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This paper mainly dealt with the exact number and global bifurcation of positive solutions for a class of semilinear elliptic equations
with asymptotically linear function on a unit ball. As byproducts, some existence and multiplicity results are also obtained on a

general bounded domain.

1. Introduction

In this paper, we are concerned with positive solutions of the
following elliptic equation subject to homogeneous Dirichlet
boundary condition

-Au=Af (u), inQ,

p
on 0Q), ( A)

u=0,
where Q) is a smooth bounded domain in RV, A is a positive
parameter, u € C*(Q) NC(Q), and the function f satisfies the
following.

(F1) f:[0,+00) — (0,+00)is a positive C! function, and
f is strictly convex; that is, f'(t) is strictly increasing
int € (0,00).

(F2) f is asymptotically linear, that is,
lim AY)
t

=a € (0,4+00). ¢y
t— 00

For the past years, this problem attracted attentions of

many authors. It was studied in [1-4] with f being strictly

increasing and was studied in [5-7] with a specific function

fu) = (u- b)* + € which is not increasing.

The main goal of this paper is to study the exact number
and bifurcation structure of the solutions of (P,) on a unit
ball Q, with a general asymptotically linear function f.
Some results in this paper (see Section 3) can be viewed
as an extension and improvement of that in [7], but the
argument approach here is very different to that in [7]. As
byproducts, we also get some new results which also hold for
general domain Q (see Section 2). The paper is organized as
follows. In Section 2, we study the existence and multiplicity
of solutions for problem (P,) on a general bounded domain,
with some new results complementing those existing in the
literature. In Section 3, we study the exact number and global
bifurcation structure of positive solutions of (P;) on a unit
ball.

2. Multiplicity of Positive Solutions on
a General Domain

Throughout this section, we assume that Q is a smooth
bounded domain in RY, and f satisfies (F1) and (F2). We
also note that, by maximum principle, all solutions of (P;)
are positive on Q.

Before the statement of our main result, we derive some
preliminary lemmas. Though some of them may be known,
we provide their proofs for reader’s convenience.



Lemma 1. Forany A € (0,,/a), (P,) is solvable.

Proof. Consider the functional

2
Ty () = jQ (@ AF (u)) dx, 2)

where F(u) = _[: f(t)dt.
From (F1) and (F2), it is easy to see that

) <a, (3)

SO

2
F(u) < % + £ (0)u. (4)

Poincare’s inequality jQ w? < (1 /AL fﬂ |Vu|?, and the
imbedding theorem of L*(Q) to L'(Q) yield

2
Ty (u) = J de— @ J uzdx—)tf(O)j udx
o 2 2 Ja Q
V) al 5

> L de - Z_AI L [Vul|*dx — Af (0) Joudx

U1 <1 _ @> J IVuldx - Af (0) C(J |Vu|2)1/2dx

2 A/ o Q ’

(5)

so Jy(u) — oo as | uIIHé(Q) — 00, where || uIIHé(Q) =
(f |Vu|? )1/ 2dx, and then J 5 (u) is coercive and bounded from
below. It is also easy to see that ], (u) is weakly lower semi-
continuous [8, page 446, Theorem 1]. By applying direct
variational methods [9, page 4, Theorem 1.2], we can get
the desired result; that is, min,cpq)/y(4) is reached at

some point u(A), and u(A) is a solution of (P,) when A €
(0,A,/a).

Lemma 2. For any A > A,/m, (P,) has no solution, where

m = inf,  (f(£)/t).

Proof. If not, assume that u is a solution of (P,) for some
A > A,/m. Multiplying (P,) by ¢, > 0, the normalized
positive eigenfunction with respect to the first eigenvalue 1,
of —A subject to homogenous Dirichlet boundary condition,
and then integrating by parts, we get

A J up,dx = J —Augp,dx
Q Q
(6)
= )LJ fwedx>A, J ug,dx,
Q Q

which is a contradiction. O

We begin by show the following.

Lemma 3. There exists a number A;/a < A < A,/m, such that
(P,) has at least a solution for A < A and has no solution for
A> A
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Proof. Let
A={)A:(P,) has a solution}. (7)

By Lemmasland 2, A,/a < A < A;/m. We need just to prove
that if (P,) has a solution, then (P, ) also has a solution for all
0 < A < p. This can be done by a simple argument of sub-
sup solution method, since it is easy to see that any solution
of (P,) is a super solution of (P,) and u = 0 a subsolution.

