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The authors study the mapping properties of Fourier multipliers, with symbols satisfying some
generalized Hormander’s condition, on Triebel- Lizorkin-type spaces and Triebel-Lizorkin-Haus-
dorff spaces. To this end, the authors first establish a new characterization of these spaces via some
generalized (weighted) g} functions, which essentially improves the known result for Triebel-
Lizorkin spaces even when 7 = 0. Applying this new characterization, the authors then obtain the
boundedness of Fourier multipliers on Triebel-Lizorkin-type spaces and Triebel-Lizorkin-Haus-
dorff spaces, which also give a new proof of the Sobolev embedding theorems for these spaces.

1. Introduction

It is well known that many classical operators, including some convolution operators, frac-
tional differential operators, and pseudodifferential operators with constant coefficients, fall
into the framework of Fourier multipliers. The study of mapping properties of Fourier multi-
pliers on Besov and Triebel-Lizorkin spaces has a long history; see, for example, [1-10].
Indeed, the best-known Fourier multiplier on LP(R") for p € (1, o), which is nowadays called
Hormander’s multiplier theorem, was obtained by Hormander [3, Theorem 2.5], preceded
by Mihlin [1, 2]. Triebel [4, Theorem 3.5] gave a very useful generalization of Hormander’s
multiplier theorem [3, Theorem 2.5] from the scalar-valued case to the vector-valued case,
which further induced the introduction of the nowadays called Triebel-Lizorkin spaces; see
also [5, pages 161-168] for more details including some history of the study on Fourier multi-
pliers. Later, Triebel [9, Theorem 2] established a Fourier multiplier theorem for inhomoge-
neous Triebel-Lizorkin spaces, which was even proved to be sharp in [9, Remark 12]; see also
[10, pages 73-77] for a detailed discussion.



2 Journal of Function Spaces and Applications

Recently, Cho and Kim [11] and Cho [12] introduced a new family of Fourier multi-
pliers with symbols satisfying some generalized Hormander’s condition and studied the
mapping properties of these Fourier multipliers on the classical homogeneous Besov spaces
Bzrq(R”) and Triebel-Lizorkin spaces F;,q(R") via first establishing some equivalent character-
izations of these spaces. This family of Fourier multipliers contains the classical Riesz poten-
tial operator I, and the differential operator 0% as special cases. As an application, Cho and
Kim [11] and Cho [12] presented a new proof of the Sobolev embedding theorems for Besov
and Triebel-Lizorkin spaces.

The main purpose of this paper is to clarify the behaviors of these Fourier multipliers
in [11, 12] on four new classes of function spaces: the Besov-type space B,g(R"), the Triebel-
Lizorkin-type space F,¢(R"), and their preduals, the Besov-Hausdorff space BH,; (R") and
the Triebel-Lizorkin-Hausdorff space FH, 3 (R"). These spaces were recently introduced and
investigated in [13-18] and proved therein to cover many classical function spaces such as
Besov spaces and Triebel-Lizorkin spaces (see, e.g., [10, 19, 20]), Q spaces and Hardy-Haus-
dorff spaces (see, e.g., [21-24]), Triebel-Lizorkin-Morrey spaces and Morrey spaces (see, e.g.,
[16, 25-28]). To study the boundedness of Fourier multipliers on F,z (R") and FH,; (R"), we
first establish a new characterization of these spaces in terms of generalized (weighted) g}
functions, which essentially improve the known results in [12] for Triebel-Lizorkin spaces
even when 7 = 0. Applying this new characterization, we then obtain the Fourier multiplier
results on F,z(R") and FH,;(R"), which also essentially improve the known results for
Triebel-Lizorkin spaces obtained by Cho in [12] and, moreover, give a new proof of the
Sobolev embedding theorems, obtained in [14, 15], for these spaces. Besides, for the Besov-
type space B, (R") and the Besov-Hausdorff space BH,;(R"), some of the corresponding
results are also presented.

We begin with some notions and notation. In what follows, let N := {1,2,...} and Z, :=
NuU{0}; let S(R™) be the space of all the Schwartz functions on R" with the classical topology and
S'(R") its topological dual space, namely, the set of all continuous linear functionals on S(R")
endowed with the weak-* topology.

Following Triebel [10], let

S (R") := {(p € S(R™) : y p(x)x"dx =0 Y multi-indices y € (NU {0})”} (1.1)

and consider S, (R") as a subspace of S(R"), including the topology. Use S (R") to denote
the topological dual space of S,,(R"), namely, the set of all continuous linear functionals on
S»(R"). We also endow S (R") with the weak-* topology. Let O(R") be the set of all poly-
nomials on R™. It is well known that S._(R") = S'(R")/P(R") as topological spaces. Similarly,
for any N € Z,, the space Sn(R") is defined to be the set of all Schwartz functions satisfying
that fRn ¢(x)x¥dx = 0 for all multi-indices y € Z with |y| < N and S}, (R") its topological dual
space. We also let S_;(R") := S(R"). As usual, ¢ denotes the Fourier transform of an integrable
function ¢ on R", which is defined as (f(é) = fRn e “*p(x)dx for all ¢ € R™.

The following notion of Fourier multipliers when a # 0 was originally introduced by
Cho and Kim in [11] and Cho in [12]. For ¢ € N and a € R, assume that m € C?(R" \ {0})
satisfies that for all |o| < ¢,

sup R—n+2u+2|o-| J
Re(0,00) R<|¢|<2R

agm(g)rdg] <A, <, (1.2)
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where for ¢ := (01,...,0,) € Z, 0° := (E)/E)xl)"1 -+ (0/0xy,)". The Fourier multiplier T, is de-
fined by setting, for all f € S, (R"), (Tm f)=m f

We remark that the condition (1.2) when a = 0 is just the classical Hormander con-
dition (see [3, Theorem 2.5]) and, moreover, the condition (1.2) when a = 0 with maximum
norms instead of L? norms is called the Mihlin condition (see [1, 2]). One typical example
satisfying (1.2) with a = 0 is the kernels of Riesz transforms R; given by

Rif) (@) = i@/ EDF @) (1.3)

for¢ e R*\ {0} and j € {1,...,n}. When a #0, a typical example satisfying (1.2) for any ¢ € N
is given by

m(§) = g™ for { e R*\ {0}, (1.4)

another example is the symbol of a differential operator 0° of order a := o1 + - -+ + 0, with
o:=(01,...,0,) €Z".

To recall the notions of B,7(R") and F,7(R") in [14] and, their predual spaces,
BH,;(R") and FH,3(R") in [13, 14] we need the following notation.

ForjeZ and k € 7", denote by Qjk the dyadic cube 277([0,1)" + k) and €(Qjx) its side
length. Let Q := {Qjx: j€Z, k€ Z"},Q; :={Q € Q:£(Q) =27} and jo := —log,¢(Q) for all
QeQ.

Let g € (0,00] and 7 € [0, o0). The space L2(¢9(R", 7)) with p € (0,0) is defined to be
the set of all sequences G := {g; }]. <, of measurable functions on R” such that

1/p

p/q
G2 oo n 2y = sup|P| L [Z|gj(x)|‘7] dx < 0. (1.5)

Jj=jp

Similarly, the space £9(L}(R",Z)) with p € (0, 0] is defined to be the space of all sequences
G:={gj }].eZ of measurable functions on R” such that

1/q
ZU Ig;(X)I"dx] p} < . (1.6)

G n
l ||eq(L§(R 7)) ¢ SUP b {] o
Throughout the whole paper, we denote by C a positive constant which is independent of the

main parameters, but it may vary from line to line. Let </ be the space of all functions ¢ €
S(R™) such that

supptf)c{geR": %§|§|§2}, |p@)|>C>0 ifgslélsg. (1.7)

Now we recall the notions of the Besov-type space B, (R") and the Triebel-Lizorkin-type
space FST(R") from [14]. In what follows, for any j € Z and ¢ € 4, let ¢;(x) := 2inp(2/x) for
all x e R™.
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Definition 1.1. Lets € R, 7 € [0,00), g € (0,00] and ¢ € 4.

(i) The Besov-type space B,z(R") with p € (0, 0] is defined to be the space of all f €

! n 55,T = 75 : .
51,8 such that |f gy = 12y )l <00

(ii) The Triebel-Lizorkin-type space F,g(R™) with p € (0, %) is defined to be the space of
all f € S_ (R") such that ||f||F5T(R,, = {25 (¢ = f)} < 0.

GZ”L”WR" z))
Obviously, Bf,jg(R") = (R") and F 2(R") = (R”) We also remark that the spaces
B, (R") and F,7 (R") are independent of the choice of <p € oA4; see [14].

Remark 1.2. Let s € R.

(i) For p € (0,0), it was proved in [29, Theorem 1(i)] that F,7 (R") = poTp) (R™)
when r € (0,00) and 7 € (1/p, ), and F, 5 (R") = Fs+"(T 1/p)(]R") when 7 €
[1/p, o) with equivalent quasinorms. In [30, Corollary 5.7], it was proved that

E, Np (R") = F, ,(R") with equivalent quasinorms for p € (0, o0) and q € (0, o].

(i) For p € (0, 0], it was proved in [29, Theorem 1(ii)] that B, (R") = Bmp (R™)
when r € (0,00) and 7 € (1/p,0), and B (R = Bs+n(T 1/p)(R") when T €
[1/p, o0) with equivalent quasinorms.

