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Abstract. A construction of Triebel-Lizorkin type spaces associated with
flexible decompositions of the frequency space R is considered. The class
of admissible frequency decompositions is generated by a one parameter group
of (anisotropic) dilations on R? and a suitable decomposition function. The
decomposition function governs the structure of the decomposition of the
frequency space, and for a very particular choice of decomposition function
the spaces are reduced to classical (anisotropic) Triebel-Lizorkin spaces. An
explicit atomic decomposition of the Triebel-Lizorkin type spaces is provided, and
their interpolation properties are studied. As the main application, we consider
Hoérmander type classes of pseudo-differential operators adapted to the anisotropy
and boundedness of such operators between corresponding Triebel-Lizorkin type
spaces is proved.
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1. Introduction

Besov and Triebel-Lizorkin spaces are two closely related families of
smoothness spaces on R? with important applications in approximation
theory and harmonic analysis. The spaces are built from a resolution of
unity in frequency space localized on dyadic annuli {2771 < [¢] < 2771}, Tt
follows from the definition that the spaces are isotropic and consequently
well suited for the study of boundedness properties of “isotropic” differential
operators such as powers of the Laplacian. However, there are many
interesting differential operators that are not isotropic in nature. For
example, consider the heat operator L given by

~ Ou 4 9%

9t = 0a?
Jj=1 "7

L(u):

where we differentiate once along the ¢-direction but twice along all other
axes. For the study of such operators, anisotropic versions of Besov and
Triebel-Lizorkin spaces are often more suitable. Anisotropic version of
these spaces can be obtained by considering a resolution of unity supported
on “anisotropic” dyadic annuli given by some anisotropic quasi-distance.
Anisotropic Besov spaces were introduced in [2] and anisotropic Triebel-
Lizorkin spaces were considered in [38].

The main contribution of this paper (presented in Section 5) is to
introduce a new general construction of anisotropic smoothness spaces of
Triebel-Lizorkin type (henceforth abbr. as T-L type) defined on R%. As an
application of the new spaces, we study boundedness properties of certain
associated classes of pseudo-differential operators. The spaces correspond
to flexible but structured decompositions of the frequency space RY.
The decompositions are generated by a one-parameter group of dilations
on R? and a suitable decomposition function. The group of dilations
incorporates the anisotropy of the construction while the decomposition
function governs the general splitting of the frequency space. Classical
isotropic and anisotropic T-L spaces are recovered by a particular choice
of decomposition function. As the main application of the new spaces,
we consider mapping properties of pseudo-differential operators on the T-
L type spaces. We show that certain anisotropic Hormander classes of
symbols induce pseudo-differential operators that are bounded on the T-L
type spaces. Tight frames for Ly(R?) that gives a stable decomposition of
the T-L type spaces are also considered. It is possible to use the frame to
obtain sparse discrete representations of pseudo-differential operators.
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Several authors have built function spaces by considering a resolution
of unity in frequency space.  Feichtinger introduced the family of
modulation spaces [16] which correspond to a uniform decomposition of
frequency space. Modulation and Besov spaces are special cases of a very
general construction of decomposition spaces introduced by Feichtinger and
Grobner [17] and Feichtinger [14]. Grobuner [24] used the decomposition
space methods in [17] to define the so-called a-modulation spaces as a
family of intermediate spaces between modulation and Besov spaces. Group
theoretical constructions of function spaces, including smoothness spaces,
have been studied by Feichtinger and Grochenig [15, 18, 19, 20, 25]. Frazier
and Jawerth constructed frames (their so-called ¢-transform) for Besov and
T-L spaces in [22, 21]. Their results were generalized recently by Bownik
and Ho to the anisotropic case [9, 8]. The present authors studied frame
decomposition of Besov type spaces in [6].

One important application of Besov and T-L spaces is to the study
of partial differential equations and to differential operators. Pseudo-
differential operators (PDOs) on Besov and T-L spaces have been studied
by many authors. For example, the Besov case was considered by Gibbons
[23] and Bourdaud [7], while the T-L case was studied by P&ivirinta
[29] and Bui [10]. The anisotropic case was considered by Yamazaki
[40, 39]. PDOs have also been studied on spaces of Besov type based
on non-dyadic frequency splittings. In particular, boundedness of such
operators on modulation spaces has been considered by many authors, see
e.g. [12, 13, 26, 28, 31, 34, 35] and references herein. The authors studied
PDOs on a-modulation spaces in [3, 4].

The outline of the paper is as follows. Sections 2 to 4 contain the technical
machinery needed to define the T-L spaces. More precisely, in section 2
we consider a homogeneous type structure on R? with a quasi-distance
induced by a one-parameter family of dilations. The infinitesimal generator
A of this group defines the anisotropic nature of the quasi-distance. The
balls associated with the quasi-distance from Section 2 are not (in general)
Euclidean balls and in Section 3 we introduce maximal functions compatible
with the quasi-distance. The most important tools to study T-L type spaces
are vector-valued estimates for the Hardy-Littlewood maximal function and
for certain derived maximal functions. We develop versions of the maximal
functions compatible with the anisotropic dilation and flexible splitting
of the frequency space in Section 3. In Section 4 we introduce a family
of structured splittings of the frequency spaces obtained by applying a
countable family of affine transformations to a fixed compact set. The main
contribution of the paper can be found in Section 5 where we define define a
new family of T-L type spaces relative to a suitable resolution of the identity.
It is proved that the spaces defined are quasi-Banach spaces independent of
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the particular resolution of identity. In Section 6 we introduce a tight frame
for Ly(R?) compatible with the frequency cover considered in Section 4.
The frame gives an atomic decomposition of the T-L type spaces. Section 7
contains our main application of the new T-L spaces to a study of pseudo-
differential operators. It is shown that for (anisotropic) Hormander classes
of symbols, the corresponding operators extend to bounded operators on
suitable T-L type spaces. We conclude the paper in Section 8 by considering
several concrete examples of T-L type spaces and some pseudo-differential
operators on such spaces. Appendix A contains some of the more technical
proofs.

Let us summarize some of the notation used throughout this paper.
We let F(f)(&) = (2m)~%2 [o, f(x)e ™ ¢dx, f € Li(R?), denote the
Fourier transform. By F =< G we mean that there exist two constants
0 < C; < (03 < 00, depending only on “allowable” parameters, such that
C1F < G < OyF. For two quasi-normed spaces A and B, A — B means
that A C B and there exists a constant C' such that ||f||p < C||f||a for all
f€A. For a € N¢ welet |a] =ai + - aq and define 0% = af)i For

..9%d
851 85,1

0 < p,q < oo, and a sequence f = {f;};en of L,(R?) functions, we define

the norm
1/q
T H (Z |fj|q)

jeN

Lp(R?) .

Where there is no risk of ambiguity we will abuse notation and write
Il fellz,ce,) instead of [[{fx}rllz,(e,)  Similarly, for f = {f;}jen, we define

1/q
1flley(ry) = (Z |fj|%p> :

jEN
Finally, for ¢ € S’(R?) and f € S(R?) we let

p(D)f = FH¢Ff).
2. A homogeneous type structure on R?

In this section we define a homogeneous type space on R¢ associated
with a quasi-distance induced by a one-parameter group of dilations. We
will use the quasi-distance in Section 4 to generate compatible coverings of
the frequency space RZ.

Let | -| denote the Euclidean norm on R? induced by the inner product
(-,-). Suppose A is a real d x d matrix with eigenvalues having positive
real parts. For t > 0 define the group of dilations J; : R? — R? by
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01 = exp(Alnt). The matrix A will be kept fixed throughout the paper.
Let v = trace(A). The following properties are well-known (see [33])

e J;5 = 0405, for s,t >0
81 = Id (identity on R?)

0:€ is jointly continuous in ¢ and &, and 6;¢ — 0 as t — 07
|(St| = det(&t) =tv

There exist positive constants c¢j,ca,; and «ap such that for
£ eRY,

(2.1) e min{t*t, t*2}E| < [0:€] < cg max{t*t, ¥ }E].

Let 0(A) denote the spectrum of A. Then we can choose a; and asg in
(2.1) as any positive numbers satisfying

(2.2) a1 < min Re(A) < max Re(\) < ao,
AEa(A) A€a(A)

which can be seen by putting A in Jordan canonical form. In the special
case where A is normal (and A can be diagonalized over C), (2.2) can be
relaxed allowing equality. When we use the symbols v, a1, and s in the
sequel, we refer to the constants above.

According to [33, Proposition 1.7] there exists a strictly positive
symmetric matrix P such that for all £ € R,

[6:&]p == (P8i&, 6:6)"/?
is a strictly increasing function of ¢.

Definition 2.1. We define the function |- |4 : R? — [0,00) by letting
0|4 := 0, and for ¢ € R4\{0} we define |£|4 to be the unique solution #
to the equation [0, ,:{]p = 1.

It is known that (see [33])
(1) |-]a € C*(RN{0})

(2) There exists a constant ¢ such that
|£+C|A SC(|€|A+|C|A)7 v f?CERd

(3) [6¢€la = t|¢]a, t >0.
(4) We have for ¢ € R?,

(2:3) crmin{[§]5", |€]5° < [€] < comax{|€[5", [€]37)-
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(5) We can coordinatize R? by p and w where p = |£[4 and w = 5;15.
Then the volume element in R? is

d¢ = p"~ dwdp,
where dw is the induced C° measure on the ellipsoid S := {w €
Re: [w]p = 1}.

Example 2.2. For A = diag(01,02,...,04), Bi > 0, we have 0; =
diag(tP,t%2,...,t%4). In this case, one can check that

d
€la =Y 1gIM%, ¢ eRY

Jj=1

The special choice, A, = diag(l,1,...,1) corresponds to the usual
isotropic dilation and the corresponding distance | - |4, is the Euclidean
norm.

We need an extension of the quantity (&) := (1 + |¢|>)*/? to the non-
isotropic setting. Let A be the (d + 1) x (d + 1) matrix given by

1 0

0 A|’
and define D; = exp(fllnt). For (¢,€) € R x R?, we have Dy((,€) =
(t¢,0:£). We let [(¢,€)[z be the unique solution ¢ to [[Dy,¢(¢,€)]lp = 1,
where [[(¢, €)]]p = (¢? + [£3)1/2. Notice that [(1,0)]; = 1 and |(0,€)|; =

|€|a. For & € R?, we define the bracket (£)4 := |(1,€)|;. The following
lemma lists some properties of (-)4.

