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The existence and multiplicity of positive solutions are established for second-order periodic
boundary value problem. Our results are based on the theory of a fixed point index for A-proper
semilinear operators defined on cones due to Cremins. Our approach is different in essence from
other papers and the main results of this paper are also new.

1. Introduction

In the present paper, we discuss the existence of positive solutions of the periodic boundary
value problem (PBVP) for second-order differential equation

x"(t)= f(t,x), O<t<l,

x(0) = x(1), x'(0) = x'(1), (1.1)

where f : [0,1] x R — R is a continuous function. Our purpose here is to provide sufficient
conditions for the existence of multiple positive solutions to the periodic boundary value
problem (1.1). This will be done by applying the theory of a fixed point index for A-proper
semilinear operators defined on cones obtained by Cremins [1].

We are interested in positive solutions of (1.1), because we have been motivated
by a problem from the Theory of Nonlinear Elasticity modelling radial oscillations of an
elastic spherical membrane made up of a neo-Hookean material and subjected to an internal
pressure. Because of wide interests in physics and engineering, second-order periodic bound-
ary value problems have been studied widely in the literature; we refer the reader to [2-30]
and references therein. In [6, 7], by using Krasnoselskii’s fixed point theorem, the existence
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and multiplicity of positive solutions are established to the periodic boundary value problem
on

-x"+p*x=f(t,x), 0<t<2m, p>0,
x(0) = x(2ur), x'(0) = x'(2x),
- 1 (1.2)
x"+p°x = f(t,x), 0<t<2.7r,0<p<§,

x(0) = x(2ur), x'(0) = x'(27r).

Agarwal et al. [8] discussed the existence of positive solutions for the second-order dif-
ferential equation

—x"(f) + b(t)x(t) = g(B) f(t, x(t), 0<t<uw,

(1.3)
x(0) = x(w), x'(0) = x'(w),

where b(t) and g(t) are continuous w-periodic positive functions and f € C(Rx[0, o), [0, o0)).
By employing fixed point index theory in cones, they found sufficient conditions for the
existence of at least one positive solution. Recently, Torres [9] and Yao [10] obtained some
results on the existence of positive solutions of a general periodic boundary value problem

X'() = f(tx(t), 0<t<2m,

(1.4)
x(0) = x(2), x'(0) = x'(20r).

In this case, the problem (1.4) has no Green function. In order to overcome this difficulty,
their main technique is to rewrite the original PBVP (1.4) as an equivalent one, so that the
Krasnoselskii fixed point theorem on compression and expansion of cones can be applied.
Inspired by the above work, the aim of this paper is to consider the existence and multiplicity
of positive solutions for the periodic boundary value problem (1.1). The method we used
here is different in essence from other papers and the main results of this paper are also new.

This paper is organized as follows. In Section 2, we give some preliminaries and
establish several lemmas, and the main theorems are formulated and proved in Section 3.
Finally, in Section 4, we give two examples to illustrate our results.

2. Notation and Preliminaries

We start by introducing some basic notation relative to theory of the fixed point index for
A-proper semilinear operators defined on cones established by Cremins (see [1]).

Let X and Y be Banach spaces, D a linear subspace of X, {X,} € D, and {Y,} C Y
sequences of oriented finite-dimensional subspaces such that Q,y — vy in Y for every y and
dist(x, X,) — O for every x € D, where Q, : Y — Y, and P, : X — X, are sequences of
continuous linear projections. The projection scheme I' = {X,,,Y,,, P,,, Q,} is then said to be
admissible for maps from D ¢ X to Y.

Definition 2.1 (see [1]). Amap T : D ¢ X — Y is called approximation-proper (A-proper) at
a point y € Y with respect to I if T, = P, T|pnx, is continuous for each n € N and whenever
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{%n; : xn; € DN Xy, } is bounded with Ty, x,; — y, then there exists a subsequence {xnjk } such
that x,, — x € D,and Tx = y. T is said to be A-proper on a set Q if it is A-proper at all
points of Q.

Let K be a cone in a finite-dimensional Banach space X, and let Q C X be open and
bounded with QN K = Qg #0. Let T : Qx — K be continuous such that Tx #x on 0Qg =
0Q N K, where Qg and 8Qk denote the closure and boundary, respectively, of Qg relative K.
Let p : X — K be an arbitrary retraction.

