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We study the H'-boundedness of the generalized commutators of Hardy operator with a homogeneous kernel as follows:
Tt asf () = (YIx") [ (O = )l = YR, (45, 7) f(3)ddy, where R,,(4; %, y) = A(X) = 3 gy (1/a)D ) (x = )°
withm € Z',0 < B <nand Q € Lipl(S’H). We prove that, when m > 1, %’g)A)ﬁ is not bounded from H' to L/ unless
4 = 0. Finally, we prove that 77, , ; is bounded from H o LY P with m > 1.

1. Introduction

Let f € LP(R™) with 1 < p < oo; the classical Hardy operator
is defined by

HF (x) = i L F@dt, x40, W

A famous result proved by Hardy [1] can be stated as follows;

p
“Hf"LP([R*) < p- 1||f”LP(R*)‘ (2)

Hardy [1] also pointed out the fact that the constant p/(p —1)
in (2) is the best possible. Later, Hardy operator was studied
by many mathematicians; please see [2, 3] for more details.

In 1995, Christ and Grafakos [4] studied the following -
dimensional Hardy operator;

1
Vylx["

Hf (x) = jllllf(y)dy, xRN0}, (3)
yl<|x

where v, is the volume of the unit ball in R”, and they proved
the following inequality:

17 £l <

p
(e

P 1< p<oo. (4)

Furthermore, Christ and Grafakos [4] also showed that the
constant p/(p — 1) in (3) is the best possible.

In 2007, Fu et al. [5] considered the following commutator
of fractional Hardy operator:

Fof () =b(X)Hsf () - Hs(f0)(x),  (5)

where 7 5 f (x) is defined by
Hsf (x) = ;J f(y)dy (6)
" Jiyi<ia

with —n < B < n. When f8 = 0, we simply denote %% by %,
and 7 is just the n-dimensional Hardy operator proposed by
Christ and Grafakos in [4] (without considering the constant
V,)-

In 2011, Fu et al. [6] studied the following n-dimensional
fractional Hardy operator with a homogeneous kernel:

Hopf=—= |  0G-nFOdn @)
[yl<ix|

|x|" P

where Q € L'(S"™"). Fu et al. [6] proved that %g,ﬁ isbounded
on Herz type space and A-central Morrey space. Here 7 ?))ﬁ



is just the commutator of fractional Hardy operator with a
homogeneous kernel.

Recently, Zhao et al. [7] gave a counterexample to show
that %, is not bounded from H' to L', and they proved that
, is bounded from H' to weak L' space where H' denotes
the Hardy space.

On the other hand, in 1982, Cohen [8] studied the
following generalized commutator:

Q(x -
rfe [ 2E)

|n+1

x(A(x)-A(y)-VA(y) (x-y)) f(») a(ly;
8

where Q € L'(S"') is homogeneous of degree zero and
satisfies the moment condition

J Q(x)xdo(x) =0 (9)
Snfl

for || = 1. Cohen [8] proved that, if Q € Lipl(S"_l) and
VA € BMO, then T} is bounded on L?(R") with 1 < p < c0.

Later, Cohen and Gosselin [9] considered another type of
generalized commutator T°'( f) as follows:

QO —
= | %Rm (4x.7) f(y)dy. ()

where R,,(A;x,y) (m € Z") is defined by R,,(A;x,y) =
A(x) - Zlalm(l/(x!)D"‘A(y)(x - y)%, the mth remainder of
Taylor series of the function A at x about y, and Q satisfies
the following moment conditions:

J- Q(x)xdo(x) =0 (1)
Sﬂ—l

for || = m — 1. Obviously, if we choose m = 1, T} becomes
[A, T], the commutator of T generalized by A and T.

Cohen and Gosselin [9] proved that T’} is bounded on
LP(R™) for 1 < p < 00 if Q € Lip,(S*™") and the function
A has derivatives of order m — 1 in BMO(R"). Later, T’ was
studied by many mathematicians; for example, see [10, 11] or
[12] for more details. Particularly in [11], Lu and Wu studied
the endpoint estimates of T’y on H' space.

