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We obtain the multiplicative perturbation theorems for convoluted C-cosine functions (resp., convoluted C-semigroups) and #-
times integrated C-cosine functions (resp., n-times integrated C-semigroups) for n € N. Moreover, we obtain some new results for

perturbations on C-cosine functions (resp., C-semigroups). Some examples are presented.

1. Introduction and Preliminaries

The a-times integrated C-semigroups, «-times integrated C-
cosine functions (& > 0) [1-6], 0-times integrated semigroups
(i.e., C-semigroups), and 0-times integrated C-cosine func-
tions (i.e., C-cosine functions) [5, 7-11] are powerful tools in
studying ill-posed abstract Cauchy problems. The convoluted
C-cosine functions (resp., convoluted C-semigroups) are the
extension of a-times integrated C-cosine functions (resp., «-
times integrated C-semigroups), they can be used to deal
with more complicated ill-posed abstract Cauchy problems
of evolution equations [5, 12-16].

Many researchers studied the perturbations on C-cosine
functions and C-semigroups [17-22]. In [16], Kosti¢ studied
the additive perturbations of convoluted C-cosine functions
and convoluted C-semigroups. However, to the authors’
knowledge, few papers can be found in the literature for
the multiplicative perturbations on the convoluted C-cosine
functions (resp., convoluted C-semigroups).

In this paper, based on the previously mentioned works
we study the multiplicative perturbations on the convoluted
C-cosine functions and convoluted C-semigroups. More-
over, we obtain the corresponding new results for n-times
integrated C-semigroups (resp., n-times integrated C-cosine
functions) (n € N, N, denotes the nonnegative integers).

Throughout this paper, N, Ny, R, and C denote the
positive integers, the nonnegative integers, the real numbers,

the complex plane, respectively. X denotes a nontrivial
complex Banach space, L(X) denotes the space of bounded
linear operators from X into X. In the sequel, we assume
that C € L(X) is an injective operator. C([a, b], X) denotes
the space of all continuous functions from [a, b] to X. For a
closed linear operator A on X, its domain, range, resolvent
set, and the C-resolvent set are denoted by D(A), R(A), p(A),
and p.(A), respectively, where p.(A) is defined by

p.(A):={L € C:R(C) C R(A— A)and A — A is injective} .
€))

K € C([0,00),C) is an exponentially bounded function and
for B € R, K(A)#0 (ReX > B), where K(Q) is the Laplace
transform of K(t). We define 9(t) = [, K(s)ds.

The next definition is the convoluted version of Definition
4.1in Chapter 1 of [5].

Definition 1 (see [5, 13, 15]). Let @ > 0. If {A* : Red >
max(w, B)} ¢ p.(A) and there exists a strongly continuous
operator family {Cg(t)},5,(Cg(t) € L(X),t > 0) such that
[Cx ()] < Me“,t > 0 for some M > 0, and

2 A\ A 1 Ra—r
A(x - a) fox= |, etexwxa, o

Re A > max (w, B), x € X,



then it is said that A is a subgenerator of an exponentially
bounded K-convoluted C-cosine function {C(t)},s,. The
operator A := C'AC is called the generator of {Cg(t)},5o-

Theorem 2 (see [13-15]). Let {Cg(t)};s, be a strongly contin-
uous, exponentially bounded operator family, and let A be a
closed operator. Then the statements (i) and (ii) are equivalent,
where

(i) A is the subgenerator of a K-convoluted C-cosine
Sfunction {Cg(t)},50,
(i) (1) Cg(r)C =CCl(t),t =0,

(2) Cx(t)A c ACk(t),t = 0and

t s
AJ J Cx(0)xdods = Cx(t)x-9(t)Cx, t=0,x¢eX.
0Jo

(3)

Definition 3. Let 0 < w < co.If {A : ReA > max(w, §)} C
p:(A) and there exists a strongly continuous operator family
{Tx(t)}so such that [T (t)| < Me“,t > 0 for some M > 0,
and

1 A)! :A; Ry dt,
(A-A) Cx 0 L e Tk (t) xdt W

Re A > max (w, B), x € X,

then it is said that A is a subgenerator of an exponentially
bounded K-convoluted C-semigroup {Tx(f)},s,- The opera-

tor A := C"' AC is called the generator of {Ty(t)},s.

