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The aim of this paper is to introduce and study the notion of I-convergence of random variables via probabilistic norms.
Furthermore, we introduce I-convergence in L space and establish some interesting results.

1. Introduction

Fast [1] and Steinhaus [2] independently introduced the
notion of statistical convergence for sequences of real num-
bers, which is a generalization of the concept of conver-
gence. The concept of statistical convergence is a very useful
functional tool for studying the convergence problems of
numerical sequences through the concept of density. Later
on, several generalizations and applications of this concept
have been presented by various authors (see [3-10] and refer-
ences therein). Kostyrko et al. [11] presented a generalization
of the concept of statistical convergence with the help of ideal
I of subsets of the set of natural numbers N and further
studied in [12-16].

Menger [17] presented an interesting and important gen-
eralization of the concept of a metric space under the name
of statistical metric space by using probability distribution
function, which is now called a probabilistic metric space.
By using the concept of Menger, Serstnev [18] introduced the
concept of probabilistic normed space (for random normed
space, see [19]), which is an important generalization of
deterministic results of linear normed spaces. Afterward,
Alsina et al. [20] presented a new definition of Probabilistic
normed space which includes the definition of Serstnev as a
special case.

The concept of ideal convergence for single and double
sequence of real numbers in probabilistic normed space
was introduced and studied by Mursaleen and Mohiuddine
[21, 22]. In the recent past, Mursaleen and Alotaibi [23]

and Mohiuddine et al. [24] studied the notion of ideal
convergence for single and double sequences in random 2-
normed spaces, respectively. For more detail and related
concept, we refer to [25-33] and references therein.

2. Basic Definitions and Notations

The notion of statistical convergence depends on the density
(asymptotic or natural) of subsets of N. A subset E of N is said
to have natural density §(E) if

6 (E) = lim 1 {k <n:k € E}| exists. 1)
n—>oon

A sequence x = (x;) is said to be statistically convergent
[1] to € if for every e > 0

S(fkeN:|x,—€|>¢})=0. (2)

In this case, we write S — limx = € or x;, — €(S), and S
denotes the set of all statistically convergent sequences.

An ideal is defined as a hereditary and additive family of
subsets of a nonempty arbitrary set X; here, in our study; it
suffices to take I as a family of subsets of N, positive integers;
that is, I ¢ 2", such that ¢ € I, AUB € I for each A,B €
I, and each subset of an element of I is an element of I. A
nonempty family of sets F ¢ 2N is a filter on N if and only
if¢p ¢ F, AnB € F for each A,B € #, and any superset
of an element of F is in #. An ideal I is called nontrivial if
I+¢and N ¢ I. Clearly, I is a nontrivial ideal if and only if



F =F() = {N-A : A € I} is a filter in N, called the
filter associated with the ideal I. A nontrivial ideal I is called
admissible if and only if {{n} : n € N} ¢ I. A nontrivial ideal
I is maximal if there cannot exist any nontrivial ideal J # I
containing I as a subset. Further details on ideals can be found
in Kostyrko et al. (see [11]). Recall that a sequence x = (x;)
of points in R is said to be I-convergent to a real number ¢ if
{k € N:|x, —¢€| > ¢} €I foreverye > 0 (see [11]). In this
case, we write I — lim x;, = £.

Now, we recall some notations and basic definitions that
we are going to use in this paper.

We use the notion and terminology of [34]. Thus, A" is
the space of probability distribution functions F that are left
continuous on R* = (0,+00), F(0) = 0, and F(+c0) =
1. The space A" is partially ordered by the usual pointwise
ordering of functions and has both a maximal element ¢, and
a minimal element ¢, ; these are given, respectively, by

0, ift<0
6°(t)={1, if £ >0,
(3)
. (t)z{o, if t < +00
0 1, ift=+oo0.

There is a natural topology on A" that is induced by the
modified Lévy metric d; (see, [34, 35]); that is,

d; (F,G) =inf {h : both [F,G;h] and [G, F; h] hold} (4)

for all F,G € A" and h € (0, 1], where [F, G;h] denote the
condition

G <F(t+h)+h, forte(O,%). )

Convergence with respect to this metric is equivalent to
weak convergence of distribution functions, that is (F,) in A*

converges weakly to F in A* (written as F,, 2 F)ifand only
if (F,(t)) converges to F(t) at every point of continuity of the
limit function F. Consequently, we have

F, -5 F iffd, (F,F)— o0, (6)
F(x)>1-x iffd;(F¢) < x forevery x >0. (7)
Moreover, the metric space (A*,d;) is compact.