It should be pointed out that the generalized commutators
of some operators play an important role in the study of
partial differential equation. Recently, by using the WP
estimate for the elliptic equation of divergence form with
partially BMO coefficients and the L? boundedness of the
Cohen-Gosselin type generalized commutators proved by
Yan in [12], Wang and Zhang [13] gave a new proof of Wu’s
theorem in [14]. Here we would like to point out that the
method used in [13] is much simpler than that in [14].

In this paper, we will consider the following generalized
commutator of fractional Hardy operator with a homoge-
neous kernel:

%g,A,ﬁf (x)

1 Q(x-y) (12)
=— J i (V) Ry (A%, y) dy,
"7 Jiyi<ixt |x - y|
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where R, (A; x, y) = A(x)—Zlalm(1/04!)D“A(y)(x—y)“, 0<
B < n,and Q € Lip,(S"™).

As the Hardy operator is controlled by the Hardy-
Littlewood maximal function, we have

Hoap < CMoapf (%), (13)
where M, 4 5 f(x) is defined by

Mo apf (x)

Q —
= sup%ﬁ J |(x—ﬁ Ry (A5 x,y) f ()] dy.
>0 TP Jx—yi<r |x -y

(14)

By a simple computation or from [15, pp. 221-222], we
have

MQ,A,ﬁf (x)

o L |2 (x - y)]
= sup n—p m—1
>0 T |x—yl<r |x — y|

R, (A5 x,y) f (¥)|dy

1 Q(x-y)
<C supn—_ﬁj %lRm(A; %) f(y)ldy,
r>0 1 (r/2)<|x—yl<r |x - yl
(15)
and thus
%S,A,ﬁf (x)
1 Q(x-y)
< Csup—— J |—m_1| IRy (A5, ) f (¥)| dy
r>0 1" Jix—yi<r |x - y|
1 Q(x-y)
< Csup—— J % Ry (A5, ) f (¥)| dy
r>0 1 (r/2)<|x-yl<r |x - y|

< Csupr "FrmD J |Q(x - y)]
(r/2)<|x—yl|<r

>0

xR, (45 x,y) f (y)|dy.

(16)
So we have
F o apf (%) < CM4f (), (17)
where
Mé)ﬁf (x) = supr P

>0

| (x = y)R,.(Asx, y) f (¥)| dy.
(18)

d
(r/2)<|x—yl<r

From [15, p. 222], we have the following lemma.

Lemma 1 (see [15]). Let0 < B < nand Q € Lipl(S”_l). If
1< p, g<ocowithl/p—1/q= B/n, and A has derivatives of
order m — 1 in BMO(R"), then

Fios sl <€ 3 1P Aol il g9

o|=m—1

where the constant C is independent of f and A.
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By checking [15, p. 222] carefully, we deduce that (19) still
holds if we take 5 = 0. So we have the following proposition.

Proposition 2. Let 0 < < n, 1/p—1/q = B/nwith1 <
P, g < 00. IfQ € Lip,(S*™") and A has derivatives of order
m — 1 in BMO(R"), then

“7/ AﬁfHLq <C Z 1D All gl £l (20)

|a|=m—1

where the constant C is independent of f and A.

Definition 3 (see [16]). One saysa function a(x)isan H L atom
if a satisfies the following conditions:

(i) supp (a) € B(xq,7),
(ii) llall = < |B (x00)| (21)
(iii) J a(x)dx =0.

It is well known that, if a function f belongs to H', then it
can be written as f = Y, 1;a; where each a; is an H' atom.
Moreover, one has

s - mf{ 5 m}, @

i=—00

where the infimum is taken over all decompositions of f.

Definition 4 (see [17]). A function f is said to belong
to BMO(R") if the following sharp maximal function is
bounded:

fH(x) =su plBJ |f (») = fa|dy < oo, (23)

where the supreme is taken over all balls B ¢ R" and f; =

(1/1BI) [ f(x)dx and || fllgyo = ¥l -

Proposition 5 (see [17]). Let 1 < p < co and f € BMO(R");
then one has

) I fllgaio ~ sups((1/1BI) [, 1 G0 — folPd)"’”;
() If o ~ supginfer(1/IBI) [, 1£(x) - aldx.

Obviously, when m = 1, #{) ap can be written as

T s f () 1= T g 5 () = AT 0,5 f ()~ 0 o FA) ),
just the commutator of fractional Hardy operator with a
homogeneous kernel.

