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We consider when the product of two Toeplitz operators with some quasihomogeneous symbols
on the Bergman space of the unit ball equals a Toeplitz operator with quasihomogeneous symbols.
We also characterize finite-rank semicommutators or commutators of two Toeplitz operators with
quasihomogeneous symbols.

1. Introduction

Let dA(z) denote the Lebesgue volume measure on the unit ball B, of C" normalized so
that the measure of B, equals 1. The Bergman space L2(B,,) is the Hilbert space consisting of
holomorphic functions on B, that are also in L*>(B,,dA). Hence, for each z € B, there exists
an unique function K € L2(B,) with the following property:

f(z) = (f.Kz) (1.1)

forall f € L2(B,). As is well known that the reproducing kernel K is given by

1

T A= (w2

K. (w) w € B,. (1.2)
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Let P be the orthogonal projection from L?(B,,dA) onto L?(B,,). Given a function ¢ €
L= (B, dA), the Toeplitz operator T,: L2(B,) — L2(B,) is defined by the formula

T,(f)(2) = P(pf) (2) = IB 0 (0) f () Ko@) dAw), (13)

for f € L%(B,). Since the Bergman projection P has norm 1, it is clear that Toeplitz operators
defined in this way are bounded linear operators on L2(B,,) and Tyl < [lplloo-

We now consider a more general class of Toeplitz operators. For F € L!(B,,dA), in
analogy to (1.3) we define an operator Tr on L2(B,) by

Trf(z) = J F(w) f(w)K-(w)dA(w), z€B,. (1.4)

n

Since the Bergman projection P can be extended to L'(B,,dA), the operator Tr is
well defined on H*, the space of bounded analytic functions on B,. Hence, Tr is always
densely defined on B,. Since P is not bounded on L'(B,,dA), it is well known that Tr can
be unbounded in general. In [1], Zhou and Dong gave the following definitions, which are
based on the definitions on the unit disk in [2].

Definition 1.1. Let F € L' (B, dA).

(a) We say that F is a T-function if (1.4) defines a bounded operator on L2(B,,).

(b) If F is a T-function, we write Tr for the continuous extension of the operator (it is
defined on the dense subset H* of L*(B,)) defined by (1.4). We say that Tr is a
Toeplitz operator if and only if Tr is defined in this way.

(c) If there exists an r € (0,1), such that F is (essentially) bounded on the annulus
{z: 7 <|z| <1}, then we say F is “nearly bounded.”

On the Bergman space of the unit ball, Grudsky et al. [3] gave necessary and sufficient
conditions for boundedness of Toeplitz operators with radial symbols. These conditions
give a characterization of the radial functions in L'(B,, dA) which correspond to bounded
operators and furthermore show that the T-functions form a proper subset of L!(B,,dA)
which contains all bounded and “nearly bounded” functions.

We denote the semicommutator and commutator of two Toeplitz operators Ty and T,

by
(Ty, Tyl = Ty = T4Ty, [Ty, Tl = Ty Ty =TTy (1.5)

In the setting of the classical Hardy space, Brown and Halmos [4] gave a complete
characterization for the product of two Toeplitz operators to be a Toeplitz operator. On
the Bergman space of the unit disk, Ahern and Cugkovi¢ [5] and Ahern [6] obtained a
similar characterization for Toeplitz operators with bounded harmonic symbols. For general
symbols, the situation is much more complicated. Louhichi et al. [2] gave necessary and
sufficient conditions for the product of two Toeplitz operators with quasihomogeneous
symbols to be a Toeplitz operator and Louhichi and Zakariasy made a further discussion in
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[7]. But it remains open to determine when the product of two Toeplitz operators is a Toeplitz
operator on the Bergman space.

The problem of determining when the semicommutator (Tf,T,] or commutator
[Tf,T,] on the Bergman space has finite-rank seems to be far from solution. The analogous
problem on the Hardy space has been completely solved (see [8, 9]). Guo et al. [10]
completely characterized the finite-rank semicommutator or commutator of two Toeplitz
operators with bounded harmonic symbols on the Bergman space of the unit disk
and Luecking [11] showed that finite-rank Toeplitz operators on the Bergman space of
the unit disk must be zero. Recently, Cutkovi¢ and Louhichi [12] studied finite-rank
semicommutators and commutators of Toeplitz operators with quasihomogeneous symbols
and obtained different results from the case of harmonic Toeplitz operators.