The following definition of finite-dimensional index forms the basis of generalized
index for A-proper maps I —T.

Definition 2.2 (see [1]). One defines
ix(T,Q) = deg, <I ~Tp,p ™ (Q) N Bg, o), 2.1)

where the degree is the Brouwer degree and By, is a ball containing Q.

Now let K be a cone in an infinite-dimensional Banach space X with projection scheme
I' such that Q,(K) C K for every n € N. Let p : X — K be an arbitrary retraction and Q ¢ X
an open bounded set such that Qg = QN K#0. Let T : Qx — K be such that I - T is A-
proper at 0. Write K,, = KN X,, = Q,K and Q, = Qg N X,,. Then Q,p : X,, — K, is a finite
dimensional retraction.

Definition 2.3 (see [1]). If Tx # x on 0Qk, then one defines
indg (T, Q) = {k €EZU {£oo}: iKn]_ <Qn].T, an> — k for some n; — oo}, (2.2)

that is, the index is the set of limit points of i K, (Qn T, Q0 j), where the finite dimensional index
is that defined above.

Let L : domL ¢ X — Y be a Fredholm map of index zero, and let P : X — X, Q:
Y — Y be continuous projectors such that ImP = KerL, KerQ =ImL and X =KerL @
Ker P, Y =ImL & Im Q. The restriction of L to dom L N Ker P, denoted L;, is a bijection onto
Im L with continuous inverse LIl :ImL —dom L N Ker P. Since dim Im Q = dim Ker L, there
exists a continuous bijection J : InQ — KerL. Let K be a cone in an infinite-dimensional
Banach space X with projection scheme I. If we let H = L + J"'P, then H :domLCc X — Y
is a linear bijection with bounded inverse. Thus K; = H(K Ndom L) is a cone in the Banach
space Y.

Let Q C X be open and bounded with QgnNdom L#@, L:dom L ¢ X — Y abounded
Fredholm operator of index zero, and N : Qg NdomL — Y abounded continuous nonlinear
operator such that L — N is A-proper at 0.

We can now extend the definition of the index to A-proper maps of the form L — N
acting on cones.

Definition 2.4 (see [1]). Let p; be a retraction from Y to Ky, and assume Q,K; C Kj, P +
JON + Lzl(I — Q)N maps KNndom L to KNdom L and Lx# Nx on 0Qk. One defines the
fixed point index of L — N over Qg as

indk ([L, N],Q) = indg, (T, U), (2.3)
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where U = H(Qk), T : Y — Y is defined as Ty = (N + J"'P)H 'y for each y € Y, and the
index on the right is that of Definition 2.3.
For convenience, we recall some properties of indg.

Proposition 2.5 (see [1]). Let L : dom L — Y be Fredholm of index zero, and let Q C X be open
and bounded. Assume that P+ JQN + LIl(I — Q)N maps K to K, and Lx # Nx on 0Qx. Then one
has

(Py) (existence property) if indg ([L, N1, Q) # {0}, then there exists x € Qg such that Lx =
Nx;

(Py) (normality property) if xo € Q, then indk ([L,—] 1P + 3], Q) = {1}, where 5o = Hxo
and Yo (y) = yo for every y € H(Qk);

(P5) (additivity property) if Lx # Nx for x € Qi \ (Q; U Qy), where Q, and Q, are disjoint
relatively open subsets of Qx, then

indk ([L, NT,Q) Cindk([L, N],€1) +indk ([L, N],£2) (2.4)

with equality if either of indices on the right is a singleton;

(Py) (homotopy invariance property) if L—N (A, x) is an A-proper homotopy on Qx for A € [0,1]
and (N(L,x) + J'P)H™! : K1 — Kyand 0 ¢ (L - N(\,x))(0Qk) for L € [0,1],
then indg ([L, N(A,x)],Q) = indk, (Ty,U) is independent of A € [0,1], where T, =
(N, x)+ J'P)H™..

The following two lemmas will be used in this paper.