For the case m = 2, f = 0, and Q = 1, Lu and Zhao
(18] proved that ?2 A 1s bounded on Herz type spaces and
Morrey-Herz type spaces.

In this paper, we would like to show that 77} ap is not
bounded from H' to L'/ P for all m € Z*. Furthermore,
we will prove that Z7, , 5 is bounded from H Lo [P0
where L")} denotes the weak L/ space. Some ideas
of this paper come from Zhao et al. [7].

In this chapter, we would like to show that, if A €
BMO(R"), Z oap (0 < B < n)is not bounded from H' to
[0-B)

To show this, let A(x) = x(4,00)(x) € BMO, Q = 1, and
Fo(x) = X0.4)(%) = X(ca,0)(x); then for x > 8 and n = 1, we
have

4

[Zansfo @] = |5 J(I—O)xldy’ @

and then
1/(1-p)

(o)
- 4
/( ﬁ)dxzj
8 X

which indicates that #' 4 g is not bounded from H ' to
0-B)

dx =00, (25)

| |Zonsto ol

2. Endpoint Estimates for 7, , ; from
H' to LV

In Section 1, we know that, when m = 1, & ;) AB is not

bounded from H' to L P In this section, we will prove
that, when m > 2, 7, , 4 is also not bounded from H "to

L™ P) unless 7 o.ap = 0. We have the following conclu-
sions.

Theorem 6. Let m > 2, 0 < B < n, and Q € Lip,(S"™").
Assume that A has derivatives of order m — 1 in BMO(R");
then the following two statements are equivalent;

i) %S,A,ﬂ maps H' (R") continuously into Mep),

(ii) for any H" atom supported on certain ball B and u €
3B\ 2B, there is

n/(n—p)
1 oc
| “Ke ) = [ DA()aly)dy
(4B)* |ot|=m— 1“ | |
xdx <C,
(26)
where K, (x, u) = Q(x—u)(x—u)"/|x - ul™ ! with |a| = m-1.

In order to prove Theorem 6, we need the following
lemma.

Lemma 7 (see [9]). Let b be a function on R" with mth order
derivatives in L1 _(R") for some q > n; then

|Rm (b’ x,)’)l < Cm,n|"C - y|m
1/q
X D (z)|%dz | ,
Z <|Q (x,y ' JQ(X»}')l | )

la|l=m
(27)

where Q(x, y) is the cube centered at x and having diameter

5+v/nlx - yl.



Proof of Theorem 6. Suppose that a(x) is an H' atom sup-
ported on B(x,,r) and satisfies (21). Now we take a(x) =
a(x + x,); then @ is also an H ! atom and satisfies

(i') supp (@) ¢ B(0,r),

(ii") @l < 1B(0.7)| 7, (28)

(iii') J _a(x)dx =0.

Thus by the main results in [19] and the atomic decomposi-
tion of the space H I(IR"), it suffices to show that, for any H !
atom @, we have II%S‘A’{;&“IILH/W@ <C.

Let B = B(0,r) and A(x) = A(X) = Y jaem(l/

al)mp(D*A)x%; then R,,,(A; x, y) = R,,(A; x, ). For each H!
atom 4, we split each 77, , () as

%’"&A’ﬁﬁ(x)
= Yup (%) %g‘)A’ﬁﬁ(x) + Xupy (X) %S’Aﬁﬁ (x) (29)
= Uy () + uy (x).

For p, (x), taking n/(n — ) < g < co and p so that 1/p —
1/q = B/n, it follows from Proposition 2 that

e = 1P ],

<C Y |D*AlgyolBI Pl

|a|=m—1

<C Y D" Algyo-

|a|=m—1

(30)

For u,(x), as x € (4B)" and |y| < |x|, we can deduce

vyl <lIxtn{y:y e B0} ={y:y e BOnk
thus we have

(x) = _1
W X4B) lxln,ﬁ

( ) (31)

Q(x - _ N

xj —rrlem(A;x,y)a(y)dy.
B(0,r) |x - y|

Next we denote B(0,r) = B and B(0,kr) = kB; then by
the vanishing condition of @, we decompose y, as follows:

