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In many previous papers, an integral transform ¥,; was just considered as a transform on
appropriate function spaces. In this paper we deal with the integral transform as an operator on a
function space. We then apply various operator theories to ¥, . Finally we give an application for
the spectral representation of a self-adjoint operator which plays a key role in quantum mechanics.

1. Introduction and Definitions

Itis a well-known fact that the spectral theory is one of the main subjects of modern functional
analysis and applications. It arises quite naturally in connection with the problems of solving
equations. In particular, the spectrum of bounded linear operators on a normed and Banach
space is the most important concept to understand the spectral theories. Furthermore, the
spectral representation is used widely to apply theories in many fields.

Let Co[0, T denote one-parameter Wiener space, that is, the space of continuous real-
valued functions x on [0, T] with x(0) = 0. Let # denote the class of all Wiener measurable
subsets of Cy[0, T'], and let m denote Wiener measure. (Cy[0, T]0, M, m) is a complete measure
space, and we denote the Wiener integral of a Wiener integrable functional F by

f F(x)dm(x). (1.1)
Co[0,T]

A subset B of Cy[0,T] is said to be scale-invariant measurable provided pB is M
measurable for all p > 0, and a scale-invariant measurable set N is said to be a scale-invariant
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null set provided m(pN) = 0 for all p > 0. A property that holds except on a scale-invariant
null set is said to hold scale invariant almost everywhere (s-a.e.) [1].

In [2], for each pair of nonzero complex numbers y and f, Lee introduced an integral
transform ¥, 3(F) of a functional F on abstract Wiener space. For certain values of the
parameters y and f and for certain classes of functionals, the Fourier-Wiener transform
[3], the modified Fourier-Wiener transform [4], the Fourier-Feynman transform, and the
Gauss transform are special cases of Lee’s integral transform ¥, s. These transforms play
an important role in studying stochastic processes and functional integrals on infinite
dimensional spaces.

In many papers [5-9], the authors studied the integral transform with related topics
of functionals in several classes. Recently, in [10, 11], the authors established the existence of
a generalized integral transform ¥, s, via a Gaussian process of functionals in a class .S, and
then obtained various relationships involving the convolution product and the first variation
of them.

However, in all previous works, the authors have considered ¥, s just as a transform
of a functional F on function space and then they obtained various relationships as seen in
Remark 2.5 below. In this paper, we consider the integral transform ¥, s as an operator on
a Banach space. We then apply various operator theories to ¥,. Furthermore, we obtain
various theorems of the spectral theory for ¥, s involving the spectral representation.

Now we are ready to define the integral transform (IT) of a functional on K = K [0, T],
the space of all complex-valued continuous functions defined on [0, T] which vanish at t = 0,
used in [5-9, 12].

Definition 1.1. Let F be a functional defined on K. For each pair of nonzero complex numbers
y and B, the IT ¥, 4(F) of F is defined by

Frp(F)(y) = fc o F(yx+py)dm(x), yeK, (12)

if it exists.

Remark 1.2. When y = 1 and = i, %1, is the Fourier-Wiener transform introduced by
Cameron and Martin in [3], and when y = v2 and = i, ¥5; is the modified Fourier-Wiener
transform used by Cameron and Martin in [4].

Forv € L,[0,T] and x € Co[0, T], let (v, x) denote the Paley-Wiener-Zygmund (PWZ)
stochastic integral. Then we have the following assertions.

(1) For each v € 1,[0,T], (v, x) exists for a.e. x € Cy[0, T].

(2) If v € L,[0,T] is a function of bounded variation on [0,T], (v,x) equals the
Riemann-Stieltjes integral fOT v(t)dx(t) for s-a.e. x € Cy[0, T].

(3) The PWZ stochastic integral (v, x) has the expected linearity property.

(4) The PWZ stochastic integral (v, x) is a Gaussian process with mean 0 and variance
loll3-

For a more detailed study of the PWZ stochastic integral, see [5, 10, 12-14].
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Let {ai,a2,...} be an orthonormal set in L,[0,T]. The following formula is a well-
known Wiener integration formula. Let h : R* — R be Borel measurable and let H(x) =
h({a1,x),...,{n, x)). Then

2
I H(x)dm(x) = (ZI)_"/ZJ h(uy, ..., uy,) -exp{— ﬁ}dul e duy, (1.3)
Co[0,T] R~ ~ 2

j=1

in the sense that if either side of (1.3) exists, both sides exist and equality holds.