Lemma 2.3. There exist constants c,c’ such that for &,¢ € RY
a) (§)az=1, (§a=1+I[Ea),
b) (€+¢)a <c((§)a+(()a),
¢) (6:)a <t(E)a, if t>1, and (0:€)a < 2¢E(E)a, if 1>t >a >0,

d) €+ Qa<dal0a,
©) 10°(€)a] < Ca(€)y ™"\, for all 5 € NG,
Proof. We have (§)4 = |(1,€)|5 > |(1,0)| ; = 1. Moreover,
(€a =118z < e(|(1,0)[ 1 + 10,6 1) = (1 + [€]a)-
Clearly, [€]la < (§)a and (€)a > 1 so 2(€)4 > (1 + [£|4). For b) we have

€+ a=(1, &+ 1 <c(|(1, €)1 5+(0, O] 1) =e({E) a+I¢|a) <c((§) a+(C)a),
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for the constant ¢ associated with the quasi-distance |-| ;. Claim c), in the
case a > 1, follows from

(0:)a = [(1,6:8)[ 4 < (8, 0:8)] 4 = [De(1, )| 5 = £(E) a-

For 0 < a <1 we have
(30804 < (1 +10:€1a) = et(1/t + [€a) < = (1+ [€[a) < 26 (€

To prove d) suppose u = ({)4 and v = ({)a. Let ¢/ > 1 be a constant such
that [[D1/0n]]lp < 1/2 whenever [[]]p =1, n € R¥! (the existence of ¢
follows from (2.3)). We have w,v > 1 so

[[Dl/(c’uv)(lvg_k()]]P < [[Dl/C'Dl/u(laf)]]P + [[Dl/C'Dl/v(()?C)]]P
< |[[D1/eD1yu(1,€)]lp + [[D1/e D1yo(1,Q)]]lp < 1.

It follows that [(1,£ + ()|; < cuv so we obtain (£ + ()a < (§)a(()a.
Finally, e) follows from homogeneity of |- | ;. O

Remark 2.4. Notice that Lemma 2.3 has the following implications for
a function 7 on R?.

o (&) < COLM = In(©)| < C'(1+ [¢)~Men

o ()] < CU+IEN™Y = (E)] < Ci) 3™
e Suppose [n(¢)| < C(€),"~° for £ € R? for some & > 0. Then

[omlds < [0t [z dudp <0 [ty e dp < o,
R4 0 S 0

Finally, we define the balls Ba(&,7) := {¢ € R?: [¢ —(|a < 7}. Tt is easy
to check that [Ba(&,7)| = rw, with wi' :=[B4(0,1)], so (R%, |- |a,dE) is
a space of homogeneous type with homogeneous dimension v.

The ball Ba(§,7) = 6,84(0,1) + £ is convex. To see this, it suffices
to verify that Ba(0,1) is convex. Let (,n € B4(0,1) and put u =
max{|(|a,|nla}. For 0 <8 <1, we have

[01/u(6¢ + (1 = O)n)lp < 0[61/uClp + (1 = 0)[61/unlp < 6 + (1 - 6),

so |0+ (1 —0)nja <u<1.

In the sequel, we let B := AT denote the transpose of A wrt. the
standard inner product on R?. Since the eigenvalues of B have positive real
parts (o(B) = 0(A)) we can repeat the above construction for the group
5§ =exp(BInt), t > 0. Welet |-|p and (-)p denote the quasi-distance
and bracket corresponding to the group §, . Clearly, |- |p and (-)p satisfy
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the same type of estimates as |-|4 and (-) 4. The balls associated with |-|p
are denoted Bg(x,r). We use the convention that J§; acts on the frequency
space while 5; acts in direct space.

3. Some parabolic maximal function estimates

The most useful tools to study T-L spaces on R? are different types
of maximal functions. In this section we state and prove some results on
parabolic maximal functions adapted to the non-isotropic distances |- |
and | - |g. Parabolic maximal functions are special cases of the general
theory for maximal functions developed in [32, Chapters I&I1], see also [11].

For 0 < r < oo, the parabolic maximal function of Hardy-Littlewood
type is defined by

1/r
MPu(x) :=sup( / |u<y>|%zy)  we Loo(®Y),
Be(z,t)

B
t>0 \Wyq - tv

with w? = |Bp(0,1)]. We use the notation MPu(x) := MPu(z) in the
sequel.

It is known (see [32, Chapters I&II]) that the following extremely useful
vector-valued Fefferman-Stein maximal inequality holds

(3.1) I{MP Fi¥z, ) < CI{fi}IE, @)

in this setting for r < ¢ < oo and 7 < p < 00, Cp := Cp(r,p,q).

The following lemma gives us a pointwise estimate by maximal functions
for convolutions with an approximation to the identity. For ¢ € L;(R%),
we define @ (x) = |(55|’1<p(51'—/€a:) = 5”’(,0(61'—/532) for € > 0. Notice that
P:=(8) = #(0:€).

Lemma 3.1. Let k : [0,00) — [0,00) be a decreasing function, with
K(x) = k(|z|) an integrable function. Suppose ¢ € Li(RY) satisfies
lo(x)| < K(x). Then for f € Ly(RY), 1 <p< oo,

(3.2) If % (@) < KL, mayMP f(z), VazeR? e>0.

Proof.  Let us first simplify the problem. Let 7, be translation by
h € R%. Notice that 7,(f * p.) = (Tnf) * ¢, and T, MBf = MB (1, f) so
it suffices to verify (3.2) at « = 0. Also, the problem is dilation invariant
with respect to ¢ so we may take ¢ = 1. Hence, we only need to estimate
|fxp(0)] < (] f|*K)(0). Let us estimate (| f|*K)(0) in the simple case where
K is of the form Zj\]:l ajXBg(0,r;)» With each a; a positive constant. Then
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since Zaj|XBB(0J’j)| = ||KHL1 and (|f|*XBB(0,7’j))(O) < |XBB(0,7’_7‘)|MBf(0)7
(3.2) follows in this special case. For the general case, we notice that any
non-negative, |- |p-symmetric and |- |p-decreasing integrable function K
can be approximated from below by such finite sums. O

The following easy corollary will be used later to study multipliers on
Ly(£q)-

Corollary 3.2. Let k, : [0,00) — [0,00), n € N, be a sequence of
decreasing continuous functions and suppose K, (x) = k,(|z|g), x € R?, is
a bounded sequence in Li(R?). Assume {1, }nen is a sequence of Li(R?)-
functions with |, ()] < Kn(z). Then there exists a constant C' < 0o such
that for {futn € Lp({y), 1 <p < oo, 1 < ¢ < o0,

{tn * fotllL,e,) < Csup [[Kmllz, - [{fa L, 0

Proof. We have the uniform pointwise estimate [¢,, * fu(z)| <
sup,, | K|z, MB fn(x). Hence, by the Fefferman-Stein inequality,

{wnx fu} L, ) <sUPIEmll 2 {M Zfu}ll 1, 0, < O supl Kl I fu 2, 0,

O

We introduce the following type of maximal function of Fefferman-Stein
type as a tool to prove Theorem 3.5 below. Let u(xz) be a continuous
function on R?. We define

u*(a, Ry x) := sup (y) 5" [u(z — 65 'y),
yeRd

with the compact notation o5 ' := (651) 7.

It is clear that u*(a, R;x) is finite whenever v is bounded. However, for
band-limited functions we can obtain a much more interesting estimate of
u*(a, R;x) in terms of the parabolic maximal function. The following result
is adapted to our setup from the isotropic setting in [36, Theorem 1.3.1]. A
detailed proof can be found in Appendix A.

Proposition 3.3. Suppose r, R > 0. Then there exist a constant C :=
C(R,r) such that for any function u(x) on R with supp(@t) C Ba(0, R),
we have

(3.3) u*(v/r,Ryz) < CMPu(z), VazeRL

Proposition 3.3 is even more useful when it is combined with the
Fefferman-Stein maximal inequality. We have the following corollary, where
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for © = {Q,} a sequence of compact subsets of R?, we let

Lg(gq) = {futnen € Ly(4y) | Supp(fn) CQ,, Vn}.

Corollary 3.4. Suppose 0 < p < oo and 0 < q < oo, and let
Q = {T\Clren be a sequence of compact subsets of R generated by a family
{Ty = 04, - +&k Yren of invertible affine transformations on R, with C a
fized compact subset of RY. If 0 < r < min(p,q), then there exists a
constant K such that

O (e ARl KI{feH 2,0

Ly, )
for all f € Lg(ﬁq), where f = {fx}ren-
Proof. Replacing fi(x) by e ™% fi(z), we may assume that
supp(fi) € 6¢,C C 8¢, Ba(0, R) = Ba(0,tR)
for some fixed R < co. By Proposition 3.3,

sup (07, 2) 4"/ |fi (- = 2)] < CMP(fi),

z€R

and since (5;tkz>3 < CR(6;,2)p for all z€ R? and R >0,

Su@“&);””lfk(- —2)| < CRY"MP(f).
zEe

Hence,
| o205 "k =AY, < CIHMP A sy e
We conclude using the Fefferman-Stein maximal inequality,
(625" < C'|\MP <K
{ bup z)g " | fx(: |} 1M frllz, e,y < KLz, ce)-

O

We conclude this section by the following theorem on multipliers for
vector-valued band-limited functions. The result is inspired by [36, Theorem
1.6.3], and we will use it in Section 5 to define T-L type spaces. For s € R

we let
1/2
1l = (/If ) %dx)
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denote the (anisotropic) Sobolev space norm. Notice that for f € Hj, 0 <
g0 <t < oo, and & € R, we have | f(J; - +&k)llms < Ctsf”/2||f||H.2s < 00
with C' depending only on gq.

Theorem 3.5. Suppose 0 < p < 00 and 0 < q < oo. Let Q =
{TiC}ren be a sequence of compact subsets of R% generated by a family
{T) = 01, - +&k}tren of invertible affine transformations, with C a fived
compact subset of R%. Assume {% }ien is a sequence of functions satisfying
Y; € H for some s > § + Then there exists a constant C' < 0o
such that

mm(p Q)

[{er(D) i}z, e ><Csup||¢g( W - {0,

Jor all {fr}ren € LiH(£,).

Proof of Theorem 3.5. The proof relies on Corollary 3.4. In fact, since

e (D) fi()] < sup LIk~ 2)

z€Rd <5;'; 2)1%3

pointwise a.e., the theorem follows by Corollary 3.4 if we can show that

) sup DAL= ¢ oy 2]

zERE (5;; 2)5 z€Rd <5;'; >B

Mo (To) || 15

is valid a.e., when s > & + %.