Next we recall the Hausdorff-type counterparts of LE(¢9(R", 7)) and ¢9(LE(R", Z)). To
this end, for x € R” and r € (0,0), let B(x,r) := {y € R" : |x - y| < r}. For E C R"” and
d € (0,n], the d-dimensional Hausdorff capacity of E is defined by

HY(E) := inf{Zrﬁ : E | JB(xj,79) } (1.8)
j j

where the infimum is taken over all countable open ball coverings {B(x;, ;) }]. of E; see, for
example, [31, 32].

For any function f : R" — [0, o], the Choquet integral of f with respect to H? is then
defined by

f(x)dH(x) = Jw HY({x e R": f(x) > A})d.\. (1.9)
R® 0

In what follows, we write R"*! := R" x (0, o0). For any measurable function «w on R"*!
and x € R", its nontangential maximal function Nw is defined by

Nw(x) = sup |w(y,

ly—x|<t
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For p € (1,00) and 7 € [0, o0), the space L2.(¢9(R", Z)) with g € (1, 00) is defined to be
the space of all sequences G := {g; }i 7, of measurable functions on R" such that

r/q 14
. _i\14
I e =261 [ <Z|gj<x>lq[w<x/2f>] ) dep <o (1D

€z

and the space €9(L}(R",Z)) with q € [1,0) is defined to be the space of all sequences G :=
{8j}jez of measurable functions on R” such that

. p _A\1°P q/p s
1G5 ) = Inf Z(LR” |gi()] [w<x,2f)] dx) <, (1.12)

jez

where the infimums are taken over all nonnegative Borel measurable functions w on R
satisfying

I [New(x)] PV aH PV (x) < 1, (1.13)

and with the restriction that for any j € Z, w(-,27) is allowed to vanish only where g; van-
ishes. Here and, in what follows, for all a,b € R, the symbol a V b denotes max{a, b} and, for
t € [1,00], the symbol t' denotes its conjugate index, namely, 1/t +1/t' = 1.

Remark 1.3. By [15, Remark 2.1], we know that if 0 < a < b < 1/7, then for all nonnegative
measurable functions w on R™*,

f [Nw(x)]"dH"*(x) <1 implies that J [Nw(x)]PdH"™ (x) < 1. (1.14)
n RYI

We now recall the notion of the spaces BH, ¢ (R") and FH, (R") introduced in [17].

Definition 1.4. Lets € R, p € (1,00) and ¢ € 4.

(i) The Besov-Hausdorff space BH, 5 (R") with q € [1,00) and T € [0,1/(pVq)'] is defined
to be the space of all f € 3. (R") such that

< oo. (1.15)

TS, T oy e — 2]5 j * } -
”f”BHP'q(]R ) H{ (()0] f) JEZ 24(LE (R, 7))
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(ii) The Triebel-Lizorkin-Hausdorff space FH,g (R") with g € (1,00) and 7 € [0,1/(pV q)']
is defined to be the space of all f € S_ (R") such that

<o (1.16)
LL(e1(R",2))

1 e = {202 )

jez

Recall that BFH S’S(R") = (R") and FH 2(R") = (R”) Moreover, the dual spaces
of BH,;(R") and FH,;(R") are, respectlvely, (R") and F_ST(R”) see [13, 14].

Now we present the main results of this paper as follows.
Theorem 1.5. Let a,y € R, T € [0,00), and r € (0, oo]. Suppose that m satisfies (1.2) with € € N.

(i) If € > n[max(1/p, 1/r) +1/2] and p € (0, 00), then there exists a positive constant C
such that for all f € FYT(R") ||Tmf||pa+vf Rr) C||f||er(Rn

(i) If € > n(1/p+1/2) and p € (0, 0], then there exists a positive constant C such that for all
fE BZ:Z(RH)/ ||Tmﬂ|B§;Y'T(R") < C|m|B;II(R")'

We remark that the Fourier multiplier T, is originally defined on S, (R"). Although
S (R™) may notbe dense in F, 7 (R") and By (R"), Ty, can still be defined on the whole spaces
Ey2(R") and Fp7 (R") in a sultable way; see (3 10) and Lemma 3.4 below.

We also remark Theorem 1.5 when 7 = 0 completely covers the known results obtained
n [12, Theorem 5.1]. The proof of Theorem 1.5 is given in Section 3.

From Theorem 1.5 and [14, Proposition 3.3], we immediately deduce the following
conclusion. We omit the details.

Corollary 1.6. Let a,p € R, < a,p € (0,00), g, € (0,00], and 7 € [0, 0). Assume that m
satisfies (1.2) with € € N.

(i) If ¢ > n[max(1/p, 1/r)+1/2] and p, € (0, o0) such that p—n/p, = a—n/p, then there
exists a positive constant C such that for all f € ngf(]R"),

||Tmf||F'§:q(Rn) < C”f”FU’(Rn (1.17)

(ii) If € > n(1/p + 1/2) and p. € (0, o0] such that p — n/p. = a — n/p, then there exists a
positive constant C such that for all f € Bg;f (R™),

I Tonf g gory < CULF Ny - (1.18)

We point out that Corollary 1.6(ii) when 7 = 0 completely covers Cho and Kim [11,
Theorem 1.1] and Cho [12, Theorem 7.1].

Moreover, the range of ¢ in Corollary 1.6(i) can be essentially improved as indicated
by the following theorem.
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Theorem 1.7. Let a,f € R, p € (0,00), T € [0,0) and r,q € (0, 0] such that p < a. Let p. €
(0, 00) such that p—n/p. = a—n/p. Assume that m satisfies (1.2) with € € Nand € > n/2. Then there
exists a positive constant C such that for all f € Fg;f(R”),

||Tmf||p'5:q(n@n) < C”f“Fg;:(Rn)' (1.19)

As an immediate consequence of Theorem 1.7 and the lifting property of the space
F;Z(R”) (see, [14, Proposition 3.5]), we have the following conclusion, which shows that
Theorem 1.7 has variant for any s € R instead of s = 0.

Corollary 1.8. Givena,y € R, p € (0,00) and r,q € (0, oo], let f be real number with p < a+y and

p« € (0,00) such that p—n/p. = a+y—n/p. Assume that m satisfies (1.2) with € € Nand € > n/2.

Then there exists a positive constant C such that for all f € F;,’: (R™), ([T f |l o= @ S C”f”F;/T(R")'
2] "

Remark 1.9. (i) We remark that, by taking p=0,a € (0,n),p € (1,n/a),q=r =2,7 =0, and
m(¢) = |¢|™* for all £ € R™ \ {0}, then Theorem 1.7 (and also Corollary 1.8 with y = 0) is just
the well-known Hardy-Littlewood-Sobolev theorem for fractional integrals (see, e.g., [33,
page 119, Theorem 1(b)]), namely, the Riesz potential I, maps boundedly from LP(R") to
LP-(R"), where 1/p, = 1/p — a/n. In this sense, Theorem 1.7 (and hence Corollary 1.8) is
a generalization of the Hardy-Littlewood-Sobolev for fractional integrals.

(ii) Theorem 1.7 (resp., Corollary 1.8) is not true in the case that f = a and hence p, = p
(resp., p = v + a and hence p, = p). Indeed, the assumption p < a (resp., f < y + a) and hence
p« > p play a crucial role in the proof of Theorem 1.7 in Section 3, which is not valid for the
case that § = a (resp., p = y + a) and hence p. = p.

For ¢ € (0, 00), let Wf (R™) be the well-known Sobolev-Slobodeckij space on R". Recall that
Triebel [9, Theorem 2] proved that forall s € R, p,q € (0,0) and ¢ > n(1/ min{p, q,1} -1/2),
if m € L*(R") and

gl e ey + igg']w(-)m(Z" Woveer, <> (1.20)

then the Fourier multiplier Ty, is bounded from the inhomogeneous Triebel-Lizorkin space F, ;(R™)

to itself, where ¢ and ¢ are Schwartz functions satisfying that 0 < ¢s, ¢ <1, supp ¢ C B(0,2),
¢ =1onB(0,1), supp ¢ C B(0,4)\B(0,1/2) and ¢ =1 on B(0,2) \ B(0,1). From this, together
with the embedding theorem [10, Theorem 2.7.1], we further deduce that, under the above

assumptions on m, Ty, is also bounded from F;,q(R") to F;:':/p vl (R") withs e R, p,q € (0, 0),
ps € (p,o0) and r € (0, o0].

Notice that, if m is as in Theorem 1.7 or Corollary 1.8, then m is not necessary to
belong to L*(R"). For example, if a #0, then m as in (1.4) satisfies all the assumptions of
Theorem 1.7 and Corollary 1.8, but m ¢ L*(R"). Thus, the assumptions in both Theorem 1.7
(or Corollary 1.8) and Triebel [9, Theorem 2] are not comparable. This is quite natural, since
we are considering the multiplier on homogeneous function spaces, while Triebel [9, Theorem
2] (see also [10, pages 73-77]) studied the multipliers on inhomogeneous function spaces. In
some sense, Theorem 1.7 and Corollary 1.8 might be regarded as fractional variants of the ho-
mogeneous version of [9, Theorem 2] which corresponds to the case that a = 0 of Theorem 1.7
and Corollary 1.8. This might also be the reason why the assumption on ¢ in [9, Theorem
2] is quite different from the requirement of ¢ in Theorem 1.7 and Corollary 1.8. Moreover,



8 Journal of Function Spaces and Applications

the restriction £ > n(1/ min{p, q,1} — 1/2) in [9, Theorem 2] is sharp; see Triebel [9, Remark
12] or [10, pages 73-77].

