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It is proved that, for the nondivergence form elliptic equations ZZ}'=1 aijuxy; = f,if f belongs to

the weighted Herz spaces Kz (p,w), then uy,, € KZ (¢, w), where u is the W*P-solution of the
equations. In order to obtain this, the authors first establish the weighted boundedness for the
commutators of some singular integral operators on K (¢, w).

1. Introduction

For a sequence ¢ = {¢(k)}Z,, ¢(k) > 0, we suppose that ¢ satisfies doubling condition of
order (s,t) and write ¢ € D(s, t) if there exists C > 1 such that

C12stk=)) < & < C2tk=D for k > j. (1.1)
o (f) !

Let By = B(0,2%) = {x € R" : |x| < 2%}, Ex = Bi \ Bk-1 for k € Z, and yx = yg, be the
characteristic function of the set Ej for k € Z. Suppose that w is a weight function on R". For
1< p <oo,0<g< oo, the weighted Herz space is defined by

Kj(p,w)(R") = {f : f is a measurable function on R”, ”f”Kg(tp,w) < oo}, (1.2)
where
) 1/q 1/p
b= (S 000 wlbn) - Wl = ([ lroraman)”

(1.3)
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Beurling in [1] introduced the Beurling algebras, and Herz in [2] generalized these
spaces; many studies have been done for Herz spaces (see, e.g, [3, 4]). Weighted Herz spaces
are also considered in [5, 6]. Lu and Tao in [7] studied nondivergence form elliptic equations
on Morrey-Herz spaces, which are more general spaces. Ragusa in [8, 9] obtained some
regularity results to the divergence form elliptic and parabolic equations on homogeneous
Herz spaces.

The paper is organized as follows. In Section 2, we give some basic notions. In this
section, we recall also continuity results regarding the Calderén-Zygmund singular integral
operators that will appear in the representation formula of the ., estimates. In Section 3, we
prove the boundedness of the commutators of some singular integral operators on weighted
Herz spaces. In Section 4, we study the interior estimates on weighted Herz spaces for the
solutions of some nondivergence elliptic equations 3./, ; ajjutxx; = f, and we prove that if
fe KZ((/), w), then Uy;x; € KZ(q), w), where u is the W?P-solution of the equations.

Throughout this paper, unless otherwise indicated, C will be used to denote a positive
constant that is not necessarily the same at each occurrence.

2. Preliminaries

We begin this section with some properties of A, weights classes which play important role
in the proofs of our main results. For more about A, classes, we can refer to [10, 11].

Definition 2.1 (A, weights (1 < p < o0)). Let w(x) > 0 and w(x) € L! (R™). One says that

loc
w € Ap for 1 < p < oo if there exists a constant C such that for every ball B C R”,

sgp{%J‘B w(x)dx}{|%|J‘Bw(x)l—l"dx}p_1 <C (2.1)

holds, here and below, 1/p +1/p’ = 1. One says that w € A; if there exists a positive constant
C such that

1

Bl IB w(x)dx <C es;csegf w(x). (2.2)

The smallest constant appearing in (2.1) or (2.2) is called the A, constant of w, denoted by
Cow.
Lemma 2.2. Let 1 < p < oo and w € Ap. Then the following statements are true:

(1) (strong doubling) there exists a constant C such that

w(By) - .
——L <2k D for k>, (2.3)
w(B))

(2) (centered reverse doubling) for some 6 > 0, w € RD(6), that is,

w(Bk) 6(k—i .
——= > 200D for k > j, (2.4)
w(B;)
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(8) for 1 <p < oo, one has w € Az for somep < p,

(4) there exist two constants C and & > 0 such that for any measurable set B C E,

w(B) IBI\°
e () 29

If w satisfies (2.5), one says w € Ag,. Obviously, Ay = Urpeoo Ap,
(5) forall (1/p) + (1/p) =1, one has w'* € A,.
Remark 2.3. Note that w(E) = [, w(x)dx and wP(E)VP = ([pw? (x)dx)"P.