Lemma 2.6. If L : domL — Y is Fredholm of index zero, Q is an open bounded set, and Qg N
dom L #0, and let L — AN be A-proper for A € [0,1]. Assume that N is bounded and P + JQN +
LY (I - Q)N maps K to K. If there exists e € Ky \ {0}, such that

Lx — Nx# pue, (2.5)
for every x € 0Qx and all u > 0, then indg ([L, N],Q) = {0}.

Proof. Choose a real number [ such that

I> SupM, (2.6)
xeq el
and define N (y, x) : [0, 1] x Qx = Y by
N(p,x) = Nx + lpe. (2.7)

Trivially, (N (u, x) + J"'P)H™! : K1 — Kj and from (2.5) we obtain

Nx+Ipe#Lx, for any (pu,x) € [0,1] x 0Qk. (2.8)
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Again, by homotopy invariance property in Proposition 2.5, we have
indK([L/ N(Or .X')], Q) = indK([L/ N]/ Q) = indK([L/ N(1/ X)], Q) (29)
However,

indg ([L, N(1,x)],Q) = {0}. (2.10)

In fact, if indx ([L, N(1,x)],Q) # {0}, the existence property in Proposition 2.5 implies that
there exists xg € Qg such that

Lxg = Nxg +le. (2.11)
Then
- lle0||_e|]|Vx0||’ (2.12)
which contradicts (2.6). So
indg ([L, N],Q) = {0}. (2.13)
O

Remark 2.7. The original condition of [1, Theorem 5] was given with 6#e € L(K NndomL)
instead of e € K; \ {0}. The modification is necessary since otherwise it cannot guarantee that
(N+pe+J'P)H!: K; — Kj.

We assume that there is a continuous bilinear form [y, x] on Y x X such that y € Im L if
and only if [y, x] = 0 for each x € Ker L. This condition implies that if {x1, x2, ..., x,} is a basis
in Ker L, then the linear map | : InQ — KerL defined by Jy = 37", [y, x;]x;, p € R is an
isomorphism and that if y = 3", y;x;, then []‘1]/, xi] =yi/Pforl <i<nand [J'x0,x0] >0
for xg € Ker L.

In [1], Cremins extended a continuation theorem related to that of Mawhin [31] and
Petryshyn [32] for semilinear equations to cones; refer to [1, Corollary 1] for the details.
By Lemma 2.6 and [1, Corollary 1], we obtain the following existence theorem of positive
solutions to a semilinear equation in cones. It is worth mentioning that the positive or
nonnegative solutions of an operator equation Lx = Nx were also discussed by a recent
paper of O'Regan and Zima [33] and the earlier papers [34-38].

Lemma 2.8. If L : dom L — Y is Fredholm of index zero, K C X is a cone, £ and £, are open
bounded sets such that 6 € Q; € Q; C Qy and Q;NKNdom L # . Suppose that L— AN is A-proper
for L € [0,1] with N : Q; N K — Y bounded. Assume that

(C1) (P+JQN)(K) Cc Kand (P+JQN + L' (I -Q)N)(K) C K,

(C2) Lx#ANx forx € 0Q: N K, L € (0,1],

(C3) QNx #0 for x € 08, N K NKerL,
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(C4) [OQNx,x] <0, for all x € 0Q; N K NKerL,
(Cs) there exists e € K1 \ {0}, such that

Lx - Nx#pe, forevery pu>0, x €0Q;NK. (2.14)

Then there exists x € dom LN K N (Qy \ ) such that Lx = Nx.

Corollary 2.9. Assume all conditions of Lemma 2.8 hold except (Ca) and assume (C,)" ||Lx—Nx|> >
[N x||? = ||Lx||? for each x € 0, N K. Then the same conclusion holds.

Proof. We show that (C,)" implies (C»), that is, Lx # ANx, for each x € 0, N K, A € (0,1].
Here A € [0,1). Otherwise, the proof is finished. If x € Ker L N 0, N K, then it follows from
Lx = ANx = 0 that Lx = Nx has a solution in domL N K N (ﬁz \ €1), and Corollary 2.9 is
proved. If x € dom L \ Ker LN 3Q, N K and Lx = ANx for some A € (0,1), then Nx = A"'Lx
and

(A= D?Nx|]” = | Lx = Nx| 2 [INx|P” - x| = (1-22) [Nx]P, (2.15)

by condition (Cy)’; thatis, (A— 1)2 > 1-12, contradicting the fact that A € (0,1). This completes
the proof of Corollary 2.9. O

The following lemma can be found by (a) of [32, Lemma 2].