Motivated by recent work of Cutkovié¢ and Louhichi, Zhang et al., and Zhou and
Dong (see [1, 12, 13]), we discuss the finite-rank commutator (semicommutator) of Toeplitz
operators with more general symbols on the unit ball in this paper. Let p and s be
two multi-indexes. A function f € L'(B,,dA) is called a quasihomogeneous function of
quasihomogeneous degree (p,s) if f is of the form §pgs(p(r) for all ¢ in the unit sphere S,
and some function ¢(r) defined on the interval [0, 1).

Let f and g be two nonconstant quasihomogeneous functions (with certain restrictions
on their quasihomogeneous degree). In this paper, we investigate the following problems:

(1) Under what conditions does T¢T,; = T hold for some quasihomogeneous function
F?

(2) Under what conditions does the semicommutator (Tf, Ty ] have finite rank?

(3) Under what conditions does the commutator [Ty, T,] have finite rank?

2. The Mellin Transform and Mellin Convolution

Main tool in this paper will be the Mellin transform. Recall that the Mellin transform ¢ of a
function ¢ € L'([0,1],rdr) is defined by the equation:

1
p(z) = f ¢(s)s* 'ds. (2.1)
0
It is easy to check that
¢(z0 +p) = 2P9(z0), (2.2)

where p > 0 and zp € R.

For convenience, we denote ¢(z) by ¢"(z) when the form of ¢ is complicated. It is clear
that ¢ is well defined on {z : Re(z) > 2} and analytic on {z : Re(z) > 2}. It is well known that
the Mellin transform ¢ is uniquely determined by its values on {7y };.,, where n; € N and
2 ks0(1/nx) = co. The following classical theorem is proved in [14, page 102].
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Theorem 2.1. Assume that f is a bounded analytic function on {z : Re(z) > 0} which vanishes at
the pairwise distinct points z1, za, . .., where

(i) inf{|z,|} > 0 and
(ii) X1 Re(1/z,) = 0.

Then f vanishes identically on {z : Re(z) > 0}.

Remark 2.2. We will often use this theorem to show that if ¢ € L!([0,1], rdr) and if there exists
a sequence {7} C N such that

(ﬁ(le) = O/ Z

k>0

1
— =00,
o (2.3)

then ¢p(z) =0forall z € {z : Re(z) > 2} and so ¢ = 0.

If f and g are defined on the interval [0, 1), then their Mellin convolution is defined by

Umgﬂﬂ=ff@§moﬂ. (24)
AV t
The Mellin convolution theorem states that

(frmg) () = F)2(), (25)
and that, if f and g are in L'([0,1],rdr), then so is f*mg.
3. Products of Toeplitz Operators with Quasihomogeneous Symbols
For any multi-index a = (a3, ..., a,), where each a; is a nonnegative integer, we will write

@] = ar 4+

al=aq!---ay!, 3.1)

for z = (z1,...,2z,) € B,.
Fora = (a1,...,a,) and B = (B1, ..., Pu), the notation a > f means that

aiZﬁi, i=1,...,n (32)

and a 1 f means that

alﬂl + 0+ zxnﬂn =0. (33)



Journal of Function Spaces and Applications 5

We also define

a=p=(a1=P1,.- a —Pn) (3.4)
and obtain

|la=pl=lal=|p|, ifaxp. (3.5)

It is known that ¢ is radial if and only if ¢(Uz) = ¢(z) for any unitary transform U of
C". So we have ¢(r¢) = ¢(rn) for ¢, 1 € S, and r € [0,1). That is, ¢(z) depends only on |z|. In
this case, we denote ¢ by ¢ = ¢(r) for convenience. The definition of quasihomogeneous
function on the unit disk has been given in many papers (see [2] or [7]), and a similar
definition on the unit ball will be given in the following.