Theorem 4. Let {T(t)},5, be a strongly continuous, exponen-
tially bounded operator family, and let A be a closed operator.
Then the assertions (i) and (ii) are equivalent, where

(i) A is the subgenerator of a K-convoluted C-semigroup
{Tk (O} =0
(i) Q) Tg)C =CTg(t),t =0,
(2) T()A Cc ATg(t), t > 0and

Ar Te(s)xds=Tr () x-9@#)Cx, t=20,x€X. (5

0

Remark 5 (see [16]). In Theorems 2 and 4, putting K(t) =
tT(r), where T(-) denotes the Gamma function, one
obtains the classes of r-times integrated C-cosine functions
and r-times integrated C-semigroups; a 0-times integrated
C-cosine function (resp., 0-times integrated C-semigroup) is
defined to be a C-cosine function (resp., C-semigroup). More
knowledge for them, we refer the reader to, for example, [1-
3, 5, 7-11, 18] and references there in.

Next, we recall the definitions of r-times integrated C-
semigroup and r-times integrated C-cosine functions (r > 0).

Definition 6 (see [5]). Let 0 < w < oo and let r € [0, 00).
If (w?,00) C p(A) (resp., (w,00) < p.(A)) and there
exists a strongly continuous operator family {C,(t)},, (resp.,
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{T,(t)};50) such that [|[C.()] < Me“, t > 0 (resp., IT, (O <
Me™,t > 0) for some M > 0, and

/\()t2 - A)_ICx =)\ J e_)”tC, ) xdt, A>w, x€X,

0

(resp. (A-A)'Cx

- ,VJ eMT, () xdt, A > w, x € X, >
0
(6)

then it is said that A is a subgenerator of an exponentially
bounded r-times integrated C-cosine function {C,(f)},5,
(resp., r-times integrated C-semigroup {T,(t)},5,) on X.If r =
0, then {C,(t)},5¢ (resp., {T,(t)};so) is called an exponentially
bounded 0-times integrated C-cosine function (resp., 0-times
integrated C-semigroup).

We present the definition of C-cosine functions which
will be used in the proof of Theorem 12.

Definition 7 (see [1, 5]). A strongly continuous family
{C(t)};5o of bounded linear operators on X is called a C-
cosine function on X, if CC(-) = C(-)C, C(0) = C and
C(t + s)C + C(|t — s])C = 2C(t)C(s), for all t,s > 0.

2. Main Results

Suppose that A is a subgenerator of an exponentially bounded
K-convoluted C-cosine function {Cg(t)},5o on X, Sg(t) =

jot Ck(s)ds, for any ¥ € C([0,00),L(X)) with [¥(®)]
O(e*"), we set

LV

a
-\t
= sup {J e
0

x € D(A), |x|] < 1} < 00,

jt 5 (A)¥ (s) C PAC, (£ - 5) xds| dt,
0

7)

for some a € (0, +o0o] and A > max(w, ), where 8(A) is some
function and P = B/K(A), B € L(X) with R(B) ¢ R(C).

We have the following multiplicative perturbation theo-
rem.

Theorem 8. Suppose that A is a subgenerator of an exponen-
tially bounded K-convoluted C-cosine function {Cy(t)},so on
X. Let BC = CB, and D(A) is dense in X,

A1 > max(w,B)} c p(T+3(N)B)A).  (8)

If limy _,  L(A)e™ = 0 forall t > 0, then (I + S(A)B)A
subgenerates an exponentially bounded K-convoluted C-cosine
function on X.
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Proof. For all x € D(A), x| < 1, A is large enough and ¢ is
small enough, we have