2. Some Results as a Transform

In this section, we establish the existence of the IT of functionals in a class J,(,Z), as seen
in Theorem 2.4 below. We then give the inverse IT of our IT. Finally we state possible
relationships for the IT with related topics.

We start this section by describing the class of functionals that we work with in this

paper. Let {ay, ay, ...} be an orthonormal setin L,[0, T]. Let J,&z) be the space of all functionals
F: K — C of the form

F(x) = f({a1,x), ..., {an,x)) (2.1)

for some positive integer n (throughout this paper, n is fixed), where f (11, ..., u,) is an entire
function of the n complex variables uy, ..., u, and

gJﬂmﬁM<m. (2.2)
To simplify the expressions, we use the following notation:
fd,x)) = f({ar,x),..., (@, x)). (2.3)
Remark 2.1. For any F and G in A2, we can always express F by (2.1) and G by
G(x) = g({ar, x),..., (an, x)) = g({&, X)) (2.4)

using the same positive integer n, where g is an entire function and
f|gmﬁM<m. (2.5)
Rn

Note that Jﬁlz) is a very rich class of functionals because e4,(12) contains the Schwartz
class S(R"). These functionals are of interest in Feynman integration theories and quantum
mechanics.
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Now, we will introduce a notation. It will be convenient to express for the type of
limiting integral that occurs in our paper. For appropriate functions f and g on R", if

2

Ay (A
lim f f fi;9)dii — g(v)| do =0, (2.6)
A—oo Jpn |)_a -A
then we say that the integral
[ soan-g@) )
]Rn

is to be interpreted as an L,-limiting integral, see [15].
The following lemma is due to Cameron and Storvick in [15, Lemma H].

Lemma 2.2. Let y be nonzero complex number with Re(1/y?) > 0. For f € Ly(R"), let

B, 2\ 2 B, R
g(?) = <Zyz-y ) JR f (i) exp —ZT dii. (2.8)
n j:1

Then g € Ly(R™), and
lgll, < 11£1l- (2.9)

IfRe(1/y?) = 0, the integral is to be interpreted as an Ly-limiting integral; moreover, in this case

gl = £l (2.10)

The following lemma is very useful in establishing the existence of the IT.

Lemma 2.3. Let f, g, and y be as in Lemma 2.2 and let p be a nonzero complex number with |f| > 1.
Let h(ii) = g(pii). Then h € L,(R™) and

Ikl < gl < IF 2 (2.11)

IfRe(1/y?) = 0and |B| = 1, the integral is to be interpreted as an Ly-limiting integral; moreover, in
this case

Il = Igll, = Il (2.12)

Proof. First note that for all nonzero real numbers f with || > 1, it follows that

1
|Bl"

= [ wPan= | senfan= s [ lg@Pdn 1)
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But each side of the above expression is an analytic function of  throughout the region {f €
C : |p| > 1}. Hence, by the uniqueness theorem for analytic functions, the above equality
holds for all g with { € C: |f| > 1}. Since |f| > 1, using Lemma 2.2 we have

IRl < 1gll5 < [1£15- (2.14)

Furthermore, this means that / is an element of L,(R") and so we complete the proof of
Lemma 2.3 as desired. O
In our first theorem, we establish the existence of the IT of a functional F in Jflz).

Theorem 2.4. Let y and p be as in Lemma 2.3 and let F be given by (2.1). Then the IT ¥,5(F) of F
exists, belongs to AL, and is given by the formula

FrsF(y) =Ty, ({2, y)) (2.15)

for y € K, where

j=

n 12
Iy, ,r(0) = ()2 IR f(yii + po) exp { —ZL;—] }dﬁ. (2.16)
n . 1

Proof. We first note that (2.15) follows from (1.2) and (1.3). Clearly the function I'y r (X) isan
entire function since f is an entire function. What is left to show is that the left-hand side of

(2.16) is an element of «#”. Now, we note that for all nonzero real values of y and g,
Iy, ,r(0) = (2,71')*?1/2 fR f(yii + po) exp { —27 }dﬁ

= <2.FY2> o fRn f (i) exp { —Zn: % }dﬁ.

(2.17)

j=1

As mentioned in the proof of Lemma 2.3, each side of the above expression is an analytic
function of y throughout the region {y € C : Re(1/y?) > 0} and p throughout the region
{p € C:|p| > 1}. Hence, by the uniqueness theorem for analytic functions, the above equality
holds for all y and  with {y € C: Re(1/y?) >0} and {f € C : || > 1}. Using Lemma 2.3, the
function I'g r is an element of L»(R"). In fact,

|75, ], < 171l 2.18)
Moreover, if Re(1/y?) =0and || =1,
5,06, = 1511 (2.19)

which completes the proof of Theorem 2.4 as desired. O



6 Journal of Function Spaces and Applications

Remark 2.5. (1) Under the appropriate conditions for y and f, we could establish the

existences of the convolution product (CP) and the first variation of functionals in 94,(12) as
in Theorem 2.4. We will state just formulas without proof because the main purpose of this
paper is to concern ¥, s as an operator on Hilbert space.