It is easy to see that u, = 0 is a subsolution of (P,),
then a standard sub-super solution method’s argument and
comparison theorems give the following lemma. O

Lemma 4. If (P,) is solvable, then one has a minimal solution
uy, that is, for any solution v of (Py), u, < v. Moreover, u,_is
increasing with respect to A.

Lemma5. IfA € (0,1,/a), then the solution of (P)) is unique.

Proof. Suppose that v, and v, are solutions of (P,). Let v =
v, — v,, then

“Av=A[f(v)-f(v)], inQ, ©
y=0, on 0Q.
By mean value theorem, v satisfies
~Av=f W), )

where v lies between v, and v,. Multiplying v and integrating,
we get

J |Vv|2dx = )\J f’ @) v*dx
Q Q
N (10)
< a)tj vidx < ar J- IVvlzdx,
Q A Ja

1

which implies that v = 0. The proof is complete. O

Lemma 6. The minimal solution u, is stable, that is, A, (-A —
Af'(uy))) = 0, where A\(=A — Af'(u,)) denotes the first
eigenvalue of the following problem:
“Aw - A (uy)w = pw, in Q,
1D

w=0, onoQ.

Proof. Suppose on the contrary that A;(-A — Af'(u,)) = p <
0, and w > 0 is the corresponding eigenvector. Let v, = u, —
¢, then by (P,) and (11), we have

~Av, = Af (v) = Af (1) = Aef (uy) @
= Af (u) - ep) — peg (12)
= —uep + o (ep) > 0,

when ¢ is small enough, and hence v, = u; — ep is a
super solution of problem (P,). On the other hand, 0 is a
subsolution of (P, ), and Hopf’s boundary lemma implies that
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FIGURE 1: Diagram for A = A, /a.

A /a A A

FIGURE 2: Minimal diagram for A > A, /a.

0 < v, for ¢ > 0 small. An application of sub-sup solution
method guarantees that there is a solution # of (P, ) satisfying
0 < u < uy — &g in Q, which is a contradiction with the
minimality of u,. The proof is complete. O

Now we state our main result.

Theorem 7. Suppose that f satisfies (F1) and (F2), then there
exists A € [A/a, A, /m] (where m = inf, ,(f(t)/t)) such that
problem (P,)

(i) has at least one solution for A € (0, A) and a unique

solution for A € (0,A,/a);

(ii) has no solution for A € (A, +00);

(iii) (a) if A = A,/a, then problem (P,) has no solution at
A=A andlim, _, ,_ou,(x) = +oo forall x € Q, where
u, denotes the unique solution of (P,) for A € (0, A)
(see Figure 1),
(b) if A > A,/a, then problem (P,) has a unique
solution for A € (0,A,/a) and A = A, has at least two

solutions for A € (A,/a, A) (see Figure 2 for a minimal
diagram).

Proof. Statement (i) follows from Lemmas 3 and 5. Statement
(ii) follows from Lemma 3. Now we give the proof of state-
ment (iii).

(a) Suppose A = A,/a. The solution (P,) bifurcates at
infinity near A = A, /a (see [2, 10] for details). On the other
hand, (P,) has a unique solution u, for A € (0,1,/a), and no
solution for A > A,/a. Therefore the bifurcation curve from
infinityison theleftof A = A,/a,and hencelim, _, , _ou;(x) =
+oo forall x € Q) by the expression of the bifurcation solution
in Theorem 13 in Section 3.

If (P, ) has a solution, let u, denote the minimal solution
of (P,). By Lemma 4, u; < u, for A € (0, A), contradicting
limy _, s | tyllo = 0.

(b) For clarity, the proof will be divided into 3 steps.

Step 1. The existence and uniqueness of solutions of (P,) for
A=A, /a.

The existence follows directly from Lemma 4. Note that
f' < a, and the uniqueness can be proved in a similar way as
in the proof of Lemma 5.