Jt 5 (W)W (s) C 1 PAS, (£ — ) xds
0

r j 5 (\) ¥ () CPAC, (s — o) xdods

0 Jo
t s
Se“J et J 5 (A)¥ (0) C'PAC, (s - o) xdo] ds
0 0
SeML(/\) <e<l1l, t=0.
9)

Let 7 : [0,00) — L(X) be any strongly continuous
function with |Z°(t)|| = O(e“"); we define

MV (t) x = Lt S(\) ¥ (s) C'PAS (t — ) xds, w0)

xe€D(A), t=0.
Obviously, (A7 )(t)x is continuous on t > 0, from (9)
and the denseness of D(A), /4 maps C([0,00), L(X)) into
C([0, 00), L(X)).
It follows from (9) that (I — .#)"" is bounded. For each
t>0,set
CoWx:=(I—-M)"[C()x] (), xeX. (1)

Then, EK(t)C = CEK(t), and there exists a constant M such
that |C(t)]| < Me®",

t

Cx () x =Cr () x+ 8 (A) L Cy (s) C'PAS (t — s) xds.
(12)

For sufficiently large A, we set
L) x= LOO M () xdt, xeX. (13
Taking Laplace transform of (12), we have
FMNx=ARM) (A -4) Cx

FSMZMNCBAN - A) Cx, xeX.
(14)

Therefore for x € D(A),
WA -T+8(M)B)A)x=AKMN)Cx.  (15)

Noting (8), for x € X, we have

OV -T+8W)BA) (- (I+5(N)B)A) x
(16)
AR M) (A = (I +8 (W) B)A) Cx,

3
that is
1 (® = 1
- d = - )&
0 L e " Cy (t) xdt K(/\)g( ) x
— MR- (T+3(M)B)A) Cx.
(17)

Then from Definition 1, (I + 8(A)B)A subgenerates an
exponentially bounded K-convoluted C-cosine function

{Ckz0- O

Theorem 9. Suppose A is a subgenerator of an exponentially
bounded K-convoluted C-cosine function {Cg(t)}sq on X,
Sk(t) = [, Cx(s)ds. Let B € L(X) with BC = CB and
let R(B) ¢ R(C), and D(A) is dense in X. If for any © ¢
C([0, 00), L(X)),

t
J ® (s) C""BASk (t — s) xds
0

s 18
SMLe 9 1@ () ds - x|, 18)

xe€D(A), t=0,

where M is a constant, then for some (and all) A, ReA >

max(w, B), (I + K(A)B)A subgenerates an exponentially
bounded K-convoluted C-cosine function on X.

Proof. Define the operator functions {C,(t)},-, as follows:

Co(t)x =Cy (t) x,
C,(t)x= J: C,; (s)C'BAS, (t — s) xds,  (19)

xeD(A), t=0,n=12,....

By induction, we obtain

(i) for any x € X, C,(t)x € C([0, 00), X),

(ii) IC, ()] < (MM t"/n))e“ x|, t > 0, x € X, for all
n>0.

Define the operator function

h(ty=YC,(t), t=0. (20)

n=0

Noting that the series Z;“;O(Mﬁnt”/n!)e“’t is uniformly
converge on every compact interval in ¢, we can see that the
series (20) is uniformly converge on every compact interval
in t, so does the operator h(t). It is obvious that ||A(t)| <
Me“tM* and t — h(t)x is continuous on [0, 00) for any
x € X. Moreover,

h(t)x = Cg(t)x + Lth (s) C'BAS (t — s) xds, o

xeX, t=0.



For Re A sufficiently large, we set
o0
FWx=| Mhoxd xex. @)
0

Next, we show that the following equalities hold:

ZW[N-(I+KMN)B)A]x=AK(M)Cx, xeD(A),

(23)
[A*-(I+KM)B)A]Z(V)x=AK(1)Cx, xe€X.
(24)
By induction, it is not difficult to see that
j e_MEn (t) xdt
0
- (25)

= AR W) (22 - A) [RyBA(R - 4) | ex,

x€X, n>0.

