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A necessary and sufficient condition is given for a positive measure ¢ on D to be a K-Carleson measure. We give the predual of Qy

spaces in terms of this condition.

1. Introduction

In study of a function space, it is of interest to study the
dual and predual of function space. It is well known that
Fefferman’s and Sarason’s theorems are (VMOA)* = H' and
(H 1)* = BMOA. Anderson et al. gave the similar results
on the Bloch space in [1]. The reader can refer to [2, 3]
about the predual of Q, spaces. We note that Q, spaces
are a kind of Qg spaces. Now our question is what is the
predual of Qg spaces. But the technique that is used to
prove the predual of Q, spaces does not work for Qy spaces.
Enlightened by [4], we started from the characterizations of
K-Carleson measure by an integral operator which contains
the normalized nonnegative Borel measure on the unit disk.
In this paper, we obtain a principal result that the predual of
Qg spaces is the analytic space G, which is introduced in
Section 3. We now recall a few fundamental definitions and
establish some notation.

Let g(a,z) = —loglg,(z)| be the Green function on the
unit disk D = {z : |z| < 1} with logarithmic singularity
at a € D, where ¢,(z) = (a — 2)(1 - az)"! is the Mébius
transformation of D. Denote by H(D) the set of all analytic
functions on D.

LetK : [0,00) — [0, 00) be a right-continuous and non-
decreasing function. The space Qg consists of all functions
f € H(D) satisfying

I/, = sup JD /' @K (g(@2)dA(z) <co, (1)

where dA is an area measure on D normalized so that A(D) =
1.

Equipped with the norm [f(0)| + || fll,,, the space Qg
is Banach. It is easy to check that the space Qg is Mobius
invariant in the sense that || f o %”QK = "f"Qx forany f € Qg
and a € D. See [5, 6] for a general theory of Qg spaces.
Note that the space Qg gives Q,, if we choose K(f) = t? for
0 < p < 00. See [7, 8] for a summary of recent research for
Q,, spaces.

Recall that a function f € H(D) is said to belong to the
Bloch space, denoted by %, if

1£1s = S‘:ﬂg(l - |Z|2) 'f’ (Z)| < 00. @)

By [5], we know that
QK C %. (3)

The following two conditions have played a crucial role in
the study of Qg spaces during the last years:

o dt

| o5 <co ()
1

[RGERS )
0 t

where
B K (st)
ok (t) = Osig Ok 0<t<oo. (6)

Throughout the paper, K satisfies the following condition:

,[01 K <log %) rdr < oo. (7)



Otherwise, the space Qg only contains constant functions (cf.
[5]). By Theorem 2.1in [5], we may assume that K is defined
on [0, 1] and extend its domain to [0, c0) by setting K(t) =
K(1) for t > 1. As the discussion in [6], we may assume that
K(2t) = K(t).

For a subarc I ¢ 0D, the boundary of D, let

S ={rleD:1-I|<r<1,{el}. (8)

If |I| > 1, then we set S(I) = D. A positive measure y on
D is said to be a K-Carleson measure if

1-z)?
||‘u||K = sup J K dy (z) < oo. 9)
IcaD JS() 11|

By results in [6], we know that a function f € H(D) belongs

to the space Qg if and only if If'(z)IZdA(z) is a K-Carleson
measure.

In the paper, we say that K; < K, (for two functions
K, and K,) if there is a constant C > 0 (independent of K,
and K,) such that K; < CK,. We say K, = K, (ie, K, is
comparable with K,) whenever K; < K, < K.

2. K-Carleson Measure

For any I ¢ 0D and the nondecreasing K, denote

2
wLK(Z)=K<1 |z|)J L @®P@dE, zeD,
[} oD
(10)
where
1- |z
P, (&) = (11)
|- 2|

is the poisson kernel and y;(§) = 1for & € I, y;(&) = 0 for
EcoD\ 1.

Lemmal. Let y be a nonnegative measure on D. Let K satisfy
condition (4). Then for any arcI c 9D,

[ @@ dua) <o ()
holds if and only if u is a K-Carleson measure.