Step 2. The existence and uniqueness of solutions of (P,) for
A=A

By Lemmas 3 and 4, (P,) has a minimal solution u, for
any A € (0, A), and u, is increasing in A. Let (1,)) € (A,/a, A)

be any sequence such that lim,, _, . ,A,, = A. Firstly we insure
that case (u,\n) is L*(Q) bounded. Suppose the contrary that
lim, o Ity 2 = 00. Letc, =l uy 2 and vy =

uy, /¢, then

A
-Avy, =F(c,vy ), inQ,
Ay, Cnf(n )\,n) (13)

v, =0, on 0Q.

Since f (CRWIL-AY bounded in L*(Q), it follows from (13)
that v, isbounded in H, (). Then subject to a subsequence,
we may suppose that there exits v*, such that

vy —v" weakly in Hy (Q),

vy, — V' strongly in L*(Q), (14)
vy, — v ae in Q.
Then by letting n — 00, we get from (13) in the weak sense
that
-Av* =aAv®, in Q,
(15)

v" =0, on 0Q,

with || v*||2(q) = 1,and v* > 0 by strong maximum principle.
Hence aA = A, thatis, A = A, /a, a desired contradiction.
Now in a similar way, the boundedness of (1, ) in L*(Q)

implies that (u, ) is bounded in H,(Q). Then subject to a

subsequence, we may suppose that there exits u*, such that
uy, —u"  weakly in H, (Q),

u, — u”  strongly in L*(Q), (16)

uy, —u" ae in Q.
;



Then by lettingn — 00, we get
-Au* = Af (u*), in Q,
17)
u* =0, on 0Q,
and the existence is proved.

Now we prove the uniqueness. Let u, be the minimal
solution of (P, ) and u a different solution. Then w := i—u, >
0 satisfies

~Av=Af"(uy, +Ow)w, in Q,
(18)

vy=0, on 0Q,

where 6 : QO — R satisfying 0 < 6 < 1. It follows that
A (A - Af’(uA + 6w)) = 0, where A,(-A - Af'(uA + 6w))
denotes the first eigenvalue of the operator ~A — Af'(u, +
Ow) subject to the Dirichlet boundary condition, as defined
in Lemma 1. Since f’(uA) < f’(uA + Bw) in Q, we have that
Al(—A—Af'(uA)) > Al(—A—Af'(uA+9w)) = 0, which implies
that the operator —A— A f'(u, ) is nondegenerate. Then by the
Implicit Function Theorem, the solution of (P)) forms a cure
in a neighborhood of (A, 1, ), which is clearly contradicted to
the definition of A in (7).

Step 3. Prove that (P)) has at least two solutions for A ¢
(A1 /a, A).

Following the argument in [5], we prove it by varia-
tional method of Nehari type (see [11]). As we have known
(Lemma 5), there exists a minimal solution u, of (P) when
A € (Ay/a,A). Now we must look for another solution
u(> u,). Assuming that u = v+u,, with v > 0, then v satisfies

av=A[f (vru) - ()], inQ,

on 0Q).

(19)
v =0,

For convenience, let g(v) = f(v + uy) — f(u,) and G(v) =
.[OV g(t)dt, then we have

-Av=2Ag(v), inQ,

(20)

vy=0, on 0Q.

Define
(555 -60)
nw=| (516w )ax

Q 2

(21)

L(v)= J (|Vv|2 - Avg (v)) dx,
Q
and the solution manifold

My ={veH;(Q):v>0inQ,I, () =0}. (22)
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Firstly we show that M, #¢ for any A € (A,/a, A). Let
¢, be the first eigenfunction of —A in Q subject to Dirichlet
boundary condition and IQ ¢2dx = 1, then

I (tg) = 1,2 = A L tg,g (tg,) dx

t
_p (/\1 _AJ P19 (Pl)dx>’ (23)
Q t
t t
hmj 919(ten) | _ hmj (pf.g(%)dx:
t—o0 Jo t t—o0 Jo t(pl

It follows from (23) that

I) (tg,) <0, (24)

for sufficiently large t if A € (A, /a, A).

On the other hand, let w; be the eigenfunction with
JQ wldx = 1 of the first eigenvalue y, of the following
equation:

—Aw, - Afl () @ =y, in Q,

on 0Q.