Definition 3.1. Let p,s > 0. A function f € L'(B,, dA) is called a quasihomogeneous function

of quasihomogeneous degree (p, s) if f is of the form §P§s(p where ¢ is a radial function, that
is,

F(ré) = &E p(r) (3.6)

for any ¢ in the unit sphere S, and r € [0, 1).
The following lemma is from [1] and we will use it often.

Lemma 3.2. Let p, s be two multi-indexes and let ¢ be a bounded radial function on B,,. Then for any
multi-index a,

Ty (2%) = 2(n+ |al + |p|)p(2n + 2]a| + |p]) 2*F;

0 if a¥’s,
Tgs(p(z”‘) = { 2al(n + |a| - |s|)!

(a=98)(n-1+ |a|)!¢(2n +2lal - [s))z" ifa>s;

0 ifa+p¥s,
Ty, (2) = 2(a+p)l(n+lal+ |p| —1Is])!
(a+p-s)(n-1+la|+|p|)!

P(2n+2lal + |p| - [s])z*P™ ifa+p>s.
(3.7)

Proposition 3.3. Let p!,...,p™,s!,...,s™ be multi-indexes and let ¢y, ..., ¢, be bounded radial
functions on By,. If the product [T, T i is of finite rank, then there exists ag such that
i

e

m—i

m-1
[Tt (=0 fora>a. (3.8)
i=0 §” ‘; ({)mfi
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Proof. Denote by S the product of Toeplitz operators Hzangpmiigsmfi and let rank S = N.
Pm-i

For multi-indexes a > 37, (p' + s'), we have

m22 2(a+pH)i(n+al+ |p'| - |s'])! ) 1 g
*) = mei o _ a+p'-s
5= li:OITé"""if tﬂmi<(cx+p1—sl)!(n—1+|cx|+|p1|)!901<2n+2|a|+‘p | IS |>Z

= Zma(zx)b(|a|)ﬁ<ﬁi <2n + 2<|a| + §<|p1| - |sJ|>> + )pi) - 'si|>z“+zrl(pi’si),

i=1 j=0
(3.9)
where
7 ((a+ 2 - ) +p')Y)
a(a) = : ,
T4 <<“ + Z}:l (Pj - Sj)>!>
(3.10)

T (o lad + S (7] - 157]) )1)
I (2= 1+ 1al + S (] - 57]) + [pi])!)

b(laf) =

It follows that S(z%) = C(u,prs)z“zzl(’”i‘si), where a > 37 (p' + ') and Cap,s) is a constant
dependent on a, p and s. Thus the set {S(z%) : a > 3% (p' + 5')} = Varsm (pissiy {24201~}
contains at most N elements. Let ng = (N, ..., N), then there exists ap > ng+ >, (pi +s') such
that

S5(z%) =0 for any a > ap. (3.11)

O

Proposition 3.4. p!,...,p™",s!,...,s™, ¢1,...,¢@m are defined as in Proposition 3.3. The product
HZEngpm,igsmf" is of finite rank if and only if ¢; = 0 for some i € {1,...,m}.
Pm-i

Proof. Using Proposition 3.3 and Theorem 2.1, we can easily get the result. O

This result is analogous to Theorem 3.2 in [15], but we get it in a different way.
Similar to the proof of Proposition 3.3, we can get a result about finite-rank
commutators (semicommutators).

Proposition 3.5. Let p',p?, s, and s> be multi-indexes and let 1, ¢, be bounded radial functions on
B,. If the commutator [T ,_a —T ,_2 ] (or the semicommutator (T ,_a —T ,_» 1) is of finite
% then th é”éhtplh éj"ﬂétpz T . 0 Té"étplTé”é(Pz . 0
rank, then there exists ag such that 4 = _ z%) =0 (or 4 = _ z%) = or

0 [ éplél(/)l §PZ§Z(P2]( ) ( é”lél(pl §P2§2§02]( ) f
a > ap.