Let
Qt)x = JtC_lBASK (t-s)xds, xeD(A). (26)
0

By hypothesis, Q(t) can be extended to X and satisfies

Q< X (e -1), 20 (27)
w
Set
QM) x = JOO eMQ(t) xdt, x€X. (28)
0
Then from (25) and (27), [AQW)| = [C'K(A)BA\? -

A)7'C| < 1 for |\l sufficiently large. Therefore, the series

Y [RyBa(x? - a)"]'c
n=0 (29)
= Yc[c 'R Ba(x - ) e’
n=0

converges.
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For x € D(A) and Re A > max(w, ), from (25), we have

W[V -(1+KM)B)A]x

I R TR P 2 =
_L e MY T, (1) [A2 - (I+ R () B) A] xdt

=
-k iA()ﬂ - A) 'Ry BA(2 - A)’l]"
=
xC[A - (I+K (M) B)A]x
— AR (M) Cx = MR )’ (2* - 4) ' cBAx
P YARM (- a) [RoyBa(-a) |
=

c(A-A
xC(A*-4)x 0
- YARW (2 - a) [RyBA(Z - 4) ]

n=1

x CK (1) BAx

CAR () Cx+ Y AR () (2 - 4)”

n=2

x [RQ)BAGR - 4) ' ]'c (- 4)x
_ iu? M2 -a)’ [1‘< (1) BA(A? - A)'l]"
n=1

x CK (1) BAx
= AK (1) Cx.

Similarly, we can prove (24). Now, from Definition 1, we
conclude that (I + K(\)B)A subgenerates an exponentially
bounded K-convoluted C-cosine function on X. O

By the proof of Theorems 8 and 9, we immediately obtain
the following results for K-convoluted C-semigroups.

Theorem 10. Suppose that A is a subgenerator of an expo-
nentially bounded K-convoluted C-semigroup {T i (t)},5, on X.
D(A) is dense in X. Let B € L(X) with BC = CB and let
R(B) c R(C).

(i) One sets

L(A) := sup “O e 6 (V) CTPAT (5) x| ds,
(31)

x € D(A),|x| < 1} < 00,

forsomea € (0,+00] and A > max(w, ), where §(A) is
a function and P = B/K(A). If {A : A > max(w, B)} C
p((I + 8(A)B)A), then (I + 6(A)B)A subgenerates an
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exponentially bounded K-convoluted C-semigroup on
X provided that lim, _, . _L(\)e = 0 for all t > 0.

(i) If for any @ € C([0, 00), L(X)),

t
j @ (s)C'BAT (t - s) xds
0

1 s 32
SMLe“W@@m%WML (32)

xe€D(A),t>0,

where M is a constant, then for some (and all) A, Re A >
max(w, §), (I +K(1)B)A subgenerates an exponentially
bounded K-convoluted C-semigroup on X.

Proof. (i) Forany ¥ e C([ 0,00), L(X)) with ¥ (#)]| = O(e“h),
sufficiently large A and sufficiently small €, we have

jt 8 (X)W (s) C'PAT (t — s) xds
0

t
< M*e()Hw)tJ e—/\s
0

S C'PAT () x|ds (33

<M eMNL N <e<1, t>0, xeD(A),

lxll < 1,

where M™ is a constant. The rest part of the proof is exactly
the same as the corresponding part of the proof of Theorem 8.
The proof of (ii) is similar to the one of Theorem 9. [

In Theorems 8-10, take K(¢) = t"!/T(n), we have the
following result for n-times integrated C-cosine function
(resp., n-times integrated C-semigroup).

Theorem 11. Suppose A is a subgenerator of an exponentially
bounded n-times integrated C-cosine function {C,,(t)},s, (resp.,
n-times integrated C-semigroup {T ,(t)},so) on X. Let B € L(X)
with BC = CB and let R(B) C R(C), and D(A™") is dense in
X.