(25)
w; =0,

Since u; is the minimal solution, it follows from Lemmas
4 and 6 that y; > 0. Then

I (sw,) =5 J Ve, |*dx - /\sJ w,g (sw;) dx
o o
=5 J Ve, |*dx - /\SJ [f' (u,) sw: + o0 (52)] dx
o o

=5 Uﬂ (|Vw1|2 — M (uy) wp) dix + 0(1)]
=5 (u +0(1)).
(26)

Hence I, (sw;) > 0 when s is small enough. Now it is easy to
see that M, is not empty. In fact, take w, = t¢, for some large
t,and w* = sw for some small s > 0, such that

I (w,) <0, I (w") >0, (27)

respectively. Define a continuous function G on [0,1],
namely,

GE =1 (¢w, +(1-8w"). (28)

Then G(0) > 0, G(1) < 0, and hence there exist &, € (0, 1)
such that G(§;) = 0, that is, [, (§,w, + (1 — &)w") = 0, and
M, # ¢, a desired conclusion.

Since f is convex, g(v) is convex with respect to v > 0
such that

g =gmM-g0)<g W (29)
Integrating (29) with respect to v from 0 to v, we get

2Gw)<gW)v. (30)
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Therefore, on M,

R0 =3[ lawv-260dxz0 G

that is, J; (v) is bounded from below.

And then we obtain a nonminimal positive solution of
(P,) by using the Nehari variational method. The proof is
complete. O

Remark 8. The solutions that we get from the above discus-
sion are weak ones, but a standard elliptic regularity argument
shows that they are indeed classical solutions.

In view of Theorem 7, we want to know what conditions
ensure that A = A, /aor A > A,/a. Following [4], we consider
the function L(t) = at— f(¢). It is easy to see that L(t) is strictly
increasing, and hence lim, _, . L(t) = L, exists (may be +00).
Also note that L(0) = —f(0) < 0.

Theorem 9. If L < 0, then A = A,/a; if Lo, > 0, then
A> A /a.

Proof. (i) If L, < 0, then f(t) > at for allt > 0. We prove
that (P,) has no solution and hence A = A,/a. Suppose the
contrary that u is a solution (P, ) for A = A, /a, then

-Au = %f (u) = Au. (32)

Let ¢ be a positive eigenfunction of the first eigenvalue A of
—A on Q with Dirichlet boundary condition, that is

Ap+A,9=0, inQ,
(33)

@=0, on 0Q.

Multiplying (32) by ¢ > 0, and integrating by parts, we get
J (f ) —au)pdx =0, (34)
Q

which yields that f(u) = au, contradicting the fact that
f(0) > 0.

(ii) If L, > 0, we prove that A > A, /a.

Let (A(s), u(s)) be the bifurcation curve as described in
Theorem 13 in Section 3, then

Au(s)+A(s) f(u(s)) =0, in Q,
(35)
u(s) =0, on 0Q.
It follows from (33) and (35) that
2O | Fu©eds=1, | updx
Q Q (36)

= LJ au (s) ¢ dx.
a Jo

By the fact that u(s)(x) = s¢(x) + z(s)(x) — 0o (s — ©0)
a.e. in (), we have

J au (s) pdx — J fu(s)edx
Q Q
(37)
= Jﬂ (au(s) — f (u(s)) pdx >0,

for s sufficiently large. It follows from (36) that A(s) > A,/a
when s is sufficiently large, which means that the bifurcation
curve (A(s), u(s)) from infinity is on the right of A = A,/a,
and hence A > A,/a by the definition of A in (7). The proof
is complete. O

Now we define another function which is also crucial in
studying exact multiplicity in the next section. Let

K@®) =tf ®)- f (1), (38)

then K'(t) = tf"(t) > 0 a.e. in (0,+00), and K(¢) is strictly
increasing, and K(0) = — f(0) < 0. Denote

tlgg()[( (t) = K, € (00, +00]. (39)

Theorem 10. If K, < 0, then A = A /a; if K, > 0, then
A> A, /a.

Proof. If K, < 0, then (f(t)/t)' = K(t)/t* < 0 forallt > 0. Tt
follows that f(t)/t is strictly decreasing and hence f(t)/t > a,
which implies that L, < 0.