Now we are in a position to characterize when the product of two Toeplitz operators
with some quasihomogeneous symbols equals a Toeplitz operator with quasihomogeneous
symbols.
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Whenn =1,if p L s, thenp = 0 or s = 0. But when n > 2, there exist nonzero multi-
indexes p and s such that p L s. In this case, we have the following theorem.

Theorem 3.6. Suppose p and s are two nonzero multi-indexes with p L s. Let 1 and ¢, be bounded
radial functions on By,. If there exists a bounded radial function ¢ such that Ty, Ty, = Typy then ¢

must be a solution of the equation
PPl 228D (r\p|+|s|q)> = 12y - w20 D <r'P' <P1>* M <r|5| <Pz)- (3.12)

Proof. Obviously, the equality T, P2t = Typ, 2" holds for each monomial z* with the
multi-index a.
Since p L s, a + p > s is equivalent to a > s. By Lemma 3.2, it is easy to check that

§(2n+2lal + |p| - Is]) = 2c(@)d(lal) @1 (2n + 2la] - 2Is| + |p|)§2(2n + 2lal - s, (3.13)

where
- F g Sy
Since p L s, we have al(a +p —s)! = (a + p)!(a — s)!. So (3.13) implies that
P(2n+2lal+ |p| - Is|) = 2d(|a)p1 (2n + 2|a| - 2|s| + |p|) 2 (2n + 2|a| - |s|). (3.15)
As |s| > 1, we have
¢2n+20al+|p|—1sl) _ ¢1(2n+2lal - 2ls| + |p|)§2(2n +2la] - |s]) . (3.16)

1, (21 + 2]a) +2|p| - 2i) 1 2 + 2]a] - 2i)

A direct calculation gives that r2P+2%(2n + 2|a| — 2|s|) = 1/(2n + 2|a| — 2|s| + 2|p| + 2i) for
0<i<|s|-1. Then we have

Gl — —
Hr2lpl+2i(2n +2|al = 2|s|)riPHslp(2n + 2|al - 2|s])
i=0

(3.17)
[s|-1 _ —
= [ Tr¥@n +2la| - 2|s|)rlPlp, (2n + 2]a] - 2|s])rllp, (2n + 2|a] - 2]s]),
i=1
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or equivalently,

A
(rzw*M A G (rlp\+\s|q,>> n +2|a| - 2|s|)
(3.18)

= (Pew oDy (1Pl Y <r|5|(p2>>/\(2n +2)a] - 2]s]).

Combining the above equality with Remark 2.2, we get the conclusion. O
In the following, we give some explicit examples in which Theorem 3.6 is applied.

Example 3.7. Suppose p = (1,0), s = (0,1), 1 =1, ¢p» = 1, ¢p is a bounded radial function such
that Ty, T, = Typ - Using Theorem 3.6, we can get that ¢ = 1.

Example 3.8. Suppose s = 0, ¢ is a bounded radial function such that Ty, Ty, = Ty, then ¢
must be a solution of the equation

rPlpyxpigpn = X[o,1]*MT"’|(p, (3.19)

where yo1] is the characteristic function of the set [0,1]. For example, suppose p = (1,1),
@1 =1, o = r*, g is a bounded radial function such that Ty, T,s = Tpy, then it follows that
Ip| =2 and ¢ = 4r> - 3r.

Louhichi et al. [2] showed that there exist two nontrivial quasihomogeneous Toeplitz
operators on the Bergman space of the unit disk such that the product of those Toeplitz
operators is also a nontrivial Toeplitz operator, for example T, T,0, = Ti15(1/2). On
weighted Bergman space of the unit ball B, (n > 2), Vasilevski [16, 17] showed that there
exist parabolic quasihomogeneous (It is clear that the quasihomogeneous function is also a
parabolic quasihomogeneous function) symbol Toeplitz operators such that the finite product
of those Toeplitz operators is also a Toeplitz operator of this type. However, on the unit ball
B, (n > 2), if p and s are two nonzero multi-indexes which are not orthogonal, we can get
that there exist no nontrivial ¢; and ¢, such that T, Ty, = Ty,
Theorem 3.9. Let p, s be two nonzero multi-indexes which are not orthogonal. Given n > 2, and let
1 and py be two bounded radial functions on B,,. If there exists a bounded radial function ¢ such that
T Ty, = Ty, then ¢1 =0 or ¢, = 0.

