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Let X be a compact Hausdorff space and let 7 be a topological involution on X. In 1988, Kulkarni and Arundhathi studied Choquet
and Shilov boundaries for real uniform function algebras on (X, 7). Then in 2000, Kulkarni and Limaye studied the concept of
boundaries and Choquet sets for uniformly closed real subspaces and subalgebras of C(X, 7) or C(X). In 1971, Dales obtained some
properties of peak sets and p-sets for complex Banach function algebras on X. Later in 1990, Arundhathi presented some results
on peak sets for real uniform function algebras on (X, 7). In this paper, while we present a brief account of the work of others, we

extend some of their results, either to real subspaces of C(X, 7) or to real Banach function algebras on (X, 7).

1. Introduction and Preliminaries

Let F denote either R or C. We always assume that X is a
compact Hausdorft space. We denote by Cg(X) the Banach
algebra of all continuous functions from X into [, with the
uniform norm

|7l =sup{lf Gl xe X} (feCe(X). M
However, we always write C(X) instead of C(X) and we
denote the uniform closure of A by A, whenever A is a subset
of C(X).

Let A be areal or complex subspace of C(X). A nonempty
subset S of X is called a boundary (Choquet set, resp.) for A
(with respect to X), if for each f € A the function | f| (Re f,
resp.) assumes its maximum on X at some x € S. Note that
every closed boundary for A is a closed Choquet set for A
[1, Lemma L1] and if A is closed under the complex scalar
multiplication, then every Choquet set for A is a boundary
for A [1, Section 1]. We denote by I'(A, X) the intersection of
all closed boundaries for A. If T(A, X) is a boundary for A, it
is called the Shilov boundary for A.

Let A be a subspace of C(X) over F containing 1. We
denote by K(A) the set of all ¢ € A™ for which |¢| =
¢(1) = 1, where A" is the dual space of the normed space
(Al - llyx) over F. In fact, the elements of A* are F-valued
linear functionals on A over F. For each x € X the map
e, : A — C,defined by e (f) = f(x), is a linear mapping
over [, which is called the evaluation map on A at x. Clearly
e, € Kc(A) whenever F = C and Re e, € Kg(A) whenever
F=R.

Let B be a complex subspace of C(X) containing 1. A
representing measure for ¢ € B* is a complex regular Borel
measure y on X such that ¢(f) = Ix fduforall f € B. It
is known that every ¢ € K(B) has a representing measure
and every representing measure for such ¢ is a probability
measure [2, Section 2.1]. If x € X, then §,, the point mass
measure at x, is a representing measure for e,. We denote
by Ch(B, X) the set of all x € X for which &, is the only
representing measure for e,.. If Ch(B, X) is a boundary for B,
it is called the Choquet boundary for B.

Let A be a real subspace of C(X) containing 1. A real part
representing measure for v € A" is a regular Borel measure
p on X such that y(f) = .[X Re fdu for all f € A. Ttis



wellknown that every ¢ € K (A) has a real part representing
measure [1, Theorem 1.5]. If x € X, then §, is a real part
representing measure for Re e,. We denote by Ch(A, X) the
set of all x € X for which &, is the only real part representing
measure for Re e,.. If Ch(A, X) is a boundary for A, it is called
the Choquet boundary for A.

Let E be a nonempty set. A self-map 7 : E — E is called
an involution on E if T(7(x)) = x for all x € E. We denote by
Fix(7) the set of all x € X for which 7(x) = x. A subset S of E
is called t-invariant if ©(S) = S. A t-invariant measure on E
is a measure p on E such that o7 = p.

An involution 7 on X is called a topological involution on
X if T is continuous. The map 0 : C(X) — C(X) defined by

o(f) = f ot is an algebra involution on C(X), which is called
the algebra involution induced by 7 on C(X). We now define

CXn={feCX:o(f)=f}. ")

Then C(X,7) is a unital self-adjoint uniformly closed real
subalgebra of C(X), which separates the points of X and
does not contain the constant function i. Moreover, C(X) =
C(X,7)®iC(X,7)and

max {| ]l lgllx} < 15 +igly < 2max{| £l lglx} @)

for all f,g € C(X, 7). In fact, the complex Banach algebra
(C(X), I - llx) can be regarded as the complexification of the
real Banach algebra (C(X,7),| - ). Note that C(X,7) =
Cr(X) if and only if 7 is the identity map on X. Hence
the class real Banach algebras of continuous complex-valued
functions C(X, 1) are, in fact, larger than the class of real
Banach algebras of continuous real-valued functions Cp (X).
This class of continuous functions was defined explicitly by
Kulkarni and Limaye in [3].