Definition1. A triangular norm (or briefly, t-norm) is a binary
operation T : [0,1] x [0,1] — [0,1] that satisfies the
following conditions (see [36]):

(TN1) T(s,t) = T(t,s) forall s, t € [0,1] (T is commutative),

(TN2) T(T(s,t),u) = T(s,T(t,u)) for all s,t,u € [0,1] (T is
associative),

(TN3) T(s,t) < T(s',t) for all t € [0,1] whenever s < s’ (T is
nondecreasing),

(TN4) T(1,t) = t for every t ¢
boundary condition).

[0,1] (T satisfies the
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T* is a continuous t-conorm, namely, a continuous binary
operation on [0, 1] that is related to a continuous f-norm
through T*(s,t) =1 -T(1 = s, 1 — £).

Notice that by virtue of its commutativity, any t-norm T
is nondecreasing in each place. Some examples of t-norms
T and its t-conorms T™ are W(x, y) = max{x + y — 1,0},
M(x,y) = min{x, y}, and (x, y) = x- y and W"(x, y) =
min{x + y, 1}, M*(x, y) = max{x, y},and I[T*(x, y) = x + y —
Xy
Definition 2. A triangle function is a binary operation on A™,
namely, a function 7 : A" x A¥ — A" that is associative,

commutative, and nondecreasing and which has ¢, as unit;
that is, for all F,G, H, K € A", one has:

(1) ©(F,€) = F;

(2) 7(F, G) = ©(G, F);

(3) 7(F,G) < 7(H, K) whenever F < H,G < K;
(4) 7(=(F,G), H) = 1(F, 1(G, H)).

Particular and relevant triangle functions are the func-
tions 7,7+ and those of the form II; which, for any
continuous t-norm T and any x > 0, are given by

7p (F,G) (x) = sup {T (F (u),G(v)) : u+v = x},
7 (F,G) (x) =inf {T" (F(u),G(»)) :u+v=x}, (8)
7 (F,G) (x) =T (F (x),G (x)).

Definition 3. A probabilistic normed space (or briefly, PN
space) is a quadruple (X,v,7,7"), where X is a real linear
space, T and 7* are continuous triangle functions such that
7 < 7", and the mapping v : X — A" called the probabilistic
norm, for all p and q in X, satisfies the following conditions:

(PN1) Yy =€ if and only if p = 0 (0 is the null vector in X);
(PN2) forall p € X, Vop = Vp3
(PN3) Vprg 2 (v ,vq);

(PN4) foralla € [0,1],7, < T Vap> Va-ayp)-

If a PN space (X,7,7,7") satisfies the following condi-
tion:

(S) for all pe X forall A € R\ {0}, forallt > 0,
vyp(£) = 7, (E/IA]),

then it is called a Serstnev space; the condition (S) implies that
the best-possible selection for ¥ is T* = 1), which satisfies a
stricter version of (PN4); namely,

Vae[0,1], v,=1y (vap, v(l—a)p)‘ 9)

A Serstnev space is denoted by (X, v, ), since the role of 7* is
placed by a fixed triangle function 7, which satisfies (PN2).

A PN space X is endowed with the strong topology
(briefly &-topology) generated by the strong neighborhood
system {//g(A) : A > 0}, where

N ={peX:d (vpe) <Al (10)
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determines a first countable and Hausdorff topology on X
(see [34]), and it is metrizable.

The following lemma is an immediate consequence of the
definition of neighborhood of zero and (7).

Lemma4. Ina PN space (X,v,7,7"), for each p € X, one has
vp(/\)>1—)t<=>p6/!/9()t). 11)

A sequence (p,) of elements in X converges to 0, the null
element of X, in the strong topology (briefly &-topology)
(written p, — 0) if and only if

nangOdL (vpn,so) =0. (12)
That is, for every A > 0, there is an integer mn = m(A) € N'such
that dL(vpn, 0) < Aforalln > m, where d; is defined in (4). In
terms of neighborhood, we have p, — 0 provided that for
any A > 0 there is an N(A) € N such that p, € /(1) (ie.,

vp”(/\) > 1-A) whenever n > N. In this case, we write p;, 5 0
or & — limy p, = 0. Thus, the §-topology can be completely
specified by means of §'-convergence of sequences.

A sequence (py) is said to be &-Cauchy if for any A > 0,
there exists an integer N(A) € N such that p; — p, € # (1)
whenever k,n > N(A).