It can be verified that ¥y, € Ly, with ¢, the inverse Fourier transform
of 1y,. Thus (D) fr can be rewritten as a convolution vy * fi (up to a
constant). In particular,

B DMile =) < C [ Jiuta ===l - o)l dy

[ fr(w)]
(3.6) < O sup — IR
weks (87 ( —u) ¢

< [ Wulo = = = ST (@ = ) .
Recall that (6, (z —y))p < (6] (x — 2z —y)) - (6] 2)B (see Lemma 2.3).
Using this in (3.6) and dividing by (5, z)é gives

Wk( ) fr(x _Z)|§Csup |fu(z = 2)|

ey (6725 sert (57 2)5  Jre

105 (1) (57 y) 5 dy.
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Finally, using |1ZJk(y)| = |5tk||(.7:*11/)k(Tk'))(5;y)| and that s > = + &, we
obtain

/ [ (9) (57 ) dy = / |(F~ (T ) ) ) dy

<c{ [ IE @y wlw |
Rd

= C(T) .

Thus, the inequality (3.5) holds true and the theorem follows by
Corollary 3.4. O

4. Structured admissible coverings

The purpose of this section is to provide smooth resolutions of the identity
on R? which will be used later in Section 5 to define T-L type smoothness
spaces. By a resolution of the identity we mean a countable collection of non-
negative smooth functions {(x}; on R? with Y, ¢, = 1. Additionally,
we also require some uniform control on each 5 that will be spelled out
in Definition 4.8 below. The resolution of identity will induce a certain
splitting of the frequency space R? that again will determine the properties
of the associated T-L type spaces. We therefore stride to construct the
most flexible decompositions possible while retaining the uniform control.
We begin by considering structured coverings of R¢.

4.1. Admissible coverings and BAPUs. Here we study admissible
coverings of R?, which we will consider as the frequency domain. The
coverings will be used to introduce suitable partitions of unity on R?.

Definition 4.1. A set Q := {Q;};en of measurable subsets Q; C R? is
called an admissible covering if R = Uien@; and there exists ng < oo such
that #{j e N: Q; N Q; # 0} < ng for all i € N.

Let us introduce some notation needed to study properties of admissible
coverings. Given an admissible covering {Q;}ien of R? and a subset J C N,
we define

J={ieN:3jeJst.QiNQ; #0}.

Furthermore, let J(© := J, and define inductively J*+D .= J&) k> 0.
- — (k) . ~
We write i®) := {i} ' and i := {i} for a singleton set. Notice that
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i:={j€N:Q;NQ; #0}. Finally, we denote

@(k) = J @

jei®)

Definition 4.2. Let Q = {Q;}ien and P = {P;} en be two admissible
coverings of R?. Q is called subordinate to P if for every i € N there exists
j € N such that @; C P;. Q is called almost subordinate to P (written

—~(k
Q < P) if there exists k € N such that Q is subordinate to {Pj( )}jeN-
If @ <P and P < Q the two coverings are called equivalent and we write

Q~P.

In the generality we will consider below, there is a simplified definition of
equivalence for admissible coverings proved in [17].

Theorem 4.3 ([17]). Let Q = {Qi}ien and P = {Pj}jen be two
admissible coverings of R% both consisting of open arcwise connected subsets.
Then Q ~ P if and only if sup,eny #J(i) < 0o and sup,cy #1(j) < oo,
where

J@i):={j eN|QinP; #0},  I(j):={i eN|P;NQ; #0}.

We now turn to the construction of the admissible coverings of R%. To
keep the construction geometrically simple and thus useful, we follow [17]
and use a suitable collection of |-| 4-balls to cover R?. Another simplification
is that we choose the radius of a given ball in the cover as a suitable function
of its center. The following class of regulation functions will be useful for
that purpose.

Definition 4.4. A function h : R¢ — [e0,00) for €9 > 0 is called

moderate if there exist constants pg, Ry such that [ —(|a < poh(£) implies
Rg' < h(¢)/h(€) < Ro.

The following lemma proved in [14] provides an abundance of moderate
functions.

Lemma 4.5. Let h:R% — [1,00) be a weakly subadditive function, i.e.,
there exist a constant Cy such that h(€ + () < C1(h(§) + h(Q)), for all
£,¢C € RY. Assume furthermore that h satisfies the growth condition

(4.1) h(€) < CE)a, for all € € R

Then there exists pg, Ry > 0 such that h is moderate. In particular, suppose
s :[0,00) — [1,00) is a non-decreasing function satisfying s(2t) < Kss(t)
and s(t) < Cs(1+4t) forall t >0, then h(§) := s(|]a) is weakly subadditive
(and thus moderate).
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The following is a typical example of a moderate function which we will
return to several times in the sequel.

Example 4.6. Let 0 < a < 1. Then s(t) = (14 ¢)* is subadditive and
consequently,

hE) = (1+[¢la)* = ()3,

is moderate.

Given a moderate function h, it is possible to construct a nice admissible
covering by balls. The details are laid out in the following lemma.

Lemma 4.7. Given a moderate function h with constants R, pg > 0,
then

a) there exists a countable admissible covering C = {Ba(&;, ph(&;))}jen
for p < po/2, and there exists a constant 0 < p’ < p such that the
members of {Ba (£j,p'h(§j))}jeN are pairwise disjoint.

b) Any two admissible coverings of the type considered in a) are
equivalent in the sense of Definition 4.2.
Proof. We only give an outline of the proof. The covering can be
constructed as follows.

e Put p' = p/(1+2cR?), with ¢ the constant from the quasi-triangle
inequality for |- |4 and R the constant associated with h. Pick a
maximal pairwise disjoint collection {54 (fj, p’h(fj))}jeN.

e Using the quasi-triangle inequality, h is moderate, and the fact that

1Ba (&, p'h(&5))] = h(&5)"

we can verify that C = {Ba(§;, ph(&;))}jen is an admissible covering
of open convex subsets of R%.

That any two such coverings are equivalent can be verified by calling on

Theorem 4.3. Let {BA(fj,plh(fj))}jeN and {BA(Q,pgh(Q))}ieN be two
such coverings. Suppose

Ba(&or p17(E)0)) N Ba(Cigs p2h(Ciy)) # 0.
Using the moderation of h one verifies that h(&;,) < R*h((;,) and that
Ba (fjoaplh(fjo)) CBa (giov (1 + CRQ)th(gio))'

Using that the balls in {B4 (fj, p'h(gj))}jeN are pairwise disjoint together
with the estimate

|BA (fjoap/h(fjo)ﬂ = h(fjo)u = h(cio)y
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one easily verifies that the “finite overlap” conditions of Theorem 4.3 are
satisfied. O

Notice that the covering C from Lemma 4.7 is generated by a family of
invertible affine transformations applied to B4(0, p) in the sense that

Ba(&, ph(&;)) = T;B4(0, p), Tj := Onee,) - +&5-

One can verify that {T3B4(0,2p)}; is an admissible covering using that
the balls in the collection {B4 (£j,p’h(§j))}jeN are pairwise disjoint. We
call such a covering a structured admissible covering. An important
property of the covering we will need is that whenever B4 (fj, 2ph(§j)) N
Ba (fk, 2ph(§k)) # () then h(;) =< h(&) uniformly in j and & which follows
from the fact that h is moderate and 2p < po. We deduce that there exists
a uniform constant K such that

(4.2)

|‘6}7(1£k)6h(5j)”€2(]]§d2) < K whenever Ba(&;,2ph(&;))NBa (&, 2ph(Ek)) # 0.

We are not really interested in the admissible covering C itself, but we
will use it as a tool to generate partitions of unity that can be used to define
T-L type spaces compatible with the covering C. For technical reasons we
require the partition of unity to satisfy the following.

Definition 4.8. Let C := {T:B4(0,p)}ren be an admissible covering
of R? of the type considered in Lemma 4.7. A corresponding bounded
admissible partition of unity (BAPU) is a family of functions {¢x}ren C
S(RY) satisfying

(a) supp(pr) C TeBa(0,2p), keN,
(b) Ypenwr(€) =1, V E€R?,
(¢) suppen ll@r(Th)llmy <00, ¥ s>0.
A BAPU can easily be constructed for C. Pick ® € C*(R?) nonnegative

with supp(®) C Ba(0,2p) and ®(§) =1 for £ € B4(0,p). Then we claim
that

(43) 90(5) = L_lf)
T D@9

defines an associated BAPU. Only property (c) in Definition 4.8 is not
obvious. There exists a constant K < oo such that 1 < 3, (T} '¢) <
K since C is a covering and {7T.B4(0,2p)}; is admissible. In fact,
SR O(T6) = Yy ®(T;1€) with Fe == {k € N: £ € TiBa(0,2p)},
where the cardinality if Fe is uniformly bounded in &. Let p;(§) = ¢;(T5¢),
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and put ¢; := h(§;). We have

e a(¢)
Zk (I)(Tl;lij) Zk ©(5t;15t_j§+5t;1€j _6t;1€k)
We consider 0%uy,. For f(€) := <I>(§t;15tj§+5t;1§j _5t;1£k)a the chain rule

shows that 9" f = Zﬂzlmzlnlpgaﬁ@, where pg are monomials of degree |7]
in the entries of 5t;15t.f . It follows from the estimate (4.2) that

15 (€)

(4.4) 10°1;(6)| < CoKPxp10020)(€), B ENG,

with Cg a constant that does not depend on j. Thus, we have for any
N e N,

|F (@) < O+ [a))™N| D0 @ F ()
BI<N

<O +[a)™ Y 1107 llr,
|Bl<N

(4.5) <COn(1+ |2)™N < Cila) 5N,

and (c) follows at once from this estimate.
In a similar fashion,

o(T;'€)

Y (§) =
V S ken (T 16)?

defines a “square root” of the BAPU, where {1} satisfies (c) of Definition
4.8.

For a BAPU {pr}ren associated with the admissible covering
{T1:B4(0,2p)}ren we define

pr=) ¢ and o= Y o

jek FERUO

(4.6)

We will use extensively that ¢rp) = @i

Now we have a partition of unity associated with fairly general
decompositions of R? and suitable for the definition of T-L spaces. Before
we consider the definition of the spaces, we need a class of weight functions.

Definition 4.9. Let Q = {Q }ren be an admissible covering. A function
w : R?Y — (0,00) is called Q-moderate if there exists C' > 0 such that
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w(§) < Cw(¢) for all £, € Q and all £ € N. A strictly positive Q-
moderate weight (derived from w) is a sequence vy = w(&), k € N, with
&k € Qk, and w a Q-moderate function.

Example 4.10. For a covering Q generated by a moderate function h,
w=~h®, s €R,is a Q@-moderate function.