(2) In [5-8, 10], the authors established various basic formulas for the IT involving the
CP and the first variation of functionals in various classes. Like these, we can obtain various
basic relationships for the IT with related topic of functionals in 42 under appropriate
conditions for y and f. We list some relationships as follows.

(i) The IT of a CP is the product of ITs,

Frp(FxG)y(v) = FyrpF <\%>?W G(%) (2.20)

(ii) A relationship among the CP, the IT, and the Inverse IT,
(FxG),(y) = Fiy/p/p (%ﬁ F(ﬁ) ‘HﬂG(E)) )- (221)
(iii) A relationship between the IT, and the first variation,
PFypOF (- | w) (y) = 6Fy5 F(y | w). (2.22)
(iv) A relationship among the CP, the IT, and the first variation,

BF,(F (- | w) * 6G(- | w)), () = 6F 1—“(% | w>6%,p G(% | w> (2.23)

(v) A relationship among the CP, the inverse IT, and the first variation,

Fitysma/p(GF (- | ) % 6G(- | ), (v) = B6Fiy 90178 F(i | w)ac;i(y/m,l/ﬁ G(i | w)

V2 V2
(2.24)
for y,w € K, where the CP (F * G), of F and G is defined by
y+yx y-x
F*G) = F< >G< )dm(x), €K, 2.25
Ex0y W) =] I 7 y (2.25)
and the first variation is defined by formula
0
OF(x|w)=—=F(x+kw)| , xwek, (2.26)
ok o

if they exist.
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In our next theorem, we establish the inverse IT of our IT of functionals in J,(,Z).

Theorem 2.6. Let y and f be as in Theorem 2.4 with Re(f*/y?) < 0and || = 1, and let F € A be
given by (2.1). Then

Ficy/pasp(FrpF) (W) = F(y) = Frp(FirpasF) (v) (2.27)

forall'y € K. That is to say, Ficy/p),1/p is the inverse IT of the IT.

Proof. Since Re(1/y?) > 0and || =1, Frp € 94,(12) forall F € e47(12) by Theorem 2.4. Also, since
Re(1/(iy*/B)) = Re(=f?/y?) 2 0 and [1/f] = 1, Fiq/p1/p(FrpF) € A7 forall F € o£,7. By

using the similar method, we can show that ¥, s(¥Fi/p),1/pF) € J,(f) forall F Jflz). In [2],
the author showed that for a integrable functional F,

F(pxy + g + y)dm(x )dm(x):f p< T )dm(z) -
f GoloT] J‘Co[O,T] (pxi + %2 +y) ' ? Co[0,T] \/ﬁ y (2.28)

for all nonzero complex numbers p and g. Using this formula and (1.2), we have

Fity/pasp(FrpF) (v) = J‘ f F(yx; +iyx; +y)dm(x1)dm(xz) = F(y),
Co[0,1] / Go[0,T] (2.29)

Fr5(Fiy/pa/8F) (v) = J J‘ F(izxz s y) dm(x1)dm(x2) = F(y).
Col0,T] J Col0,T] p p
Hence we complete the proof of Theorem 2.6. O

3. A Bounded Linear Operator ¥, ;

In previous Section 2, we have considered ¥, s as a transform of functionals in Jﬁlz). From now

on we will consider ¥, s as an operator from A2 into 4 and then apply various operator
theories to the IT. In particular, we obtain various spectral theorems for an operator ¥, .

For F and G in 9422), let
(F,G) o :j f (i) g (id)dii (3.1)
]Rn
denote the inner product on 94512) and ||F|| > = (F,F )Zé).