Uy (x)
1 Q(x-y) —
= c (x) J < — Rm_ A; X,
XuB) P -] TRm-1 ( )’)
Q(x—u) —~
et (B) )
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~ 1
xa(y)dy - Xwpy (x) B
|x|

x Y %L [Ky (%, y) = K, (x,u)] D*"A(y) a(y)dy
la|=m-1""

1
— c (x) -
X(4B) |x|"_ﬁ

1 o ~
SRR LR

=ty (06, 1) = pyy (X, 1) — pps (x,10),
(32)

where u € 3B\ 2B.
For py,(x,u), asu € 3B\ 2B, y € B, and x € (4B) , we
have

|x—y|~|x—u|~|x|. (33)

Thus we have

Q(x - _ Q(x - B
# m—1 (A, X, ) - #le (A, x,u)
Q(x - _ QO lx— B
|x (_xyr”)i)l Ry (A; X ) - %le (A; X, y)‘
Q-2 p (& QG-w -
lx—u/™t ™ 1( > )_ #Rm—l (A;x,y)l
0 — ~
. (xu|,:f)1 Ry (&%, y) = Ry (& x, )|
=1+ II+1III.
(34)
For the term I, by Lemma 7, we have
Q - —_—
I< C% 1y =] [Ryy (A, )|
l)’ ~ u| m—-1 o
<C —|x — k DA (35)
|x =y [ =l |a|;n-1” Isno

<ok Y DAl

|a|=m—1

For the term II, by the similar estimates of I, we obtain

—k
m<Ck2™ Y [D*Algyo- (36)
|la|=m—1
For the term III, by the following formula (see [20]):
R, (A;x,y) - R, (A;x,2)
1 (37)

= ﬁ,RmfIrxl (D%A;z,9) (x — 2)%,
la|<m 7*
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and then together with Lemma 7, we have

m—2 .
fr=c Z ”DaA”BMO Z lx - )’l_(m_l)Hb’ - |m_1_1

|a|=m—1 i=0

<C Y ID*Allpyo k27
|a|=m—-1

(38)

Thus for u,,(x,u), by the size condition of a, we get the
following estimates:

“#21 (> u)

<C Y [IP"Also

la|=m—1

S 1
x Y K27k J- (
IZZ [ 2k+1B\2kB |x|”_ﬁ
n/(n—p)
X L |5(y)|dy> dx]

(o]
<C Y IPAlo 2 k2 <C ¥ D" Allpyor
k=2

|a|=m—1 lae|=m—1

11/ (n=P)

(n=P)/n

(39)

For p,,(x, u), since Q € Lip, (8™1), we have the following
estimates of |[K, (x — y) — K (x — u)|:

|K“(x—y)—K,X(x—u)|

_[2G-0 G-y Q-y)e-w
|x _ ylm—l lx _ y|m—1

. Q(x-y)(x—w O -u)(x-w)*
|x_y|mfl |x_y|m71
. Q(x—u)(x—-u) _Q(x—u)(x—u)“

(40)

|x _ ylmfl |x _ ulmfl
< CM
[x =]

Thus by the size condition of @ and Lemma 7, we have

"P‘zz (> u)

=C Z Z [Lk+13\2’<3

|a|l=m—1 k=2
ly-ul
“(] a0
( B |x =y [x]"*

)

(n=P)/n

5
<C ) [D*Algyo
|la|=m—1
kB ko 1(=B)/n_ g
X Z|2 B| 1B |B| |2 B| 2
k=2
<C Y [D*Algyo-
|a|=m—1
(41)

m o~ . .
Now we can deduce that |77, A,ﬁaIILn/mfﬂ) < Cis equiva-

lent to [|gty3 (> ) [l - < C. By the vanishing condition of @,
we can easily get

n/(n—p)
1 1 o -
| K —— | D*AG)a(y)dy
(4B)° |o<|=m—1(X' | x| B
xdx < C.
(42)

Consequently, we have finished the proof of Theorem 6.
O

Next we would like to show that 7 g AB is not bounded

from H' to L") unless # 0,48 = 0. We have the following
theorem.

