95838 0.96479 0.9565 0.9584 0.9648
24 0.95443 0.95651 0.96311 0.9544 0.9565 0.9631
25 0.95202 0.95469 0.96117 0.9520 0.9547 0.9612

Table 10: Voltage profile of 19-bus network.

Node Proposed method FBS
|Va| |Vb| |Vc| |Va| |Vb| |Vc|

1 1.00000 1.00000 1.00000 1.0000 1.0000 1.0000
2 0.98746 0.98910 0.98798 0.9875 0.9891 0.9880
3 0.98542 0.98869 0.98633 0.9854 0.9887 0.9863
4 0.98235 0.98390 0.98301 0.9824 0.9839 0.9830
5 0.98201 0.98366 0.98283 0.9820 0.9837 0.9828
6 0.97928 0.98078 0.98005 0.9793 0.9808 0.9801
7 0.97861 0.98029 0.97956 0.9786 0.9803 0.9796
8 0.97281 0.97381 0.97347 0.9728 0.9738 0.9735
9 0.96592 0.96598 0.96575 0.9659 0.9660 0.9657
10 0.95625 0.95549 0.95500 0.9563 0.9555 0.9550
11 0.95499 0.95429 0.95330 0.9550 0.9543 0.9533
12 0.95478 0.95377 0.95358 0.9548 0.9538 0.9536
13 0.95440 0.95344 0.95210 0.9544 0.9534 0.9521
14 0.95449 0.95388 0.95282 0.9545 0.9539 0.9528
15 0.95274 0.95122 0.95126 0.9527 0.9512 0.9513
16 0.95339 0.95147 0.95217 0.9534 0.9515 0.9522
17 0.95365 0.95377 0.95232 0.9537 0.9534 0.9523
18 0.95380 0.95319 0.95209 0.9538 0.9532 0.9521
19 0.95159 0.94976 0.95047 0.9516 0.9498 0.9505
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Table 12: Voltage profile of 123-bus network.

Node
Proposed method OpenDSS

|Va| |Vb| |Vc| |Va| |Vb| |Vc|
0 1.00000 1.0000 1.00000 0.99994 0.99994 0.99996
1 0.99187 0.99480 0.99351 0.99185 0.99476 0.99345
2 0.98680 0.99368 0.98959 0.98676 0.99366 0.98955
3 0.98680 0.99364 0.98961 0.98670 0.99360 0.98952
4 0.98696 0.99365 0.98932 0.98691 0.99360 0.98923
5 0.98701 0.99364 0.98923 0.98696 0.99363 0.98920
6 0.98709 0.99362 0.98910 0.98706 0.99356 0.98904
7 0.98715 0.99361 0.98899 0.98710 0.99359 0.98893
8 0.98301 0.99287 0.98696 0.98295 0.99283 0.98691
9 0.98053 0.99230 0.98521 0.98046 0.99224 0.98512
10 0.98028 0.99242 0.98519 0.98024 0.99240 0.98516
11 0.97994 0.99259 0.98516 0.97990 0.99256 0.98513
12 0.97988 0.99261 0.98515 0.97978 0.99255 0.98514
13 0.98052 0.99225 0.98523 0.98052 0.99223 0.98514
14 0.97716 0.99133 0.98259 0.97707 0.99125 0.98252
15 0.97999 0.99256 0.98516 0.97990 0.99246 0.98511
16 0.97729 0.99130 0.98236 0.97721 0.99123 0.98229
17 0.97738 0.99128 0.98219 0.97737 0.99125 0.98214
18 0.97733 0.99129 0.98228 0.97731 0.99124 0.98221
19 0.97321 0.99072 0.98041 0.97317 0.99071 0.98035
20 0.97298 0.99083 0.98039 0.97291 0.99074 0.98032
21 0.97284 0.99090 0.98038 0.97282 0.99081 0.98032
22 0.97296 0.99078 0.98004 0.97288 0.99069 0.97994
23 0.97292 0.99054 0.98014 0.97291 0.99052 0.98012
24 0.97277 0.99093 0.97967 0.97270 0.99087 0.97966
25 0.97291 0.99090 0.97943 0.97286 0.99090 0.97942
26 0.97251 0.99111 0.97940 0.97243 0.99107 0.97939
27 0.97244 0.99117 0.97922 0.97237 0.99114 0.97917
28 0.97232 0.99123 0.97920 0.97223 0.99122 0.97915
29 0.97237 0.99121 0.97929 0.97228 0.99119 0.97925
30 0.97229 0.99127 0.97915 0.97226 0.99122 0.97907
31 0.97236 0.99125 0.97899 0.97229 0.99124 0.97893
32 0.9725 0.99116 0.97912 0.97248 0.99110 0.97904
33 0.97253 0.99116 0.97905 0.97253 0.99111 0.97896
34 0.97209 0.99134 0.97918 0.97202 0.99127 0.97908
35 0.97725 0.99131 0.98242 0.97720 0.99124 0.98240
36 0.97130 0.98983 0.97958 0.97125 0.98977 0.97957
37 0.97098 0.98967 0.97972 0.97089 0.98967 0.97965
38 0.97084 0.98974 0.97970 0.97078 0.98973 0.97970
39 0.97096 0.98956 0.97977 0.97090 0.98953 0.97971
40 0.97095 0.98949 0.97980 0.97086 0.98944 0.97974
41 0.97078 0.98946 0.97922 0.97070 0.98939 0.97914
42 0.97082 0.98945 0.97915 0.97076 0.98941 0.97910
43 0.97023 0.98909 0.97891 0.97021 0.98900 0.97888
44 0.97019 0.98887 0.97901 0.97017 0.98879 0.97894
45 0.96986 0.98885 0.97863 0.96977 0.98876 0.97856
46 0.96977 0.98890 0.97862 0.96976 0.98884 0.97857
47 0.96970 0.98893 0.97862 0.96965 0.98890 0.97858
48 0.96950 0.98850 0.97828 0.96948 0.98849 0.97827
49 0.96940 0.98842 0.97820 0.96930 0.98836 0.97814
50 0.96940 0.98833 0.97816 0.96933 0.98825 0.97813
51 0.96939 0.98835 0.97804 0.96934 0.98831 0.97804
52 0.96933 0.98838 0.97804 0.96929 0.98838 0.97796
53 0.97266 0.98979 0.97934 0.97265 0.98976 0.97932
54 0.97136 0.98926 0.97836 0.97129 0.98925 0.97831
55 0.97061 0.98890 0.97774 0.97061 0.98887 0.97767
56 0.97054 0.98888 0.97777 0.97053 0.98883 0.97773
57 0.97053 0.98882 0.97780 0.97048 0.98876 0.97772
58 0.96860 0.98793 0.97600 0.96859 0.98788 0.97596
59 0.96858 0.98782 0.97605 0.96850 0.98773 0.97598
60 0.96857 0.98776 0.97607 0.96849 0.98771 0.97600
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Table 12: Continued.