Proof. First we assume that (12) holds. Now we show that y is
a K-Carleson measure. For any given z € S(I), we have

| w@r@a= . 13)

This gives

1- |z

L) [ wor @l

_ 2
s L (L=,
4 1]

wrg (2) =K (
(14)
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Then

2
J K(l_m )du(z)s“I wrk (2)dp(z) < 0o. (15)
(D) 1] D

The above inequality shows that y is a K-Carleson measure.

Conversely, suppose that y is a K-Carleson measure. For
a nonnegative integer n, we use I, for the arc in 0D which has
the same center as I and length 2"|1|. For & € I, and n > 1,
we have the following estimate:

1
P (§) < Ik zeS(1,,,)\S(1L,). 16)
If z € S(I,), we have
w k (2)
(ol 1—|Z|2)
_1<< i )LDXI(E)PZ (&) |d| < K( ).
(17)

If z € S(I,,,,) \ S(I,,), we have

Wk (2)
1_|Z|2>J | <1—|z|2>
=K P dfl < —=K| —— |.
(18)
Then
[ ax@du@ = ox@duc
D S(1y)
+ J w i (2) dp (2)
n=1 ¥ )\S(IL,)
< el
[e's) 1 J 1_|z|2)
+ ) - K| ——— |du(z)
n;z” S )\S(,) ( 1] “
<l

S ¢k (27) j 1- |2’
+n; o S(IM)K 7] du(z)
y #x (2")
<ol (14 3220
n=1
® 99
<l (14 [ 250 as).

s2

(19)
We have the desired result by condition (4). O

Let M be the set of all nonnegative measure ¢ on D with
the normalized condition (D) = 1. For & € 0D, let

F¢)={zeD,|z-& <2(1-|z)}. (20)
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For any z € D, denote

2
waKz<E)=j k(2 o w), @
o I() 1 - |w|

0y (2) = LD 0,1 (&) P, () |dé]. (22)

The following estimate can be found in [9]:

LD Xre) () g

= 4 arcsin <min (1,(1 - |w)) \/i>> ~1- |w|2.
|w

(23)

Then we have
J wa,K,z (g) ldgl
oD
N - |z
- Jaum jr(E)K< 1-|w |>d (w) Ja¢]
3 1-|z|
L e
(2
- |wl

<K(1)J (1 - |wl*) do (w)

(J Xr) (W) |df|> do (w)
’)

<K(l)o (D).
This shows that w, i, € L'(0D). Hence, the definition of Wy
is logical.

Theorem 2. Let K satisfy condition (4). For all o € M,

JD w, i (2) du (z) < 0o, (25)

if and only if y is a K-Carleson measure.

Proof. Suppose that p is a K-Carleson measure. For any w €
D, denote I, = {{ € 0D : w € T'(§)}. Clearly, I, is an arc on 0D
with the midpoint w/|w|. We obtain the following estimate by
(23):

1| = LD xr, () ]dE| =~ 1 - w|. (26)

Note that K(t) = K(2t) for any 0 < t < co. Then

0y (2) = L w0y xc. ) P, (B) |dE]

[N ( 'f' )P(E)do(w)ldEI
J

aDj ( 'z'l)xF@)(w)Pz(f)da(w)|dE|

0

JD ( ||‘Z|)| ) (_L A1, &P, (&) ld£|> do (w)

JD Wy, K (z)do (w).
(27)

Therefore, by Lemma 1 and Fubini’s theorem,
I w0, (2) dp (2) = I I wp x (2)do (w) du (2)
D D JD

- JD <jD Wy (2)dy (z)) dow) @

< 00.

Conversely, we assume that (25) holds. For any arc I, let
w be the point in D such that I, = I. Let o be the point mass
at w. Then

1-— 2
oas@ =K (1ZEL) [ @2, 01at] = 000,
@9)

This and Lemma 1 give that

J w, i (2)du (z) = J wy, k (2)dp(2) < oco. (30)
D D

The proof is complete. O

3. Predual of Q, Spaces

In this section, we will apply Theorem 2 to get the predual of
Qg spaces.