(iii) Recall that in [34], Marschall introduced a very general class SB’g (r,p,v; N, ) of
symbols a € $'(R" x R") withk € R, 6 € [0,1], p,v € (0,00], 7 € [n/p,0) N (0,0), L € [1, 00]
and N € (n/X, o). For a symbol a € SB’g(r,y, v;N, 1), and any f € S'(R") and x € R", the
nonregular pseudodifferential operator a(x, D) is defined as

1

a(x,D)f(x) := o)

I R eca(x, &) f(§)dé. (1.21)

Then Marschall [34, Theorem 9(a)] proved that for all k € R, p,g € (0,00], 6 € [0,1], p,v €
(0,00],r€(n/(1-06)p, ), L € [1,00], N € (nmax{1/1,1/2,1/p,1/q}, o) and

n(max{l, 1+1}—1> —(1—6)r=s<r—nmax{l—l,0}, (1.22)
P H P

ifeitherp € (0,1] (p € (0,1) in case that y = o0) or p € (4, 0]N[v, 0], then the operator a(x, D)
with a € SB’g(r, u,v; N, 1) is bounded from F;qu(R") to F;rq(R”), where F;/q(]R”) denotes the
inhomogeneous Triebel-Lizorkin space. This, together with the Sobolev embedding properties of
Triebel-Lizorkin spaces, further implies that the operator a(x, D) is bounded from F;‘,:ik(R")
to F"/P P (R") with p. € (p, 00) and t € (0, oo].

Notice that, if m satisfies the assumptions of Theorem 1.7 or Corollary 1.8, then m is
not necessary to belong to S'(R"); see, for example, m as in (1.4) with a € (0, o). Thus, by the
same reason as in (ii), the assumptions in both Theorem 1.7 (or Corollary 1.8) and Marschall
[34, Theorem 9(a)] are not comparable.

(iv) Recall that it was proved by Cho in [12, Theorem 5.2] that when ¢ >
n[max(1/p,1/2)] if r € (0,2), or € > n[max(1/p,1/r) +1/2-1/r] if r € [2, 0], the operator
T, maps Fy ,(R") boundedly into Fﬁwq(R"). However, from Theorem 1.7, we deduce that this
conclusion is also true when ¢ > n/2 if r € (0, 0]. Therefore, even when 7 = 0, Theorem 1.7
also essentially improves [12, Theorem 5.2]. Moreover, there exists a gap in the proof of [12,
Theorem 5.2] in the endpoint case when p, = oo, namely, the formula [12, (5.6)] seems not
enough for the first inequality in [12, page 853]. The proof of Theorem 1.7 seals this gap and
is given in Section 3.

Theorems 1.5 and 1.7 have the following counterparts for Hausdorff-type spaces.

Theorem 1.10. Let a,y € R, p € (1, o0) and m satisfy (1.2) with € € N.
(i) Ifre(l,0), T€[0,1/(pVr)]and € >n[max(1/p, 1/r) + T +1/2], then there exists
a positive constant C such that for all f € F ngf (R™),
”Tmf“FH;';”(Rn) < C”f”FH,K;Z(Rn)' (1.23)

(ii) If r € [1,00), T € [0,1/(pVr)] and € > n(1/p + T + 1/2), then there exists a positive
constant C such that for all f € BHZ,::(R”),

||Tmf||BH;,';”(Rn) < C”f”BH;;,’(Rn)' (1.24)
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Differently from the spaces F,7(R") and B,7(R"), it is known that S, (R") is dense
in the spaces FH,;(R") and BH,(R"); see [13, Lemma 5.3] and [14, Lemma 6.3]. Thus,
although T,,f is originally defined on S, (R"), we can extend T, into the whole spaces
FHy(R") and BH, 3 (R") by a density argument.

We remark that Theorem 1.10(i) when 7 = 0 coincides with [12, Theorem 5.1] in the
case that p € (0, c0). The proof of Theorem 1.10 is also given in Section 3.

From Theorem 1.10 and [15, Theorem 4.1], we immediately deduce the following con-
clusion and omit the details.

Corollary 1.11. Leta, B R, p<a, p € (1,00) and p, € (1,00) such that p —n/p. = a —n/p.
Assume that m satisfies the condition (1.2) with € € N.

(i) Letr, g€ (1,0) and T € [0, min{1/(pVvr),1/(p.Vq)'}] such that T(pVvr) < T(p.Vg)'.
If € > n[max(1/p, 1/r) + T+ 1/2], then there exists a positive constant C such that for
all f € FFT(R"),

”Tmf”FHqu(Rw < C”f"FH,S;I(Rn)' (1.25)

(ii) Let r € [1,00) and T € [0, min{1/(pVr)',1/(p«V1)'}] suchthat t(pVr) =T(p. V).
If ¢ > n(1/p + T + 1/2), then there exists a positive constant C such that for all f €
BF,T(R"),

”Tmf”BH,’f”,,(Rn) < C”f”BH;};:(Rn)' (1.26)

*

Moreover, similar to Corollary 1.6(i), we can further improve the range of ¢ in
Corollary 1.11(i) as follows.

Theorem 1.12. Let a € R, p € (1,0), p € Rwith p < a and p, € (1, 0) such that p —n/p. =
a-n/p.Letr,q € (1,00) and T € [0, min{1/(pVr),1/(p«Vq)'}] suchthat T(pVr) <T(p.VQq).
Assume that m satisfies (1.2) with € € N and

n<T+ %), ifr(pvr) <2r,

é> 1 1 (1.27)
n(; + 5)' ifp,re(1,2), T#0.
Then there exists a positive constant C such that for all f € F HS;I (R™),
T f i oy < CIF N e ey (1.28)

The proof of Theorem 1.12 is given in Section 3.

Similar to Corollary 1.8, we have the following conclusion, which is an immediate
consequence of Theorem 1.12 and the lifting property of the space FH, 7 (R") that can be de-
duced directly from [15, Theorem 4.1].
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Corollary 1.13. Let a,y € Rand p,r,q € (1,00). Let p be a real number with p < a +y and p, €

(1, 00) such that p—n/p, = a+y—n/p. Assume that T € [0, min{1/(p.Vq)',1/(pVr)'}] satisfies that

T(pVr) < T(p«Vq) and m satisfies (1.2) with € as in (1.27). Then there exists a positive constant C
YT

such that for all f € FH); (R"), || T, Pl oy < UL Nerr

Corollary 1.13 implies that Theorem 1.12 has variant for any s € R instead of s = 0.

Remark 1.14. Recall that when 7 = 0, the Triebel-Lizorkin-Hausdorff space FH, (R") is just
the classical Triebel-Lizorkin space F;,q (R™). Thus, when 7 = 0, Theorem 1.12 coincides with
Theorem 1.7. In this sense, Theorem 1.12 when 7 = 0 also essentially improves [12, Theorem
5.2]; see Remark 1.9(iv).

The proofs of Theorems 1.5, 1.7, and 1.10 strongly depend on the Peetre-type maximal
function characterizations of By (R"), Fyz(R"), BH,4(R"), and FH,¢(R") obtained in [18].
Additionally, to prove Theorems 1.7 and 1.12, we need first establish the generalized (weight-
ed) gi-function equivalent characterizations of F,(R") and FH,;(R"), respectively, in
Theorems 2.7 and 2.9 below. We point out that Theorems 2.7 and 2.9 consist of two parts: suf-
ficiency part and necessary part. The proofs of the sufficiency part are essentially deduced
from the corresponding generalized Lusin-area function characterizations, obtained in [18],
of these function spaces. The approach used in the proofs of the necessary part of Theorems
2.7 and 2.9 is totally different from that used in the proof of [12, Lemma 3.2(3)] for Fsrq(R"),
which induces an essential improvement of [12, Lemma 3.2(3)] such that we can replace the
restriction A > n[max(1/p,1/r)] in [12, Lemma 3.2(3)] by A > n/r. The proof of [12, Lemma
3.2(3)] strongly depends on the exact equivalent relations between the L?(R") norms of the
generalized Lusin-area functions with different apertures, which is not clear whether it is
still true if LP(R") norm is replaced by the Morrey norm. Instead of that, in the proofs of
Theorems 2.7 and 2.9, we use the Lusin-area function characterization of these spaces and the
homogeneity of the Euclidean space R”. This improvement further induces an improvement
of Theorems 1.7 and 1.12 even when 7 = 0, compared to [12, Theorem 5.2].

To prove Theorems 1.7 and 1.12, we need two technical lemmas from [12, Lemmas 4.1
and 4.2] (see also Lemmas 3.2 and 3.5 below). However, [12, Lemma 4.1(2)] therein is not
accurate; see Remark 3.3 below. We give a corrected version in Lemma 3.2(ii) of this paper.
We also remark that there exists a gap in the proof of [12, Theorem 5.2] for Triebel-Lizorkin
spaces in the endpoint case when p. = oo; see Remark 1.9(iv). In this paper, we seal this gap
via a subtle application of the equivalence between the Triebel-Lizorkin space F %,q(R") and

the Triebel-Lizorkin-type space P;j,l/P (R") obtained by Frazier and Jawerth [30, Corollary 5.7]
(see also [14, Proposition 3.1]).

The paper is organized as follows. In Section 2, we present Theorems 2.7 and 2.9 and
their proofs by first recalling some known characterizations, obtained in [18], of B, (R"),
Fya(R™), BH, 7 (R"), and FH,;(R") in terms of the Peetre-type maximal function and the
Lusin-area function of local means. Section 3 is devoted to the proofs of Theorems 1.5, 1.7,
1.10, and 1.12. Finally in Section 4, as an application, we give a new proof of the Sobolev-type
embedding theorems for F,7 (R") and FH,; (R").