Proof. If Topy, Ty, = T

oy as in Theorem 3.6, we can get

‘P2=

¢(2n+2|al + |p| - |s|) = 2c(a)d(|al)@1 (2n + 2|a] - 2|s| + |p|)p2(2n + 2|a] - |s]), a>s,
(3.20)

where

(n+lal = s)!(n—1+la|+ |p|)!
(n=1+la)!(n+lal+|p|-1Is|-1)!

_al(a+p-s)!

cla) = (a-s)(a+p)!

;o d(lal) =

(3.21)
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We claim that there exists M such that

@1 (2n +2M =2|s| + |p|)@22n +2M — |s|) =0, for M > M. (3.22)

Since p is not orthogonal to s, without loss of generality, we can suppose p1s1 #0.

Case 1 (n = 2). We denote p = (p1,p2), 5 = (51,52). For M > 51 + s + 1, let ap = (51, M - s51)
and fm = (s1+1, M —s1 - 1).
Let F(M) = c(fm)/c(apnr) — 1. Then

B sipM?>+ ((p1+ D) (s1+ 1) (p2—2s2-s1) + (s1+p1+1)(2s1 + 52 —p2) )M+ N
(M—Sl)(M—Sl +p2 —Sz)(Sl +p1 +1)

E(M)

7

(3.23)

where N = (s1 + 82)(p2 = 52) (51 + 1) (p1 + 1) = (51 + p1 + D)s1(s1 —p2 + 52).

Therefore, the equation F(M) = 0 has two solutions at most. It means that there exists
My > |s| + 1 such that F(M) #0 for any M > M. Thus for each M > My, we have |ay| =
|Bm| = M and c(an) # c(Bm).

Case 2 (n > 3). Given a multi-index y = (y1,y2,¥3,---,Yn) = S, let ap = (s1, M = S1,¥3, .-+, Yn)
and v = (s1+1, M —51—-1,y3,...,¥n) for M > 51 +5,+1. Asin Case 1, we can find an integer
My with My > |s| + 1 such that |ar| = |fa] = M and c(anm) # c(Pam) for any M > M.

Using (3.20), we have

0= (clam) —c(Pm))d(M)p1(2n +2M = 2|s| + |p|)2(2n + 2M — |s]), (3.24)

for M > My. As d(M) #0 and c(anm) #c(Pm), it is easy to see that (3.22) holds.
LetEy ={MeN: M>Mpand ¢p1(2n +2M -2|s| + |p|) =0}and E; ={M eN: M >
My and ¢>(2n +2M —|s|) =0}. Then {M € N: M > My} = E1 J E,. Since

1 1 1
ZMS ZM"'ZM' (3.25)

M>M, MEeE; MEeE,

we know that at least one of the series 3 ycg, (1/M) and 3y, (1/M) diverges. Hence it
follows from Remark 2.2 that ¢; = 0 or ¢, = 0. O

4. Finite-Rank Semicommutator

On the unit ball B,, (n > 2), we will show that the semicommutator of two Toeplitz operators
with some quasihomogeneous symbols is of finite rank if and only if it is zero.

Theorem 4.1. Let p, s be two multi-indexes, and let @1, g, be two integrable radial functions on B,

such that ¢, §pgstp2, and §Pgs(pl(p2 are T-functions. If the semicommutator (T%'Tgvflpz] has finite
rank, then it is equal to zero.
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Proof. Let S be the semicommutator (Twl,Tgpgsq)z]. If S is finite rank, using Proposition 3.5,
there exists ag > 0 such that