(i) One sets

L(A) := sup “0 eM Lt S(M)¥(s)C'BA

dt, (34)

X (j—tnCn (t—s)x) ds

xeD(A™),Ix] < 1} < oo,
for any ¥ € C([0, 00), L(X)) with [¥Y(t)|| = O(e"h),

(resp. L(A)

a
—As
= sup {J e
0

x e D(A™), x| < 1} < oo)

n

S(A)C'BA (d—Tn (s) x)

ds, (35
ds" s (39

for some a € (0,+00] and A > w, where §(A) is a
function. If(wz, 00) € p((I+8(A)B)A) (resp., (w, 00) C
p((I + 8(A)B)A)), then (I + 6(A)B)A subgenerates
an exponentially bounded n-times integrated C-cosine
function (resp., n-times integrated C-semigroup) on X
provided that lim, _, . L(\)e™ = 0 for all t > 0.

(ii) If for any ® e C([0, 00), L(X)),

Jt ®(s)C'BA <d—y; S, (t—s) x) ds

0 dt
t
=M L &0 ()l ds - Jx], (36)
xeD(A™), t=0,
where S, (t) = Iot C,(s)ds and M is a constant,
t O "
resp. J O(s)C BA| —T,(t—s)x |ds
0 dt"
t
<M J ¢ 0 (s)] ds - 1], (37)
0

xe D(A”“),tzo)

then for some (and all) A, A > w, (I+K(A)B)A subgen-
erates an exponentially bounded n-times integrated C-
cosine function (resp., n-times integrated C-semigroup)
on X.

When # = 0, from Theorem 11(ii), we immediately obtain
the result of 0-times integrated C-cosine function (resp., 0-
times integrated C-semigroup).

Theorem 12. Let B € L(X) with BC = CB and let
R(B) ¢ R(C), and D(A) is dense in X. Suppose that A is
an exponentially bounded generator of a C-cosine function

At} (resp., C-semigroup {T(t)}) on X. If for any @ €
C([0, 00), L(X)),

jt ® (s) C"'BAS (t - s) xds
0

t
<M | e o@rasa, OY
0
xeD(A), t=0,
where S(t) = jot C(s)ds.
t
(resp. J ® (s) C"'BAT (t — s) xds
0
t
: MJ ¢ | (s)l ds - |1x] (39)
0

xeD(A),tzO)



forsomea € (0,+00] and A > w, then (I+B)A subgenerates an
exponentially bounded C-cosine function (resp., C-semigroup)
on X.

Noting the Definition 7 and the special properties of C-
cosine functions (resp., C-semigroups), we obtain a different
result from Theorem 11(i) (when n = 0).

Theorem 13. Let B € L(X) with BC = CB and let R(B) C
R(C), and D(A) is dense in X, (w*, c0) C p((I + B)A) (resp.,
(w,00) € p((I + B)A)). Suppose that A is an exponentially
bounded generator of a C-cosine function {C (t)},s, (resp., C-
semigroup {T(t)},50) on X. If

a t
L(A) := sup {L e M J.o C'BAC (t - s) xds|| dt,
(40)
x € D(A), x| <1 } < 00,
<reSp- L(A) := sup UO e ™ |C'BAT (s)x” ds,
(41)

x € D(A), x| < 1} <oo>

for some a € (0,+00] and A > w, letting L(co) =
lim, _, . L(A), then for any € < (L(0))™}, (I + eB)A subgen-
erates an exponentially bounded C-cosine function (resp., C-
semigroup) on X.

Proof. We prove only for C-cosine functions. Choose 0 <
U < 4 < p, < 1such thatle] = [/l(L(OO))_l. For any ¥ €
C([0, t], L(X)), pick a A large enough such that L(A)/L(c0) <
t/p, and then pick a 7 € (0,a) small enough such that
e’”supse[o,r] ()l < py/py, then for all x € D(A), x|l < 1,
we have

t
J e¥ (s) C'BAS (¢ — s) xds
0

t s
J J e¥ (o) C"'BAC (s - o) xdods
0 Jo

t
<M J o
0

ds- sup ¥ ()|l

sel0,7]

J eC'BAC (s — 0) xdo
0

<e"le|L(A)- sup |W(s)| <py <1, te[0,1],
s€[0,7]

(42)

where S(t) = Iot C(s)ds.
Let 77 : [0,7] — L(X) be any strongly continuous
function; we define

(A7) (t) x

t
= J €7 (s) C ' BAS (t — s) xds,
0

xeD(A),te[0,1].
(43)
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Obviously, (#7")(t)x is continuous on t > 0, from (42)
and the denseness of D(A), 4 maps C([0, 7], L(X)) into
C([0, 7], L(X)).