We point out that so far, for the Besov-type space B, (R") and the Besov-Hausdorff
space BH,; (R"), it is unclear whether the corresponding results of Theorems 1.7 and 1.12 are
true or not. The proofs of Theorems 1.7 and 1.12 strongly depend on the generalized (weight-
ed) g;-function equivalent characterizations of F, 3 (R") and FH, (R"), which are not avail-
able for B,z (R") and BH,;(R"). Moreover, it is also interesting to establish the inhomoge-

neous variants of these results.
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Finally, we make more conventions on the notation. Throughout the whole paper, the
symbol A < B means that A < CB, where C is a positive constant independent of the main
parameter. If A < Band B < A, then we write A ~ B. If E is a subset of R, we denote by yf the
characteristic function of E.

2. Some Equivalent Characterizations of F,;(R"), B, (R"),
FH3(R"), and BHT(R™)

In this section, we first recall some equivalent characterizations, established in [18], of
Fya(R™), Byo(R"), FHy 7 (R"), and BH, 7 (R"), in terms of the Peetre-type maximal function
and the Lusin-area function of local means. Using these characterizations, we further estab-
lish some new characterizations of these spaces in terms of the generalized (weighted) g}-
functions, which play a key role in the proofs of Theorems 1.7 and 1.12 in Section 3.

Lete € (0,00), R€ Z, U {-1} and ® € S(R") satisfy that

D) >0 on{zerr: S<p<2el, DU (®)0)=0 V]a|<R 2.1)
2

In what follows, for any function ¢,t € (0,00) and x € R”, ¢;(x) := t7"¢p(x/t). For all ¢ €
SN(R™), f € Sy(R"), t € (0,00), A€ (0,00),and x € R", let

. e H(x+y)]
(9i ), () = sup Telyln (2.2)

which is called the Peetre-type maximal function of local means; see, for example, [18].
The following characterization of F, 3 (R") was obtained in [18].

Theorem 2.1. Let s € R, 7 € [0,00), p € (0,00), g € (0,00], L € (n(1/pV1/q),0)and R €
Z, U {=1} such that s + nt < R+ 1 and @ be as in (2.1). Then the space F;:;(R") is characterized by

F”(R")-{fGS(R" ||f|P;jZ(R")||i<oo}, ie(1,2,3), (2.3)

where

- ep) dt p/q p
171 Epa @M, -suplp| IUO U [CRFHIC] T] dx ¢,
por 1 ep) a1 Vp
17 1 E5a B, = supise {f UO t‘”l(@?fh(x)l%] dx} : (24)

2(P) dzdt Pl 1/r1
£ sZ(R”)Ilg—supual I fo t_sqﬁ N@x )" | dep

with the usual modification made when q = co.
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Remark 2.2. Recall that when 7 € [0,1/p), the Triebel-Lizorkin-type spaces are just the Triebel-
Lizorkin-Morrey spaces, that is, in the definition of Triebel-Lizorkin-type space, the sum 372,
can be replaced by 3’;c;; see [16, Theorem 1.1]. By an argument similar to that used in [18,
Theorem 3.1], we can prove that Theorem 2.1 is also true with Z(P) replaced by oo in || f |
EyaRYy, [If | Fpg(RM)|lz and ||f | Epz (R™)|ls when 7 € [0,1/p). We omit the details.

The following Theorems 2.3 through 2.5 were established in [18].

Theorem 2.3. Let s € R, 7 € [0,0), p,g € (0,00], A € (n/p, ), and R € Z, U {-1} such that
s+n7 < R+1and @ be as in (2.1). Then the space B, g(R") is characterized by

Bia(RY) = {f € Sp®") : [If I BiRRY||, <00}, i€ (1,2}, (2.5)

where

fe(P) s [J'P |(q)t *f)(x)|pdx] -

0

alp At 1/q
PeQ |P|T ’

ST 1
1 1 B @D, = sup {
(2.6)

2(P) q/p /q
s dt} ,

WWWW%=erU | 10in,ra] e

PeQ |P |T 0
with the usual modifications made when q = oo or p = oo.

Theorem 24. Let s € R, p,g € (1,00), T € [0,1/(pV q)'], A € (n[max{1/p,1/q} + 7], )
and R € Z, U {-1} such that s + nt < R+ 1 and ® be as in (2.1). Then the space FH, (R") is
characterized by

FHT(R") = { f € Sp(R") : ||f | FHyZ(RY)||, <0}, i€ {1,2,3], (2.7)
where

7

dt }“q
LP (R™)

I 1P @I, = ing{ [ el £l ot o170

I | FERZ @), = inf

7

LP(Rn)

{f E[(@; f), ] [0, t)]_q% }w

1S,T (N R
”f | FH, (R )”3 = Hu}f ,

LP(R")
(2.8)

) 1/q
{ [Cro [ pooesern)oc +z,t>rqd“f*}
0 |z|<t t

where the infimums are taken over all nonnegative Borel measurable functions w on R™! satisfying
(1.13).
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Theorem 2.5. Let s € R, p € (1,0), g€ [1,0), T€ [0,1/(pVg)], A € (n(1/p+T),00) and
R € Z,U{-1} such that s+nt <R+1and ® be as in (2.1). Then the space BH;; ;(R”) is characterized
by

BHyT(R") = { f € Sp(R") : ||f | BHZ(RY||, <0}, i€ (1,2}, (2.9)
where
. . * e anM
I 1BEzs | =ine] [ o e or | T
@ 1, ®) ¢
) (2.10)
ST on . * s " _1119 dt q
I 1B, =i [ e @in,foeor |

where the infimums are taken over all nonnegative Borel measurable functions w on R™! satisfying
(1.13).

Remark 2.6. (i) The space FH,(R") is a quasi-Banach space; see [13, 14, 17]. Indeed, by [17,

Remarks 7.1 and 7.3], we know that for any f1, f, € FH, 7 (R"),

£+ foll gz oy < 2707 [”fl"pH;;;(Rn) + ||f2||pH;;;(Rn)]- (2.11)

(ii) By the Aoki-Rolewicz theorem ([35, 36]), there exists v € (0,1] such that

(4

i

< 2l (212)
€z

jez.

FHyg (R")
forall {fj};ez C FH,;(R").Indeed, v := (pVgq)'/(1+ (pV q)') does the job.

(iii) The conclusions in (i) and (ii) are also true for the space BH;’/ ;(R").

Next we establish a new characterization of the spaces F,z(R") and FH,(R"). Let

q € (0,00], X € (0,0), and w be a nonnegative Borel measurable function. In what follows,
for R€ Z, U {-1}, f € SL(R") and ¢ in (2.1), set

-1
u(x t) = (frp)(x),  ujlx) = suﬂg{ Iu(y,t>|<1 + lx;y|> } (2.13)
yer™
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forall x e R" and t € (0, 0). For all b € (0,0), s € R, and x € R”, recall that the generalized
weighted Lusin-area function S;q (w, u)(x) and the generalized weighted g\-function Gth(w, u)(x)
are defined, respectively, by

® 1/4
SZ'q(w’ #)(x) = {.[ e J‘ |“(y, t) |q [w(y, t)] ‘q(bt)—ndy%} ,
0 |y—x|<bt

1/q
G3,(w,u)(x) := {f S"f u(yrt)lq<1+| |> [w(y,t)]'qdytitl} :

(2.14)

If w(x,t) =1, then Szlq(w, u) and qu(w,u) are called, respectively, the generalized Lusin-area
function, denoted by S; q(u), and the generalized g}-function, denoted by G} q(u).

In what follows, for 7 € [0, 00) and p € (0, ), let L2(R") be the set of all functions f €
L' (R") such that

1/p
< oo. (2.15)

! P
Py = SU = x) | dx
”f”LT(]R ) pegu)l [IP |f( )l

Theorem 2.7. Let s e R, p € (0,00), T € [0,1/p), g € (0,00], A € (n/g,0) and R € Z, U {-1}
such that s+nt < R+1. Then f € Fyg(R") ifand only if f € SL(R") and qu(u) e L2(R™), where u
is as in (2.13). Moreover, there exists a positive constant C such that for all f € F,, z(R™),

CU ANz < [[Gra0 oy < ClF gz e (2.16)

Proof. Assume f € S(R") and Gi, q(u) e L7 (R"). Notice that for any A € (0, 0) and x € R”,
o _ -Aq 1
saww <2 [ el (1254 g
' 0 Jy-xi<t t t (2.17)
=2'G}, o (1) ().