Let A be a real subspace of C(X, 1) containing 1. We
denote by I'(4, X, 7) the intersection of all T-invariant closed
boundaries for A. If I'(A, X, 7) is a boundary for A, we call
it the Shilov boundary for A with respect to (X, 7). For each
x € X, the measure (1/2)(8, +8,,,) is a positive regular Borel
measure on X, which is denoted by m,. If x € X, then m,
is a T-invariant real part representing measure for Re e,. We
denote by Ch(A, X, 1) the set of all x € X for which m,, is
the only 7-invariant real part representing measure for Re e, .
If Ch(A, X, 1) is a boundary for A, we call it the Choquet
boundary for A with respect to (X, 7).

For a topological involution 7 on X let X/7 = {{x, 7(x)} :
x € X}. For a subset A of C(X, ) we say that Re A separates
the points of X/t if for each x € X and y € X\ {x,7(x)},
there exists a function f in A such that Re f(x)# Re f(y).
It is interesting to note that if A is a real subalgebra of C(X, 1)
which separates the points of X and contains 1, then Re A
separates the points of X/7 [4, Lemma 1.3.9].

Let A be a real or complex subalgebra of C(X) and let S
be a nonempty subset of X. Then S is called a peak set for A
if there exists f € AsuchthatS = {x € X : f(x) = 1} and
| f(y)| < 1forall y € X\S. Wesay thatSisa p-set (a peak set in
the weak sense or a weak peak set) for A if S is the intersection
of some collection of peak sets for A. If the peak set or p-set S
for A is a singleton {x}, then we call x a peak point or p-point
for A. The set of all peak points, or p-points, for A is denoted
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by So(4, X), or S(A, X), respectively. Note that S, (A, X) is the
intersection of all boundaries for A.

If A is a real subalgebra of C(X, 1), then every p-set and
hence every peak set for A are T-invariant. Hence S (A, X) <
S(A, X) ¢ Fix(r). Moreover, S;(A, X) is contained in every
T-invariant boundary for A.

Definition 1. Let Abeareal subspace of C(X, 7). The point x €
X is a T-peak point (t-p-point, resp.) for A if the set {x, 7(x)}
is a peak set (a p-set, resp.) for A. We define

Ty (A, X, 1) = {x € X : x is a T-peak point for A},

(4)
T (A, X,7)={x € X: x is a T-p-point for A}.

It is easy to see that T;(A, X, 1) is the intersection of all
T-invariant boundaries for A.

Definition 2. A complex Banach function algebra on X is a
complex subalgebra of C(X) which contains 1, separates the
points of X, and it is a unital Banach algebra under an algebra
norm || - ||. If the norm of a complex Banach function algebra
on X is the uniform norm on X, then it is called a complex
uniform function algebra on X.

Clearly, C(X) is a complex uniform function algebra on
X.

Let B be a unital commutative Banach algebra over F. A
character of B is a nonzero homomorphism ¢ : B — C,
where C is regarded as an algebra over F. We denote by
M, the set of all characters of B. It is known that M, with
the Gelfand topology, is a compact Hausdorff space (see [5,
Chapter 11] and [4, Chapter 1]).

Definition 3. A real Banach function algebra on (X, 1) is a real
subalgebra of C(X, 7) which contains 1, separates the points
of X, and it is a real unital Banach algebra under an algebra
norm || - [. If the norm of a real Banach function algebra
on (X, 1) is the uniform norm on X, then it is called a real
uniform function algebra on (X, 7).

Clearly, C(X, 1) is a real uniform function algebra on
(X, 7).

Since the class of real uniform (or Banach) function
algebras on (X, 1) is larger than the class of complex uniform
(or Banach) function algebras, it is quite natural to ask which
properties of a complex algebra can be extended to the
corresponding real algebra.