Node
Proposed method OpenDSS

|Va| |Vb| |Vc| |Va| |Vb| |Vc|
61 0.96435 0.98617 0.97210 0.96428 0.98608 0.97206
62 0.96435 0.98617 0.97210 0.96433 0.98611 0.97210
63 0.96417 0.98583 0.97127 0.96410 0.98574 0.97123
64 0.96402 0.98557 0.97083 0.96396 0.98555 0.97079
65 0.96402 0.98500 0.96991 0.96392 0.98493 0.96988
66 0.96392 0.98496 0.96867 0.96385 0.98493 0.96865
67 0.96400 0.98504 0.96815 0.96392 0.98497 0.96807
68 0.96121 0.98526 0.97001 0.96117 0.98519 0.96996
69 0.96094 0.98540 0.96998 0.96090 0.98539 0.96989
70 0.96063 0.98555 0.96995 0.96055 0.98552 0.96992
71 0.96041 0.98565 0.96993 0.96040 0.98563 0.96986
72 0.96028 0.98571 0.96992 0.96027 0.98565 0.96988
73 0.96058 0.98473 0.96939 0.96057 0.98464 0.96930
74 0.96080 0.98468 0.96902 0.96076 0.98465 0.96894
75 0.96098 0.98465 0.96870 0.96089 0.98457 0.96867
76 0.96108 0.98463 0.96852 0.96100 0.98456 0.96850
77 0.96001 0.98437 0.96920 0.96000 0.98437 0.96912
78 0.95974 0.98418 0.96898 0.95970 0.98412 0.96889
79 0.95968 0.98418 0.96891 0.95963 0.98414 0.96887
80 0.95958 0.98424 0.96890 0.95954 0.98414 0.96883
81 0.95962 0.98404 0.96856 0.95956 0.98404 0.96852
82 0.95960 0.98412 0.96812 0.95953 0.98407 0.96803
83 0.95951 0.98418 0.96805 0.95948 0.98414 0.96797
84 0.95953 0.98417 0.96799 0.95949 0.98413 0.96798
85 0.95986 0.98407 0.96766 0.95986 0.98399 0.96758
86 0.95998 0.98404 0.96745 0.95988 0.98401 0.96735
87 0.95932 0.98361 0.96936 0.95931 0.98353 0.96931
88 0.95890 0.98323 0.96941 0.95889 0.98318 0.96932
89 0.95882 0.98327 0.96940 0.95879 0.98326 0.96935
90 0.95879 0.98304 0.96940 0.95877 0.98302 0.96938
91 0.95877 0.98294 0.96944 0.95872 0.98287 0.96942
92 0.95872 0.98299 0.96933 0.95868 0.98294 0.96929
93 0.95879 0.98297 0.96920 0.95870 0.98296 0.96912
94 0.95860 0.98295 0.96937 0.95850 0.98291 0.96929
95 0.95847 0.98301 0.96936 0.95847 0.98295 0.96928
96 0.95857 0.98282 0.96944 0.95850 0.98280 0.96941
97 0.95857 0.98277 0.96946 0.95854 0.98270 0.96940
98 0.96082 0.98518 0.96973 0.96077 0.98516 0.96972
99 0.96073 0.98512 0.96965 0.96067 0.98503 0.96964
100 0.96079 0.98485 0.96953 0.96070 0.98482 0.96951
101 0.96085 0.98483 0.96939 0.96081 0.98476 0.96932
102 0.96019 0.98513 0.96931 0.96009 0.98511 0.96926
103 0.96034 0.98510 0.96906 0.96031 0.98507 0.96904
104 0.96050 0.98507 0.96877 0.96043 0.98506 0.96872
105 0.96069 0.98503 0.96846 0.96062 0.98498 0.96844
106 0.95971 0.98514 0.96939 0.95966 0.98507 0.96939
107 0.95968 0.98494 0.96948 0.95961 0.98488 0.96939
108 0.95963 0.98468 0.96959 0.95957 0.98464 0.96954
109 0.95919 0.98543 0.96935 0.95917 0.98537 0.96925
110 0.95848 0.98578 0.96928 0.95846 0.98572 0.96921
111 0.95813 0.98595 0.96925 0.95804 0.98588 0.96919
112 0.95800 0.98601 0.96924 0.95799 0.98594 0.96916
113 0.95802 0.98600 0.96924 0.95802 0.98591 0.96915
114 0.95766 0.98617 0.96921 0.95761 0.98615 0.96911
115 0.95759 0.98621 0.96920 0.95750 0.98614 0.96920
116 0.96085 0.98483 0.96939 0.96079 0.98481 0.96930
117 0.95919 0.98543 0.96935 0.95917 0.98542 0.96928
118 0.96304 0.98579 0.97123 0.96300 0.98573 0.97113
119 0.97542 0.99074 0.98134 0.97538 0.99069 0.98129
120 0.97244 0.99036 0.98008 0.97234 0.99032 0.98003
121 0.97236 0.99125 0.97899 0.97234 0.99118 0.97891
122 0.96050 0.98516 0.96952 0.96042 0.98508 0.96950
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5. Conclusions