Remark 4.11. For any two coverings Q and P of the type considered
in Lemma 4.7, it is easy to check that a function w is Q-moderate if and
only if it is P-moderate. In the context of such coverings, we will just use
the term moderate function/weight.

5. Triebel-Lizorkin type spaces

We can now define our new class of T-L type spaces. The spaces will be
defined in terms of a moderate function h and a moderate weight w. The
multiplier results of Section 3 will be called on to show that the spaces are
well-defined and independent of the particular partition of unity. For the
sake of comparison, we also introduce associated modulation spaces.

Definition 5.1. Let i be a moderate function satisfying h(§) < C{&)a,
and let @ be an admissible covering generated by h of the type considered in
Lemma 4.7. Suppose 7 = {Tx}ren, Tk = Op(g,) - +Ek, is the induced family
of invertible affine transformations and let {yx}ren be a corresponding
BAPU. Suppose w is a moderate function satisfying the growth condition

(5.1) cr(€)" <w(§) < e2(€)”, EEeRY,

for some K,y > 0.

e For seR, 0 <p<oo,and 0 < g < oo welet Fj (h,w) denote
the set of distributions f € &'(R?) satisfying

11l (hawy 7= {0 (&) er (D) f 1ol L, 20) < 00

e For s € R, and 0 < p,q < oo we let M, (h,w) denote the set of
distributions f € S'(R?) satisfying

1 £llasy oy = (&) 00 (D) F1illeycny) < oo

It is easy to see that || - |F;q(h}w) and || - ||M;‘q(h}w) are quasi-norms
(norms if p,q > 1), but it is not so obvious that the spaces are complete.
For completeness, the growth conditions imposed on i and w are needed.

We have the following result, whose proof can be fund in Appendix A.
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Proposition 5.2. Let h, w be moderate functions satisfying the
conditions given in Definition 5.1. For s €¢ R and 0 < p,q < 0o

e M; ,(h,w) is a quasi-Banach space (Banach space if 1 < p,q), and
S(RY) — M} (h,w) — S'(R?).

e If p < oo, then Fj (h,w) is a quasi-Banach space (Banach space
if 1<p,q), and

S(RY) & F2  (h,w) — S'(RY).

Furthermore, if p < co and q < 0o, then S(R?) is dense in both M ,(h,w)
and F; (h,w).
Several specific examples of T-L type space will be considered in Section

8. We now focus on the properties of FJ (h,w). Notice that since 7 is
constructed from a moderate function h, we have

(5:2) 1f117s ,(hw) = {w &) @i (D) f 3kl 2,00

for any n € N with equivalence depending only on h and n.
To make sure that F  (h,w) is well defined we need to check that the
definition is independent of the particular BAPU.

Proposition 5.3. The space F; (h,w) from Definition 5.1 depends only
on h and w up to equivalence of norms.

Proof.  Let {¢i}r and {¢r}r be two BAPU’s associated with two
admissible coverings Q and P of the type considered in Lemma 4.7.
Suppose Q and P are generated by the affine transformations {7} =
On(er) - Tkt and {Ug = dp(¢,) - +(j}j, respectively. Since Q and P are
equivalent, there exists a function I : N — N and constants K,mg € N
such that #I171(j) < mo for all j € N and ¢, = wkgoj(fi), for £ € N.
This nontrivial claim can be deduced from Lemma 2.9 in [17]. The weight
w is moderate so we have w((x) < w(&rx)) uniformly in k. Thus, using
Theorem 3.5 and (5.2) we get

{w(Cr)* i (D) F el Loy = IHw(Cr)* Vi (D)p iy (D) f 1kl L, e
< ClH{w (&)1 (D) 3kl Ly ey
< ClH{w (&) 21 (D) 3kl Ly ey
< C'{w(ék)*er(D) fYellL, e,

where C’ depends on the value of mg. The converse estimate is obtained
by the same arguments, interchanging the role of {¢g}r and {¢g}r. a
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5.1. Some Properties of F;,q(h,w). Here we present some additional
results about the T-L type spaces, which are of some interest in their own
right.

5.1.1. An equivalent representation and dual spaces. The following
proposition gives a useful equivalent definition of F (h,w) whenever
1 < p,qg < o0. We will use the representation below to characterize the
dual space of F; (h,w) in certain cases.

Proposition 5.4. Suppose {py }ren is a BAPU corresponding to T , with
a sequence of Li-majorants {Ky}ren as given in Corollary 3.2, satisfying
supy, | K|, <oo. Fiz s €R and 1 < p,q < oc. For f € S'(R?) let

e ={td ety r- >l M in S R .

Then

(5.3)

Fy (hyw) = {f € ' RY): 3 {fu} € E(f) st {w(&) fiellL, @, < 00}
Moreover,

(5.4) 1Ay hwy = 0 [{w(&e)* fetellz, e,

{fe}€ES)
with the convention infy = co.

Proof. It f € F;,(h,w), then f belongs to the class on the RHS of
(5.3), with f; = gok( )f, and the lower bound in (5.4) holds.

Conversely, suppose f = >, ¢r(D)fy is in the class given by the RHS of
(5.3). Then two applications of Corollary 3.2 yields

1fllFs  (hw) = H{wfk ok(D) Y ow (D) fr}e

k' ek*

< ell{w(€)® fiell L, ey

where k* = {k’ € N: supp(px) Nsupp(px ) # 0}. O

Lp(&q)

Remark 5.5. Notice that if the BAPU satisfies |0g(pr(Tk€))| <
Cxq(§) for some fixed compact set @ and for all 5] < d + 1, then the
majorant condition in Proposition 5.4 is satisfied. In particular, the BAPU
defined by (4.3) is admissible.

The characterization of Fj (h,w) in Proposition 5.4 can be used to
obtain a description of its (topological) dual space.
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Proposition 5.6. If se R and 1 < p,q < oo, we have
(F;,q(h’) IU))/ = FI;Z/ (h’) w)a

where 1 =1/p+1/p" and 1 =1/q+1/¢ .

We omit the proof of this result, since it is exactly the same as for the
classical T-L spaces (see e.g. [36, §2.11.2]).

5.1.2. Embedding results. As for classical T-L spaces, we can state some
embedding results for the spaces F (h,w).

Proposition 5.7. Let 0 <p < oo, s€R. Then

(i) ES o (hyw) — F5 . (h,w) for  0<qo<q1 < oo,

and

jL[; qo(llvlu) — J»Ib ql(}l,lU) jb71 0< qo < q1 < 0.

(h,w)—F; ,(h,w)— M?

p,max{p, q}(h7w) for 0 < g < 0.

(i) sz,min{p,q}

(iii) Suppose the admissible covering used to define F,, (h,w) is
generated by T = {Ty = Op(e,) - +éptr- Let 0 < g1 < oo and
suppose so is a constant such that {w(&k) "}, € £y, . Then

MEtso (b, w) — MS_ (h,w)

P90 P,q1
and

Fstso(h w) — F5_(h,w)

P90 p,q1
for all 0 < qp < 0.

Proof. The embeddings in (i) are a simple consequence of the
monotonicity of the ¢;-spaces. The estimate (ii) follows directly from the
general estimates (see, e.g., [36, §2.3.2])

HarHle ) < e, o) < Haktle, ), 0<g<p<oo,

and

I{gx e,y < IHgrHlz, e < Hgrtle, @), 0<p<g<oc

The final embeddings follow from (i) and the elementary estimate

/¢
<Zw(§k)qw|bk|‘h) < [Supu}(& s+so|b (ngk Soq1>

k

/a1
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Remark 5.8. We notice that a set of affine transformations 7 = {T}, =
On(en) - €k 11 generated by a moderate function h using Lemma 4.7 satisfies

0< n{bgéfn |£m - £n|A < Cnlgéfn |£m - £”|

It follows from (5.1) that there exists a constant § := (B(7) such that
{w(€) 7} € 41

5.1.3. Interpolation. We conclude this section by describing one result
about complex interpolation of the family Fj (h,w). We note that the
interpolation results are consequences of the general theory developed by
Triebel in [38].

Proposition 5.9. Suppose —oo < sg,81 < 00, 1 < p1,p1,q0,q1 < 00,
0<#@<1. Then

(5.5) [Fso  (hw), F3t  (h, w)]a = F; ,(h,w),

Po,qo P1,q91

where s = (1 — 0)s1 + 0s1, 1/p = (1 — 0)/po + 0/p1, and 1/q =
(1-0)/q0+0/q.

Proof. Let {pr}ren be the resolution of the identity given by (4.3). Let
¢4 denote the weighted sequence space consisting of sequences {c}ren

satisfying >, cn(w(éx)c)? < oo. We define the bounded mapping S :
F;f,q(ha w) = Lp(lgwe) by

S(f) ={f = (F o) }bren,

and a corresponding (retract) mapping R : L, ({gws) — F; ,(h,w) by

R{f}) =Y (F'ep) # fr,  [in S'(RY)].

keN

The boundedness of R follows from Corollary 3.2. It is now straightforward

to verify that RS = Idp; L(hyw) - We now interpolate S and R on the couples

{F;g,qo (ha w)a F;zfll,ql (ha w)} and {L;Do (€q0,w50 )v Lp1 (&11 awsl )} . We have,
[éqo,wso ) éql ,wsS1 ]0 = gq,ws 5

which can be deduced from [38, Theorem 1.18.1]. Using this result we apply
[38, Theorem 1.18.4] to obtain

[Lpo (gqo,w"o )v Lp1 (gqhw'“l )]0 = Lp(gq,ws )

The boundedness of R and S shows that [F30  (h,w), F5l, (h,w)], is

Po,q0
isomorphic to the closed subspace F; (h,w) of Ly(£g.ws)- O
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6. Characterization by tight frames

Here we present an easy construction of a tight frame for Lo(R?) that
gives a stable discrete representation and characterization of the T-L type
spaces. The particular method used below to construct tight frames was
introduced by the authors in [6].

It is useful to have discrete expansions of the T-L type spaces for
several reasons. We obtain an explicit method to estimate the T-L type
norm of a function f simply by calculating the frame coefficients of f.
The characterization also provides a one to one correspondence between
smoothness of a function and sparseness of its frame coeflicients, something
that is very useful for approximation purposes. Another important
application of discrete decompositions is to simplify the analysis of operators
acting on it. For example, we can discretize the pseudo-differential operators
studied in Section 7 below using the tight frame.

Let us now define the tight frame. Consider the modified BAPU {4 }ren
given by (4.6) associated with the admissible covering C = {T;B4(0, p) }ken
generated by {T = 0p(¢,) - +Ek hen. Suppose K, is a cube in R? (aligned
with the coordinate axes) with side-length 2a satisfying B4(0,2p) C K, .
Put t = h(&). Then we define

een(&) = (2a) 2, Pk, (T )= T e nezd kel
and
(6.1) fem = Urern n€LY keN.