It follows from (42) that (I — .#)™" is bounded. For each
t € [0, 7], set

Vt)x:=I-A4)"[CH)x](t), xeX (44)

Then, V(t)C = CV/(t), and there exists a constant M such that
V(@®)I < Me®:

t

Vit)x=C(t)x+ J eV (s)C'BAS(t —s)xds, t€[0,7].
0
(45)
Fort € ((n—1)t,nt],n=2,3,..., we define inductively
V)= -VQn-1)1-1t)
(46)

+2C'V@Et-n-DD)V((n-171).

Next, we will prove by induction that for any n € N,
R(V(o)V((n-1)1))  R(C), for o € [0, 7], and that for every
n € N, V() is strongly continuous in [0, n7] and

Vi) x=C@t)x+ Lt eV (s) C'BAS (t — s) xds, w)

x € X, te[0,nr].

Indeed for n = 1, this is true. Assume that (47) holds for .
Then for x € X, o € [0, 7] we get
2V (o) V (nt) x
=2C(0)C(n1)x

+2 J €V (0) V (s) C"'BAS (n7 — s) xds
0

+2 Jg eV (s) C'BAS (0 - s) C (n1) xds
0
=C[C (o +n1t)x+ C(nt - o) x]

+2 J €V (0) V (s) C'BAS (n1 — s) xds
0

12 r eV (5)C'BAS (0 — 5) C(n7) xds
0

=24 [V (0)V (-)] (nt) x+C [C (0 + nt)x+C (n1—0) x]
+C r eV (s)C'BA
0

x[S(nt+0—-s)x—S(nt—o0+s)x]ds.
(48)
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Then for x € X, 0 € [0, 7],
2V (o) V (nt) x

=C(I - M) {C(o+nt)x+C(nt—0)x
+ JU eV (s)C'BA[S(nT+0 —s)x
0
-S(nt—o +s)x]ds}.

(49)

Hence, V(o)V(nt) < R(C), ¢ € [0,7], and ¢ —
C'V(0)V (n1)x is continuous in [0, 7] for each x € X. From
(48), we have
2V (o) V (nt) x
=C[C(oc+nt)x+C(nt—o0)x]

+2 J eV (o) V (s) C'BAS (n — s) xds
0

+CJ SV(S)C_IBA[S(I’IT+U—S))C
0
-S(nt—0o+s)x]ds

ntr

=C[C(0+nr)x+C(n‘r—0)x]+CJ- e[V(o+s)

0
+V (Is = 0])] C'BAS (nt — s) xds
+C reV(s)C_lBA [S(ht+0— ) x

0
-S(nt—o +s)x]ds
=C[C(c+nt)x+C(nt—o0)x]

o+nt
+C J €V (s) C 'BAS (nt + 0 — s) xds

[

o
+C J eV (s) C'BAS (nt — 0 + s) xds
0

nt—o
+C J eV (s)C'BAS (nt — 0 — s) xds
0

+CJ eV (s)C'BA[S(nT+0 —s)x
0

-S(nt—o+s)x]ds
=C[C(o+nt)x+ C(nt—0)x]

o+nt
+C J eV (s)C'BAS (nt + 0 — s) xds
0

+C J eV (s) C'BAS (nt—o0—s)xds
0

=CV (o +nt)x+CV (nt —0) x.
(50)

Therefore, V(-) is strongly continuous in [0,00) and (47)
holds for all ¢+ > 0. Taking Laplace transform of (47), then
the conclusion can be proved in a similar way in the proof of
Theorem 8.

We can prove the case of C-semigroups in a similar way.