On the other hand, if K, > 0, by

Lt)-K@® =t(a-f ()>0, V¥t>0, (40)

we get that L., > 0. Then the conclusion follows for
Theorem 9. O

3. Exact Number and Global Bifurcation of
Solutions on a Unit Ball

From Theorem 7, the exact number of solutions (P,) is now
clear in the case of A = A,/a; that is, the solution is unique
if it exists. On the other hand, it is far from known in general
exactly how may solutions of (Py) for A € (1,/a,A) if A >
A,/a. Using the bifurcation approach developed in [12-14],
and also the idea and techniques developed in [7], we solve
this problem on the unit ball under some conditions.

Throughout this section, we suppose that Q) is the unit ball
in RY centered with the origin.

The next remarkable results regarding (P,) are due to
Gidas et al. [15] and Lin and Ni [16].

Lemma 11. (1) If f is locally Lipschitz continuous in [0, c0),
then all positive solutions of (P,) are radially symmetric, that
is, u(x) = u(r), r = |x|, and satisfies

n n-—1

u + u'+/\f(u)=0,

r € (0,1), (1)

W (0)=u(l)=0.

Moreover, u'(r) < 0 for all r € (0,1], and hence u(0) =
maXy.,< U(r).

(2) Suppose f € C'(R). If u is a positive solution to (P,),
and w is a solution of the linearized problem (43) (if it exists),
then w is also radially symmetric and satisfies

n n-—1 '
w +——+Af Ww=0, re(01),
" f (u) 0,1) (42)

w' (0) =w(1) = 0.



The next lemma also plays a key role in this section.

Lemma 12. (1) For any d > 0, there is at most one A; > 0
such that (Py) have a positive solution u(-) with A = A, and
u(0) =d.

(2) Let T = {d > 0 : (P,) have a positive solution
with u(0) = d}, then T is open; Md) = A, is a well-defined
continuous function from T to R,

Lemma 12 is well known; see, for example, [13, 17, 18].
A simple proof of the first part of the lemma can be found
n [14]. Because of Lemma 12, we call R* x R = {(A,d) :
A > 0,d > 0} the phase space, {(A(d),d) : d € T} the
bifurcation curve, and the phase space with bifurcation curve
the bifurcation diagram.

We will also need the following theorem of bifurcation
from infinity.

Theorem 13 (see [10, 19]). Suppose f € C'(R). Let
lim, , . fw/u = a € (0,00) and A, = A,/a. Then
all positive solutions of (Py) near (A, 00) have the form of
(A(s), s¢ + z(s)) for s € (8, 00) and some § > 0, where @ is
a positive eigenfunction of the first eigenvalue A, of —A on Q
subjected to Dirichlet boundary condition, lim,_, . A(s) = Ay,
and || z(s)||C2,a(§n) =o(s)ass — oo.

To make bifurcation argument work, a crucial thing is the
following result.
Let u be a solution of problem (P,), then u is called a

degenerate solution if the corresponding linearized equation

—-Aw = )Lf' Ww, in Q,
(43)

w=0, on 0Q,

has a nontrivial solution.
Now suppose that f satisfies (F1), (F2). As in the end of
Section 2, let

Kt =tf'(t)- f@t)

(44)
Koo = lim K ().

If K, > 0, then there exists a unique real number 8 > 0, such
that

K() <0 forte[0,pB);
(45)
K(t)>0 forte(B,00); K(B)=0.

Lemma 14. Suppose that K, > 0. Ifu is a degenerate solution
of (P,), then u(0) > f.

Proof . Suppose the contrary that 4(0) < f3, then

K (u) = uf' (u) - f (1) <0,

Let w be a nontrivial solution of the corresponding linearized
equation (43). From (P;) and (43), we get

inQ\{0}.  (46)

0= L (—Awu + Auw) dx = A J;) (uf’ (w-—-f (u)) wd(x. |
47

It appears from (46) and (47) that w must change sign in Q.
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In view of Lemma 11(2), we suppose that [x| = 7, is a
maximal zero in (0, 1). We may also suppose that w(x) > 0,
forall r; < |x| < 1. Then

J (-Awu + Auw) dx
Q\B(ry)
(48)
3| (uf @)~ f @) wdx <0,
Q

where B(r,) denotes the ball of radius r, centered with the
origin.
On the other hand, using integration by parts, we have

0
J (-Awu + Auw) dx = - J uds > o. (49)
O\B(r,) AQ\B(r,)) OV

a contradiction. O

Theorem 15. Suppose that f satisfies (F1)-(F2) with0 < K, <
ap. If u is a degenerate solution of (P)), then any nontrivial
solution of the corresponding linearized equation (43) does not
change sign in Q).