Remark 3.1. One can show that (J,(IZ), [I-1l_j) is a complex normed linear space. Also, from the

fact that L, (R") is complete, one can easily show that the space (94512), Il ) is also complete.
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In our first theorem in this section, we show that the operator ¥, s is well defined on
Wi

Theorem 3.2. Let y and p be as in Lemma 2.3. Then the ¥y is a well defined operator from 42 into
@
A, and

”scr,ﬁ(F)”,aﬁf’ < ”FllJf)' (3.2)
Moreover, if Re(1/y?) = 0 and |B| = 1, then the operator preserves the norm, namely,

[Fr6(E)|| 4o = IFll - (33)

Proof. In Section 2, we showed that for each F € 94,(12), ¥,p(F) exists, belongs to 04-,(12) and

Frp(F)(v) =Ts,,r((4,y)), (3.4)
where
— 2\ 2 . - (”J’ _ﬂz’j)2 _
Iy, ,r(0) = (2”}’ > IR f(it) exp —ZT du. (3.5)
n ]:1
Furthermore, we obtained that
|75 |, < 111 (3.6)
This tells us that
Fy6(F)|| s < IIFIl_jo (3.7)

for all y and f satisfy the conditions in Lemma 2.3. Moreover, if Re(1/y?) =0 and || = 1,
”gy,ﬁ(F)”J;Z) = ”F”Jf)/ (38)

which completes the proof of Theorem 3.2 as desired. O
Next, we give a simple example to illustrate our results and formulas in Theorem 3.2.

Example 3.3. Let y and f be are nonzero real numbers with |B| > 1. Let S(R") be the Schwartz
space of infinitely differentiable functions f (i) decaying at infinity together with all its
derivatives faster than any polynomial of [ii|~!. For nonzero real values of y, let

n u]z,
i) = - — . 3.9
f @) exp{ j:lzy} (39)
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Then f € S(R") C L,(R") and hence F(x) = f({&, x)) is an element of 94512). Also, using (2.15),
(2.16), and (1.3), we have

n 2
Frp(F)(y) =277 eXp{—Zf?wj,y)Z}. (3.10)
j=1

Furthermore, we note that

2 n_n/2 2 - /2|Y|n~7l'n/2
”F”JEIZ) = |Y| a"e, ”?y,ﬂ(F)”Jff) =2 W (3.11)
In fact,
n 2
] ()"
IFy6(E) 1%y =27 v < [yl"@m)" = IFIZ g (3.12)

[

All expressions in Example 3.3 are valid for nonzero real values of y and . But f € S(R") and
hence they are still valid for nonzero complex values of y and p which satisfy the conditions
in Lemma 2.3.

Now, we establish some basic operator theories for the operator ¥, g. First, in our next
theorem, we show that the operator ¥, s is a bounded linear operator on 4.

Theorem 3.4. Let y and f be as in Lemma 2.3. Then ¥, is a bounded operator on A2 and hence it

is continuous on AL, Furthermore, ifRe(1/y?) = 0and |B| = 1, then Fy is injective from A into
@)

A

Proof. We first note that

IFvello= sup [[Fyrp(F)||l s < sup |IFll o =1, (3.13)

IFll =1 IFll =1

where ||T[|o is the operator norm of an operator T. Hence ¥, is bounded and so it is
continuous. Furthermore if Re(1/y?) = 0 and || = 1, then (3.3) tells us that ¥y preserves

the norm and hence it is injective from 42 into 4P So we complete the proof of
Theorem 3.4. O

The following corollary follows from Theorem 3.4 and some basic properties for
bounded linear operators on Hilbert space.

Corollary 3.5. Let y and f be as in Theorem 3.4. Then we have the following assertions.
(1) The null space V(Fy,p) of Fyp is closed.

(2) Let {Fp},; be a sequence in J,(f) with F, — Fasn — oo for some F € J,(f). Then
Fyp(Fn) — Fyp(F)asn — co. That is to say, it is closed.



10 Journal of Function Spaces and Applications

(3) Forall F and G in A2, we have the Cauchy-Schwartz inequality

< [1ypFl

gCY/ﬂG|

4o <IFl oGl e (3.14)

| (?WF ’ ?Y/ﬂG)J(nZ) 4

Remark 3.6. As mentioned in Section 1, the Fourier-Wiener transform, the modified Fourier-
Wiener transform, the Fourier-Feynman transform, and the Gauss transform are also well-

defined operators on 42 In particular, from the definition of analytic Fourier-Feynman

transform, it is an injective operator on A4 Hence all those transforms can be applied to
our main results and formulas in this paper. In particular, the authors studied that for || = 1
and F € L,(Co[0,T]), the IT ¥, 4F is an element of L(Co[0,T]) and

1y 6F ||, = IIFIl>- (3.15)

That is to say, the IT is injective [7, 9]. This result is a special case of our result in this paper.
In addition, in [3, 4], the authors showed that the Fourier Wiener transform acts as a unitary
operator on L, (Cy[0,T]).

We finish this section by stating that the operator ¥, g is invertible.