Let A be a real (complex, resp.) Banach function algebra
on (X, 1) (on X, resp.). The evaluation character e, is an
element of M, for all x € X. We call A to be natural if every
@ € M, is given by an evaluation character e, at some x € X.

The concept of the Shilov boundary for a real Banach
algebra was studied by Ingelstam, Limaye, and Simha in [6—
8]. The concept of Choquet and Shilov boundaries for real
uniform function algebras was first studied by Kulkarni and
Arundhathi in [9]. Later Kulkarni and Limaye introduced the
notions of Choquet sets and boundaries for real subspaces
of C(X) and C(X, 1) in [1] and obtained interesting results
on Choquet and Shilov boundaries for uniformly closed real
subalgebras of C(X) or C(X, 7). They also obtained relations
between Ch(A, X, 1) and Ch(B, X) (I'(A, X, ) and T'(B, X),
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resp.), when A is a real uniform function algebra on (X, 7)
and B={f +ig: f,g € A} is the complexification of A.

In Section 2, we first show that Ch(A, X) = Ch(A4, X) and
(A, X) = T'(A, X) and by applying these equalities we extend
some results due to Kulkarni, Limaye, and Arundhathi, by
omitting the uniformly closed condition on A.

The concept of peak points and p-points for real uniform
function algebras was studied by Kulkarni and Arundhathi
in [9, 10]. Also Dales has obtained many results on the
boundaries and peak sets for complex Banach function
algebras in [11, 12]. In Sections 3 and 4, we extend some of
their results to real Banach function algebras.

2. Choquet and Shilov Boundaries

We begin this section by recalling some well-known results.

Theorem 4 (see [4, Theorem 4.3.3 and Corollary 4.3.4]). Let
B be a complex subspace of C(X) containing 1 and separating
the points of X. Then

(i) ¢ € Kc(B) is an extreme point of K(B) if and only
if there exists x € Ch(B,X) such that ¢ = e,. In
particular, Ch(B, X) is nonempty.

(ii) Ch(B, X) is the set of all x € X such that e, is an
extreme point of K (B).

(iii) Ch(B, X) is a Choquet set for B and, in particulat, a
boundary for B.

(iv) The closure of Ch(B, X) is equal to T'(B, X).

Theorem 5 (see [1, Corollary 1.8]). Let A be a real subspace
of C(X). Then the closure of Ch(A, X) is contained in every
closed Choquet set as well as every closed boundary for A. In
particular, Ch(A, X) € T(A, X).

Theorem 6 (see [1, Lemma 2.1 and Theorem 2.2]). Let A be
a real subspace of C(X) containing 1 and Re A separates the
points of X. Then

(i) The element ¢ € Kp(A) is an extreme point of K (A)
if and only if ¢ = Re e, for some x € Ch(A,X). In
particular, Ch(A, X) is nonempty.

(ii) Ch(A, X) is the set of all x € X such that Re e, is an
extreme point of K (A).
(iii) Ch(A, X) is a Choquet set for A.

(iv) The closure of Ch(A, X) is the smallest closed Choquet
set for A.

Theorem 7 (see [4, Theorem 4.2.2((a), (b))]). Let A be a real
subspace of C(X, T) containing 1.

(i) If S is a T-invariant boundary for A, then the closure of
S is a T-invariant Choquet set for A.
(ii) Ch(A, X, 1) € T(A, X, 7).
Theorem 8 (see [4, Theorem 4.1.10 and Corollary 4.1.11] and

[1, Section 4]). Let A be a real subspace of C(X, T) containing
1 and let Re A separate the points of X/t. Then

(i) ¢ € Ki(A) is an extreme point of Ki(A) if and only
if there exists x € Ch(A, X, T) such that ¢ = Re e,. In
particular, Ch(A, X, T) is nonempty.

(ii) Ch(A, X, 1) is the set of all x € X such that Re e, isan
extreme point of K (A).

(iii) Ch(A, X, 1) is a t-invariant Choquet set for A.
(iv) The closure of Ch(A, X, 1) is the smallest T-invariant
Choquet set for A.

We now show that Ch(A, X) = Ch(4, X) and T'(4, X) =
(A, X), for a real or complex subspace A of C(X), and
we then extend some results which have been obtained by
Kulkarni, Arundhathi, and Limaye in [1, 9].