It is straightforward to verify that {nx n }r . is a tight frame for Ly (R%). We
just have to notice that {epn}neze is an orthonormal basis for Lo (T%(K,))
and supp(vx) C Tx(K,) which yields

Do WP = D 1w enn)® = [0nfIIZ,-

nezd nezd
Moreover, since {2 }ren is a partition of unity,
S o) = S InflE = [ ST RO de = £
neZd keN keN Ra keN

We can also obtain an explicit representation of 7, in direct space. Put
f1e(€) = Y (Tk€) . Then

v m iz-E
(6:2) M () = (20) 7547 i (S 4 6, ) e S,
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By similar estimates as for the inequality (4.5), it can be verified that

luk(@)] < On 3",

for any N € N, with Cy independent of z € R and k € N.

We notice that 7, is obtained by translating, dilating, and modulating
a unit-scale element py. More precisely, we translate by Zn, modulate by
e and then dilate by 6;';. So, in some sense, 7, i a mix between
a Gabor and a wavelet system. The dilation and translation structure is
a feature also found in a generic wavelet system {|M|Y/2(M7iz — k)};.x
associated with a dilation matrix M. Modulation is an integral part of
generic Gabor systems, {g(z — na)e®®™},, ,, and in (6.2) the features are
combined with dilation to form “mixed” atoms.

Our next goal is to show that the frame expansion gives an atomic
decomposition of the spaces F; ,(h,w). By an atomic decomposition, we
mean that the canonical coefficient operator is bounded on F  (h,w) into
a suitable coefficient space on which there is a bounded reconstruction
operator. To introduce a suitable sequence space, we first define the point
sets

(6.3) Q(k,n) = {yGRd:é,Iy—i—gneBB(O,l)}.

It is easy to verify there exists L < oo so that uniformly in = and k,

> n XQ(km)(x) < L.
We can now prove that the canonical coefficient operator is bounded on
Ey (h,w).

Lemma 6.1. Let {Tx = dn(e,) - +Eetren be a family of invertible
affine transformations based on a moderate function h. Suppose s € R,
0<p<oo, and 0 <qg<oo. Then

1S3y < Clfllms hys € Foglhow),

where

1/p
S(f) = (Z S (w(&)*|(f, nk,n>A||Tk|1/2xQ<k,n)>q> ,

k nezd
with Q(k,n) given in (6.3).

Proof. Take f € F; (h,w). Notice that (see Equation (6.1))

T2 )| = (20) 2| (W 5 )05 m)

)
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where we let ¢, = h(&). Moreover, if Q(k,n) N Q(k,n') # 0 and
u € Q(k,n),v € Q(k,n’) then |u—v|p < Kt ' for some uniform constant
K. Hence,

> U men) ITl X Q) ()

nezd

<C> (ow IDNWawn (@)
nezd ’

<C  sup (6525 (D)) (@ — 2)) - (5 =)
z€Bp(0,Kt; ")

< 0" ((sup (6] )" (r(D) (= 2)])

z€Rd

Recall that supp(¢x) C TkC, so by Corollary 3.4, Theorem 3.5, and the
estimate above,
155z, < Cl{w(€)*Yi(D)f}illL, e,
= Cl{w(&)*¥r(D)er (D) f il L, ce,)
< C'{w(ék) i (D) f1xllL,ce,)
<O flles, (how)-

—_ ~—

O

Remark 6.2. For 1 < p,q < oo , the converse inequality || f]
C||S;(f)llz, can be obtained by a standard duality argument,

£l 7z haw) = sup I(f:9)

9eSR:lIgll p—s ), <1
p'a’

’

s <
Fs (haw) =

< SN N7, f € SR,

with 1/p+1/p’ =1 and 1/q+ 1/¢' = 1, using the characterization of the
dual space from Proposition 5.6.

Inspired by Lemma 6.1, we define the sequence space f;, = f; ,(h,w)

for s € R, 0 < p < oo, and 0 < ¢ < oo , as the set of sequences
{8k,n}kenneza C C satisfying

< 00.
Lp(Lq)

1/q
[{skntlrs, = H{w(ﬁk)s|Tk|1/2(Z |5k,n|qXQ(k,n)) }
k

nezd
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Lemma 6.1 provides us with a bounded coefficient operator C': F;q(h, w) —
Ip.q given by

(64) Cf = {<f7 nk,n>}k€N,n€Zd'

Moreover, the fact that {mg,} is a tight frame shows that the most
reasonable definition of a reconstruction operator is given by

(65) R: {Sk,n}k,n - Z Sk,nTk,n-

k,n

Using Lemma A.1 we now verify that R : f; , — Fj  (h,w) is also a bounded
operator.

Lemma 6.3. Suppose s € R, 0 < p < o0, and 0 < ¢ < oco. Then for
any finite sequence {Sk.n}kn, we have

g Sk,nTlk,n
k,n

Proof.  Let {¢r}ren be a BAPU associated with F;  (h,w). By (6.1)
and Theorem 3.5 we get

SCH{w(@)S > ZSe,nm,n}k

LeEN(k) n

< Cll{skn}l

f8a

Fy (haw)

kW Ly (eq)

)

Lp(€q)

where N(k) = {¢ € N: supp(px) N supp(yy) # 0}. Since #N(k) is
uniformly bounded by Theorem 4.3, and w is a moderate weight, we obtain

for 5, S

LeN(k) n k

q 1/q
= CH(Z(w(&)szb‘innmﬂ) ) L
14 n )

Fix 0 < r < min(1l,p,q). Then Lemma A.1 and the Fefferman-Stein
maximal inequality (3.1) yields

{wter > skl

Lp(Lq)

EWLy (L)
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< CH{W(fk)S|Tk|1/2Mf<Z |5k,n|XQ(k,n))}

{w@wsmwz 3 |sk,n|><@<k,n>}

The result now follows since the sum over n is locally finite with a uniform
bound on the number of non-zero terms, which implies that

q
( Z |sk,n|XQ(k,n)) = Z ISkl XQ(k,n)»

uniformly in k. O

EHLy (L)

<

k Lp(fq).

Combining Lemma 6.1 and Lemma 6.3 we obtain that {7 ,} forms an
atomic decomposition for the spaces Fy;  (h,w).

Theorem 6.4. Given s € R, 0 < p,q < oo. Then the coefficient operator
C given by (6.4) and reconstruction operator R given by (6.5) are both
bounded and makes Fj (h,w) a retract of f5,, i.e., RC = Idpqu(h}w).
In particular, if 1 < p,q < 0o, {nkn} is an atomic decomposition of the
Banach space Fj ,(h,w).

The retract result in Theorem 6.4 can be illustrated by the following
commuting diagram.
Idps (hw)
Ep g (h, w) Eyp g(h,w)

o~ T

s
p.q

Remark 6.5. Lemma 6.1 and Lemma 6.3 provides the following norm
characterization

(66) ”f”F;Yq(h,w) = ||{<fa nk,n>}k,n

f5a f € Fps,q(hvw)v

for seR, 0<p<oo,and 0 < g<o0.

7. Pseudo-differential operators on F  (h,w)

This section contains our main application of the T-L type spaces defined
in Section 5. We study boundedness properties of pseudo-differential
operators on the T-L type spaces. For convenience, we assume that the
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matrix A has been scaled such that a; = 1 < as. Notice that in particular,
[ a< |-
We say that a smooth function w on R? is an admissible weight function
if
o 1 <w(€) <C) for £ € RY
o [0%w(§)| < Cow(€)' 1! for § € N.

Example 7.1. The weight w(§) := (§) 4 is admissible (since a7 =1, see
part (e) of Lemma 2.3).

It was noticed in [27] that for an admissible weight w, there exist
K, R > 0 such that

(7.1) R < % <R for |¢—¢| < Ku(©).
In particular, since |£ — {|a < |§ — (], (7.1) implies that w is a moderate
function.

Definition 7.2. For b € R and 0 < p < 1 we define the Héormander
class S%. (R? x R?) as the family of functions o € C°(R? x R?) satisfying

w;p

9 o . , plal—bj 5o 98
(7.2) | 0| N ar m@ﬁ%ﬁgmﬁ%dw(é) |0g 0,0 (x,8)| < o0,

for M, N € N.

The class Sﬁ,; p(Rd x R?) has been considered earlier by several authors,
see e.g. [27]. We remark that the class is completely independent of the
spaces defined in Section 5, and our claim is that the T-L type space can
be adapted to study the boundedness properties of the pseudo-differential
operators induced by Sﬁ);p(Rd x RY).

Remark 7.3. For the particular choice w = (-), Sé’.%p(Rd x R%) is the
classical Hormander class 5’270(}1%‘1 xR?). For a general weight w and b < 0,
we notice that 52’_>;p(Rd x RY) c Sﬁ);p(Rd x R?) since w < (-). Therefore,
SZ); p(Rd x R?) often contains symbols not included in the standard class.

Given o € Sﬁj;p(Rd x R?), we define the operator o(x, D) in terms of the
symbol o(z,&) by

o@D (w) = i [ ale Of©) e, e SRY,

The family of all operators induced by SZJ; p(]Rd x R?) is denoted OpS?

w;p

For o € S, (R x R%), we notice that o(x,D): S(R?) — S(R?) which
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follows by standard arguments since w(¢) < C(z) for all £ € RY. Our goal
is now to find sufficient conditions on a moderate weight A to ensure that

o(z,D): FS (h,w) — 5 (h,w).

Let us state the main result. The proof will be given at the end of the
section.

Theorem 7.4. Given o € Sﬁ,;p(Rd xRY), 0<p<1,becR. Suppose
the moderate weight h satisfies

(73) C1(&)5 < h(€) < Caw(€)7/** VE € R,

for some k > 0. Then o(x, D) extends to a bounded operator
oz, D) : F;}'gb(h,w) — Fy  (h,w).

for any s € R, and p,q € [1,00).

Remark 7.5. We need to be concerned that spaces F}; ,(h,w) used in
Theorem 7.4 are well-defined in order for the statement of the theorem to
make sense. Let us elaborate on this point. We have h(§) < Cow(€) by (7.3)
since p/as < 1 and w > 1. Hence, (7.1) shows that there are constants
K, R > 0 such that

1<) R for fe—cla< Sne), €cern
() Cy
That is, w is a Q-moderate weight for any covering O generated by h if
we choose the moderation constant p for h sufficiently small. For such a
choice, the spaces F; (h,w) are well-defined.

g

We follow the same strategy as in [37, §6.2.2] for the proof of Theorem 7.4
(see also [29]). The plan of attack is to reduce the proof to the case b =0
and s large. We begin this process by studying the Fourier multiplier case.
We have the following result.