Lemma 2.10. Suppose either N or L;" is compact, then L — AN is A-proper for A € [0,1].

3. Main Results

The goal of this section is to apply Lemma 2.8 to discuss the existence and multiplicity of
positive solutions for the PBVP (1.1).

Let X = {x € C[0,1] : " € C[0,1], x(0) = x(1), x'(0) = x'(1)} endowed with the
norm ||x||x = maxeo1]|x(t)|, and let Y = C[0,1] with the norm [|y|ly = maxejo,1)|y(t)| and
K={xeX:x(t)>0, te[0,1]}, then K is a cone of X.

We define

dom L =X,
L:domL—Y, Lx(t) = =x"(¢t), (3.1)
N:X—Y, Nx(t) = —f(t,x(t)),

then PBVP (1.1) can be written as

Lx=Nx, x€eK. (3.2)
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It is easy to check that
KerL={xedom L:x(t)=c on [0,1], c € R},

1
ImL = {er:f y(s)ds:O}, (3.3)
0

dim KerL = codim Im L =1,

so that L is a Fredholm operator of index zero.
Next, define the projections P : X — X by

1
Px = J x(s)ds (3.4)
0

and Q:Y — Y by

1
Qu = J‘o y(s)ds. (3.5)

Furthermore, we define the isomorphism J : Im Q — Im P as Jy = py, where p =
1/24. 1tis easy to verify that the inverse operator LIl :Im L — dom LNKer P of L|qomLnKerP :

dom LNKer P — Im Las (L'y)(t) = f; G(s, t)y(s)ds, where
s
—(1-2t+s), 0<s<t<l,

G(s,t) = (3.6)
5(A=5)@2t-5), 0<t<s<1

For notational convenience, we set H(s,t) = 1/24 + G(s,t) — j; G(s,t)ds or

1 2 ot 1
ﬂ+§(1_2t+s)+5_§+ﬁl 0§S<t§1,
H(s,t) = (3.7)
1+1(1 )(2t )+t2+i+1 0<t<s<1
242V 78 )Ty Tyt Vetessh

By routine methods of advanced calculus, we get maxg ¢co,11H (s, t) = 1/8.
Now we can state and prove our main results.

Theorem 3.1. Assume that there exist two positive numbers a, b such that

(Hi) f(t,x) <x, for all t €[0,1], x € [min{a, b}, max{a,b}]
(H>) if one of the two conditions

(i) maxeqo) f (¢, a) <0, mingeqo1;f (¢, b) >0,
(ii) mingepo,11f (t, a) > 0, maxeeqo1)f (¢, b) <0
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is satisfied, then the PBVP (1.1) has at least one positive solution x* € K satisfying min{a, b} <
Ix*llx < max{a, b).

Proof. 1t is easy to see a #b. Without loss of generality, let a < b.

First, we note that L, as so defined, is Fredholm of index zero, L} is compact by Arzela-
Ascoli theorem, and thus L — AN is A-proper for A € [0,1] by (a) of Lemma 2.10.

For each x € K, then by condition (H;)

1

1

1 1
Px+ JQNx = J x(s)ds — 21—4 Io f(s,x(s))ds > i—i Io x(s)ds >0,

0
1

Px+ JQNx+ L' (I - Q)Nx = f

1 1
ds — — , d
x(s)ds = 57 [ fs,x(o)ds

1 1
+I G(s,t)[—f(s,x(s))+f f(s,x(s))ds]ds (3.8)
0 0

1 1
= J x(s)ds — f H(s,t)f(s,x(s))ds
0 0

1
> f (1-H(s,t))x(s)ds > 0.
0

This implies that condition (C;) of Lemma 2.8 is satisfied. To apply Lemma 2.8, we
should define two open bounded subsets 1, Q, of X so that (C2)—(Cs) of Lemma 2.8 hold.
We prove only Case (H;)(i). In the same way, we can prove Case (H>)(ii).
Let

Q= {xeX:|x|x <a}, Q ={xeX:|x|y<b}. (3.9)
Clearly, 1 and €2, are bounded and open sets and
e C ﬁl C Q. (310)

Next we show that (H) (i) implies (Cy). For this purpose, suppose that there exist xg € K N
0€ and ) € (0,1] such that Lxo = AgNxp then x;(t) = Aof (t, xo(t)) for all t € [0,1]. Let tp €
[0,1], such that x((tg) = maxe[o,1]x0(t) = b. From boundary conditions, we have t; € [0, 1).
Then we have the following two cases.