Lemma 5 (see [37]). For any « € R, any p € X, and any
€ > 0, there exists a A > 0 such that

ap € Ng(e) whenever pe Ng(A). (13)
Lemma 6 (see [37]). If0 < « < 1, then forany p € X
Vap = V- (14)

Lemma?7 (see [37]). Foranya € N, any p € X, andanyt > 0,
there is a A > 0 such that

dp (vap, so) <t whenever d (vp,eo) <A 15)

We observe that, in view of Lemma 4 and (PN3), we have
the following lemma.

Lemma 8. Let (X,,7,7") be a PN space. For all p,q,r € X,

Ay (vprr0) <A (T (VpgpVar) - 80)- (16)

An important class of PN spaces is that of E-normed
spaces (see [38]). Let (Q, &, P) be a probability space, (X, |- |I)
a normed space, and S a linear space of X-valued random
variables (possibly, the entire space). For every p € S and for
every A € R,letv:S — A" be defined by

n=P{weQ:|p)|<A}); (17)

then (S, v) is an E-normed space (briefly, EN space) with the
base (Q, &/, P) and target (X, || - [|).

Example 9. Let L° = L%Q, o, P), the linear space of
(equivalence classes of) random variable f : O — R. Let
v:S — A" be defined, for every f € L° and for every A € R,
by

v, (M) =P{weQ:|f(w) <A}). (18)

Then, the couple (L°, ) is an EN space. It is a PN space
under the triangle function 7y, and 7, (see [34]).
3. Ideal Convergence of Random Variables

Throughout the paper, we denote I as an admissible ideal
of subsets of N, unless otherwise stated. In this section, we
begin with the definition of ideal convergence of probability
distribution functions.

Definition 10. Let I c 2", and let (A*,d;) be a Lévy metric
space. A sequence (F,) in A" is said to be I-convergent
(weakly) to F € A" if and only if for every A > 0, the set

{keN:d, (E.,F) =} el (19)
or

{keN:d, (F.,F) <Al € Z. (20)

In this case, we write Fj, 2L For %1 -lim F,=F.
By (7) and (19), the following lemma can be easily verified.

Lemma 11. Let (A*,d;) be a Lévy metric space and (F;) a
sequence in A*. Then, for every A > 0, the following statements
are equivalent:

i) F e,
(ii) {k e N: d (Fp, &) < A} € &,
(iii) {k e N: F(A) > 1 -1} € &,
(iv) 7’1 - limd (Fy, &) = 0.
Definition 12. Let (X,v,7,7") be a PN space. A sequence (p;)

in X is said to be I-convergent to 0 in the strong topology (or
strong-I-convergent) if and only if for every A > 0, the set

{keN:d,(v,,8)2M €l (1)
or

{k eN:d (vpk,so) < )L} €F. (22)

In this case, we write py ﬂ 0 or ST —lim p, = 0, where 6
is called the §'I-limit of (p). In terms of neighborhoods, we
have

P50 iff keN:p ¢ NgWel — (23)

The following lemma is an immediate consequence of the
above definition.



Lemmal3. Let (X,v,7,7") be a PN space and (p,.) a sequence
in X. Then, for every A > 0, the following statements are
equivalent:
) pe = 6,
(i) fk eN: p ¢ VoW €1,
(iii) {k € N:d; (v, &) 2 A} e L.

Theorem 14. Let (X, v,7,7") be a PN space, and if a sequence
(pr) in X is ST-convergent, then ST —lim py is unique.

Proof. Suppose that ST—-lim p, = p and §T-lim p; = g with
p #q. Then, for A > 0, define the following sets:

K ) =k € N: pe—p & Hp (D}
KZ(A):{kGNpk_qé-/Ve(A)}

(24)

Since 1 —lim p, = p, using Lemma 13, we have K, (1) €
I. Also, using ST — lim p;, = g, we get K,(A) € I. Let

K@) =K, (MUK, (A). (25)

Then, K(A) € I forall A > 0. This implies that its complement
K°()) is a nonempty set in & for all A > 0. Now, if k € K°(A),
then p, — p € #y(A). Letd (v, _,,&) = a. Then, A —a >
0, and the uniform continuity of T implies that there exists a
A, > 0 such that

dy (T (”pk—p’ G) > ”pk—P) <A-a (26)
whenever d; (G, &) < A,. Now, let p, —q € #4(A,), and then
Ay (Vp,—g €) < Ay. Thus, by (16), we have

dL (vp—q’ 80) s dL (T (VPk—P’ Vpk—q) > 80)

<dp (T (”pk—p’ Vpn—q) > ”pk—p) +d; (”pk—p’ 50)

<A-a+a=A
(27)

Hence, p — g € #4(A). Since A is arbitrary, we get v,,_, =

&y, which yields p — g = 0; that is, p = g. Thus, this completes
the proof. O

The next theorem gives the algebraic characterization of
&'I-convergence in PN space.