Proposition 7.6. Let w be a moderate weight, and suppose o is a
smooth function for which there exists b€ R and 0 < p <1 such that

(7.4) 0°5(€)| < Cpuw(€)*~ 17

for all B € N%. Then for any moderate weight h satisfying (7.3), o(D)
extends to a bounded operator

a(D): Fp o(h,w) — E; " (h,w),
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for any s €R, and p,q € [1,00).

Proof.  For Ty = dp(¢,) - +&k € T let ox(§) = w(éy) "o (&)pi(€), and
pr(€) = o (Tr€). Notice that for any o € N¢ we have

0°(0(T)) = Y 30 o(T36),
1B]=la|

where bs are monomials of degree || in the entries of Jj(,). Since
h(§) > €9 > 0, each entry is bounded by h(&;)** (up to a constant).
Thus

10%(0(Tk€))] < Cah()* 3" 0% (Ti€)] < CLh(&) I w(Trg) 1],
|B]=lal

where we have used the bound (7.4). Now, using (7.3) and that w is a
moderate weight, it is straight forward to show that

10° 1 (€)] < Caxq(8),

for () a fixed compact set and for some constant Cz independent of k. Let

r be a constant satisfying r > & + m. Then by Theorem 3.5 we have

lo(D) f]

s () = [{on(D)(w (&) e (D) )} kllL, e,)
< Cst;p low(Te) ey - 1F 1 pste

< C'|f]

Fp P (how)
for all f e F5to(h,w). O
The next example will be needed for the proof of Theorem 7.4.

Example 7.7. It is easy to verify that w(¢)” € Sh., for b € R. Let
J* =w*(D). With h as in Proposition 7.6, J° : F5t?(h,w) — F3 (h,w)
and we have

(7.5) 1T Flles  (hwy = 11

s+b
Fitb(hw) v f S Fpgjl_ (h, w),

for any s € R, and p,q € [1,0).

We can use Example 7.7 in conjunction with Theorem 7.8 below to reduce
the proof of Theorem 7.4 to the case b = 0 and s large. See [1] or [27,
Chapter 5] for a proof of Theorem 7.8.

Theorem 7.8. Let a and b be symbols belonging to St and S])'2

w;p wip
respectively, for some mi,ma € R and p € (0,1]. Then there is a symbol
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oe Sg}l;1p+m2 so that o(x, D) = a(x, D)b(z, D). Moreover,

1
+ma—pN
(7.6) o— aE|<N m&g‘a -Oypb € Syatme=e

for all N € N.

We can now state and prove the final technical lemma before we turn to
the proof of Theorem 7.4. We let f denote the inverse Fourier transform

of f.

Lemma 7.9. Given o € Sg,;p, 0 < p. Suppose the moderate weight h
satisfies (7.3), and let {@i} be the BAPU defined in (4.3) associated with
h generated by the affine transformations {p(c,) - +&ktr- Then

(a) For |v|,|a| < K and J € N there exists a constant C := C(K,J)
such that

F(z) = sup |(070(2,)0¢¢r) " (2)] < Clol\y xlhen | Onen )5

z€R4
zeRLkeN,
for any M > J.
(b) For |v|,|a| < K and m > 0 there exists a constant C' := C'(K, m),
such that

I / sup (@00 (z, )08 0n)" (@)| (@) de < C' o] e, kEN,
R

d zeR4

for any M € N satisfying M >m +v.

Proof. First we prove (a). For notational convenience, let o7 (z,§) :=
0Yo(z,£). We have the equality

F(z) = (2r)~ %% sup
z€R4

[ e o e de|
Let Ty = 0n(e,) - +&k- Then a substitution yields

(1.7) Fla) = @) 2o, | sup
z€ER4

[ om0t T8 on (118) dg].
Rd

Fix M > J. Notice that (z)p < (x), so we have the standard estimate
()M|g(x)| < Oum 218<K |0%¢||L, , for some finite constant Cp;. We apply
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this estimate to (7.7) to obtain
-7
F(dh £0) x)

< Oy (2m) =42 |(5h (€0l sup Z / ’85 (2, Ti6) O o1 (Ti§ ”d§ 57,
R g1<m

which by Leibniz’s rule provides the bound
(7.8)
F(Opg)®)
< eyl Y sup [ 1007 (2 Thé)IO ™" (9 wn(T0€))| dé ()

18|<M z€R4 JRA
0<n<p

Let us take a closer look at |86 "(0g o (Tk€))|. Put p(§) = or(T€). It is

easy to verify that |8§’8uk( )| < Cpxo(€) where Q C R? is a fixed compact
set independent of k, see Equation (4.4). Notice that the chain rule yields

Ofon(Tul) = Y b0 ui(£),
1Bl=le

where bg are monomials of degree |3| in the entries of (¢, )-1. Now, since
h(§) > g9 > 0, each entry is uniformly bounded, and we obtain

(7.9) 107702 r(Té))| < Cxq(9).

Next, an estimate similar to the one in the proof of Proposition 7.6 (using
(7.2) instead of (7.4)), gives that

0007 (5 T < Cyl 0]®) ()™ ()~
Since h(£)* < w(€)”, and w is a moderate function, we obtain
(7.10) 10 (07 (2, Tié))| < C |a|| i foralleq.
Finally, using the estimates (7.9) and (7.10) in (7.8) yields
F(0pg®)
< O D lolilx / Q) de(e)” < C"16ie || lL el

IBI<L
0<n<p
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which proves (a).
Let us turn to (b). Pick J > m + v in (a). Then we have

I= F(z){x)} dx
Rd

< U|§\3{K|5;(Ek)| /]Rd <5,;r(€k)x>;3=7<x>g dx
_ ) ~(0) —Js—T
= Cloli [ @05 15,8, 205 do.
However, <6,;(;)$>B < C{z)p since h(&) > &9 > 0 so we obtain

1= 0ol [ (@5t de < Clol,

since J > v+ m. This concludes the proof. O

We now turn to the proof of Theorem 7.4. For convenience, we use the
notation

Pl D)) = s [ ple Of(©e i az e B,

in the proof.

Proof of Theorem 7.4. Let {pr}ren be the BAPU defined in (4.3)
associated with the family {0y, +&x} of affine transformations generated
by h. From the facts that J “F; (h,w) = F3t*(h,w), o(x,D)JT* €
OpS&Tp‘l and J%(z,D) € OpSﬁ,‘fg when o € Sﬁ,;p, see Theorem 7.8, we
deduce that it suffices to consider the case b = 0 and s > sy, where sq
is chosen sufficiently large to ensure that {w(&)~(*0=2ev/@2)1 € ¢, (notice
that the lower bound in (7.3) guarantees the existence of s, see also Remark
5.8). It also suffices to prove that |o(z, D)f[lrs ) < CIf]
f € S(RY) since S(R?) is dense in F ,(h,w).

Now suppose o € Sg;p and s > s9. Notice that for g € S(RY),

F,‘f,q(h) for

lox(D)g)() = (2m)~ 42 / ¢ o (€)3(E) de

Rd

(711) = [ gt +v)d.

Let o7 (z,§) := 0)o(x,&). We obtain for any K € N

o@+y, D)f(@+y) = (2m) " /R TS (a 4y, ) f(€) de
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—@n i Y % /R €0 (1,6 f(€) d

[y|<E-1 "

+(2m)7 ) %/Rdei(m)'g /010 — 1)Ko (@ + 7y, €) f(€) dr de
lyl=K "
(7.12)
= T(J?, y) + R(Z‘, y)v

where we have expanded o(x + y,€) in a Taylor series around z. Using
(7.12) in (7.11), we obtain

pr(D)o(x, D)f(x)

(T.13) (2m) /2 /R ()T () dy + (2m)~ 2 /R o (y)R(z, y) dy.

We estimate each of the two terms separately. First we consider the term
with T'(z,y). We have,

| ot =0 [ aw ¥ L

|
<k-1

x [ e g fe) dedy
—en i 3 S e efe

[v|<K-1

x / V€ G (y)y dy dé
Rd

(7.14) DI D PG GRS

[v|<K-1

Using the fact that ¢} (£) =1 on supp(py), and the relation (fg)v = fx*g,
we get

‘/Rd eiw-fg'y(il', f)ag(pk (g)f(f) dé“

[ e . 00700 (€) ()

< @@ 0020 Wigi(D)f = —y)ldy

< / sup |(07 (2, )0%e)" ()| [9h (D) f (x — v)| dy.

d zeR4
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Using the estimates (a) and (b) from Lemma 7.9 we may apply Lemma 3.1
to conclude that

(7.15)

[ e . 0 a6 de| < Cloll M (D)) o),

with C' < oo independent of k and f, and where L > (m + v). Finally,
combining (7.14) and (7.15), the Fefferman-Stein inequality implies

{wter [ owrcna}

Now we turn to the second term in (7.13). We let O (&) = @i (Tk
where T, = Op(e,) - +&k. Put tx = h(&), and notice that @k( )

. —1
[ (5t_kTy)€ﬂy'6% % from which we obtain

/sﬁk(y)R(x,y)dy:/ Or(y)R(z,8;, "y)e ¥ dy.
R4 R4

We have the estimate |(5,;Ty)7| < c|5;k—ry||7‘ < c’t;h‘(y)?w, Yy € RY
(since a1 = 1). Hence,

0
< Clolxl fll s cny
Ly(Lq)

£),

sok( JR(z,y) dy‘

) -7
‘ tk y) Ok(y )/ @ F0n, v)€
Rd
Ivl= !