Theorem 3.7. Let y and f be as in Theorem 3.4 with Re(?/y?) < 0 and |B| = 1. Then the inverse
operator of the IT F, p exists and is given by

Fop = Fi/pasp (3.16)

Furthermore, the null space V(¥,,p) consists of the zero vector only.

Proof. From Theorem 3.4, the operator is continuous from Jf,z) into Jf). Since Re(f*/y?) <0
and ¥y 4(F) is in 945,2), Fiy/p)1/p(Fyp(F)) exists and is in Jﬁlz). Also, since Re(1/y?) > 0 and
Fiy/p)1/p(F) isin Jflz), Fy.p(Fiy/pasp F) exists and is in e4,(12). Now, using (2.27), for F € Jflz),

Fiy/p)1/p(Frp(F)) (x) = F(x) = F1.5(Fiy/p1/6F) (%), (3.17)

which completes the proof of Theorem 3.7 as desired. O

We have some observations for the inverse operator Fi(y/p),1/p of Fy p.

Remark 3.8. (1) If y = v/2 and f = i, then y and § always satisfy the hypotheses of Theorems
3.2 and 3.4. In fact, there are many pairs (y, ) satisfying the hypotheses of Theorems 3.2 and
3.4.

(2) The operator ¥, might not be bijective. Hence we should consider that the domain
of the inverse operator ¥i(,/p)1/p is the range of F, 5.

(3) The operator ¥, is an homeomorphism from 94,(12) into R(¥y,p), where R(¥, ) is
the range of &, .



Journal of Function Spaces and Applications 11

4. Some Spectral Theorems for the Bounded Linear Operator ¥,

In this section we will apply some spectral theories to the ¥, . To do this, we need some
concepts related to the spectral theory on a Banach space.
With ¥, s we associate the operator

Frp=Fro—AL (4.1)

where A is a complex number and I is the identity operator on AP 1 ?¢ 5 has an inverse, we
denote it by Ry (¥F,); that is,

Ry(Fyp) = %,p_l = (Frp - )‘I)_lr (4.2)

and call it the resolvent operator of ¥, or, simply, the resolvent of ¥y 4.

Definition 4.1. A regular value A of ¥, s is a complex number such that

(1) R)L(Sty,ﬂ) exists,
(2) Ry(¥y,p) is bounded,

(3) Ri(¥y,p) is defined on a set which is dense in J,(qz).

The resolvent set p(¥yp) of ¥,p is the set of all regular values A of ¥, . Its complement
o(¥Fyp) = C— p(Fyp) is called the spectrum of ¥, 5, and a A € o(¥y,) is called a spectral
value of ¥, . For more details, see [16].

Remark 4.2. (1) The spectrum o (¥,p) is partitioned into three disjoint sets as follows.

(i) The point spectrum or discrete spectrum o, (¥,,) is the set such that R, (%) does
not exist. A X € 0,(¥y,p) is called an eigenvalue of F, 5.

(ii) The continuous spectrum o.(F, ) is the set such that R, (¥,) exists and satisfies
(3) but not (2) in Definition 4.1; that is to say, Ry (%¥,,) is unbounded.

(iii) The residual spectrum o, (%) is the set such that R, (¥, ) exists (and it may be
bounded or not) but does not satisfy (3) in Definition 4.1. That is to say, the domain
of R A(SCM;) is not dense in e4,(12).

(2) We know that C = P(gy,ﬂ) U 0(?]/,[5) = P(gy,ﬂ) U oy (g:y,ﬁ) U O‘c(?y,ﬂ) U O'r(q:y,ﬂ)'

From now on, if what operator ¥, refers to is clear, we will write R, instead of

R)L (?Y,ﬁ) .
In our next theorem, we apply the spectral theory to the operator F, 4.

Theorem 4.3. Let y and f be as in Theorem 3.4. Then the resolvent set p(Fy,p) of Fyp is open and
hence the spectrum o (¥,,p) is closed. Furthermore, for every Ao € p(¥yp), the resolvent R has the
representation

0

Ry =Y (A - d) R, (4.3)
j=1
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where the series is absolutely convergent for every X in the open disk given by

1
A=Al < ——— 4.4
A= bl <R “9

in the complex plane. This disk is a subset of p(Fyp).