Theorem 9. (i) Let A be a real subspace of C(X) containing 1.
IfRe A separates the points of X, then Ch(A, X) = Ch(A, X).
(ii) Let A be a real subspace of C(X, T) containing 1. If Re A
separates the points of X /7, then Ch(A, X, 1) = Ch(A, X, 7).
(iii) Let B be a complex subspace of C(X) containing 1. If
B separates the points of X, then Ch(B, X) = Ch(B, X) and
I'(B,X) = T'(B, X).

Proof. (i) For every x € X, let e, and ¢, be the evaluation
maps at x on A and A, respectively. By Theorem 6(ii), we have

Ch(A, X)

= {x € X : Re e, is an extreme point of K (A)},

Ch (7, X) ©)

= {x € X : Re ¢, is an extreme point of K (Z)} .

Letx € Ch(A,X)andRe ¢, = (1 —t)D + t¥, where 0 < t < 1
and O,V € Kp(A). Set ¢ = O, and v = V¥|,. It is easy to
show that @, ¢ € K(A) andRe e, = (1-t)p+ty on A. Hence

@ = ¥ = Re e,. Let f bean arbitrary element of A. Then there
exists a sequence { f,,} in A such thatlim, , || f,— fllx = 0.

Since ® € (A)*, we have
o () = lim ¢ (1)
- lim Re((f, () = Re £ () = (Re &) (f).

Hence ® = Re ¢,. Similarly, ¥ = Re ¢,. Therefore, €, is
an extreme point of K (A) and so x € Ch(A, X).

Conversely, let x € Ch(A, X) and Ree, = (1 — )¢ + ty,
where 0 <t < 1and ¢,y € Kg(A).
Clearly, if # € A" and {h,} is a sequence in A with
oo Il Bullx =0, thenlim, _, #n(h,) = 0.
Now let f € A and let {f,} be a sequence in A with
lim, , o, || f, = fllx = 0. We define $ and i on A by ¢(f) =
lim, , ¢(f,) and ¢(f) = lim,_, w(f,). By the previous
argument ¢ and ¥ are well defined. It is easy to see that
$,7 € Kp(A) and (1 - t)§ + t = Re &, on A. On the other
hand, ¢, is an extreme point of KR(K) since x € Ch(A, X).
Therefore, = §/ = e, on Aand so ¢ = y = e, on A. It follows
that e, is an extreme point Kp(A) and so x € Ch(A, X).

(6)

lim



(ii) This is proved exactly with the same argument as in
part (i) and applying Theorem 8(ii).

(iii) With the same argument as in part (i), by applying
Theorem 4(ii), we can show that Ch(B,X) = Ch(B,X).
Therefore, by Theorem 4(iv), we conclude that I'(B,X) =
I'(B, X). O

We now recall the following known result and then extend
it by omitting the uniformly closed condition for A.

Theorem 10 (see [1, Lemma 3.1 and Theorem 3.2]). Let A be
a uniformly closed real subalgebra of C(X) containing 1 and let
Re A separate the points of X. Then

(i) A subset S of X is a boundary for A if and only if it is a
Choquet set for A.
(ii) Ch(A, X) is a boundary for A.
(iii) The closure of Ch(A, X) is equal to T'(A, X).

Theorem 11. Let A be a real subalgebra of C(X) containing 1
and let Re A separate the points of X. Then

(i) T(A, X) = T(A, X).
(ii) Ch(A, X) isa boundaryforz and hence for A.
(iii) The closure of Ch(A, X) is equal to T'(A, X).

(iv) A closed subset S of X is a boundary for A if and only
if it is a Choquet set for A.

Proof. Since A satisfies the hypotheses of Theorem 10,

Ch(A,X) is a boundary for A and Ch(A,X) = T(4 X).
Moreover, we have Ch(A, X) = Ch(A, X) by Theorem 9(ii)
and Ch(A, X) ¢ T'(A, X) by Theorem 5. Therefore, Ch(A, X)
is a boundary for A (hence for A) and I'(A, X) < T(A, X).
Since I'(A, X) < I'(A, X) it follows that I'(A, X) = T'(A, X)
and, moreover, Ch(A, X) = T'(A, X).