Then, from Remark 2.2, we deduce that f € F;7(R") and

S, (1)

)

(2.18)

e ~| < | )
Fpa(R") 1L ™ 1L ()

I1f

which completes the proof of the sufficiency of the theorem.
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Conversely, suppose that f € F,7(R"). Then by Theorem 2.1, f € Sy(R"). Moreover,
similar to the proof of [18, Theorem 3. 1] for any k € N, we see that

a0 e sonat]

1/p

- r/q
< Csup—= f Z 2%y * f(0)|T|  dx ,
|P| P j=—oo

PeQ

(2.19)

where C is a positive constant independent of k and f. Then by changing variables, we con-

clude that
dt p/q p
st [ ] @l s ey ax
PElel [y—x|<t

1/
. - r/a . (2.20)
s2Rsupd [ | S 2lg )| ax
rea IPI” | Jp | 52
K
<2 S”f (R

where the last inequality follows from the equivalence between Triebel-Lizorkin spaces and
Triebel-Lizorkin-Morrey spaces when 7 € [0,1/p); see [16] and also Remark 2.2. By changing
variables, we know that for all x € R",

qu<"><X>={ J [fl e s (10 BT ey
y-x|<t
1/q
S dt
cdyl &
+§ J‘2"1t5|y—x|<2’<t ]/] t }

1/q
o) ~ o) . i dt
S{ZZ "”f f (E=lgex fF(y) ) dyT}
k=0 0 J|y—x|<2kt

(2.21)

1/9
- —-sq-n * -s -n dt
5{22 Kamsa )f f (e * £ (y) )7 d]/T} :
0 J|y-x|<t

k=0

Thus, when p < g, from the well-known inequality that for all d € (0,1] and {a; }]. cC,

d
<Z|aj|> < Xlal” (2.22)
] ]
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it follows that

1q(W)

LP(Rm)

_ P /4 1/p
<s f Sk ">f f (|2 fFy) ) dy— | dx
PeQ |P| P iz ly—x|<t !
o o al’? "
[ Sastccomnt [T e pplyay |
PeQ |P| Pio 0 Jly-xl<t g

[e'e]
Zz—k()t—s—n/q)p
k=0

1 & ar]” "
cswps [ ] @ lppae sy | ax
req [PI"" )p [ Jo Jyxi<t t

1/p
;;;;mn)} Sf

A

A

Eyq (R

{iz—ku—n/qw If
k=0

(2.23)

where the last inequality follows from (2.20) and A > n/gq. Similarly, when p > g, by Minkow-
ski’s inequality and (2.20), we see that

| ( ) LY (Rm)
< sup ZZ (Ag-sq-n)
PeQ |P| k=0

1/q

X {f I:f f (= lpase f(y) |)qt_"dydt:|p qu}
P 0 Jy—x|<t t

< 2—k(Ag-sq- n)sup
kzo PeQ |P|

) / q/p
’ J’ [J‘ .[ (t_sl(pZ’kt *f(y)|)qt_" dydt]p qu
P 0 Jly—x|<t ;

1/q
Sl ) % Wl

1/q

(2.24)
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These estimates, together with Remark 2.2, imply the necessity of the theorem and hence
complete the proof of Theorem 2.7. O

Remark 2.8. We point that, by an argument similar to the proof of Theorem 2.7, one can
characterize Fyz(R") via a discrete version of the generalized weighted g;-function. More
precisely, forall s € R, p € (0,00), 7 € [0,1/p), g € (0,0], A € (n/q, ), and R € Z, U {-1}
such that s + nt < R+ 1, then f € Fy7(R") if and only if f € Si(R") and

[Xicz [ 2164 | £ % ;(2)]7(1 + 21|z - A dz]l/q e L?(R"). Moreover,

1/q

£ 137 e (2.25)

[Z fR 2159 | £ (p,-(z)|q<l + 2z - -|>Mdz:|
i€Z "

LE(Rm)

We omit the details.
We also obtain the following analogy of Theorem 2.7 for the space FH,; (R™).

Theorem 2.9. Let s € R, p € (1,00), g € (1,0], T € [0,1/(pV q)'], A € (n/q,0) and R €
Z,U (=1} such that s +nt < R+1. Then f € FH,z(R") ifand only if f € S, (R") and G}, (w,u) €
LP(R™), where u is as in (2.13). Moreover, there exists a positive constant C such that for all f €
FHG(RY),

CH Mg < inf]| G0

pEn S CllA N przz oy (2.26)

where the infimum is taken over all nonnegative Borel measurable functions w on R satisfying
(1.13).

Proof. Assume f € S (R") and qu(w, u) € LP(R"). For any A € (0,00) and x € R", similar to
the proof of Theorem 2.7, we know that

S5, (w, u)(x) < MG o (w0, 1) (x). (2.27)
Then by Theorem 2.4, we see that

, (2.28)

”f”FH;;;(Rn) - ingSiq(w, u) ) S igf' Gj/q(w, u)

LP(R" LP(R")

which completes the proof of the sufficiency of the theorem.
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Conversely, suppose that f € FH,;(R"). Then by Theorem 1.12, f € S(R"). By an
argument similar to the proof of [18, Theorem 3.3], we see that for any k € N,

[ee) - 1/q
@{jj tﬂWWMﬁwwp@rWVﬂﬂ}
0 Jlz—|<t LP (R")
1/q
sut oo 1l
ez 1 (&n) (2.29)

1/q
~ﬂw{§WM”W%Wﬂ?

~ 27N Fll g 7 ey

LP(RM)

Let R, := (0, 0). For all measurable functions F on R"” x R, x R", let

, (2.30)
LP(R")

{J‘: o IR" [F(y,t, )| [w(y, )] "dy tffl }1/q

|Fllg := inf

where the infimum is taken over the same set as in (1.13). We claim that || - ||¢ is a quasinorm
with respect to F, precisely, for any measurable functions F;, F, on R"” x R, x R",

IFy + Fallg < 27D (I Fillg + | Fallg)- (2.31)

To see this, without loss of generality, we may assume that ||F1||¢ + || F2|l¢ < oo. Then, for any
¢ € (0, 0), choose nonnegative Borel measurable functions w;, w, on R**! satisfying (1.13)
such that

. g, dt )V
([0 [ 1Rt (o)

< (1 + o) Fillg, (2.32)
LP(R")
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for i € {1,2}. Notice that w := 27/ #V4 max{cw;, w,} still satisfies (1.13). Then by (2.22) and
Minkowski’s inequality, we see that

* Lo, dt VA
|F1 + Fallg < {J t‘sqf |Fi(y,t,-) + Fa(y,t, )| [w(y, t)] 'dy ; }
0 R e+
Ly (Rn)
1/(pvg)’ * osq g, dt M1
<2 9] Ry ) [l (v )]y
‘ “ L (&) (2.33)

+

o N A
{fo t_qu‘]R IFZ(y/t/)l[WZ(y’t)] qdytn+1}

LP(R")]

< 2V®VD' (1 4+ £) (|| Fillg + | F2llg).-

Letting ¢ — 0 then concludes the above claim.
Thus, by the Aoki-Rolewica theorem [35, 36], we know that

2 Fj

0
< DIF g (2.34)
JEL JEZ

for all measurable functions {F; }]-GZ onR” xR, xR", wherev = (pVvgq)/(1+(pVg)).
Choosing A > n/g, by (2.34), (2.29), and an estimate similar to (2.21), we conclude that

v

inf| G, (w, )

LP(Rn)

* |-y \ 7 a )"
=y{kwgmw@dn—r>MWMw%J
LP(Rm)

Sinf‘{

< > 27 inf
k=0 v

1/q
oo . 0 ~ ~ dt
f t qu 2% % f (y) | [w(y, )] qdth}
B(-2Kt)

g

0 k=0

LpP(R™)

(4

([0 [ tone 1) g ) ot 0] a2 )

LP(R™)

2—k(/\—s—n/q)v

A
Mis

=~
Il

0



20 Journal of Function Spaces and Applications

71, st asit]

[ee)
—k(A-n/q) v _ v
S éz VN ez ey ~ 1 Nz oy

(4

x inf

Lr(R")

(2.35)

which implies the necessity of the theorem and hence completes the proof of Theorem 2.9. [

3. Proofs of Theorems 1.5, 1.7, 1.10, and 1.12

In this section, we give the proofs for Theorems 1.5, 1.7, 1.10, and 1.12.
In what follows, K always denotes the distribution whose Fourier transform is the function
m in (1.2). Then we have the following observation.

Lemma 3.1. Let m be as in (1.2) and K its inverse Fourier transform. Then K € S (R").

Proof. Let ¢ € S (R"). Then 07¢(0) = 0 for all y € Z%} and hence for any L € N,

Kg)= [ mopa;

(3.1)
o'p(0
- j m@)(E)dé +f m() [¢(§> -y I )a] de=1,+ 1
g1 lel<1 <L Y
For I;, by Holder’s inequality and (1.2), we see that
Ll < Zj m@)lp(@)]dé
k=0 ¥ 2k<|g|<2k+1
< S d
< kzo o Zk) o m(&)|dé
s 1 (3.2)
] 2n
< 2d
~ ~ (1 + 2k) [,[2k<|§<2k+1 |m(§)| é:l
0 2k(n a)
<
A IEET

where M € [0, o) is chosen large enough such that M > n —a.
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For I, by the mean value theorem, there exists 8 € [0, 1] such that

-1
Ll < >,

J‘ m(&)| sup [07p(6¢)]1¢["'de
2k<|z|<2k+1 |

k=-o0 yl=L+1
-1
<3 2’“““[ m(&)|de (3.3)
k=—c0 2k<|¢| <2kt

-1
S Z 2k(L+1+n—a) 5 1,

k=-o0

where L is chosen large enough such that L > a« — n — 1. This finishes the proof of Lemma
3.1 O

The following estimates play an important role in the proofs of Theorems 1.5,1.7, 1.10,
and 1.12.

Lemma 3.2. Let ¢, { be Schwartz functions on R" such that ¢, ¢ are supported in the annulus
(¢ eR": 1/2 < |¢| < 2). Assume that m satisfies (1.2).