Proof. Theorem 4.3 immediately follows the fact that the ¥, s is a bounded linear operator on
O]
A O

Next, we note that the spectral radius 7, (¥,,) of ¥, is the radius

ro(Fpp) = sup |

rea(Fyp) *5)

of the smallest closed disk centered at the origin of the complex A-plane and containing

G(?y,ﬁ)'

Theorem 4.4. Let y and p be as in Theorem 3.4. Then the spectrum o (¥yp) of Fyp is compact and
lies in the disk given by

A< ([ Fyllo- (4.6)

Hence the resolvent set p(Fyp) of Fyp is not empty. Furthermore, the spectral radius r,(Fyp) <
IFy.pllo and

n\ 1/n
ro(Frp) = Jﬂ(”%ﬂ”o) - (4.7)

Proof. From Theorem 3.4, the ¥, 5 is a bounded linear operator on wich Using a basic property
for the spectrum, we establish (4.6), and hence the resolvent set is not empty. Furthermore,
using (4.6), it is obvious that for the spectral radius of a bounded linear operator ¢, s we have

7o(Frp) < (| Frsllo- (4.8)

Also, we can easily obtain (4.7) as desired. O

In our next theorem, we give a spectral mapping theorem for polynomials of ¥, . The
proof of Theorem 4.5 is omitted because it immediately follows the spectral mapping theorem
for polynomial on a Banach space.

Theorem 4.5. Let y and f3 be as in Theorem 3.4. Let

P\ =a\"+a, (A" vay, a,#0, n=1,2,.... (4.9)
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Then
o(P(Fyp)) = P(0(Frp))- (4.10)
This implies that the spectrum o(P(¥Fy,p)) of the operator
P\) = a,T" + ayT" '+ + agl (4.11)

consists precisely of all those values which the polynomial P assumes on the spectrum o (Fy,p) of Fy,p-

Next, we will explain that our study is meaningful to obtain the solution to a
differential equation.
Let H be a real separable infinite-dimensional Hilbert space with the inner product

(+,-) and norm || = 1/(:,-). Let || - ||o be a measurable norm on H with respect to the Gaussian
cylinder set measure vy on H. Let B denote the completion of H with respect to || - ||o. Let i

denote the natural injection from H to B. The adjoint operator i* of i is one to one and maps
B* continuously onto a dense subset H*, where B* and H* are topological duals of B and H,
respectively. By identifying H* with H and B* with i*B*, we have a triple B* ¢ H* = H C B
with (x,y) = (x,y)” for all x in H and y in B*, where (-,-)” denotes the natural dual pairing
between B and B*. By a well-known result of Gross [17], v o i"! has a unique countably
additive extension v to the Borel o-algebra B(B) of B. The triple (B, H, v) is called an abstract
Wiener space. The classical Wiener space Cy[0, T] is one of the examples of abstract Wiener
space.

For an appropriate functional u(x) on B, let N, be an operator defined by the formula

N.u(x) = =TrppD*u(x) + c(x, Du(x))~, x € B, ceC/{0}, (4.12)

where D denotes the second Fréchet derivative and Try denotes the trace of an operator.
In [2], Lee showed that the integral transform ¥i,.;, ¢ € C/{0} forms the solution of a
differential equation which is called a Cauchy problem

u(x,t) = P(N)u(x,t), x€B, t>0
(4.13)
u(x,0) = F(x),

where P(1) = aun™ + --- + a1n + ap is an m-dimensional polynomial function with respect
to 7. In addition, let U = -5 and ¢ = 1 in (4.13). Then the solution of the Cauchy problem is
given by formula

u(x,t) = J F<e*tx +V1- e‘2ty> dv(y), (4.14)
B
or, equivalently,

u(x,t) = J.B F(y)oi(x,dy), (4.15)



14 Journal of Function Spaces and Applications

where o;(x, dy) = v_.=(e”'x, dy). This showed that the family of measures {o;(x, dy)} serves
as the “fundamental solution” of the operator 0/0t + Nj. For more details see [2, 18]. Hence
our discussions as a bounded linear operator in this paper have some meaningful subjects.
That is to say, from Theorems 3.2 through 4.5, if we take a complex number ¢ such that
Re(c?) > 0, then the transform ¥y, is a well-defined bounded linear operator on Jflz) and
could be applied to all the results and formulas in this paper.

5. Applications for the Spectral Theory

In Sections 3 and 4, we treated the IT ¥, as a bounded linear operator on e41(12). Also, we
applied spectral theorems to the IT to obtain various useful formulas and results. In this
section we will show that the operator ¥, is self-adjoint under appropriate parameters y
and p. We then apply the spectral theory to a self-adjoint operator on a Banach space. In
particular, we obtain the spectral representation for IT ¥, 5.

In our next theorem, we show that the operator ¥, is a self-adjoint operator on Wi
under an appropriate condition for y and .