To prove (iv) let S be a closed boundary for A. By [1,
Lemma 1.1], S is a closed Choquet set for A. Conversely, if
S is a closed Choquet set for A, then m c Sby
Theorem 6(iv). Therefore, S is a boundary for A by (ii)). O

It is interesting to note that in the previous theorem if
Re A does not separate the points of X, a closed Choquet set
may not be a boundary for A [1, Lemma 1.1].

The following result is also known and we bring it here for
easy reference.

Theorem 12 (see [4, Theorem 4.2.5] and [9]). Let A be a
uniformly closed real subalgebra of C(X, T) containing 1 and
let Re A separate the points of X/t. Then

(i) a T-invariant subset S of X is a boundary for A if and
only if it is a Choquet set for A.
(ii) Ch(A, X, 1) is a T-invariant boundary for A.

(iil) The closure of Ch(A, X, 1) is equal to T(A, X, 1), the
smallest T-invariant closed boundary for A.

We now extend the previous theorem by omitting the
uniformly closed condition for A.
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TaBLE 1
C(X) C(X, 1)
points of X points of X/t
Ch(4, X) Ch(A, X, 1)
(closed) boundary T-invariant (closed) boundary
I'(4, X) I'(A, X, 1)
Theorem 10 Theorem 12
Ch(A, X) Ch(A, X, 1)
I'(A,X) I'(A, X, 1)
Theorem 5 Theorem 7(ii)
Choquet set T-invariant Choquet set
[1, Lemma 1.1] Theorem 7(i).

Theorem 13. Let A be a real subalgebra of C(X, T) containing
1 and let Re A separate the points of X/t. Then

(i) I(A, X, 1) = T(A, X, 7).

(ii) Ch(A, X, 1) is a T-invariant boundary for A.

(iii) The closure of Ch(A, X, 1) is equal to I'(A, X, 1), the
smallest T-invariant closed boundary for A.

(iv) A t-invariant closed subset S of X is a boundary for A
if and only if it is a Choquet set for A.

Proof. The proof is similar to that of Theorem 11 by replacing
entries in the first column by the corresponding entries in the
second column of Table 1. O

Corollary 14. If A is a real Banach function algebra on (X, 1),
then

(i) Ch(A, X, ) = Ch(A, X, 7).
(ii) Ch(A, X, 1) is a T-invariant boundary for A.
(iii) T(A, X, 1) = T(4, X, 7).
(iv) T(A, X, 1) = Ch(A, X, 7).
Proof. Since A separates the points of X, we conclude that

Re A separates the points of X /7. Therefore, the result follows
by Theorem 9(ii) and Theorem 13. O

The following result is also known.

Theorem 15 (see [9, Theorem 3.7, Corollary 3.8] or [4,
Theorem 4.3.7]). Let A be a real uniform function algebra on
(X, 1) and suppose that B={f +ig: f,g € A}. Then
Ch(A,X,1)=Ch(B,X), TAX1=TBX). (7
We now extend the previous theorem by omitting the
uniformly closed condition for A.

Theorem 16. Let A be a real subalgebra of C(X, 1) containing
1 and separating the points of X and let B= {f +ig : f,g € A}.
Then Ch(A, X, 1) = Ch(B, X) and T(A, X, t) = T'(B, X).
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Proof. Since A separates the points of X, we conclude that
Re A separates the points of X/t. Therefore, Ch(A, X, 1) =
Ch(A, X,7) and T(A, X, 7) = T(4, X, 7) by Theorem 9(ii) and
Theorem 13(i). Clearly, A is real uniform function algebra on
(X, 7). Since

B={f+ig: f,g € A},
max {[| fll . gl x} < | f +ig]

CX)y=CX,neiC(X,1),

(8)

forall f,g € C(X,7), we have B = {f +ig : f,g € A}
Hence, Ch(A, X,7) = Ch(B,X) and T'(A, X,7) = I'(B, X)
by Theorem 15. On the other hand, since B is a complex
subspace of C(X) which contains 1 and separates the points
of X, we have Ch(B, X) = Ch(B, X) and I'(B, X) = I'(B, X) by
Theorem 9(iii). Thus the result follows. O

Corollary 17. If A is a real Banach function algebra on (X, T)
and B ={f +ig: f,g € A}, then Ch(A, X, 1) = Ch(B, X) and
(A, X, 1) = I(B, X).