></ (1 — 1)Ko (x + 70, Ty, &) f(€) dr de eiyfkdy'
0

<o Y [ wieleu |'/ (1)K

[vI=K

x / Y (4 76, Ty, €) f(€) de dr| dy
]Rd

Fix 6 € (1,2). We use the estimate [O(y)| < C(y)z"~ ">~ given by
(4.5) to obtain

'y / P sup |[o7(z, D) f)(z + 6, y)| dy
h’l K <y v zER4 .
(2,D 5, "
— K Z / _ b;gi“g (2 )<J;]>Z/+ B y>|dy

[v|=K
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_ (2, D) f](x +v)|
<ot K / p 1127 d
‘ ﬂZK B T

_ (2, D) fl(x +v)|
< 17 K |[U (Z
D T T

[vI=

since (8, v)p > /(v)p due to the assumption that ¢z > g9 > 0. We have,

< <Xk:<w(§k)st,:K > sup ‘[U’Y(Z,Z)>ng(x+y)|>q)1/q

" o7 (z, D)pm

<" YLD sw 7 ’
=K m z,vER4 <U>B

where we used the fact that w(¢) < () < (£)%* < h(£)*2/*, and that

Dk t,(faz/ﬁfK)q < oo provided K is sufficiently large. We estimate the

term A, (z,z) := ‘[07(Z,D)<pm(D)f](x)|. Let fn(z) := [¢f, (D) f](x). We
have

Anp(z,x+v) =

L@ Gt @+ v =)o)y
< [ 10 Gen()Y @+ 0 = )l fn()] dy

fm(u v
< sup L2 [ ) 0) (@ 0= e = ) .
Now, by Lemma 2.3, (z — y)eB” < () (x —y+0)¥ @)%, so

A0 < rup POy [0 Y () ) )
z,vERI <U>B vE]Rd <U>B z€Rd JR4

| |(0)
veRY <v>%y

L K>
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where we used Lemma 7.9 in the last step. Using the estimate <6t—';nv>3 <
Cty,(v)p we finally obtain

tow | fm (2 — 0 |fm x—v)|
S(z) < C|0’|(O) U sup7<0|o| t)V sup =,
LK tfff verd  (0)F Z vER t >B

and by Proposition 3.4,

1S(@)llz, < Clolpl{t% frutmllL, ey = Clolx I f]

Fil(h,w)v

where 5 = pg” . Since {w(& )71 € ¢; we deduce from Proposition 5.7
that

1]
which concludes the proof. O

£ () < CllfllEg y(haw)

7.1. Some remarks. The proof of Theorem 7.4 can be modified (and
simplified) in a straightforward way to prove the corresponding result for
modulation spaces. We leave the details for the reader.

Theorem 7.10. Given o € Sﬁ,;p(Rd xRY), beR, pec(0,1]. Suppose
the moderate weight h satisfies

C1(€) < h(§) < Cru()/™ ¥ R,
for some k > 0. Then o(x, D) extends to a bounded operator
o(xz,D): M;j;b(h,w) — M, (h,w).
for any s € R, and p,q € [1,00).

For homogeneous symbols o € SZ); , one can improve Theorems 7.4 and
7.10. Suppose o € C®(R?xR?) and there exists a constant b € R such that
o(x,0:€) = tha(x, &) forall t > 1 and & € R?. One can verify that o € Sﬁj;p
using the homogeneity. Similar arguments as in the proof of Theorem 7.4,
and a modification of Lemma 7.9, show that o(z, D) extends to a bounded
operator

o(z,D): FS (h,w) — F5 b(h,w),
provided C1(£)% < h(§) < Cow(§)? for some k > 0. An analogous result
holds in the modulation case. Hence, we obtain a boundedness result for
a much larger class of spaces Fy ,(h,w) [M, ,(h,w)]. We leave the details
for the reader.

Another way to strengthen Theorem 7.4 is to restrict the analysis
to diagonal matrices A. Suppose A = diag(ai,...,aq), and put a =



L. Borup and M. Nielsen 143

(a1,...,aq). For b € R and p > 0 define the Hérmander class S{T&(Rd xR%)
as the family of functions o € C°(R? x R?) satisfying

pa-a—b aaaﬁ <
\a|§rz51??\s1w$§é%dw(£) 080, o (x,€)| < o0,

b
|o |§V?]W =
for M, N € N. Then, using similar arguments as in the proof of Theorem
7.4, it can be verified that any o € Sf};f;, extends to a bounded operator
o(z,D): F; (h,w) — Fpﬁ;b(h,w) provided C1(&)% < h(§) < Cow(&)P for
some k > 0.

7.2. Elliptic operators. We conclude this section with a brief discussion
of elliptic symbols. We have the following definition.
Definition 7.11. A symbol o € S%_ is called w-elliptic if there exist

w;p

C, M > 0 such that |o(z,&)| > Cw(£)® for (£) > M.

We let S,,77 := NimerS,,y,- The following result on elliptic symbols is

well-known and the proof can be found in, e.g., [27].

Theorem 7.12. Suppose o € Sﬁ,;p is w-elliptic and there exist C,k > 0

such that w(€) > C{E)* for € € R%. Then there exists T € 5’7;3) such that
I —o(x,D)r(z, D) and I — 7(z,D)o(z, D) are both in Op(S,7).

Now we put F, > (h,w) = UserF; ,(h,w). Using Theorem 7.12 and the
previous results we have

Proposition 7.13. Suppose o € Sﬁup is w-elliptic and assume that

the moderate weight h satisfies (7.3). If f € F,°(h,w) and o(-,D)f €
F3 (h,w) for some s € R, then f € F5tt (h,w).

Proof. Let S = o(-,D), and let T = 7(-,D) be as in Theorem 7.12.

Notice that f =T(Sf)+ (I —TS)f. By Theorem 7.4, T maps F; (h,w)
s+b —o0 s+b

to Fyt(h,w) and (I —TS) maps F, *(h,w) to Fyt*(h,w). O

8. Examples

This final section is devoted to a number of examples of T-L type spaces.
For simplicity we will consider the moderate weight function defined in
Example 4.6.

8.1. Isotropic spaces. Let us consider the isotropic case. We put A =
diag(1,1,...,1), and | - |4 is the Euclidean norm with (-) the standard
bracket on RY. We define the moderate function h, (&) = (£), where



144 On anisotropic Triebel-Lizorkin type spaces

a € [0,1] is fixed. Observe that any covering ball B in R? associated with
h, satisfies the following simple geometric rule:

(8.1) £€B= (6)* < |B|.

For the weight ho, Ff,(ha,(-)) and M} (ha,(-)) are well-defined spaces.
It turns out that the spaces Mf (hq,(-)) are the so-called -modulation
spaces M2(R?) introduced by Grobmer [24], while Ff? (hq, (-)) is a new
family of spaces (for o < 1). Let us consider the spaces in more detail.

8.1.1. The case o = 1. First we consider the case a = 1, where (8.1)
corresponds to a “dyadic” cover which gives us a classical T-L space. Let
By = {£1,42}, E; := {£+1}, and F := E$\ E{. For each k € F, and
j € N define b; s, := 27 (v(k1),...,v(kq)), where

1/2 fork=1
v(k) = sgn(k) -
(k) = sn(k) {3/2 for k = 2.
Suppose T = {41, T;x}jenker is given by Tj € = 27 + by and let
@ C R? be an open cube with center 0 and side length r > 1/2. Then
{TjkQ}jen.ker is a structured admissible covering of R? of the type used
in Section 5. Figure 1 illustrate this covering for d = 2.

T3,(2,1)@Q

FIGURE 1. A decomposition of the frequency plane using
the structured family 7 from Section 8.1.1 on a fixed
cube Q
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Using 7 it can be verified that ng(hl, (-)) is a T-L space. In fact
FP (h1,(-)) = Ff (R), see e.g. [36] for details. In this case, one can also
verify that MJ (h1,(-)) = BS (R?) is a classical Besov space.

8.1.2. The case 0 < a < 1. This case is more interesting as we obtain
new families of spaces. Define by = k|k|*/(:=®) k € 74\ {0}, and let
T = {Tk}peze\(oy be given by Tp{ = |k|*/(=e)¢ 1 by, This type of
“polynomial” covering was first considered by Paivarinta and Somersalo
in [30] to study pseudodifferential operators, and Grébner [24] used such
coverings to define a-modulation spaces. It is not difficult to verify that
MP (ha, (-)) = M2:*(R?), and consequently F,(ha,(-)) can be considered
the T-L equivalent of the «-modulation spaces. In [5], the authors
introduced so-called «-Triebel-Lizorkin space in the one dimensional case.
One can verify that the a-Triebel-Lizorkin scale equals the T-L type space
FP (ha, (-)). However, the authors were not able to prove in [5] that these
spaces are independent of the particular BAPU. This important property
now follows directly from Proposition 5.3.

In this case we have an explicitly given covering, so we can also write
out the norm equivalence given by (6.6). Let {ng »} be the tight frame for

FP (ha, {-)) given in Section 6. We have

p,q

1/q
_s 41 ad
g = [{ 75225 (5 Whmndironn ) |
k

nezd

Lp(fq)’

where Q(k,n) is given by (6.3) with T = |k|*/(1=) . 1p,,.

8.1.3. Pseudo-differential operators on isotropic spaces. For A =
diag(1,1,...,1) we may take ag = a3 = 1. Then Theorem 7.4 says that
any pseudo-differential operator o € S?M extends to a bounded operator

O'(:L’, D) F;f,q(haa <>) - Fpﬁ,;b(haa <>)

provided 0 < a < p. For o = 1 this simplifies to a well-known boundedness
result for T-L spaces [29, 10], and for 0 < a < 1, it extends the authors
result [4] for a-modulation spaces to T-L type spaces. We also notice that
with this particular choice of dilation and weights, Theorem 7.10 reproduces
the main result in [4],

o(@,D): M7y (ha, () — My " (ha, (),

where o € S?M and 0 < a < p.
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8.2. Anisotropic spaces. Now we consider the same construction as
above but adapted to the anisotropic setting. For a real matrix A with
eigenvalues with positive real parts, we consider the anisotropic distance
|-|a. Define ho(§) = (€)%, which is moderate according to Lemma 4.5. We
can use Proposition 5.3 to conclude that h, determines a decomposition
space (up to equivalent norms) for each choice of moderate weight w.
In particular, the space ng(ha, (-Ya) is well-defined. Also notice that
for A = diag(1,1,...,1), hy is the regulation function considered in the
isotropic case. In this particular case, we obtain the same isotropic spaces
as in Section 8.1. In general, we obtain anisotropic versions of the spaces
considered in Section 8.1.

8.2.1. The case o = 1. This case corresponds to anisotropic T-L spaces.
In the restricted case where A is a diagonal matrix A = diag(as,...,aq)
it can can be verified that FJ (h1,(-)a) is an anisotropic T-L space of the
type considered in e.g. [39, 14]. In fact FJ (hy,(-)a) = F2F(R?), where
a=(ay,...,aq).

Suppose 7 = {0(¢,) ,-+&k fren is one of the equivalent structured covering
given by Lemma 4.7. The tight frame {n,} of Section 6 yiclds an atomic
decomposition of Ff (hy,(-)a), and (6.6) gives a characterization of the
(quasi-)norm on F (h1,(-)a).