Proof. By Lemma 14, max  gu(x) = u(0) > fB. In view of
Lemma 11, there exists #* € (0, 1), such that u(r*) = f3. Let
w be a non-trivial solution of the corresponding linearized
equation (43), then w(0) #0.

We assert that w(r) has no zeroes on [r", 1). Suppose the
contrary and let ; be the largest zero of w on [r*, 1). We may
suppose that w > 0 in (r;,1). Note that u(r) < B forr ¢
(ry, 1), a similar argument as in the proof of Lemma 14 yields
a contradiction.

Now we prove that w(r) has no zeroes on (0, ™). Suppose
the contrary and let 7, be the smallest zero of w(r) on (0,7%).
We may suppose that w > 0 in B(r,). Multiplying (P,) by
u— 3, (43) by w, subtracting, and integrating on B(r,), we get

J [-Aw (u - B) + Auw] dx
" (50)
= L%) [(u=B) f' W) - f ()] wdx.

Let J(t) = (t - BF'(t) - f(¢), then J(0) = —£(0) <
0, J(co) = lim, , J(u) = Ky, —aB < 0,and J'(t) =
(t-B)f"(t) > 0fort > B. Hence J(u) = (u— ) f' (1)~ f(u) <
0 for x € B(ry). Then

L(r) [(” -B) f () - f(u)] wdx < 0. (51)

On the other hand, by Green formula,

J [-Aw (u - B) + Auw] dx
B(ro)

5 (52)

w
=- — (u—-pB)dx>0.
L(B(ro» 3 P

A contradiction occurs from (50), (51), and (52). Hence w(r)
has no zeroes in (0, 1), that is to say, w does not change sign
in Q. The proof is complete. O



Journal of Function Spaces and Applications

Now define F : Cg’“(ﬁ) — C*(Q), by
Fu=Au+ Af (u), (53)
then the linearized operator (Frechet derivative) is
E,(Luw)w=Aw+ Af' (1) w. (54)

From the maximum principle, all solutions of (P,) are
positive on Q. Moreover, if (A", ™) is degenerate solution of
(Py), then by Theorem 15, the nontrivial solution w of (43)
does not change sign in Q, and hence w can be chosen to be
positive. Then by Krein-Rutman’s Theorem, N(F,(A*,u™)) =
span{w}, and it follows from Fredholm alternative theorem
that codimR(F,(A*,u")) = 1. Now we prove that F; (A", u") ¢
R(F,(A*,u™)). If it is not the case, then there exists v €
C>*(Q), such that

Av+ X f (W) v=f(u"). (55)
We also have
Aw+ A ' (W) w = 0. (56)

Multiplying (55) by w, (56) by v, subtracting, and inte-
grating, we obtain

J Fu)wdx =0, (57)
Q

a contradiction. As all the conditions of Crandall-
Rabinowitz’s bifurcation theorem [20] are satisfied, the
solutions of (P,) near the degenerate solution (A", u") form
a smooth curve which is expressed in the form

AE),u(s) =" +1(s),ug+sw+z(s)), (58)

where s — (7(s),z(s)) € R x Z is a smooth function near
s = 0 with 7(0) = 7'(0) = 0, 2(0) = 2'(0) = 0, where Z is
a complement of span{w} in X, and w is the positive solution
of (43), which is unique if normalized.

Substituting u and A by expression (58), then differentiat-
ing the equation (P, ) twice, and evaluating at s = 0, we have

Aug + Af (u)ug + 2/\'f' (W) u, + /\f” (u) uf + )L"f () =0,

Aug + A f' @) ug + A f w)yw® + 1" (0) f (u) = 0.
(59)

Multiplying (59) by w, (43) by u,, subtracting, and integrat-
ing, we obtain

T JQf (u*)w’dx

T (0)_ JQf(u*)wdx

<0. (60)

By (60) and the Taylor expansion formula of 7(s) at s = 0,
we conclude that at any degenerate solution (1", u”) of (P,),
the solution curve turns left, that is to say, there is no any
solution (A, u) on the right near (1", u"). This observation is
very important to our proof of the following theorem.

llull oo

A, /a A A

FIGURE 3: Precise bifurcation diagram on a unit ball.