Definition 3. Let K be a right-continuous and nondecreasing
function. Denote by M the set of all measurable functions
G on D such that the measure |G(z)|*dA(z) is a K-Carleson
measure.

By Theorem 2, we can define

1/2
Gl = sup( | 16 @Fwox @da@) . (D
oeM D

It is easy to check that || - || M, is anorm.



Denote by MX the set of all measurable functions F on D
such that

(1 - |z|2)2 v
NIE e = in&(] |F<z)|2—dA<z>> < 0.
o€ D

W, i (2)
(32)
Lemma 4. For the space M, define
F,G
[Flyge = sup 15O )

Gemy Gz~
K

where
(F,G) = jDF(z)m@ C12P)dAG). (Y

Then || - || \x is a norm.

Proof. 1t is obvious that F =
Conversely, if we set

0 a.e., then |F|,«x = 0.

_ F(2)
S IF@)I

G(2) e MX (35)
then

(E,G) = JF(z)@(l ~|z*) dA ()

(36)
= J[D IF ()| (1-12I*)dA (2) = 0.
This implies F = 0 a.e. We have
IFllyx =0 & F =0 ae. (37)
For any given a € C, it is easy to see that
|{aF,G)| I(F, G|
laF|lyx = sup ———— = |a| sup ——— = |a| || F|| -
GeMy Gllag, GeMy 1Gllag,
(38)
Given F,, F, € MX, we have
|(F, + B, G)|
F +E|,x= sup ——————
" 1 2"M EI\EK "G”MK
|(F, G)| (EG)| (39

GeM NGlar,  Gem IGlag,

= 1Eullnge + Eo g

The proof is complete. O
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Remark 5. Note that ||F||,x < [||F|||yx. In fact, for any o €
M, F € MX, and G € My, we have

EGI = || F@OGE (1-1aF)dA )

L P 2 1/2
< (J |F(z)|2ﬂdA(z)>
D Wy K (2)

([ e@ra @ @)

L P 2 1/2
< <j |F(z)|2ﬂdA(z)>
D Wy K (2)

X Gl

(40)

This shows that |[(F,G)| < ”IFl”MK”G"MK. Hence, ||F|lyx <
£ -

Theorem 6. Let K satisfy condition (4). If MX is equipped with
the norm

F,G
|Fllpx = sup u

s 4]
o Gl 1)

then (MX)" = My under the pairing
(F.G)= | FOG@ (1-1)dA@). @)

Proof. For any given G € My, it is easy to see that
|G(2)|*dA(z) is a K-Carleson measure. By Theorem 2, for any
o €M,

j G (@), x (2) dA (2) < co. (43)
D

By Lemma 4, we have
IKF, G)| < IFll v Gl - (44)

This shows that L(F) = (F,G) is a bounded functional on
MX for F € MX. We have ||L| = IIGIIMK by the elementary
knowledge of functional analysis, where || - || is norm of L.
This gives G € (MK)*.

Conversely, let L be a bounded linear functional on MX.
For any given F € MX, we have

IL (F)l < ILI IFllpec < LA - TE g

i (1 B |z|2)2 (45)
=1, | P 1),
where || - || is norm of L. So for any fixed o € M, we have
[L(B) < LI - 1 Fll 2(0,k2) (46)
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where the space L*(c, K, 2) consists of all Lebesgue measure
functions F on D such that

(1 |Z|2)2 1/2
Il = j| OF G5 dA@ | <o

(47)

Hence, L can be extended to L, as a bounded linear
functional on L*(0, K,2) such that L(F) = L, (F) for any
FeMKXand|L sl < IL|l. By the Holder inequality, we obtain
that the dual of L*(0, K, 2) is Lz(wU)K(z)dA(z)) under the pair

(F,G) = jDF(z)m(l Cl2P)dAG),  (48)

where the space Lz(wa)K(z)dA(z)) consists of all Lebesgue
measurable functions F on D such that

J |F (2)Pwyx (2) dA (2) < oo. (49)
D

Then there exists a G, € Lz(a)o)K(z)dA(z)) such that

L,(h) =(hG,), hel’(0K,2). (50)