S5(z%) =0 Va> ap. (4.1)
Therefore, Lemma 3.2 implies that

(2n + 2|a| + 2|p| - 2Is|)p1 (2n + 2|a] + 2|p| - 2|s]) @2 (2n + 2|a| + |p| - |s]) w2
= 9192 (2n + 2| + |p| - |s)

for all & > ag. Since

1 N
(2n +2Ja] + 2[p| - 2Is]) 7Y@+ 2l + p| = 2sl). 3

the above equation is equivalent to

r|P‘tp1/*A;|S‘(p2 (2n +2la| + |p| - 2|s]) = r‘PHWq)l(pz(Zn +2lal + |p| - 2Is|). (4.4)

Note that (1'|P‘(p1/*1\;|5‘(p2) and (r|P|*m1¢2) are both analytic on the right half-plane {z :
Rez > 2} and the sequence {27 + 2|a| + |p| — 2[s|} ;»,, is arithmetic. Then Remark 2.2 implies
that

T‘pl(Pl*MT‘sl(PZ = r‘pl*Mrlsl(PﬂPZ- (45)

Hence, Ty, T, T

580 = LT g’ The proof is complete. O

Next we will consider when the semicommutator of two quasihomogeneous Toeplitz
operators is a finite-rank operator.

Remark 4.2. If the semicommutator (T, , Tisy,] is of finite rank, following the same process
as in Theorem 4.1, we can prove that it must be zero.

On the unit disk, Cu¢kovi¢ and Louhichi [12] gave an example to show that there exists
a nonzero finite rank semicommutator (Tyif, Te-i0g], where f and g are radial functions.
However, the situation on the unit ball B, (n > 2) is different. Let ¢;, ¢, be two integrable
radial functions on B, (n > 2) and p, s be two multi-indexes. Then we will prove that
(Terg,, Tgsw] is a finite-rank operator if and only if (T, qu;z] = 0. Now, we begin with the
case that p and s are not orthogonal.

Theorem 4.3. Let p,s be two multi-indexes which are not orthogonal, and let 1, be two
integrable radial functions on B, (n > 2) such that &y, 554;2 and gP§S<p1<p2 are T-functions. If
the semicommutator (Tgp,,,],Tgs(pz] has finite rank, then @1 = 0 or ¢, = 0.
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Proof. Let S be the semicommutator (T, 1. If S is of finite rank, using Proposition 3.5,

17 g
we can get that there exists ag such that

5(z%) =0 Va>a. (4.6)

Lemma 3.2 gives that

al(n+|a| —|s])!
(a=8)!(n-1+|al)!

2(n+ |al + |p| —|s])g1(2n + 2|a] - 2|s| + |p|)@(2n +2|a| - |s])
4.7)
_ (a+p)!(n+lal+|p| - Is])! i
(a+p—s)!(n—1+|a|+|p|)'

¢2(2n + 2lal + |p| - Is])

for all a > ay.
Since p is not orthogonal to s, from the proof of Theorem 3.9 and using (4.7), we can
get that there exists My such that

¢1(2n+2M = 2|s| + |p|)p22n+2M - |s]) =0, VM > M,. (4.8)

Analogous to the proof of Theorem 3.9, it is easy to get ¢; = 0 or ¢, = 0. O

Next, we will show that there exists no nontrivial finite-rank semicommutator
(Terg,, T&oz] in the case thatp L s.

Theorem 4.4. Let p, s be two multi indexes with p L s, and let ¢, and @, be two integrable radial
functions on B, such that &y, § (o and gpg @14 are T-functions. The semicommutator (Ty
has finite rank if and only if (Tgpy,, T 3 sz] =0.

¥ étp]

Proof. We only need to prove the necessity. Let S = (Tyy,, Tgsw] be of finite rank. Since p L s,

it is easy to see that &« + p > s if and only if @ > s for multi-indexes a. By Lemma 3.2, the
following statements hold:

(i) if @ + p¥s, then S(z%) = 0;

(ii) if @ > s, then

o _ [ 2(a+p)i(n+lal+|p] - Is])!
S(Z)_{(a+p—s)!(n_1+|a|+| I 9192 (2n + 2la] + |p| - Is])

2al(n + |a| —|s|)!
C(a-s)(n—-1+|al)!