Theorem 8. Letm > 2, 0 < 3 < n, and Q € Lip,(S"™),
and assume that A has derivatives of order m—1 in BMO(R").
Then the following two statements are equivalent:

(i) 5, a5 maps H' continuously into L"/ " P,

(ii) A is a polynomial of degree no more thanm—1 or Q =

Remark 9. From Theorem 8, we can draw the conclusion that,
when m > 2, #7¢ , g is not bounded from H Lo LM0P)

unless ¢, o g = 0.

Proof of Theorem 8. 1t is clear that (ii) = (i) is obvious. We
only need to prove (i) = (ii).

Let @ be an H' atom supported on the ball B = B(0,r),
and denote C, = (1/a!) IB D*A(y)a(y)dy with |a| = m — 1.
By Theorem 6, for any u € 3B\ 2Band N > 8 with N € VAN
we have

| 0 ) o [ B)
CEJ c, 2w -w dx
@by ||x|" P e [x — ul
B o n/(n—p)
>0, J 1 - X Q(x—u) (:j_lu) dx
@“B)* | |x — u| | =1 |x — u]




6
o PP
X
>C, Lr%m P lal;ﬂ_lCaQ(x) W dx
n/(n=p)
=C, log<%>L’H D C“Q(x')(xr)fx do (x")
|a|=m—1

(43)

Let N — +00, we know log(N/8) — +00. Thus we have

an— 1

From (44) we can deduce

Y o) () =o. (45)

|a|l=m-1

n/(n=p)
Z C,Q (x') (x')‘X do (x') =0. (44

|la|=m—1

If QO = 0, (45) is obviously true. Otherwise, we can easily
obtain

Co=— L DA (y)a(y)dy = 0. (46)

T al

Since & is arbitrary, D*A must be a constant for each « with

|| = m — 1. So we can deduce that A is a polynomial with
degree no more than m — 1.

Consequently, we have finished the proof of Theorem 8.

O

3. Boundedness of 7] , 5 from H' to L"/("F:

In Section 2, we prove that, when m > 2, Z) Ap is not
bounded from H' to L") unless 77, ap = 0. In this
section, we will prove that #7¢) ap is bounded from H ' to
L% with m > 1. Here L " is defined by

If

Lopeo = sup Alfx € R" ¢ | f (x)| > )L|(n_ﬁ)/n < 00. (47)
A>0

Our results can be stated as follows.

Theorem 10. Suppose that m > 2, 0 < B < n, and Q €
Lip,(S™™"). If A has derivatives of order m — 1 in BMO(R"),
then there exists a constant C independent of f and A, such
that

e m: |70, 5f o > A"

it Wl 9
<C Y P Aloty

|la|=m—1

forany A > 0.

For the case m = 1, we have the following.
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Theorem 11. Let 0 < 8 < n, A € BMO(R"), and Q €

Lip,(S™™"); then there exists a constant C independent of f and
A, such that

lfx erm s |t o f 0] > A"
1 (49)
<C Y D Al

|a|=m—1
for any A > 0.

Before the proof of Theorems 10 and 11, we need the
following lemma.

Lemmal2. Let ?7% be defined by

1
|x|"F

Q(x-y)

H5h (x) = h - ) ——dy
h(x) J,. 10V ) e 6

where0 < f<mn, Q¢ Lipl(S"_l), and |a| = m — 1; then 7/"/"3
is bounded from L' to L™ """P»*°,
Proof. For any A > 0, we have

A e o

Fh ()| > A}

{xER":

=2

lxl%,ﬁ jw h(y) (x- )

(n=p)/n
Q(x -
X 7()6 ) d

)

1 1
— J |h(P)| =y
x| s Iyl<Ix| |x—y|m el

> /\j»

(n=PB)/n

Afer

xeR":
{ |x|"#

e [
n, L
x e R":|x| < BUCR

WPy P

([

B\ P
1

4

(n=p)/n

<A

JM(M | (y)|dy

<A

(n=B)/n
" drdo (x’) )

(51)
O

Proposition 13. By the proof of Lemma 12 with minor changes,
one can draw the conclusion that # q, 4 is bounded from L'to

LR ith O € Lip, (S"™7).
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Proof of Theorem 10. Before giving the proof of Theorem 10,
we introduce some notations that are very useful in this

section.
For multi-indices & = (e},...,,), B = (B1>--., ), we
denote « — = (a; — By .., — B3,). Furthermore, 8 < «

means that for each i, we have 5; < «;. Finally, we denote
ﬁ.
Cfx; = H;;Coc;'
From [19] and by the atomic decomposition of H Uit
suffices to show