Note that the function G, is independent of ¢. In fact, for
any given 7 € M which is different from o, we have

L,(h)={hG,), hel’(1,K,2). (51)

Given any z,, € D, consider the Bergman disk B(z,,r) = {z €
D, I(pZO(z)I < r}. Define

iarg{G, (2)-G;(2)}

hz)=e Xoteor) (2) (52)

to be the test function. It is easy to see that h € MX ¢
L*(0,K,2) N L*(1, K, 2). Then we have

(hG,y) =Ly (h) =L, (h) = (hG,). (53)
The above equalities show that

0= <h’Ga - GT>

- (G (DG (N1 =122
—L(th(zxcg(z) G @) (1-1eP)dAG) oy

= JB( ) |Gg (2) -G, (z)| (1 _ |Z|2)dA @).

Hence, G, = G, a.e. on B(z,,r) for any given z, € D.
This implies that G, = G, a.e. on D. We now have a G €
Lz(wg)K(z)dA(z)) so that, for any o € M,

FelL’(0,K,2), (55)

L(F) =(F.G),

jD G (2)’w, x (2) dA (2) = |L,| < ILI < c0.  (56)

Theorem 2 shows that |G(z)|*dA(z) is a K-Carleson measure.
Hence, G € M. O

Definition 7. Let K be a right-continuous and nondecreasing
function. Let M be the set of all nonnegative measure ¢ on D
with the normalized condition ¢(D) = 1. Denote by € the
set of all analytic functions f € H(D) such that

||)

@ L dA(z) < oo, (57)

e, = in, | 17" o

oeM

where w,  is defined as in (22).

Remark 8. In fact, f € Cy if and only if f’ € L*(0, K, 2) for
any o € M. Obviously, we have |||f|||%K = infgeMIIf'Ile(a,K,z).
See (47) about the definition of || - |25k 2)-

We need the following result to proof the main theorem
(cf. [10]). Let y € H(D). Define an operator on H(D) as

( |w|2>b—1

Ty (2) = JW( )lﬁ b>1. (58

dA (w),

Lemma 9. Suppose K satisfies conditions (4) and (5). If
du(z) = |1p(z)|2dA(z) is a K-Carleson measure, then
ITt//(z)Isz(z) is a K-Carleson measure.

Theorem 10. Let K satisfy conditions (4) and (5). The dual of
Gk is Qg under the pairing

()= | f @@ (1-1e)da). (9

Proof. Choose g € Qg. Then Ig'(z)lsz(z) is a K-Carleson
measure. Theorem 2 gives that, for any o € M,

JD 'g' (z)|2w¢,)K (z2)dA (z) < o0. (60)

By the Hélder inequality, we have

(o) =] £ @@ (1- ) daca)

1/2
<j I (2 >| ')) dA(z >> (6D

x (JD |9’ @) @, (2)dA (z))m

This and Theorem 2 give that

oeM

2 1/2
|z| )
o< (oSt 1o,
(62)

Therefore, g € (%K)*.

Conversely, let L be a bounded linear function on €.
Since f € Gx © f € H(D)N MX, L can be viewed as a
bounded linear functional L on MX; that is, L(f) = f,(f'). By



Theorem 6, there exists a G € My such that IL(F) = (F,G) for
any F € MK,

Consider the Bergman projection P from L*(D) to the
Bergman space A*:

[ W )
P(G)(z) = jD a —Ez)sz (w), GeL (D). (63)
It is easy to see that
PO@I= | %m (w). (64)

Hence, |P(G)(z)|?dA(z) is a K-Carleson measure by
Lemma 9. This shows that P(G) is analytic and in M. Let
g be the function satisfying g’ = P(G). Then g € Q.

For f € @y, we have f' € H(D) n MX. The Bergman
projection P is self-adjoint. Hence,

L(f)=L(f')=(f.G) = (fP(©@)

L (65)
= <f g > =(f.9c
We obtain
L(f)= jD fl@d @ (1-12°)dA(), feCy.
(66)
We complete the proof of the predual Theorem 10. O
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