2(n+lal+ |p| - Isl)p1(2n + 2|al - 2|s| + |p]) (4.9)

Xy (2n + 2|a| - |s|) }z‘””‘s.
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Combining (i) and (ii) with the assumption that S has finite rank, we get that there exists
ag > s such that

S(z") =0 for a > ay. (4.10)

To finish the proof, we will prove that S(z%) = 0 for a > s.
Note that al(a +p—5s)! = (e + p)!(a — s)! for p L s and a > s. Then for each a > s, (ii)
implies that S(z*) = 0 if and only if

n+|al—|s|)! __ o
(ntlal = IsD! (21 +2lal - 2ls| + |p|)p2(2n + 2lal - |s])

(=1 +]a)!
(r+ Ja| + |p| - Is| - 1)! (*1D)
n+lal+ |p|-1ls|-1)!___
= 2n +2|al + —1sl]),
201+ fa s pyt P23l Pl =S
that is,
1 @1 (2n +2lal - 2|s| + |p|)P2(2n + 2|a] - |s])
1 - ) _
18 2n + 2]al - 2i)
i=1
. (4.12)
= P12 (2n + 2|al + |p| - |s]).
H'ii‘l(zn+2|a|+2|p|—2i)q) ( Pl =1sD)
Since y[01](n) = 1/n, the preceding equality is equivalent to
|s]-1
[ X011 2n + 2lal - 20)61 (21 + 2la| ~ 2Is| + [p|) @2(2n + 2lal - |s|)
i=1
(4.13)

Is]

= [ [ w011 (2n +2lal + 2|p| = 20) g2 (2n + 2la] + || = Is])
i=1

forall o > s.
By (4.10), we obtain that the equality (4.13) holds for all & > ao. It is easy to see that

n+2|alf,.,. 18 arithmetic. erefore, emark 2.2, we have

2 2 a_ao' ith ic. Theref byR k22 h
|S|_1/\ o~ o~ |S| —_— o\ —
[ Ixwi(z-2i)¢1(z - 2Is| + |[p])@2(z - Is) = [ [ X011 (z +2|p| - 20)) @192 (z + |p| - Is])
i=1 i=1

(4.14)

forall Rez > 2.
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In particular if z = 2n + 2|a|, with a > s, we have

Is|-1

H)@(zn +2]a| - 2i) (1 (2n + 2|l - 2|s| + |p|) P2 (21 + 2]a] - |s])
i=1
(4.15)

Isl

= [ [ X1 (2n + 2lal + 2|p| - 20) 1992 (2n + 2lal + |p| - |s).
i=1

It follows that the equality (4.13) holds for all @ > s. So S(z*) = 0 for all @ > s. Hence, the
proof is complete. O

Example 4.5. Let p, s be two multi-indexes, ¢ is a bounded radial function and a,, bs € C.
If (T,, Tapzn] is of finite rank, using Theorem 4.1, we obtain that (T¢,Tapzp] = 0. If p is not
orthogonal to s and (Tapzp,TbsES] is of finite rank, so it follows from Theorem 4.3 that a, = 0
or by = 0. Butif p L s, there exist a,, #0 and by, #0 such that (Tap0 -y TbSOES] = 0. In particular,
suppose p = (0,0), s = (2,2), ap, = bs, = 1, a direct calculation gives thatp L s and Ty Tz =
szgs, that iS, (TZP, TES] =0.

5. Finite-Rank Commutators

In this section, let ¢, ¢, be two integrable radial functions on B,. We now pass to
investigate the commutator of two quasihomogeneous Toeplitz operators and consider when
[Ty, Tépgstpzl' [Terg, Tes ], OF [Tepg, Tgstpz] have finite rank, respectively.