(i) If L € (0,00) and € > X + n/2, then there exists a positive constant C such that for all
t € (0,0),

A
f (1 + H) | (K * ¢)(z)|dz < Ct*. (34)
Rn t

(ii) Let k, N be any two positive integers. If € > A > 0, then there exists a positive constant C

such that for all s, t € (0, 0),
£\ 2N
(l + —> , ifs<t,
-n+2a s

£\ 2
-, ift<s.
(5) fies

|z \* 2 :
I ” <1 + ?> | (K s * ¢1) (z)|"dz < C(minf{t, s})

(3.5)

Remark 3.3. We remark that Lemma 3.2(i) is just [12, Lemma 4.1(1)]. It was also claimed in
[12, Lemma 4.1(2)] that the inequality in Lemma 3.2(ii) is valid with (min{¢, s} ) replaced
by s7*2*. However, the proof of [12, Lemma 4.1(2)] is problematic. Indeed, the last inequality
in [12, page 849] seems to be true only when s < t. We give a correct version in Lemma 3.2(ii).
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Proof of Lemma 3.2(ii). Since A < £, by the Plancherel theorem, we see that

f( ||) |(K*¢sx ) (2)|" dz
<ZS—2|G|J'

lol<e

o (m@EF®)| @

< Ssl 5 Felpel J

‘0-|§g 01+02+03=0

(a7m) @ (:2) (s2) (679 ) t2)|
(3.6)

When s < t, by the support of { and (1.2), we see that

L(l 'i') [(K % g5 % 1) (2)|*dlz

< § g2l 2ol 2los| f
2 2 1/(2s) <gl<2/s

|U|SZ 01+02+03=0

2.2 (0
; NP1
ot or+onros=o \ S (1+1t/s)*N+* 1/@5)<lE1<2/s

_ 1
(1+1t/s)*N

(ogm) @) (60°%) <t§>| dé

(a7m)@| a2

< S—n+2a

~

(3.7)

When t < s, by the support of ¢ and (1.2), we conclude that

f » <1+E> |(K % &% gn) (2)|"dz
<D D s‘z‘°|sz|“2|t2|03\f

|o|<€ o1+02+03=0 1/(2t)<|g|<2/t
¢ 2|0y [+2|o3] 1 2
< (2) (3 m) @) a2
\c%folﬂgﬁFG s 1+ (s/1)* 1/@b)<lgl<2/t <‘5 )

2k
< t—n+2a <£>
~Y S 4

which completes the proof of Lemma 3.5(ii). O

| (o7 m) @ (o7) 0 |

(3.8)

Recall that S, (R") is dense in the spaces FH, 7 (R") and BH,7 (R") (see [13, Lemma
5.3] and [14, Lemma 6. 3]) Then the definition of Fourier multlpher T, can be extended
to the whole spaces FH,7 (R") and BH,(R") via a dense argument. Next we show that,
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via a suitable way, T,, can also be defined on the whole spaces F,;(R") and By (R"). To this
end, let ¢ € &4. Then by [37, Lemma (6.9)], there exists ¢ € & such that

S 9@ 0F(27) =1, VEeRr"\ (0). (3.9)

icZ
For any f € F,3(R") or Bz (R"), we define T, f by setting, for all ¢ € S, (R"),

(T f, §) = D.f * pix i x g K(0). (3.10)

i€Z

In this sense, we say T,,f € S, (R"). The following result shows that T, f in (3.10) is well
defined.

Lemma 3.4. Let £ € (n/2,0),s € R, T € [0,00) and g € (0,0], f € Ey7(R™) with p € (0, ) or
f € Byg(R") with p € (0,00]. Then Ty, f in (3.10) is independent of the choices of the pair (¢, ¢) of
functions in A satisfying (3.9). Moreover, T,, f € S_ (R").

Proof. Assume first that f € F}7,(R"). Let ¢ and § be another pair of functions in o satisfying
(3.9). Since ¢ € S, (R"), by the Calderén reproducing formula (see [13, Lemma 2.1]), we
know that

$=2.01xF*9 (3.11)

jez

in S, (R™). Thus,

Zf*‘ﬁi*(l’i*d)*K(o):Zf*‘Pi*(,Ui* <Z[p’7*(]}]*¢> * K(0)

i€Z i€Z €z
(3.12)
i+1
=3 D f (i G7) % (i * G;) x px K(0),
i€Z, j=i-1

where the last equality follows from the fact that ¢; * ¢; = 0if |i - j| > 2.
Let{:=¢pxpandn:=¢*@. Then(, n € A If T € [0,1/p) and g = oo, we see that for
all x e R",

DNf* (i i) * (i % i) x g K(0)]

i€Z

-3

i€Z

[ fratn mepeK@z
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. . )
< [sup sup 2| f * g,-(—z)|<1 +2z + x|) ]

i€Z z€eR"

» ZJ‘ n 24s<1 + 2z + x|>A|K * 1 % P(2z)|dz = T (x)(x),

i€Z

(3.13)

where \ is an arbitrary positive number.

For I, by Remark 2.8, we know that [[li||;z s < [Ifllesz ny < oo, which implies that
there exists x € B(0, 1) such that |I; (x)| < co.

For I, choosing A € (0, 00) and p € (n/2, o0) such that A + u < €, by Holder’s inequality
and Lemma 3.2(ii), we see that for all x € B(0, 1),

f (1+2z+ x|)A|K * 7] * ¢(z)|dz
RVI

< (1 + 21')*—[ (1 + 2i|z|>A|K s % P(z)|dz
R" (3.14)

L N\ 204) 12
< (14222 U (1+202)" K e x g(2) IZdZ]
Rn

<27"/2(min{1,27 })WM (min{1,2i})k(1 + 2")A_N.

Thus, by choosing k and N large enough such that k > n/2+|s| and N > A+ |a|+|s|, we know
that

0 -1
L(x) $ D 20asN) g N gilkon/2ms) < (3.15)
i=0 i=—00
Therefore,
%If*(<Pi*<ﬁi)*(qﬁ*<l7i)*¢*1<(0)| < oo (3.16)
1€

By an argument similar to the above, we see that

i+1

ST x (g% §) * (g% )+ x K(0)] < oo, (3.17)

i€Z, j=i-1
which, together with the Calderén reproducing formula, further induces that

Zf*tpi*(lfi*(P*K(O)

i€Z

j+1

=20 21 (i) * (9% §j) x ¢+ K(0)

j€Z i=j-1
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=Zf*¢j*‘l~’j*<Z<Pi*<l’i*¢>*1<(0)

JEZL i€Z
jEZ

(3.18)

Thus, T, f in (3.10) is independent of the choices of the pair (¢, ¢). Moreover, the previous
argument also implies that T,, f € S._ (R").

If 7 € [0,1/p) and q € (0,00), from the embedding F,7 (R") C F,5 (R"), we deduce
that T,,, f is also well defined in F, g (R") and Ty, f € S.,(R").

If T € (1/p, ) and g € (0, 0), by Remark 1.2 and [29, Corollary 1], we know that

EST(RY) = ESRTVP (R = BEATVP (R, (3.19)

Then, by Theorem 2.3, we know that

f*Gi(-z) ni* ¢ * K(z)dz

Rn

2

i€Z

< [sup sup 2/l /| £ 4 gi(z)|]22-ils+n<r—1/p>1 IR |1: % ¢ * K(z)|dz

i€Z zeR® icZ

~ ”fl F;-::é‘r—l/p)(Rn)zz_i[s+n(T_1/p)] J‘ |7'lz * P K(z)|dz.
S R

€7
(3.20)

Choosing A > n/2 such that € > A, by Holder’s inequality and Lemma 3.2(ii), we conclude
that

Zz_i[sm(n‘—l/lﬂ)] J‘ |71i * (;b * K(z)|dz
Rn

i€Z

1/2

. T e o2 )
< Yoilsentr-1/p) [ f (1 +21|z|> dz] U (1 +zl|z|) 7% ¢ * K(2)] dz]
n RYI

i€Z

< Zz—i[s+n(7‘—1/P+1/2)] (min{ 1, o-i }>—n/2+a (min{ 1, oi } ) k (1 " 21’) -N

i€Z

-1
< 2—i[s+n~r—n/p+a+N] + Z 2—i(s+n~r—n/p+n/2—k) <1

7

M

T
o

1=—00

(3.21)
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where k and N are chosen large enough such that k > |s| +n(t—n/p+n/2) and N > |s| +|a| +
n/p. By an argument similar to the above, we see that

i+1

2 2N (k) (wix§) x g+ KO < || f

i€Z j=i-1

FETYP) (g ”f “F;;;(Rn)' (3.22)

which, together with the Calderén reproducing formula, further induces that

D pixgixpxK(0) =D f *§j*§j * ¢+ K(0). (3.23)

i€Z JEZL

Thus, in the case that T € (1/p, o), T, f in (3.10) is also independent of the choices of the pair
(¢, ¢). Moreover, T,,, f € S_ (R").

Finally, if 7 = 1/p and g € (0,0), since F:,:}/p (R") = F3,,(R") C F3 (R") (see
[30, Corollary 5.7]), from the previous argument, we deduce that T, is also well defined in
P;j ;/p(R”). Therefore, we obtain the desired conclusion for the space FS:Z(R") for all admissi-
ble indices.

Assume now that f € B, (R"). If p € (0,00), by the obtained conclusion for Fyg(R"),
the embedding B, (R") C F;7(R") when g < p (see [14, Proposition 3.1(vii)]) and

B;; (R™) C B;,_;’TH/T[(R?I) c F;’—qe,rw/n (R") (3.24)

for some € when g > p (see (iii) and (vii) of [14, Proposition 3.1]), we know that T, is well

defined in B;/;(R"). This, together with the embedding B/, (R") C B,,; /P (R for some py €

(0,00) (see [14, Proposition 3.1(ii)]), further induces the corresponding result for B, (R"),

and hence completes the proof of Lemma 3.4. O
Now we have the following technical lemma.

Lemma 3.5. Leta € R, A € (0,00), r € [2,0], ¢ € N, ¢, p € 4, and u, u) be as in (2.13). Assume
that m satisfies (1.2) and f € S (R") such that T,,, f € S, (R").