Case 1 (tp = 0). In this case, x;(0) <0, x;(1) > 0. Since boundary condition x;(0) = x;(1), we
have x;,(0) = x;(1) = 0. So we have x;(0) = Aof (0, x0(0)) = Ao f(0,b) > 0. It follows from xg (t)
being continuous in [0, 1] that there exists 6 € (0, 1), such that x;(t) > 0 when t € (0, 6]. Thus,
xy () = x4(0) + j(; xy(s)ds > 0. Hence,

xo(t) = x0(0) + ﬂ xy(s)ds > x¢(0), te€(0,6], (3.11)

and x((0) is not the maximum on [0, 1], a contradiction.
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Case 2 (tp € (0,1)). In this case, x;(to) =0, x;(to) < 0. This gives
0> x;(to) = o f (to, x(to)) = Ao f(to, b) > O, (3.12)

which contradicts (H>)(i). So for each x € 0Q, N K and A € (0,1], we have Lx # ANx. Thus,
(C3) of Lemma 2.8 is satisfied.
To prove (C4) of Lemma 2.8, we define the bilinear form [-,-] : Y x X — Ras

1
[y, x] =f y(H)x(t)dt. (3.13)
0

It is clear that [, -] is continuous and satisfies [y, x] = 0 for every x € Ker L, y € Im L. In fact,
for any x € Ker L and y € Im L, we have x = ¢, a constant, and there exists x € X such that
y(t) = —x"(t) for each t € [0, 1]. By x'(0) = x'(1), we get

1 1
[y, x] = f y(Hx(t)dt = —cf x"(t)dt = 0. (3.14)
0 0
Let x € Ker LN 02 N K, then x(t) = b, so we have by condition (H>)(i)

ONx = - J'l f(t,b)dt#0,
0 (3.15)

[ONx, x] = —H: f(t,b)dt-bds < 0.

Thus, (C;3) and (C4) of Lemma 2.8 are verified.
Finally, we prove (Cs) of Lemma 2.8 is satisfied. We may suppose that Lx# Nx,
for all x € 0Q; N K. Otherwise, the proof is completed.

Lete=1¢€ K; \ {8}. We claim that

Lx - Nx#pe, VxeonK, u>0. (3.16)

In fact, if not, there exist x, € 0Q1 N K, p; > 0, such that

sz - N.XQ = Hi1- (317)

Since QL = 0, operating on both sides of the latter equation by Q, we obtain
QNx; +Qp1 =0, (3.18)

that is,

1
f (=f(t,x2) + p1)dt = 0. (3.19)
0
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For any x; € 0Q; N K, we have ||x2|[x = a. Then there exists t; € [0,1], such that x,(t;) = a.
By condition (H>)(i) and p; >0,

1 1
fo (=f(t, xa(tr)) + pr)dt = J‘o (—f(t,a) +p)dt >0, (3.20)

in contradiction to (3.19). So (3.16) holds; that is, (Cs) of Lemma 2.8 is verified.
Thus, all conditions of Lemma 2.8 are satisfied and there exists x € K N (Q; \ Q1) such
that Lx = Nx and the assertion follows. Thus, x* € K and a < [|x*||x < b. O

Let [c] be the integer part of c. The following result concerns the existence of n positive
solutions.