Theorem 16. Suppose that Q) is the unit ball in R, f satisfies
(F1)-(F2), and 0 < K, < af. Then for problem (P,),

(1) there exist no solutions for A > A,
(2) there exists exactly one solution for A € (0, A,/a] U{A},
(3) there exist exactly two solutions for A € (A, /a, A).

Moreover, the solution set {(A,u)} of (Py) forms a smooth

curve in the space R x C(Q), which can be roughly described as
in Figure 3.

Proof. By Theorem10, A > A,/a, and Theorem 7 tells
us that (P,) has a unique solution (A,u,) for A = A,
and Implicit Function Theorem implies that (A,u,) is a
degenerate solution. By Theorem 15, non-trivial solution w of
the corresponding linearized equation (43) does not change
sign in Q, and we may suppose that w is positive in Q.
Then Crandall-Rabinowitz’s bifurcation theorem [20] and the
discussion prior to this theorem imply that the solutions near
(A, u,) form a smooth curve which turns to the left in the
phase space. We may call the part of the smooth solution
curve {(A, u)} with u(0) > u,(0) the upper branch, and the
rest the lower branch. We denote the upper branch by u* and
the lower branch by u,.

For the upper branch, as long as (A, u") nondegenerate,
the Implicit Function Theorem ensures that we can continue
to extend this solution curve in the direction of decreasing
A. We still denote the extension by (A, ). This process of
continuation towards smaller values of A will not encounter
any other degenerate solutions. This is because, if, say, (A, u")
becomes degenerate at A = A, the discussion prior to this
theorem implies that all the solutions near (Ay, ") must
lie to the left side of it, which is a contradiction. Lemma 12
tells us that A — u*(0) is decreasing. So in the progress of
extension of (A, u") towards smaller values of A, there are only
the following two possibilities.

(i) The upper branch (A, uA) stops at some (0,1), and
uy(0) > u, (0).

(ii) || uylls goes to infinity as A — A+0,0<A<A.



But case (i) cannot happen, since (0, 1) is obviously not a

solution of (Py). Hence case (ii) happens. We assert that 1 =
A,/a.Infact,let {A,} be an arbitrary sequence such that A, —
A.Denote M,, =|| u, |l v,, = 4,/ M,,, then M,, — oo and
M,v,
Av, + /\nM =0, in Q,
M, (61)

=0, on 0Q.

Since f(M,v,)/M,, is bounded, by Sobolev Imbedding The-
orems and standard regularity of elliptic equation, it is easy
to see that {v,} has a subsequence, still denoted by {v,}, such
that v, — vin C**(Q) (n — ©0), for some v € C**(Q),
v > 0in Q. Lettingn — o0 in (61), we get

Av+Adav=0, in Q, y=0, on 0Q, (62)
which implies that A = A, /a.

Now we study the structure of the lower branch. As in
the case of upper branch, as long as (A, u,) nondegenerate,
the Implicit Function Theorem ensures that we can continue
to extend this solution curve in the direction of decreasing
A. We still denote the extension by (A,u;,). This process of
continuation towards smaller values of A will not encounter
any other degenerate solutions. Lemma 12 implies that A —
u,(0) is increasing. So in the progress of extension of (A, u,)
towards smaller values of A, there are only the following two

possibilities.
(i) The lower branch (A,u,) stops at some (0, u,) with
uy(0) > 0.
(ii) The lower branch (A, u;) stops at some (A, 0) with
0< Ay <A

As before, case (i) will not happen. Then case (ii) happens.
By f(0) > 0, it is easy to see that A, = 0. That is to say, the
lower branch of solutions extends till the origin (0, 0) in the
phase plane.

By the above argument, we obtain a smooth positive
solution curve which consists of an upper branch {(A, uM)}
and a lower branch {(A,u,)}. The lower branch starts from
(A,uy) and stops at (0,0), and A — u,(0) is a strictly
increasing function. The upper branch {(A, ul)} starts from
(A, u,) and stops at (A,/a,00), and A — u*0) is a strictly
decreasing function with e ()) blowingupas A — A,/a +
0. By Lemma 12, all solutions of (P,) are contained in this
smooth solution curve, and the complete bifurcation diagram
can be described as in Figure 3. The proof is complete. [
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