(D) Ifé>X+n/2and @ = @ * g, then forall x,y e R" and t € (0, 0),

A
|(Touf * @) (v)| SCt“<1+ |x;y|> 0 (x,1). (3.25)

(ii) If € > A+ n(1/2 = 1/r), then for all x,y € R" and t € (0, o0) satisfying that |x — y| < t,

| (T f * 4) (v)| < G, (w) (). (3.26)

Proof. (i) is just [12, Lemma 4.2(1)]. The proof of (ii) is similar to the proofs of (2) and (3)
of [12, Lemma 4.2], but with [12, Lemma 4.1(2)] replaced by Lemma 3.2(ii). This finishes the
proof of Lemma 3.5. O
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We remark that by Lemma 3.4, T, f € 3., (R") when f € F;2(R") or B, (R") with all
indices as in Lemma 3.4. Thus, Lemma 3.5 is also true for all f € F;2(R") or f € Bz (R") with
all indices as in Lemma 3.4.

Now we are ready to prove Theorems 1.5, 1.7, 1.10, and 1.12.

Proof of Theorem 1.5. Let ® be as in Lemma 3.5.

(i) By the assumption that ¢ > n[max(1/p,1/r)+1/2], there exists A > n[max(1/p, 1/r)]
such that £ > A+n/2. Then by Lemma 3.5(i), we see that forall x € R" and t € (0, o0),

(@ (T f)) (x) S Ul (x, 1), (3.27)

which yields the desired result in view of Theorem 2.1.

(ii) By the assumption that £ > n(1/p+1/2), there exists A > n/p such that ¢ > A +n/2.
Then by Lemma 3.5(i), we also see that for all x € R"” and ¢ € (0, o), (3.27) holds,
which yields the desired result in view of Theorem 2.1 and hence completes the

proof of Theorem 1.5. -

Now we give the proof of Theorem 1.7.

Proof of Theorem 1.7. To prove the theorem, by the monotone embedding property on the para-
meter g of the spaces Fgfq(R") (see [14, Proposition 3.1(i)]), namely, Fﬁfm (R") C Fgfqz(R") if
q1 < qo, it suffices to consider the case g € (0, o0). We show the desired result in two cases for

T.

Case 1 (T € [0,1/p)). Assume first that f € Fg; (R") with r € [2,00]. By assumption that £ >
n/2, we know that there exists A > n/r such that ¢ > A+ n/2—n/r. Then from Lemma 3.5(ii),
we deduce that for all x,y € R" and t € (0, o) satisfying that |[x — y| < t,

[U(y, )| S G, () (x), (3.28)

where and in what follows, U (x, t) := (T) f * ¢5) (x) for all x € R” and t € (0, 00).
If |If ||F‘,?;Z(R") = 0, by Theorem 2.7, we know that ||Gg/r(u)|| @y = 0, and hence
G?L, (u)(x) = 0 for almost every x € R", which, together with (3.28), implies that U (y,t) = 0
for all y € R". We then conclude that ||Ty, f | s )= 0.
P
If ||f”F’§;I(Rn) > 0, we know that ||G§,,(M)IIU;<Rn) > 0. Let P be a dyadic cube and t €
(0, €(P)). Then, there exist 3" dyadic cubes {P;}.,, with £(P;) = £(P), such that

g (R

3n

{y :dist(y, P) <t} c|JP. (3.29)

i=1
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Then, raising (3.28) to the power p and integrating over the ball B(y, t), we see that

1/p . 1/p
{j |u(y,t)|”dx} gt“{f |Ggr(u)(x)| dx}
B(y,t) unLe

(3.30)
3n p 1/p
< taz{f |Ggrr(u)(x)| dx} )
i=1 P
which further implies that
3n 1/p
Uy, bl < t“'“fpz{fp |G§,(u)(x)|”dx} . (3.31)
i=1 i

For any fixed x € P and A := A(x) € (0, o) which is determined later, by (3.28), (3.31), a > f
and a — f—n/p = —n/p., we see that

“p) dt
[ e[ ey
|ly—x|<t t

0
A 0o}
- g, At dt
:J I Yoy OEPIU(y, )|t dyT + IA J ...dyT
B o (3.32)
q 3" P q/p
<for el S fotwcolla] e
i=1 i
<G8 1 pla=p)q 0 1 q g (a—p-n/p)q
SIG), @ @] ACP 1 |G, (u) 1 [P ,
Take A such that
0
AP = G/\,r(u) (x) ‘ 53
T 0 .
<|P| Car () Li(Rn))
Then we see that
2(P) dt 1/q
[ e
' o : (3.34)

1-p/p. [ 0

1-p/p. P/p:
el W e G @)
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Then, by Theorem 2.7 and A > n/r, we conclude that

1/p.
1 ¢(P) q dt P/
Tof || por (o = SUP—7 P Uy, t)|| " dy— dx
[T f Wl 7, PiD] {JP <J‘0 le_xl<t[ |u(y )|] U

<fogr(f o ) " el 07

L’;'(R")
< ||es e

17 (Rm) -~ ”f”P;’;:(JRn)'

When f € Fg;: (R") with r € (0,2), the desired conclusion is a direct consequence of
the case r € [2, 0], together with the the embedding FS,T(R”) C F 07 (R") (see [14, Proposition
3.1 @{1)]).

Case 2 (T € [1/p, o0)). In this case, since p. > p, we see thatT > 1/p > 1/p..

If 7 € (1/p, ), by the assumption that ¢ > n/2, we know that there exists A > 0
such that ¢ > A + n/2. Then from Remark 1.2, Theorem 2.3, Lemma 3.5(i) and the fact that
Fs, o (R") = B, (R, it follows that

”Tmfllpﬁjq(Rn) ~ ||Tmf||B{;f;’§T“/”*)(Rn supsup P UPD|T,, f 5 Dy (x) |

t>0 xeR"
< sup sup t“‘ﬂ—"(‘r—(l/lﬂ*))lu}(x’ t)l ~ sup sup pr(=(1/p)) |u1(x, t)| (3.36)
t>0 xeR" t>0 xeR"
~f BT VP ey ”f”p(’:(Rn

If 7=1/p, we only consider the case r = oo in view of the embedding F 0T T(R")CF, 0:; (R™)
(see [14, Proposition 3.1(i)]). Then, similar to the above argument, we see that

”Tmfllp‘“ ~ sup sgﬂf P EVPT,, f 5 Dy(x)| S ”f”FU SE®) ”f”Fg;;(Rn)f (3.37)
t>0 xeR”
which completes the proof of Theorem 1.7. 0

Now we give the proof of Corollary 1.8.

Proof of Corollary 1.8. The result follows from either a minor modification of the proof of
Theorem 1.7 or considering the symbols 2(¢) := m(¢)|¢|™ for all ¢ € R™ \ {0} and the lifting
property. We omit the details. O

Next, we give the proof of Theorem 1.10.
Proof of Theorem 1.10. Let @ be as in Lemma 3.5.

(i) Since € > n[max(1/p,1/r) + T + 1/2], there exists A > n[max(1/p,1/r) + 7] such
that € > A + n/2. Then by Lemma 3.5(i), we see that for all x € R” and ¢ € (0, o),
(3.27) holds, which yields the desired result in view of Theorem 2.4.
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(ii) Since € > n(1/p + T + 1/2), there exists A > n(1/p + 7) such that £ > A + n/2. Then
by Lemma 3.5(i), we also see that for all x € R" and t € (0, ), (3.27) holds, which
yields the desired result in view of Theorem 2.5 and hence completes the proof of
Theorem 1.10. 0

Now we give the proof of Theorem 1.12. We begin with a technical lemma proved in
[15, Lemma 3.2], which reflects the geometrical properties of Hausdorff capacities.

Lemma 3.6. Let f € [1,00), A € (0, 0), and w be a nonnegative Borel measurable function on R,
Then there exists a positive constant C, independent of B, w, and A, such that

HY({x € R": Npw(x) > A}) <CAH({x € R": Nw(x) > 1}), (3.38)

where Npw(x) := suply_x|<ﬁtw(y, t) for all x € R".

Proof of Theorem 1.12. Since when 7 = 0, the Triebel-Lizorkin-Hausdorff space is just the
Triebel-Lizorkin space, we only give the proof for the case 7 € (0, min{1/(pVr)’,1/(p.Vq)'}].
Assume first that f € S, (R") and ||f”FH§',’(Rn) > 0. Choose A > n/r and @ be a

nonnegative function on R”*! with
f [NG(x)] P dH™ P (x) < 1 (3.39)

such that

£ 0 gz < | < 20|l gy (3.40)

Then ||Gg/r(c§,u)||Ln(Rn) > 0.