ﬁ)/n C
X Z "DaA"BMO

|la|=m—1

Hx eR": |%S,A,ﬁﬁ(x)| > A}

(52)

for any H' atom &, where @ is defined in Section 2. First we
have the following decomposition:

lfx erm: 7, s > A"

<|{xeB.20): 2, @) > A"

+l{x e RN\ B(0.20): 7 g (o) > A}
=L, +L,.
(53)

For the term L, choosing B(0,7) = B and B(0,kr) = kB
with k € Z*, then by Proposition 2, Hélder inequality, and
the size condition of @, we have

Afx e BO.2r): 7, pa (0 > A}

(n=p)/n
[P
sC(j |75 4 58 ()] )
B(0,2r)

1/q
< C|zB|<"‘f”/”‘”‘1<J . |77 4 53 ()" dx> (54)

< CRB|" PPN DAy lals

|a|=m—1

<C ) ID*Alpyo00

|a|=m—1

where 1/p—1/q=f/nand p > 1.
For the term L,, as x € R" \ B(0, 2r), we have

eyl <lxfniy:|yl <rf={y: |yl <r}. (55)

Then for a fixed B = B(0,r), we set Ag(x) = A(x) —
Dla=m-1(1/a)(D¥A)px®. 1t is easy to check R,,(A;x,y) =
R,,(Ag;x, y).

Thus by the vanishing condition of @ and the fact
supp(a) < B(0, 1), we can decompose %g,A)ﬁﬁ(x) as follows:

I a, 5 (x)

_ ! o) 2=
_|x|“‘ﬁj"{R(B’ y)l -y

1 o o
Z ED Ap(x)x :|

la|l=m—1""

Rmfl (AB; X 0) -

Q(x)

X } a(y)dy

1 J
|x|"_ﬁ RN

1
R, (Apx0)— ) —D"Ap(x) x"‘]

la|l=m—-1""

Qx) Q(x-y)
R

] (y)dy+|x|1 a;

.|

Y DA () (- )"

lae|<m—1"""

- ) DAz(0)x"

|a|<m—1

(x y)a 1
]M—yl O) ey

o]

1 (¢4 (04
Z ED Ag(y)x

la|=m—-1""
| Q. a Q(X B y) ~
— Z —'D AB(x)x ]Wa(y)dy
|la|=m—-1"" -
! D A
" | ¥ S0

|a|=m—1
a-y (x - )/) ~
x Y Chxl(—y) ' —"—La(y)dy
y<a |x - J’l

=L+ L+1;+1,.

(56)
Here we can simply denote each I; by
1 ~

L= [ K senamd e

For K, by the fact that Q) € Lipl(S'H) and |x — y| ~ |x],
we have

Qx)  Qlx-y)| o o
|x|m—1 lx—ylm_l |X|m_1 |x|m—1
Q(x-y) o
|X|m_1 |X _ y|m—1




_ IQ (e 1) (el /| = y1) @ ((x = y) /]x = ¥)

|x|m—1 lem—l

Qx-y)

|x|m—1

=) bl
P I

(58)

As |x| > rfor x € R"\ 2B, Lemma 7 in this paper and
Lemma 2.2 in (8] tell us that

|K1 (AB;x’y)l
SC|x|m_1[ > (éj |D*A (2) - D"‘A)B|qdz>q
|lae|=m—1 |Q|
+ Y |DA(x) - (D*A),] |L,|n
|la|=m—1 Xl
|yl o B
<cp |a|;n_1"D Al (€1 +log ™ )
+ Y |D°‘A(x)—(D“A)B|>,
|la|=m—1
(59)

where C, is a constant only depending on 7, and Q is a cube
centered at x and having diameter 5+/n|x].
Thus we obtain

Afx € R"\ B(0,2r) : |1,| > A}| " P
1o dx>("_ﬁ "

IA

< R™\B(0,2r)

<C J (x| B/ (1=
R™\B(0,2r)
|x]

x (JR % (|“|;1||D“A||BMO (¢ +105)