Definition 2.4. Let Q C R" be an open set. One says that any f € L] (Q) is in the bounded
mean oscillation spaces BMO(Q) if

f(y) - fo,0|dy = ||f]l, < oo, (2.6)

P 15
y>0,x€B, (x)CQ |BY(x )| By (x)

where fB},(x) is the average over By (x) of f. Moreover, for any f € BMO(L2) and r > 0, one
sets

sup ———
y<r,x€By (x)CQ |By(x)| By (x)

f(Y) = fo,00 |dy = (7). (2.7)

One says that any f € BMO(Q) is in the vanishing mean oscillation spaces VMO(Q) if n(r) —
0 asr — 0and refer to 77(r) as the modulus of f.

Remark 2.5. f € BMO(R") or VMO(R") if B ranges in the class of balls of R”".

Lemma 2.6 (see [12, Theorem 5]). Let w € Ay. Then the norm of BMO(w) is equivalent to the
norm of BMO(RR"), where

BMO(w) = {a :lall, , = sup ﬁ IB|a(x) - aB,w|w(x)dx}, os)

ABw = % IB a(z)w(z)dz.

Definition 2.7. Let K : R" \ {0} — R. One says that K(x) is a constant Calderén-Zygmund
kernel (constant C-Z kernel) if
(i) K e C=(R"\ {0}),
(ii) K is homogeneous of degree —-n,
(iii) g K(x)do =0,S"! = {x e R": |x| = 1}.

Definition 2.8. Let Q be an open set of R” and K : Q x {R" \ {0}} — R. One says that K(x, y)
is a variable Calder6n-Zygmund kernel (variable C-Z kernel) on Q if
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(i) K(x,-) is a constant C-Z kernel for a.e. x € Q,
(ii) maxiji<n| (87 /027 ) K (x, 2) || 1= (@xsr1y) = M < 0.

Let K be a constant or a variable C-Z kernel on Q. One defines the corresponding C-Z
operator by

Tf(x)=P.V. IRn K(x-y)f(y)dy orTf(x)=P.V. J; K(x,x-y)f(y)dy. (2.9)

Lemma 2.9 (see [5, Theorem 3]). Let 1 <p < oo, 0 < g < oo, 6> 0. One assumes that

(i) @ € D(s,t), where —(6/p) <s <t <n(1-(1/p)),
(ii) w € A,, where r = min(p, p(1 - (t/n))),
(iii) w € RD(6).

If K is a constant or a variable C-Z kernel on R™ and T is the corresponding C-Z operator,
then there exists a constant C such that for all f € Kg(q), w)(R™),

”Tf”Kg((p,w)(]R") < C”f"KZ((p,w)(]R")' (2.10)

From this lemma, by a proof similar to that of Theorem 2.11 in [13], we obtain the
following corollary.

Corollary 2.10. Let 1 <p < oo, 0 < g < oo, 6 >0, and Q be an open set of R". One assumes that

(i) ¢ € D(s,t), where —(6/p) <s <t <n(l—-(1/p)),
(ii) w € A,, where r = min(p, p(1 - (t/n))),
(iii) w € RD(0).

If K is a constant or a variable C-Z kernel on Q, and T is the corresponding C-Z operator, then there
exists a constant C such that for all f € KZ((p,w)(Q),

”Tf”KZ((p,w)(Q) < C”f”KZ((p,w)(Q)' (2.11)

3. Weighted Boundedness of Commutators

The aim of this section is to set up the weighted boundedness for the commutators formed by
T and BMO(R") functions, where [a,T] f(x) = T(af)(x)—a(x)T(f)(x). This kind of operators
is useful in lots of different fields, see, for example, [13] as well as [14], then we consider
important in themselves the related below results.

Lemma 3.1 (see [10, Theorem 7.1.6 ]). Let a € BMO(R"). Then for any ball B C R", there exist
constants Cy, Cy such that for all a > 0,

l{x € B:|a(x) — ag| > a}| < Cy|Ble~>*/llall- (3.1)

The inequality (3.1) is also called John-Nirenberg inequality.