Theorem 5.1. Let y be as in Theorem 3.4 with F = y? and let p = 1. Then the operator Fyp is a
self-adjoint operator on wis

Proof. Let T* denote the adjoint operator on an operator T. For all F and G in A2, we note
that

(F-7346) o = (FraF G

[ Ter@3@d0

n - n 2
<H27ry2> f j f (i) exp { Z % } diig(3)do
j=1 j=1

. . 5 (5.1)
= <g2.7ry2> f f (i) f g(@)e { ]21 <Uj2_}/1;j) }dz_f dii
= <f12m'y2> f fai| g@) exp{ iL;l])z }dz? dii
-1 R" =
= (F%,40) 0
which completes the proof of Theorem 5.1 as desired. O

Remark 5.2. We gave the conditions for y and f in Sections 2 and 3, and Theorem 5.1. We note
that these conditions imply that y is real and f = 1 only. But, a self-adjoint operator may not
have eigenvalues. So if it has eigenvalues, then it must be real. Hence these are very natural
conditions.
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Throughout the next corollary, we give some results of the spectral theories for self-
adjoint operator ¥, .

Corollary 5.3. Let y and f3 be as in Theorem 5.1. Then we have the following assertions.

(1) For A € o(Fy,p), there exists a positive real number ko such that

| (Fyp = ADF|| jo > kol Fll e (5.2)
and so there exists a sequence (Fp,)eq in J,(f) with ||Fyll jo =1,n=1,2,... such that

nh_r)I;[O” (S‘:y’ﬁ - .)LI)Fn”JLZ) =0. (5.3)

(2) Forall F € 4% and A € C,

[ (Fy = ADF|| o > [Im AJ|[F|| - (5.4)

In our next theorem, we apply the spectral theory to the operator ¥, s as a self-adjoint
operator.

Theorem 5.4. Let y and f be as in Theorem 5.1. Then the spectrum o (Fy,p) of Fyp is real and it lies
in the closed interval [ky, ko] where

ky L (Frp(E), F) o, (5.5)

= inf
HFHJ'(12>

kz = sup (Sly,ﬁ(F), F)Jizz)'

\|F|\4512>:1 (5.6)

Furthermore, ki and k are spectral values of ¥y and max{|ki|, |ka|} = 1.

Proof. First, since ¥, is a self-adjoint operator on e4,(12), the spectrum o (%, ) of ¥, s must be
real. Next we recall that for each bounded self-adjoint operator T : H — H on a complex
Hilbert space H, o(T') C [m, M] on the real axis and ||T||o = max{|m|, | M|}, where

m= inf (Th,h),, M = sup (Th,h),
IIhHH=1( JH Hh\l.ﬁl( JH (5.7)

and (-,)g is an inner product on H. Hence the spectrum o (%) lies in the closed interval
[ki, k2]. Furthermore, k1 and k, are spectral values of ¥, and max{|ki|, [k2|} = |Fpllo = 1.
Hence we complete the proof of Theorem 5.4. O

We finish this paper by giving an application for the spectral representation of the
self-adjoint operator which is one of very important subjects in the fields of the quantum
mechanics and physical theories.
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In our last theorem, we give the spectral representation for the self-adjoint operator.
To do this, we need some concepts for the spectral theory.

Let (A,);2; be the set of eigenvalues of ¥, with A, < A,, for m < n and let (e,),; be
the set of eigenfunctions corresponding to (A,),~;. Then we note that

?y,ﬂF(x) = Zaninen(x)/ (58)
n=1
where a, = (F,ey) 4. For each j = 1,2,..., define an (orthogonal) projection P; on s by

P;F(x) = ajej(x). Then we also note that

F,pF(x) = i/\nPnF(x). (5.9)
n=1

Now, for A € R, define an operator E, on J,(f) by E\F(x) = ZAJ,S)L P;F(x). In this case, & = (E,)
is called the spectral family of &, .

Theorem 5.5. Let y and f be as in Theorem 5.1. Then we have the spectral representation for F, g as
follows:

ky
Frp = f AdE,, (5.10)
ki

where ky and ky are given by (5.5) and (5.6), and {E, } is the spectral family of ¥y p.

Proof. First, we note that for y and f§ in Theorem 5.1, ¥, 4 is a self-adjoint operator on wish
Furthermore, 0(¥,,) = [k1, k2] C [-1,1]. Using the spectral representation of the self-adjoint
operator, we establish (5.10). O

Remark 5.6. (1) In view of Theorem 5.5, for all real-valued continuous functions f on [k1, k3]
and for F and G in 047(12),

ka
f(Frp) = . fO)AEy,
' (5.11)

ka
(?Y,ﬂF, G)J(Z) = f Adw(X),
n K

where w(\) = (E,F,G) e and the integral is an ordinary Riemann-Stieltjes integral.