Load flow analysis is basically a solution for the normal
operating conditions of an electric power system. In general,
the results of load flow calculation are used for power system
planning, basis data in the operational stage, and power
system operation and control. In the present paper, the trust-
region method has been investigated and proposed to solve
the load flow problem of the three-phase unbalanced electric
power distribution system. )e trust-region method is
commonly used to solve the optimization problem. How-
ever, this method can be used as a technique to solve
nonlinear equation systems arising from the load flow
problem formulation. SpecialB treatments that are usually
required in the distribution system load flow (DSLF) analysis
are not needed in the proposed method. Moreover, the
method can always obtain a solution even if the system is ill-
conditioned. Case studies using 19-node, 25-node, and 123-
node distribution systems have also been given in this paper.
Results of the studies show that the output values obtained
by the proposed method are in excellent agreement with
those obtained by the previously published method. )ese
results confirm the validity of the proposed method for
solving the three-phase unbalanced DSLF problem. Case
study results also indicate that the proposed method has
better computational performances than the FBS method. In
future work, the extension of the method so that it can be

implemented in distribution system with distributed energy
resources (DERs) can be investigated. )is is probably an
interesting topic since the penetration of DERs in the dis-
tribution network is presently increasing, which complicates
the system load flow analysis.

Appendix

A

)e following is the formulation to calculate the Jacobian
matrix J(x) of a vector function F(x) at the point x ∗ :

J(x ∗ ) �

zf1

zx1

zf1

zx2
· · ·

zf1

zxn

zf2

zx1

zf2

zx2
· · ·

zf2

zxn

⋮ ⋮ ⋱ ⋮

zfn

zx1

zfn

zx2
· · ·

zfn

zxn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A.1)

Elements of J(X ∗ ) are computed as follows:
First row:

z
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∗
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∗
2 , x
∗
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∗
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∗
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2h
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2 − h, x
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3 , . . . , x

∗
n( 􏼁

2h

⋮

⋮

z

zxn

f1(x ∗ ) ≈
f1 x
∗
1 , x
∗
2 , x
∗
3 , . . . , x

∗
n + h( 􏼁 − f1 x

∗
1 , x
∗
2 , x
∗
3 , . . . , x

∗
n − h( 􏼁

2h
.

(A.2)

Second row:

Table 13: Comparison of computational performances (proposed/FBS).

System Iteration number Computation time (s)
19-node 2/4 0.344/0.385
25-node 2/4 0.906/1.311
123-node 4/6 2.753/3.920
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z
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(A.3)

n th row:
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(A.4)

In the above formulas, h is a constant and has a small
numerical value (e.g., 0.01, 0.001, or 0.0001).

Data Availability

)e 19-node, 25-node, and 123-node distribution systems
data used in the verification of the proposed method are
included in the paper.
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