Journal of Function Spaces and Applications 5
Theorem 3.2. Let1 <p < oo, 0<g<oo, 6>0,and ac BMO(R"). One assumes that

(i) ¢ € D(s,t), where =(6/p) < s <t<n(1-(1/p)),

(ii) w € A,, where r = min(p, p(1 - (t/n))),

(iii) w € RD(6).

If a linear operator T satisfies

lf(yy)”ndy, x ¢ supp f, (3.2)

risef

forany f € Ll _(R™) and [a, T] is bounded on LP(w), then [a, T] is also bounded on KZ((p, w).

loc

Proof. Let f € KZ((p,w)(R") and a € BMO(R"), we write

fo= 3 fex0 = 3 S, 63
j=—0

j==eo

Then, we have
. s g\ 1/q
”[arT]f”Kg(q)/w) < C<k_Z (,O(k)q <Z ||([a, T]f]')Xk”Lp(w)> )

~ j=—oo
a\ 4
_1||([a/T]fj)Xk||LP(w)> > (3.4)

+ c< i o(k)? < 3
k=-o0 J
00 0 N
+ C< so<k>q< > (e, T]fj>xkllmw>> >
k=—o0 j=k+2

=I+1I+1IL

+
Ly

I
F

For II, by the L” (w) boundedness of [a,T], we have

m<cl > o > lallllfixell
k=0 jok-1 (3.5)

< Cllall 1 £l ag,)-
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For I, note that when x € Ex, vy € Ej, and j < k -2, |x — y| ~ |x|. So from the condition (3.2),
we have

269 = aly)l) ¢ () fay
ESS

< C27"™|a(x) - ap, | J' |fi(y)|dy + C27*
]Rn

laTifl<c|

- anol [ 15Ny G0)
« 2 [ Jay) - anll ) |dy.
Thus,

(L@, T1£7) Xkl o ooy < €27 (@) = @B0) Xk | 1 o) fRn |fi(w)|dy

+C27k

on = ano0® [ Wl

rC2 ) [ Jatw) -anulli(w)|ay
= ]1 + ]2 + ]3'

According to Lemma 2.2, w € Ay for some 7 < r. By Holder’s inequality and Lemma 2.6,

Ji < 27 all, w0 (B P || fill P (B

1/p
_ _y /p /p  w(Bg)
= C27™all|| fill oy P (B)) P (By) ”< : )

w(Bj) (3.8)
—nk 7(k—j
< 2 all || il oy | B 277477
< Czk(fm(?n/p))zni(lf(?/p))||a||*||f].||Lp(w) )
It is easy to see that |ag, ., — ap;w| < C(k - j)l|all.. Therefore, similarly to J;, we have
N —p' 1/p'
Jo < C(k = )2 all,w(B) P || fill p 0 ¥ (B}) " 59

< Ck2k(‘"+(7”/l’))j2”7(1‘(7/”))||a||*||fj||Lp(w).

Now, we establish the estimate for term J3,

) 1y
_n P )
]3 < e)) kZU(Bk)l/pllfj”LP(W) <4[B |a(y) - an’wl ’I,Ul P (y)d]/> . (310)

j
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For the simplicity of analysis, we denote H as

r i
<J‘B |a(y) - aBle w'P (y)dy> :
J

By an elementary estimate, we have

(|, [Jat) - a0
B;

1-p/ 1/p 1-p/ 1/p
< Cllallgmor+yw' " (Bj) Pt 'aBj,wl’P’ - anrw|w 7(Bj) "

Note that

ag; wi-+' ~ aB,-,w' < |aB]-,w1*P' - aB,-' + | B, — aB,-,w'

= Ja1 + Ja.