Theorem 15. Let (X,7,7,7") be a PN space and (py.) and (q;.)
two sequences in X.
(@) If SI1-lim p, = pandc € R, then ST —limcp, = cp.
(b) If I — lim p;, = p and SI —limg, = g, then ST -
lim(py +q) = p£q.

Proof. (a) Letc € R, and let (p,) be a sequence in X such that
&1 —1lim p, = p. Then, from (15), we have

fkeN:d (v, pe) <A} c{keN:d (v, &)<t}
(28)
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for any t > 0. Since ST — lim p;, = p, we have
{k eN:d; (”prp’%) < /\} € F. (29)
Thus, we have for each t > 0
[keN:d, (vc(pk,p),so) <tles. (30)
This shows that ST — lim cp, = cp.
(b) Let (p,) and (q;) be two sequences in X such that S1-

lim p, = pand ST - limg, = g. Then, for A > 0, define the
following sets:

AN =1keN:p.—pet NN},

(31)
Now, we can write
V(Pk*“ik)‘(]“'q) 2T (VPk—P’ vﬂk“i) ’ (32)
and hence,
g (V(Pkﬂik)*(}’*q)’ 80) <dp (T (VPrP’ V‘Zk*q) > 80) (33)

for everyk € N.

By uniform continuity of 7, we can say that for any ¢t > 0
there exists a A > 0 such that d; (7(F, G),¢,) < t whenever
di(F,&) < Aand d,(G,¢y) < A, where F,G € A". Now, let
t > 0. Then, we can find a A > 0 such that

dL (T (VPk*P’ ‘V%rq) > 80) <t (34)
that is,
Ay (Vpesq0-prap €0) <t (35)

whenever p, — p € Ng(A) and g, — g € Ny(A), that is,
AL (Vp,—p>&) < Aandd;(v, 4, &) < A. Thus, we have

{k eN:d; (V(Pka)*(P*q)’sO) 2 t}

clkeNip-pe VgMWulkeN: g —q¢ Hy(N)}
(36)

foreacht > 0.
Then, for each t > 0, we have

{k e N:d (Vipia)-(prap &) 2t} SAQUBA). (37)
Since I is admissible, from (37), we have

{k e N : dL (’V(PkJqu)*(PJrq)’go) > t} el for eaCh t>0.
(38)

Hence, ST - lim(p, + q) = p +q.
Similarly, we can show that ST-lim(p,—q;) = p—q. O

Theorem 16. Let (X,v,7,7") be a PN space, and let (p;) be a
sequence in X. If § —lim p, = p, then ST —lim p;, = p.
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Proof. Let & — lim p, = p; then for every A > 0 there exists
an integer N = N(A) € N such that

Pe—p€Ng(A) whenever k>N (A). (39)

Therefore, the set

BA)={keN:p.—p¢ Ny(M}<c{L,2,...,N-1}.
(40)

But, with I being admissible, we have B(A) € I. Hence, ST -
lim p; = p. O

Theorem 17. Sequential method S'I is regular.

Proof. The proof follows from the fact that I is admissible and
from Theorem 16. O

Theorem 18. Let (X,v,7,7") be a PN space. A sequence (p;.)
in X is ST-convergent to 0 if and only if there exists a subset
K ={i} ¢ NsuchthatK € F and & —limycy ., oo Px = 0.

Proof. Suppose that ST —lim p, = 0. Then, for j = 1,2,3,...,
we define the following set:

A(j):{keN:pke/Vtg(%),jeN}. (41)

Since ST - lim p; = 6, it follows that A°(j) € I.
Now, for j = 1,2,3,..., we observe that A(j) > A(j + 1)
and

A(j) e Z. (42)

We show that, for k € A(j), § —lim; _, , px = 0. Suppose
that, for k € A(j), (py) is not &-convergent to 0. Then, there
exists some i > 0 such that

{keN:p. ¢ Np@)} (43)
for infinitely many terms p,. Let
AG)=1{k eN:p. ¢ Ny(i)} (44)

andi > 1/j, j = 1,2,3,.... Then, we have A(i) € I. Also,
A(j) ¢ A(i) implies that A(j) € I, which contradicts (42) as
A(j) € F.Hence, § —lim _, ., ,p = 0. O

Converse part is easy and can be omitted.