Theorem 5.1. Let p,s be two multi-indexes with p L s, and let 1, be two integrable radial
functions on By, such that ¢ and §”gsq)2 are T-functions. If ¢y is not a constant, then [T, lis
of finite rank if and only if |p| = |s| or ¢ = 0.

i T§’7 &

Proof. Let S be the commutator [Ty, T,

gf’?(pz]' By Lemma 3.2, S(z%) = 0 if and only if

@2(2n +2lal + |p| = Is){ (n + lal + |p| = [s]) @1 (2n + 2la] + 2|p| - 2]s])

(5.1)
—(n+la))@1(2n +2|al)} =0,
for a > s. If S is of finite rank, using Proposition 3.5, there exists ay > p + s such that
S(z") =0 for a > ag. (5.2)

Since p L s, by Theorem 2.1 and following the same process as in Theorem 4.4, we get
S = 0. Using Theorem 4.4 in [1], we have S = 0 if and only if |p| = |s| or ¢, = 0.

Conversely, if |p| = |s| or ¢ = 0, then we can easily show that S(z%) = 0 for each
multi-index &, which implies that T,,, and Ty, commute. O
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Remark 5.2. The same as in Theorem 5.1, we can easily prove if the commutator [Ty, , Tisy, |
is of finite rank, then it must be a zero operator.

Next, we give some examples.

Example 5.3. Suppose that f(z) = a,z®, where a, #0 and s #0. Let g = ¢¥¢ # 0 be a T-function,
where ¢ is a radial function. Then [Ty, T, ] is of finite rank if and only if T and T, commute.
By Theorem 4.9 in [1], we can also get [Ty, T,] is of finite rank if and only if g is a monomial.

On the unit disk, if the commutator [Tie s, Te-iv ] has finite rank N, then N is at most
equal to the quasihomogeneous degree s and a nonzero finite rank commutator has been
given in [12]. On the unit ball B, (n > 2), we will show that the commutator [T, , Tgs(pz] has

finite rank if and only if Ty, commutes with Ty if and only if ¢, = 0 or ¢ = 0.

Theorem 5.4. Let p, s be two nonzero multi-indexes, and let (1, ¢, be two integrable radial functions
on B, (n > 2) such that &Py and §S<pz are T-functions. If the commutator [Té”fl’l'Tgstpz] has finite
rank, then ¢1 =0 or ¢, = 0.

Proof. Let S denote the commutator [Ty, , T3 |. Applying Lemma 3.2, we get

oo

1D 5. (2n 4 2 21s) G (21 + 2
o P G a2l + ] - 2l gan + 2l - 1)

S(z%) = 4<(vc)!(n+ la| = [s)!(n + |a| + |p| -

~ (a+p)(n+lal+|p| —Is)!(n+la] + |p|)
(a+p-s)(n-1+lal+|p|)!

x@1(2n + 2]a| + |p|) @2 (2n + 2|a] + 2|p| - |S|)>Zﬂt+p—sl
(5.3)

for a > s. If S is finite rank, using Proposition 3.5, there exists ag > s such that

S(z%) =0 for a> ap. (5.4)

If p L s, then we have a!(a + p —s)! = (a + p)!(a - 5)!. Combining (5.4) and (5.3), we
have

(n+ |a| = |s])!(n + |al + |p] -
(n=1+lal)!

Isl) -
@1 (2n +2|a) + |p| - 2Is])@2(2n + 2|a| — |s])

n+lal+ |p| —IsD!(n+|a| + |p]) R
= 2n+2 P2(2n+2 2|pl -1s]),
(n—1+lal+ |p)! ¢1(2n + 2]a| + |p|) @2 (2n + 2]a] + 2|p| - |s])

for a > ap. Analogous to the proof of Theorem 4.8 in [1], it is not difficult to get that ¢; = 0 or
P2 = 0.
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On the other hand, if p is not orthogonal to s, then (5.3) and (5.4) imply that

¢1(2n + 2]al + |p|) @2 (2n + 2|a] + 2|p| = |s]) = Capr 21 + 2|a| + |p| — 2|s])@2(2n + 2|a| - |s]),

(5.6)
for a > ay, where
- al(a+p-s)l(n+la|—[s)!(n-1+]|al + |p|)! . 5.7)
(a+p)(a=s)(n—-1+|a)!(n+|al+ |p| - Is| - 1)!(n+|a] + |p|)
Following the same process as in Theorem 3.9, we get ¢; = 0 or ¢, = 0, as desired. O
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