Combining (2.5) with (3.1),

= gy |l ~as ey

([ o) -]

[o)e]
<C J' o-Caa8/lall. g < C.
0

In the same manner, we can see that

Js1 <C.
By Lemma 2.6, we get

Js < C2™ all,w (B || fill oy /P (B)) "

< Czk(fnJr(?n/P))zni(lf(?/rf))||a|| ”f]'”Lp( .
< * w

P v
1-p'
+ |aBj,w1*P' - aBmU” w7 (y) dy>

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Using hypotheses ¢ € D(s,t) and the estimates of Ji, J, and J3, we obtain the following
inequality:

k j<k=2

a\ 1/4
< Cllall, <Z2"<‘"+“"/ Pq. < > 2= () || £ x| LP(w)> >

a\ /4
-n+(rn q Anj(1-(r/p)-(t/n :
+C||a||*<z(k2’<< i) -(Zfz i ”(P(J)Ilfx;'llmw)> >

k j<k-2

= Il + Iz.
(3.17)

When g < 1, we have

1/q
I, < Cllall, <Zznj(1—(r/ri)—(t/n))qq)(]')q”fx],”Zp(w) . Z 2k(—n+(rn/P)+t)‘7> (318)

j k=j+2

< Clall. |l £l ks p)

because —n +nr/p +t <0, thatis, -n+nr/p+t <0.
When g > 1, we take € > 0 such that -n + nr/p + t + ne < 0. Then

! 1/q
k=2 k=2 "
I, <Cllal. sz(—n+(?n/rf)+t)q . Z znj(l—(?/rf)—(t/n)—e)q()o(]')‘7||fX].||Zp(w) . < Z 2"5‘77>
k j=— j=—
k-2 Y
< Cllall, [Zz“-m(f"/w”m@q : < 3 2n-/p-/ ”)‘E”tp(i)"llfx]'IIZp(w>>]
k j=mo»
< C”a”*”f”Kg((p,w)'
(3.19)

Similar to Iy, we have

L < Cllall ILf | s (3.20)
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Finally we estimate III. The proof of this part is analogue to I, so we just give out an outline.
Note that j > k +2and x € Ex, y € Ej, |x - y| ~ |y|. So from the condition (3.2), we have

([, T1F) 3kl oy < €27 @) = @0l 1) fw |£i(w) |dy

+ €2y an o 0B [ 1)y
R (3.21)
¥ cz—nfw(Bk)lpr' |a(y) ~ as, |1 () 1 dy
]Rn
= 1 ++];
Using hypotheses (iii) for w in place of strong doubling,
w(B) "
T < 27l 1 £ill o W""/"(B')l/pw(B')l/p<—k>
1 JHLP(w) ] ] w(Bj) (3.22)
< C2k6/P2’7.6/p“a||*IIff”LF(w)'
Similarly,
i < CRE I all | fill e T < C2P2I G Sl (323)
Using hypotheses (i) for w, that is, ¢ € D(s, t), we obtain the following inequality:
q 1/11
I < Cllal, <Zz’<<s+5/”)q- < > 2"<‘5‘5/”><p<j>IIfx]-IILp<w)> )
k j>k+2
; a\ Va (3.24)
+Cllal, <Z <k2(s+6/P)> . ( Z jzj(_s_ﬁ/p)‘/’(j)”fXJ'”LP(w)> >
k j>k+2
= 101 + III,.
According to s+ 6/p >0, wheng <1,
j-2 1
1L < Cllall, ( Y270 ()| fxill] - >, 2577
i k=—c0 (3.25)

< Cllall [l £ ks 0
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When g > 1, we take € > 0 such that s + 6/p — € > 0. Then

i a/¢\ 11
I < Cllall, [ Y250 | 30 200 ()| f il | 20277
k j>k+2 j>k+2
- 1/q
< Clal, | 22Ker0rpaa (37 210/ (1| £ il
| K j2k+2
= C”a”*”f”KZ((p,w)'
(3.26)
Similar to III;, we have
1L, < Cllall |||l kg, (3.27)
This finishes the proof of Theorem 3.2. O

The condition (3.2) in Theorem 3.2 can be satisfied by many operators such as Bochner-
Riesz operators at the critical index, Ricci-Stein’s oscillatory singular integrals, Fefferman’s
multiplier, and the C-Z operators. From this theorem and Theorem 2.7 and 2.10 in [13], we
easily deduce the following corollary.

Corollary 3.3. Let 1 <p <o, 0 < g < oo, 6 >0, and a € BMO(R"). One assumes that
(i) @ € D(s,t), where —(6/p) <s <t <n(1-(1/p)),
(ii) w € A,, where r = min(p, p(1 - (t/n))),
(iii) w € RD(6).