+ ) (D“A(x)—(D"‘A)B)>
|a|=m—1
n/(n-p) (n=P)/n
x&(y)dy) dx>
+00
<C J |x|*"|B|1/(”*/3)|x|"/(13*”)
=1 2k+1B\2kB

(n=P)/n
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+00
<C |B|1/(n—ﬁ) >*B 1/(B-m)-1 J
(S s

2k+lB\2kB

x( Y D" Ao (1 +10g )

la|=m—1

(n=p)/n

n/(n—p)
+ Y (D"‘A(x)—(D“A)B)) dx>

|la|=m—1

'2k+1 r' n/(n-p)
sC( Y D Afpe? Z(c +log >
|a|=m—1 k=1

(n=PB)/n
XIBIU(W/;)|2k+1B'(1/(/3—n))—1 |2k“B| )

+00
+ |B|1/(n—ﬁ) sz (1/(n-p))-1 J
(Smtof |

n—B)/n
x Y (D"A(x) - (D“A)B)"““‘ﬁ)dx)

|a|=m—1

Z ||D A”;é\(/[noﬁ z(k_kcl)n/(nfﬁ) |B|1/(n—ﬁ)

&)
< C( o -f)
|la|=m—1 k=1

(n=p)/n
X|2k+lB'(1/(/3’”))’1 |2k+lB| )

<C Y D" Algyor

|a|=m—1

k+lB\2kB

(60)

Next we will give the estimates of I,. First by a cumber-
some but straightforward computation, we have

K Apx )l = 5 3 Rops (D% 0,3)] 16747
k=0 lal=k o
Also noting the fact that
|Ri1 (DAgs 0, )]
<cly"™
y ( 1|J ID"A (z) - (D°A),|"dz >/q (62)
la|=m—1 Qo

<crmit Z “DaA“BMO’

|la|=m—1

where ¢ > n, and Q, is a cube centered at 0 and having
diameter 5+/n|y|.
Thus we obtain

m—2
|K, (Ap,x,y)| <C Z 1D Allsnio Zrm—k—1|x|-m+k+1_

|a|=m—1 k=0
(63)
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So we have the following estimates of I,:

1 m—2

J Zrm—k—l|x|—m+k+1 |Ei(y)|dy

|x"F Jrr &

I, <C

m—2
-C Z rm—k—l |x|—m+k+1—n+ﬁ JB |&~(y)| dy (64)
k=0

m=2 ) .
< Czrm— —1|x|—m+ +1—n+/3.
k=0

Now we get

Mfx € R\ B(0,2r) : || > A} P/"

< 3 Ao [ e Pa)
BMON Jrm B(0,2r)

|la|=m—1

<C Y [ID"Also

|la|=m—1

m—2
x (Y romkem)

k=0
(n=p)/n
|x|(n(1+k—m)/(n—ﬁ))—ndx >

2l

<C Y DAl

|la|=m—1

m—2
x| Y [Bm-kvrep)

k=0

+1B\2iB

" §|2j+1B'((1+k—m)/(nfﬁ))71 '2j+13|>(n Bin
j=1

<C Y [D"Also

|a|=m—1

—2
% <mz |B|((m*k*1)/(n*l;))Jr((1+k*m)/(n*l§))*1+1
k=0

o (n=p)/n
™ Z2jn(((l+k—m)/(n—ﬁ))—1+l)
j=1

<C Y D% Algyo-

|la|=m—1

(65)

For I, by the vanishing condition of a(y), we can split I
as follows:

1 1
I, = J —D"A x"
3 |x|n_l; Rr [ Z 1 B (}/)

la|=m-1""

- Z i'DaAB (x) x“]

|“|=m7106.
X —|x (—xy| Y) ~(J’)

5 Y | DAk - (%),

|.X| la|l=m—1 o

IN

x(x - y)“%_my_)ﬁ (v)dy
|x—y]|

1
+ n—f Z

| x| lo|=m—1"""

8|~
z
S
B
B
o]
—~
<

|2(_x Iy) a(y)dy
1 L[ o «
P L al wa [D*A (x) - (D¥A),]
% a(y)dy

=I5 + I, + L.
(66)