4. Ideal Convergence in Probability and
in L? Space

Let (x;) be a sequence of random variables defined on
a probability space (Q, o/, P) taking values in a separable
normed space (X, || - [|), where | - || is the norm. Then, we say
that a sequence (x;) converges in probability or converges in
measure to 0 if for every A > 0,

liinP (Jlxl > A) = 0. (45)

Equivalently, for any A > 0, there is an integer 1, € N such
that

P(|xi]| <A)>1-A, Vk=n,. (46)

P
In this case, we write x;, — 0.
Now, we give the definition of ideal convergence in
probability as follows.

Definition 19. A sequence (x;) of random variables is said to
be I-convergent in probability to 0, if, for every A > 0, the set

fkeN:P(|x | <A)<1-At el (47)
or

{keN:P(|x ] <A)>1-2} e 7. (48)

(e
In this case, we write x;, 19, 6 or I(P) - limx, = 0.

Example 20. Let Q = [0,1] and P a Lebesgue measure on
[0, 1]. Define the sequence of random variables x; = x;(t)
fort € [0, 1] as follows:

X () = {e’ ifte [0%] (49)

0, otherwise.

For any ¢ > 0, we have

P(lv o] > ) =Pl ) =0) =P ¢ 0, 1])
(50)

= length of the interval = T 0.

It means that (x; ) is I-convergent in probability to zero. That

. ()
is, x;, — 0.

Theorem 21. Let (f;.) be a sequence of (equivalence classes of)
E-valued random variables. Then, the following are equivalent:

W) fi 2 B

. W
(ii) v5, — &
I .
(iii) f, — O in the Serstnev space (L°, v, Tyy).
Proof. By definition, it is clear that (ii) and (iii) are equivalent,

and it suffices to establish the equivalence of (i) and (ii).
Let K(A) = {k € N : P(| fill < A) < 1 - A}. We note

that f, 27 6 if and only if K(A) € I. But N\ K(1) € &.
Therefore, for every k € N\K(A), we have P(|| fill < A) > 1-A.
By (17), implies that v o (A) > 1 - A. By the property of §-
topology, we have

{keN:d (v;,e) <A 2{keN:v, (1) >1-41}

S{keN:P(|fil <A)>1-2};
(51)



that is,

{keN:d (vi,e) 2 cfkeN:P(|fi] <) <1-A}
(52)

Since f, 2% @, therefore tk € N : P(Ifll < A) <
1-Atel

Thus, {k € N : dL(vfk,so) > A} € I; hence Vg, KA g. O

In order to consider ideal convergence in L¥ with p €
[1,+00), the following result connecting the L? norms || - ||
with the probabilistic norm (17) will be needed (see [38]).
Theorem 22. Let P = LP(Q, o, P) := {f € L°: [ | f|PdP <
+00} for p € [1,+00) and L = {f € L. I fllo, :=suplfl <
+00}. If the probabilistic norm v : L° — A" is defined by

v, (M) =P{oweQ:|f(w|<A}), A>0, (53)

then for every f € L, || {1, = (5 Apdvf(A))l/P, and for every
FeL® | fll = supit > 0:v,(t) < 1}.

With the help of Theorem 22, one can characterize ideal
convergence in L?.

Theorem 23. Let (f;) be a sequence of (equivalence classes
of) E-valued random variables in LP. Then, the following
statements are equivalent.

If p € [1,+00),

W £, 2 o

(ii) the sequence of the pth moments of the probabilistic
norms (v fk) I-converges to 0.

If p = +00,

(i) f, X7 o
(iv) for every A > 0, {k e N : 'ka()t) =1} e #.

P
Proof. (i)»(ii) We note that f —— 65 & {k € N: [Ifell, >
A} € I for every A > 0. But

1/p
{keN:(JR tpdvfk(t)) z)t} ~{keN: £, = ).
+ (54)

Hence,

{k eN: J tPdv, () > (A)P} el (55)
R

. I(L™) . I(L™®)
(iii)=(iv) Suppose that f —— 0, thatis, || fill ., ——
0, and lett > 0, then, for every 0 < & < t, we have

keN: t>0:v, (1) <1p >
fensspfoomoa)zd
—fkeN: | fily, 2ol el
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This implies that
{keN:sup{t>0:vfk(t)<1}<e}e?f”. (57)
Hence,
fkeN:v, ) 2v, (&) =1} e Z. (58)

(iv) = (iii) For ¢t > 0, suppose that {k € N : Vg, (t) =1} €
%, and therefore

{keN:|fill, <t} e (59)
e (L)
which implies that || fi || ., —— 0. O
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