If K is a constant or a variable C-Z kernel on R™ and T is the corresponding C-Z operator, then there
exists a constant such that for all f € Kg (p, w)(R"),

[|a, T]f||Kg(<p,w)(Rn) < C”a”*”f”KZ((p,w)(R")' (3.28)

From this and the extension theorem of BMO(Q)-functions in [15], by a procedure
similar to Theorem 2.11 in [13] and Theorem 2.2 in [16], we can obtain the following
corollary.

Corollary 3.4. Let 1 < p < o0, 0 < g < oo, and 6 > 0. Suppose that Q is an open set of R" and
a € VMO(Q). One assumes that

(i) ¢ € D(s,t), where —(6/p) <s <t <n(1-(1/p)),
(ii) w € A,, where r = min(p,p(1 - (t/n))),
(iii) w € RD().
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If K is a variable C-Z kernel on Q and T is the corresponding C-Z operator, then for any € > 0, there
exists a positive number py = po(€,1) such that for any ball Bg with the radius R € (0, po), Br € Q
and all f € KZ((p,w)(BR),

[|la, T]f”Kg(lp,w)(BR) < CE”f”KZ((p,w)(BR)’ (3.29)
where C = C(n,p, q,a,p, M) is independent of ¢, f, and R.

4. Interior Estimate of Elliptic Equation

In this section, we will establish the interior regularity of the strong solutions to elliptic
equations in weighted Herz spaces by applying the estimates about singular integral
operators and linear commutators obtained in the above section.

Suppose that n > 3 and Q is an open set of R". We are concerned with the
nondivergence form elliptic equations

Lu(x) = —Zn:ai,]-(x)uxixj = f(x), ae. inQ, (4.1)
ij=1

whose coefficients a;; are assumed such that

aij(x) = aji(x), aex€Q, i,j=12,...,n,

aij € L*(Q) N VMO(Q),

(4.2)
WP S Ya(0s <uldl,  Fu>0, ae xeQ (R
i,j=1
Let
(2-m)/2
1 n

r(x,t) — Ai-(x)tit- ’

(n - 2)wy (det a; (x))"? <iJZ=1 ] ] (4.3)

0 02
Ti(x,t) = 6_tir(x’t)’ Tij(x,t) = Watjr(x’ t),

for a.e. x € Band Vt € R" \ {0}, where the A;; are the entries of the inverse of the matrix
(aij)i,jzl,z,...,n‘
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From [13], we deduce the interior representation, that is, if u € Wg’p,

Uy (x) = PV IB Tij(x,x — y) [i (an(x) = an (y) )z, (v) + ﬂ”(}/)] dy

Pt (4.4)
+ Lu(x) [i(x, t)tjdoy, a.e. forx € BCL,
lt}=1
where B is a ball in Q. We also set
of
M= max max| —Tij(x,t) < 0. (4.5)
i =1 |pl<2n || OFF L (QxSm1)

Theorem 4.1. Let 1 < p < oo, 0 < q < oo, and 6 > 0. Suppose that Q is an open set of R" and a;;
satisfies (4.2) fori,j =1,2,...,n. One assumes that

(i) ¢ € D(s,t), where —(6/p) <s <t <n(1-(1/p)),
(ii) w € Ay, where r = min(p, p(1 - (t/n))),
(iii) w € RD(6).

Then there exists a constant C such that for all balls B C Q and u € Wg’p , One has Uy, €
Kg((p, w)(B) and

|

Proof. 1t is well known that Ijj(x,t) are C-Z kernels in the t variable. Thus, using the
technology of [13, 16] and the Corollaries 2.10 and 3.4, we deduce that, for any ¢ > 0,

|

Choosing ¢ to be small enough (e.g., Ce < 1), we obtain

&

This finishes the proof of Theorem 4.1. O]

C||1”||1<;3(¢,w)(3)- (4.6)

<
XiXj =
MK (¢,0) (B)

. < Cel|uss, +CllL :
s < Nl gm0 @ 7)

x,-xj

C
<l —— . .
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