(2) An alternative formulation of the spectral theorem expresses the operator ¥, s as an
integral of the coordinate function over the operator’s spectrum with respect to a projection-
valued measure ¥, = fo(%,p) AdE,. When the normal operator in question is compact, this
version of the spectral theorem reduces to the finite-dimensional spectral theorem, except
that the operator is expressed as a linear combination of possibly infinitely many projections.
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(3) In Sections 3, 4, and 5, we considered the IT as an operator. Like this, we expect that
the convolution product could be dealt with as an operator. Furthermore, we could obtain
various relations between the IT and the convolution product as a composition of operators.

Acknowledgments

The authors would like to express their gratitude to the referees for their valuable comments
and suggestions which have improved the original paper. This research was supported by
Basic Science Research Program through the National Research Foundation of Korea (NRF)
funded by the Ministry of Education, Science and Technology (2012R1A1A1004774:2011-
0014552).

References

[1] G. W. Johnson and D. L. Skoug, “Scale-invariant measurability in Wiener space,” Pacific Journal of
Mathematics, vol. 83, no. 1, pp. 157-176, 1979.
[2] Y.]. Lee, “Integral transforms of analytic functions on abstract Wiener spaces,” Journal of Functional
Analysis, vol. 47, no. 2, pp. 153-164, 1982.
[3] R. H. Cameron and W. T. Martin, “Fourier-Wiener transforms of analytic functionals,” Duke
Mathematical Journal, vol. 12, pp. 489-507, 1945.
[4] R. H. Cameron and W. T. Martin, “Fourier-Wiener transforms of functionals belonging to L, over the
space C,” Duke Mathematical Journal, vol. 14, pp. 99-107, 1947.
[5] S.J. Chang, H. S. Chung, and D. Skoug, “Convolution products, integral transforms and inverse
integral transforms of functionals in L,(Co[0,T]),” Integral Transforms and Special Functions, vol. 21,
no. 1-2, pp. 143-151, 2010.
[6] K. S. Chang, B. S. Kim, and I. Yoo, “Integral transform and convolution of analytic functionals on
abstract Wiener space,” Numerical Functional Analysis and Optimization, vol. 21, pp. 97-105, 2000.
[7] H. S. Chung, D. Skoug, and S. J. Chang, “A Fubini theorem for integral transforms and convolution
products,” International Journal of Mathematics. In press.
[8] B.]J. Kim, B. S. Kim, and D. Skoug, “Integral transforms, convolution products and first variations,”
International Journal of Mathematics and Mathematical Sciences, vol. 2004, no. 11, pp. 579-598, 2004.
[9] B. S. Kim and D. Skoug, “Integral transforms of functionals in L,(Co[0,T]),” The Rocky Mountain
Journal of Mathematics, vol. 33, no. 4, pp. 1379-1393, 2003.
[10] H.S. Chung and V. K. Tuan, “Generalized integral transforms and convolution products on function
space,” Integral Transforms and Special Functions, vol. 22, no. 8, pp. 573-586, 2011.
[11] “Corrigendum: generalized integral transforms and convolution products on function space,” Integral
Transforms and Special Function. In press.
[12] H. S. Chung and V. K. Tuan, “Fourier-type functionals on Wiener space,” Bulletin of the Korean
Mathematical Society, vol. 49, pp. 609-619, 2012.
[13] H. S. Chung, J. G. Choi, and S. J. Chang, “Conditional integral transforms with related topics,”
FILOMAT. In press.
[14] “A sequential analytic Feynman integral of functionals in L, (Co[0, T]),” Integral Transforms and Special
Functions, vol. 23, pp. 495-502, 2012.
[15] R. H. Cameron and D. A. Storvick, “An L, analytic Fourier-Feynman transform,” The Michigan
Mathematical Journal, vol. 23, no. 1, pp. 1-30, 1976.
[16] E.Kreyszig, Introductory Functional Analysis with Applications, John Wiley & Sons, New York, NY, USA,
1978.

[17] L. Gross, “Abstract Wiener space,” in Proceedings of the 5th Berkeley Symposium on Mathematical
Statistics and Probability, vol. 2, part 1, pp. 31-42, 1965.
[18] L. Gross, “Potential theory on Hilbert space,” vol. 1, pp. 123-181, 1967.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