8.2.2. The case 0 < a < 1. Next we consider the case 0 < a < 1,
which corresponds to a family of spaces which we will call anisotropic a-T-L
spaces. According to Proposition 5.3, Fpﬁﬂ (has (-)4) is well-defined. Lemma
4.7 tells us that there exists a structured covering associated with h, , but
unlike the isotropic case, we do not (in general) know of any explicitly
given structured covering. However, if 7 = {5, (¢, ) - +&k fren is one of the
equivalent structured covering given by Lemma 4.7, then the tight frame
{nk,n} of Section 6 yields an atomic decomposition of FJ,(ha,(-)a), and
(6.6) gives a discrete characterization of the (quasi-)norm on Fpﬁﬂ (ha, ()a).

8.2.3. Pseudo-differential operators on anisotropic spaces. For a
real d x d matrix A with eigenvalues with real parts in the interval (1, as)
and «a € [0, 1], we consider the anisotropic space Fﬁq(hm (-)a) from Section
8.2.2. In this case, Theorem 7.4 states that a pseudo-differential operator
o€ Sé’_h;p extends to a bounded operator

(8.2) o(2,D): F (ha,()a) = FLP(ha, () a)
provided 0 < a < p/as. We also mention that Theorem 7.10 gives

o(w, D): MY o (ha, () a) = My (ha, () a)



L. Borup and M. Nielsen 147

for 0 < a < p/ay. As noticed in Section 7.1 there is a stronger result when
A is diagonal. More precisely, if o € S?}bA,p, A = diag(aq,...,aq), then
(8.2) holds true provided 0 < a < p.

8.2.4. The heat operator. We conclude by considering the heat operator
L on R? with symbol o(t,z) = it + 22. Put A = diag(2,1), and let
w(t,z) = {(t,z))a. One verifies that w(t,z) =< 1+ [t|'/? + |z| and
o€ S<2_>A’1(R2 x R?). We obtain

L: FP (ha,()a) = F2 2 (ha, () a)

provided 0 < o < 1/2. Notice that L is (-)4-elliptic and we can construct
an approximate inverse for L by letting a(u,t,z) = n(t,z)(it + 2%)71,
uw € R?, t,z € R, where n is a smooth cut-off function that vanishes
at the origin and equals 1 away from the origin. One can check directly
that a € S;;A71(R2 x R?). Here we notice that a is only contained in

S<T>1_1/2(R2 x R?) due to the slow decay of a as t — co. Of course, a is not

(-)-elliptic, only hypoelliptic.

Appendix A. Some technical proofs

Here we give some of the more technical proofs. In particular, we prove
Proposition 3.3 and Proposition 5.2. We begin by proving Proposition 3.3.

Proof of Proposition 3.3. Put v(z) = |65 u(dp =) and let a =
v/r. Then (&) = 4(0gr€) so supp(v) C Ba(0,1). Moreover, we have
v*(a,1;2) = |65 u*(a, R; 65 "2) and MPo(z) = |05 | MPu(é; ) so we
may assume that R=1.

We take ¢ € S(RY) with ¢ = 1 on Ba(0,1), and write u(z — z) =
C [gau(y)p(z — z — y)dy. Hence
(A1)
ou

8—%@_2)

—o| [LunFE -] < [ julia—y-s15a

for any v > 0. We divide (A.1) by (2)% and use the estimate (x —
NE/(2)% < "z —y— 2)% from Lemma 2.3 to deduce that

sup <z>]_3“‘Vu(x = z)| < O’ sup (2) 5% |u(z — 2)|.
z€R4 z€R4

Fix 0 <n <1. Let 2,2 € R? and suppose y € Bg(x — z,1). We have

u(z = 2)|" < Cr(lu(z — 2) — u(y)|” + [u(y)[")-
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By the mean value theorem, with s and co given by (2.3),

fu(e = 2) —u)|" < [Vulpo)|"|e — 2 = y|" < &7/ C, [ Vulpo) "y,
with pg € L(x — z,y). We have |z —z — po|p <1 <1 since Bg(x —z,n) is
convex, and consequently,

(WB) Ty /B e dy
B(x—2z,m

<Gl sup |Vu(w)] + CrwB) /B e
B(T—2,m

weBp(z—=z,1)
Thus,
} ~ 1/r
e <Gl s VO ([ )
weBp(z—2,1) Bg(x—z,n)

By the quasi-triangle inequality, we obtain

/ fu(y)["dy < / fu(y) " dy
B (x—2z,m) Bp(z,c(1+]2|B))

< dwl 1+ |2|p)" (MPu(z))"

< B )5 (MPu())
Also, if w € Bg(z — z,1),
c(2)p > (x—w)p—clz—w—2)p > (x—w) p—c(1+|z—w—z|p) > (x—w) p —2¢2,

and since (z)p > 1, we obtain (z)p > (x — w)p. Finally,

1
c+2c?
()5 u(z —2) < Cn**> sup  (z—w)p*Vu(w)| + Cn " MPu(x)
weBp(zx—2z,1)
< Cnl/‘” sup (w)ga}Vu(x — w)| + Cn~*MPu(x)

weR4
< C'Cnte2u*(a, 1;2) + Cp~ *MPu(x).

The result now follows by choosing 1 < min{1, (2CC")~*2}. O

Next we turn to a proof of Proposition 5.2 demonstrating that the spaces
introduced in Section 5 are indeed quasi-Banach spaces.

Proof of Proposition 5.2. It is easy to see that the functions || - HF;‘(](;L,w)
and |- ||M;‘q(h,w) given in Definition 5.1 are quasi-norms (norms if p,q > 1).
Let us first prove that S(R?) — F3 (h,w) [resp. M3 (h,w)] — S'(RY).
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Let so be such that w({x)™°° € Liin{p,q}- By Proposition 5.7, we obtain
the embeddings

s+s L L
My 23® (hy w) — My o (h, w) — My o (h, w).
and
s+ : :
My 20 (hy w) — Fp o (h,w) — My, o (h, w).
Thus, is suffices to show that S(R?) < M3 (h,w) < S'(R?). Let

pn(g) ==supw(@™ 3" 10%5(), N eN,geSR?,
¢ IBI<N

be semi-norms on S(R?). It follows from the growth condition (5.1) that
the semi-norms {py} define the usual topology on S(R?). Take f € S(R?),
and let K > d/p. Notice that for r € R,

17 orfllL,
<A+ D F o flln. <Co > N1F 0% erfllLn
IBISK
<Cs Y 10%prflllL, < Casupw(&) V%N 10%(pk £1(9)]
IBI<K ¢ IBI<K

§C5(s151pw(£)“d“)/“+” ST 1PF@) xw©) T S 10%k(€))

[BI<K |BI<K
< Cow(&k) "pn(f),

for N > max(K, (d+ 1)/k + r), where we have used that w is a moderate
weight in the last estimate. Thus |[fllary _(hw) < Cpn(f) for N >

max(d/p, (d + 1)/k + 1), so S(RY) — M3 _(h,w). Also notice that for
s € R we can pick r such that r — s > somin{p, ¢} to obtain

D w&) I F  erfllz, < CY w(én) " Hpn(f) < C'pn(f),
k k

so S(R?) — M5, (h,w). We now prove that M3 (h,w) — S'(R%). For
feM; (h,w) and 6 € S(R?) we have (formally)

(£,0) = (£,0) = (o f.0) = (onf.or0) =D (F (erf), F 1 (g10)).

k k k
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Using the Nikol’skij-Plancherel-Polya inequality [36, Proposition 1.3.2], and
that supp(py) is contained in the Euclidean ball B(&, p'h(&x)), yields

|(£,0 |<Z||f (er Dl F (i) e,
< czh E)PIF e DL, IF (202
k
< I fllar; () Z (&) h(&) P IF(2i0)] 1.
< CC||fllarg, hw>2 () w (&)Y PN F (0] 1y

since h(£) < Cw(ﬁ)az/na

< O fllatg o ra 101 g svcaarcons -

Finally, since S(RY) — M, S+a2d/(5p (h,w), we obtain [(f, 0)] <
Cll fllars . (hwypn (6) for sufﬁmently large N (with N independent of f).
We conclude that M3 (b, w) — S&'(RY).

Let us now show that F; (h,w) is complete. Let {f,}nen be a Cauchy-
sequence in F (h,w). Then {f,},en is a Cauchy-sequence in S’ (R%), and
since S’(R?) is complete, f, convergesin S’(R?) to an element f € S'(R?).
It follows easily that (F~lopfn)(z) — (FLorf)(z) pointwise as n — oc.
We apply Fatou’s lemma twice to obtain (for ¢ < co)

1/q
15 = fullg v = | ( Z w6 n)s - £7)
k

Lp

m— 00

1/q
lim inf (Z w(&r)* ok (D)(fm — fn)")
k

Ly

< liminf
m—0o0

(S uier o )(fm—fn)")l/q

k
= liminf || f, — fn”F  (hw)>
m—00

Ly

which shows that f € FJ (h,w) and IIf = fn|F5q(h w) — 0. Similar

arguments can be used to bhOW that M,  (h,w) is complete.

To prove that the Schwartz space S (Rd) is dense in F; (h,w), we first
approximate f € F; (h,w) by a bandlimited function f. Then we obtain a
Schwartz class approximation to f using a (compactly supported) mollifier.
For further details, we refer to the proof of Theorem 2.3.3 in [36]. The same
result holds true for My (h,w), provided p,q < oo. a



L. Borup and M. Nielsen 151

We conclude this appendix by proving the following technical lemma
which is used to prove Theorem 6.4. We use the same notation as in
Section 6.

Lemma A.1. Let 0 < r < 1. There exists a constant C' such that for
any sequence {Skntin we have

S skl < CITLY202 (3 [skn X )-

Proof. From (4.5) we have that |n.n.(z)] < COn|Te|"?(1 + |Zn +
6 x|g)~Y forany N > 0. Fix N > v/r. We can, without loss of generality,
suppose x € Q(k,0). Let Ay = {n € Z¢: |Zn|p < 1}, and for j € N, let
Aj = {n € 7. 2171 < |Zn|p < 27}. Notice that Unea,Q(k,n) is a
bounded set contained in the ball Bg(0,c27+1¢, ). Now,

> skl L+ [Zn+ 6] 2[5) Y

neA;
< CQiJN Z |3k,n|
TLEAj
. 1/r
<2 (Y [skal”)
neA;
‘ 1/r
< C2 Vg (/ > I8kl XQ k) (V) dy)
TLEAj
' r 1/r
<CLireINglT (/ (Z |$k.nlXQ(k,n) (y)) dy)
Bp(0,c27+1%) N
< N IIOME (3 Jskalxaum ) (@).
nezd
The result now follows by summing over j € Ny. g
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