Let ¢ be as in (2.1). Then there exists a Schwartz function ¢ such that E has compact
support away from the origin and

C 5, .. ds
[Toevisn® -1, ¢ro, (341)
0
see, for example, [30, 37]. By the Calderén reproducing formula, we know that for all y € R”,

(T 2 ) @) = [ Ko ber ) () 642)

Then, applying Holder’s inequality, we conclude that for all nonnegative functions w on R”*!
and x € B(y, t),

|(Tuf *4) (W) | [w(y, 1)]

<c (w,u)(x){f J’< |z - xl)
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1/r
71~ _ 7’ n(r'— dS
x |(K*&sxgn) (v - 2)| [w(z,s)w(y,t) 1] s 1)(le?}

e (wu)(x){f J'< —3/|> <1+£)A,,
ds

, 1/7
x [(K* & xg)(y-2)|" [(Ij(z, s$)w(y, t)_l] s dz—}

= G\ (@, u)(x)h(y,t).
(3.43)

Raising this inequality to the power p and integrating over the ball B(y, t) with respect to x,
we see that

|(Tnf * ) )| [w(y, D] " < |G, (w,u)n R (3.44)

Since || f|| FHYT > 0, then ||Gg/r (o, w)|| pEY 0. Thus, in this case, for any fixed x and

D := D(x) € (0, o0) which is determined later, applying (3.43), (3.44), and the Aoki-Rolewicz
theorem (see [35, 36]), we know that

T f Wi,

I ) dydt)
{<I +I >I EP) (T f * 40) (W) [w (. 1)] t}'{+1 }

0 D ly—I<t

P s

< inf It""f G, (@ wh(y,t

© '{ 0 |y—-|<t[ A(Gohty )] tm

1/q||°
)] a2

[oo)
N J‘ (/) I [”G?\m(&}’
D ly—I<t I
*(RVI)

{f . '[fﬁl( J') (14"

(K or ) (v-2)] [0z o (w7

Lr (R

< mf

!

as "
n(r'-1) 5 ~ a
x s" Ddz = ] Yo [G [(@,u)]
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o 1/q
+ ’[ t‘ﬁ"‘("/”)"f [--]9" dy
D ly—|<t t”+1 Lr (R")
L+ (R™)

D _ Ar! A
oo () ()
0 ly—I<t s~2it J |z—y|+2is s s

x [(K* s xg) (y - 2) | [@(z, 9)w(y, )]

q/r
x "Nz ds]
s

(%

@

< Z me

j=0 i€Z

/

[G (0, u)]

1/q
q
LP(R")}

where v is as in Remark 2.6, |z — y|~2/s means 2/"!'s < |z-y| < 2/sforj e Nand 0 < |z—y| < s
for j =0, s ~ 2t means 2"t < s < 2't fori € Z.
For (y,t) € R" x (0, o0), let

t"+1

(4

Llles, @,w

7

LP+ (R7)

[oe]
+ f {Pa-(n/p)q f [ ]q/r
D ly—I<t t"”

(3.45)

wij(y,t) =27 sup{(fl(g,ﬁ) |¢-y| <2*6,277 < — 5 2l+1} (3.46)
Then by Lemma 3.6 and Remark 1.3, w; ; satisfies that
j [Nwi,j(x)](P*Vq)’dHnT(PxVQ) <1 (3.47)

modulo a positive constant.
Observing that T(pVr) < 7(psVq)' and p < p., we know thatr > p, > p. We now show
the desired conclusion in two cases for r and p.

Case 1 (r € [2,00) and p € (1, o)). By (1.27), there exist A > n/rand y > n(t+1/2-1/r)
such that £ > 1 + u. Since r € [2, o), then by Holder’s inequality and Lemma 3.2(ii), we have

Ar!
z— 1’,
( ‘<1+' j") (K = oo i)y 2)[ 2
lz=y|~2/s

st( |Z|> <1+%)W’I(K*gs*q,t)(z)r’dz

Ml '@/ @y /2
) dz]

|z|~275
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2(A+p)
" {II <2/ <1+%> |(K*§s*<l’t)(2)|2dz}

; ! ! J ! t kr, t 7Nr,
S 2](—/4r +n-n/2r )Sn(l—r /2) (min{t, S})((—n/2)+a)r min 1, <_> (1 + _> ,
S S

r'/2

(3.48)

where k, N are arbitrary positive integers, which are determined later. Hence, choosing k >
n(t +1/2) and N > A + |a|, we see that

_ A7 Ar ,
[ - <1M> (143) 1Kxborg)(-2) s Dz
s~2it J |z—y|~2/'s

. J t kr, t (J\’_N)r, ds
< 2](fyr’+nf(n/2)r’) f S(n/Z)r’ (min{tls})(—n/ch)r min{ 1, <_> (1 " _> “s
~ s-2it s s s

< tar’zj(—‘ur’+n—(n/2)r’) min{z—i(k—n/Z)r” Z—i(A—N—a)r’ }

(3.49)
Thus, by choosing w := w; j, we conclude that
v
”Tmf”FHg;T,q(]Rn)
o) [} -1
< 2j(nT—;4+(n/r’)—n/2)v[ 2i(nT—k+(n/2))v + 2i(nT+a—A+N)v:|
,21 2 2 (3.50)
(@-B)q [0 T . pla-B-(n/p)q| 30 q vl
a-B)q ” a-B-(n/p))q %
x {D [G)Llr(w, u)] +D ”GM(w, u) LP(Rn)} .
Lp (Rn)
Take D such that
GY (@, u)(x)
DM = O“ (3.51)
”GM(w,u) L7 (R")

We then see that

|G0 @,w|°
A \Tr Lr(R?)

”Tmf||z;H£:q(Rn) /S i;zj(n'r—/ﬁn/r’—n/Z)v [Z.oozi(n'r—lﬁn/z)v + _Zl 2i(n'r+a—/\+N)v:|
= i= i=—o0

—

<Nc® (@ wl’
"’” L (@) r®n’

(3.52)

which, together Theorem 2.9, implies that || T, f|| LT (R") S FHOT (R for all f € S, (R").
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Case 2 (1 <p <r <2). By the assumption that £ > n(1/r +1/2), there exists A > n/r such that
¢ > A +n/2. Then by Lemma 3.2(i), we see that

S

(1+ Y |k et
<[ (+BY 1k -l ay

f (MY 1w me-wi (14 1) tay

<o lsamae o) [ (1B teme-

cor(mm[u ) (B 1wt
< s <max{1,£}))t.

(3.53)

Fromp < rand 7 € (0,min{1/(pVvr),1/(p«Vq)'}], it follows that Tr’ < 1. Thus, by € > A+n/2,
there exists y > ntr' /2 such that € > X + y, which, together with Lemma 3.2(ii), implies that

J‘z—yl;zfs <1 ’ - ; ! >M [(K*gox ) (y -2)|"dz
S27 I:S_"t“ (max{l, }>A:|

A 2
Xf o (“ s > |(K %8s ) (y - 2)| "z
z-y|~2/s

. ¢ A(r'-2)
5 2—2/4] s—n(r’_z) tu(r'_z) (max{ 1, - }) (mm{ t, s } )7n+2a
S

S TONCON

r'-2

© |~

(3.54)
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Then, choosing k > ntr'/2 +n/2 and N > (Ar'/2) + |a|, we see that

Ar' Jw
z— t ) , d
fz-ff. 2 <“| syl> (1+5) 1Kxboxg)(=2)|'s"0 Dz
s~2! z—y|~2/s
N A(r'-2)
< 27 pa(r'=2) J‘ s" (max{ 1,- }) (min{t, s} )—n+2a
. ’ (3.55)

£\ 2 £\ 2N g
xmin{l,(—) }<1+—> —
s s S

< 2 2ujpar’ nin { 2—i(2k—n), 2i(a+A+N) }

This, together with the fact that 4 > n7r'/2 and an argument similar to Case 1, further implies
that for all f € S,(R"),

%

S © -1
||Tmf||1lf"H£fq(R”)’S Zzi(fl‘r—Zﬂ/r’)v [Zzi(n'er/r’Jrn/r’)v + Z 2i(n-r+2(a+).+N)/r’)v] Gg,r((:)’ u) e
' =0 i=0 i=—on
< ||f||?H3;:<Rny
(3.56)

namely/ ”Tmf||FH£fq(R") 5 ||f||FH2/’rT(]Rn)'
Next we assume that f € S, (R") and ”f”FH,?'Z(R") = 0. Then, for any € € (0, ),

there exists a nonnegative function @ on R""' such that 0 < ||Ggr(d3,u)|| ey < € 1If
||Gg/r (@, u)||rr@mm) = 0, then G())»,r (w0, u)(x) = 0 for almost every x € R”, which, together with an
argument similar to (3.43), further implies that ||Tyf|| -
P

@y = 0 IEIGY (@, 1)l is

positive, repeating the previous argument, we see that
T f gt ey < € (3.57)

for any ¢ € (0,00), and hence ||Tf || = 0. Thus, in this case, we also have
Px

g (R")

”Tmf”FHg:q(R") 5 ”f”FHS:(]Rﬂ)

Finally, by the fact that S, (R") is dense in F HS:: (R™) (see [13, Lemma 5.3]), together
with a density argument, we know that the inequality ||Ty. f || - ®") SIfIlg HOT (R is true for
[ i

all feF HS:: (R"), which completes the proof of Theorem 1.12. O

4. Applications to Sobolev Embeddings

As an application of Theorems 1.7 and 1.12, we give new direct proofs for the following
Sobolev embedding theorems (see also [14, Proposition 3.3] and [15, Proposition 2.2]).
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Theorem 4.1. Let a,p € R, a > p,g,7v € (0,00], p € (0,00), and T € [0, ). If p. € (0, o) such
that f—n/p. = a - n/p, then EZF (R") — Eb (R™).

Proof. If we take m(¢) :=|¢|™ forall ¢ € R"\ {0} in Theorem 1.7 and then apply the lifting pro-
perty (see [14, Proposition 3.5]), we immediately obtain the desired conclusion of Theorem
4.1, which completes the proof of Theorem 4.1. O

Theorem 4.2. Let a,f € R, a > p,and p € (1, ). Assume that p, € (1, 0) satisfies f —n/p, =
a-n/p.Letr,g € (1,00),and T € [0,min{1/(p.Vq)',1/(pVr)'}]suchthat T(pVr) <T(p.Vq).
Then FHLZT (R") < FFLT (R™).

Proof. If we take m(¢) := |¢|™ for all £ € R" \ {0} in Theorem 1.12 and then apply the lifting
property which can be deduced directly from [15, Theorem 4.1], we immediately obtain the
desired conclusion of Theorem 4.2, which completes the proof of Theorem 4.2. O
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