Theorem 3.2. Assume that there exist n + 1 positive numbers a; < az < -+ < du41 such that

(Hl)l f(t/x) < X, fOT allt e [0/1]1 X € [all an+1]r
(Hy)' if one of the two conditions

(i) maxepo1) f(t, azi1) < 0,1 = 1,2,...,[(n +2)/2], mingoq)f (¢ azi) > 0, i
1,2,...,[(n+1)/2]

(ii) mingepo11f(t, azic1) > 0,1 = 1,2,...,[(n + 2)/2], mingepq)f(t, az) < 0, i
1,2,... [(n+1)/2]

is satisfied, then the PBVP (1.1) has at least n positive solutions x; € K, i = 1,2,...,n satisfying
a; < [|x}|lx < ais1-

Proof. Modeling the proof of Theorem 3.1, we can prove that if there exist two positive
numbers a, b such that maxejo1) f (t, a) <0, mineqo11f(t,b) > 0, then PBVP (1.1) has at least
one positive solution x* € K satisfying min{a, b} < ||x*||x < max{a, b}.

By the claim, for every pair of positive numbers {a;, ai.1}, i = 1,2,...,n, (1.1) has at
least n positive solutions x} € K satisfying a; < ||x]||x < ai:1. O

We have the following existence result for two positive solutions.

Corollary 3.3. Assume that there exist three positive numbers ay < ay < as such that
(Hy)" f(t,x)<x, forallte[0,1], x € [a1,a3],
(Ha)" if one of the two conditions

(1) maxeeqo) f (¢ a1) <0, mingeqo11 f (¢, a2) > 0, maxse(o11 f (t, az) <0,
(ii) mingejoq) f(t a1) > 0, maxeejoq) f (£, a2) < 0, mingepo1)f(t, az) >0

is satisfied, then the PBVP (1.1) has at least two positive solutions x7, x; € K satisfying a1 < ||x7||x <
az < ||Ix3]lx < as.

We also have the following existence result for three positive solutions.

Corollary 3.4. Assume that there exist four positive numbers a1 < ay < az < ag such that

(H1)" f(t,x) <x, for allt€[0,1], x € [a1,a4],
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(H,)"" if one of the two conditions

(i) maxeeo) f(t, a1) < 0, mingepo11f(t, a2) > 0, maxeeo1)f (¢, a3) < 0, mingeo,)
f(t,as) >0, and

(ii) mingejo11f (8, a1) > 0, maxeepo) f(t, a2) < 0,mingepo1)f (¢, a3) > 0, maxeoq]
f(t/ a4) < 0/

is satisfied, then the PBVP (1.1) has at least three positive solutions x7, x5, x5 € K satisfying a; <
lxillx < a2 < ||lx3llx < a3 < [|lx3llx < a4

Remark 3.5. From similar arguments and techniques, we can also deal with the following
periodic boundary value problem (PBVP)

-x"(t) = f(t,x), 0O0<t<l,

x(0) = x(1), x'(0) = x'(1). (3.21)

We can also verify that the similar results presented in this paper are valid for PBVP (3.21);
we omit the details here.

4. Some Examples
In this section, we give some examples to illustrate the main results of the paper.

Example 4.1. Consider the following second-order periodic boundary value problem (PBVP):

x"(t) = %(tz —t-1)(2x*+3x* - 12x+6)x, 0<t<l,
x(0) = x(1), x'(0) = x'(1),

(4.1)

where f(t,x(t)) = (> —t - 1)(2x® + 3x%? - 12x + 6)x. In this case, f(t,x) <x, x>0, 0<t< 1.
Corresponding to the assumptions of Corollary 3.3, weseta; =1/2, a, =1,and a3 = 2.
It is easy to check that the other conditions of Corollary 3.3 are satisfied; hence, PBVP (4.1)

has at least two positive solutions xj, x5 satisfying 1/2 < [|x][l, <1 <[[x3|l, < 2.

Example 4.2. Consider the periodic boundary value problem (PBVP)

5t+2

x"(t) = sinx, 0<t<l,
x(0) = x(1), x'(0) = x'(1).

(4.2)

Now, let f(t,x) = ((5t + 2)/10) sinx; thus, f(t,x) <x, x>0, 0 <t <1.Seta; = x/2, ap =
3x/2, a3 = 5x/2, ay = 7x/2. Then Corollary 3.4 ensures that there exist at least three
positive solutions xj, x5, x3 satisfying /2 < [[x]lly < 37/2 < [[x}|ly < 5x/2 < [|x5]l <
70/2.

llx
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