For the term I;;, by Lemma 12 and the size condition of @, we
obtain

Al{x € R"\ B(0,2r) : |I;;| > A}|

< DA - (D%A).)a| .,
< |a|§n—1"( ( )B) a“L (67)

DI o e

|la|=m—1

For the term I,, by the vanishing condition of @ and the fact
Q¢ Lipl(S"_l), we have

> ] () - (0,

|a|=m—1

32
|x| |x"P

x Y Cl(x-y)'y*”
|y|<oc

L 2x-y)

Jx— y"

a(y)dy
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1 1

sC— ¥ o] P as0)- (0ray

|x| |cx| m—1

Z rm—1—|y||x_y|1—m+|y|
|y|<m—l
x|a(y)| dy

<C Z |B|(m 1-lyD/n

|y|<m llxl

<[ Y Ay ()- (0ra)

la|=m—1
x|x =y M@ ()] dy.
(68)

Thus we get

Afx € R"\ B(0,2r) : |I,| > A} P

(n=p)/n
< <J |132|n/(n7/3)dx>
R™B(0,2r)

<C Z | |1/ ﬁ))zj
|y|<m 1

ok+1 B\ZkB

x (Hl,; [, ¥ 104y () - (0a

lal=m-1

=)  \ PP/
% |x _ yll—m+|)’| Ia(y)| d)’) dx)

< Z || 1D - ﬁ)Z|2 |<1 mtlyl+f-n)/(n=f) |2"B|

|y|<m 1

n/(n-p)\ (=P)in
X(I 2 |D“A3(y)—(D"‘A)B||f'i(y)|dy> )

B|(x|:m71

<C Z "DaA"BMO< z |B|(m*1*|Y|)/(n*ﬁ)lBrlfm+|y|+ﬁ*n)/(n*ﬁ)

laj=m—1 [y|<m-1

n—pB)/n
0

x|B| 1-1+1 Zkzkn((17m+\yl+l3*n)/(nfl3)) >
k=1

<C Y D% Ao

|let|=m—1
(69)

For the term I5;, by the vanishing condition of @, Q €
Lip,(S"™"), and (58), we have

ISSZL > 1' “[DA (x) - (D*A) ]

I |n7 |a|=m—1
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N

|x ~ y|

Q (x)

B )5(y) dy

< — DA( )—(D%A
|x|nﬁ|u|zml o %)= (D"A)]
Q(x - Q
XJ - my_)l - 29Nzl dy
Rl =y -y
+ — DA( )—(D%A
|x|nﬁ|a|zml o %)= (D7)
Q(x) Q (x)
XJRn x_y|m1 I Iml | )l Y
<C Lﬁ D ||m1|DA(x) (D*A)|
|x| |¢x|m1
XJ b w |a(y)] dy.
B |x -y
(70)

Thus by Lemma 2.2 in [8], we obtain

Afx € R\ B(0,2r) : |Ls| > A}

(n=p)/n
< ([ 0" Pax)
R™\B(0,2r)

<cf |
R"\B(0,2r)

« 1
|x[*F

Z |x|'" '|D¥A (x) - (D*A) ]

|¢x|m1

00
(]; Jk+1\2kB

(n=P)/n
x Y |D%A(x) - (D*A)|" ““‘”dx)

|la|=m—1

|(/3—n—1)(n/(n—/3)) |B| 1/(n—p)

<C Y ID"Also

|a|=m—-1

y ( $ s 1t g

k=1

(n=P)/n
% |B|1/(Tl*ﬁ) >
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<C Y [D"Algyor

|la|=m—1
(71)

Finally, we will give the estimates of I,. By a similar
argument as in the estimates of I,, we can easily get

AM{x € R"\ B(0,2r) : || > )LH(n_ﬁ)/n <C Y [ID"Algyo-
|a|=m—1

(72)

Combining the estimates of I, I,, I, and I, we finish the
proof of Theorem 10. O

Proof of Theorem 11. Theorem 11 was proved in [7] in the case
B =0and Q = 1. Forthecase 0 < S < nmand Q = 1, we
can easily prove Theorem 11 by the proof of Theorem 5.3 in
[7] with minor changes. Then for the case 0 < S <nand Q €
Lip,(S""), by the main idea used in the proof of Theorem 10,
we can prove Theorem 11 easily and we omit the details here.

O
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