O
3. Examples
Example 14. Let

) o R
X:=4fe€C?[0,1]: |f]:=sup 7o <oor,
pz0 p (51)
d '
A=-—, D)= {[fex:f eX f0)=0}.

It is well known that there exist positive real numbers m
and M such that

{LeC:ReA >0} Cp(A), IR\, A < Me™ M,

ReA > 0.
(52)

Moreover, A generates an exponentially bounded K, -
convoluted semigroup {Tx(f)},,, for some a > \2m,

where K(t) = (a/@Vat))e /@, t > 0, then K,(A) =
eV Re) > 0 [14, 23]. We set

J x _ gl
Bf (x) = Y J G ¢ (g,

jeN, 0,1],
2 (- 1] j€ x €[0,1]

feX
(53)

Obviously, B € L(X) and BA ¢ AB. Then from Theorem 10(ii)

Cc =0, I+ e‘“ﬁB)A subgenerates an exponentially
bounded K ,-convoluted semigroup {Tx(t)};, on X.

Example 15. Let X := Cy(R) ® Cy(R) @ C,(R),
A(fig.h) ()= (f" 9’ (Xi0.00) = X(-co01) h) ,
(f.9.h) € D(4)

={(fgh) eX: f €CyR),g €Cy(R),h(0) =0}
(54)
and C(f, g, h) := (f, g,sin(-)h(")), f, g, h € Cy(R). Arguing as
in [3, Examples 8.1 and 8.2], one gets that A is a generator of

an exponentially bounded once integrated C-semigroup [16].
For f,g,h € Cy(R) and t € R, we set

B(f,g,h)(t)

t t
= <eit J f(s)ds, e J g(s)ds, te ' sint-h (t)> .
0 0

(55)



Then one can simply verify that B € L(X), R(B) ¢ C(D(A)),
and BC(f,g,h) = CB(f g-h), (f,g,h) € X. Then from

Theorem 11(i), (I + e~ B)A subgenerates an exponentially
bounded once integrated C-semigroup on X.

Example 16. Let X, = L*(R’), X, = LP(R’) (1 < p < 00),
D(A,)=H*(R%),
+c4 (@a>0, g eR, i=1,2,3,4),

=W (R?).

2—aA+Zc

D(4,)
(56)

Then A, generates a strongly continuous cosine function
C,(-) on X,. It follows from [5] that A, generates an expo-
nentially bounded C,-cosine function C,(-) on X,, where
C,=(1-A)"

Set r;1() € HA(R), ry(-) € W*P(R?), q,(-) € C2(R%),
q,() € CC(IR3). Define bounded linear operators B, : X, —
X, B, : X; — X, as follows:

BS)O=1® [ a©@¢@dn

(57)
(B:$)© =1, ® | 0 ()9 (@) do.
Let X = X, x X,,
A
A= ( 0 £2>, D(A)=D(A,)xD(A,),
(58)
0 B,
B= <32 0), D(B):=X
Taking A, € p(A) and putting C = (A, — A)', then A

generates an exponentially bounded C-cosine function C(-)
on X, where

_(COR-4)" 0 )
c ‘( 0 C,(1)C (A - Ay ) (59)

We denote S,(t) := [ Cy(s)ds, S(2) =

_[Ot C(s)ds, then

(S (-4 0
(0= ( 0 S, (1) Cy (A -

jOt C,(s)ds, S,(t) =

A2>“)’ 0

and forany x = () € D(A),0 < s <t < 00,

C'BAS(t—s)x

- ((/‘0 — A})BiASS, (t-$)Cyl (A - Az)llxz) .
(Ao = A,) ByA S (t=5) (Mg~ Ay) x

(61)
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It follows from R(B;) ¢ D(A) and R(B,) C D(A,) that there
exist M, w > 0 such that

t
t J. C'BAC (t - s) xds
0

(62)
M 5/ w
< —e M(e t—1)||x||,x€D(A),
w

then

L(A) :=sup {Lﬂ e

>

t
J C'BAC (t - s) xds|| dt
0

(63)
x € D(A), x| < 1]» < 00,

and then (40) is satisfied.
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