At the end of this section, we present two examples of
real subalgebras of C(X, ) which are not uniformly closed
and then determine their Choquet and Shilov boundaries by
Theorem 9, Theorem 13, and Theorem 16.

Example 18. Let (X, d) be a compact metric space and let 0 <
a < 1. Let Lip(X, &) be the complex algebra of all complex-
valued functions f on X for which

|f )= £ ()
d*(x,y)

is finite. For 0 < a < 1, we take lip(X, ) to be the set of all
f € Lip(X, &) for which

ST 55 TP

M — 0 asd(x,y) —0. (10)
d* (x, y)
The Lipschitz norm || -||, on Lip(X, «) is defined by
11 = 1£1x + pa (f)- (1)

It is known that (Lip(X, ), || -ll,) and (lip(X, «), | -ll,) are
complex Banach function algebras on X. These algebras are
called Lipschitz algebras of order « and were first studied by
Sherbert in [13, 14].

Let 7 be a Lipschitz involution on (X, d), that is, an involu-
tion 7 on X satisfying the Lipschitz condition d(7(x), 7(y)) <
Cd(x, y) for a positive constant C and for all x, y in X. Let
o be the algebra involution induced by 7 on C(X). Then
o(Lip(X, «)) = Lip(X, «) and o (lip(X, «)) = lip(X, «); that is,
these (complex) Lipschitz algebras are o-invariant. We now
define

Lip(X,7,a) = {h € Lip(X,a) : 0 (h) = h},
(12)
lip(X,7,0) = {h € lip(X,«) : o (h) = h}.

Then Lip(X, 7, ) and lip(X, 7, «) are real Banach function
algebras on (X, 7) under the norm || - ||, and we have

Lip (X,«) = Lip(X, 7,0) ®i Lip (X, 7, ),
(13)
lip (X, ) =lip (X, 7,0) ®ilip (X, 7, x) .

These algebras are called real Lipschitz algebras of complex
functions of order « and were first studied in [15].

Since Lip(X, 1) < lip(X, ) <€ Lip(X, «) and for each x €
X the function f, : X — C, defined by

B d(x,y) (14)
diam X’

fiy)=1

belongs to Lip(X, 1) and peaks at x, we conclude that

S0 (Llp (X’ 1) ?X)
(15)
=S, (lip (X, ), X) =S, (Lip (X, ), X) = X.

If B is the algebra Lip(X, «) for « € (0,1] or lip(X, «) for
« € (0,1), then by Theorem 16, Ch(B,X) = Ch(A, X, 1)
and I'(A, X, 1) = I[(B, X), whenever A = Lip(X,7,«), for
« € (0,1], or A = lip(X, 7, «), for & € (0,1). Since B = C(X)
and

Ch(B,X)=Ch(B,X)=T(B,X)=T(B,X)=X, (16)
we have Ch(A, X, 1) =T(A, X, 1) = X.

Example 19. Let X be the closed unit interval [0, 1] with the
usual Euclidean topology. Let B = D®(X) be the complex
algebra of all (continuous) complex-valued functions with
derivatives of all orders on X. It is known that B is not
complete under any algebra norm. For this property see, for
example, Carpenter’s theorem [16] or Singer-Wermer theo-
rem [17, § 18, Theorem 16]. Since B is a self-adjoint complex
subalgebra of C(X) which contains 1 and separates the points
of X, we have B = C(X) by the Stone-Weierstrass theorem
for complex subalgebras of C(X). Since Ch(C(X),X) =
['(C(X), X) = X, by Theorem 9(iii) it follows that Ch(B, X) =
I['(B,X) = X.

We now define the topological involution 7 on X by
7(x) = 1 — x and let o be the algebra involution induced
by 7 on C(X). Since for every h € B, o(h) is a differentiable
function of all orders on X and (o(h))™ = (-1)"o(h"™) for
each n € N, it follows that 0(B) = B. If we define A =
{h € B : o(h) = h}, then A is a real subalgebra of C(X, 1)
containing 1, separating the points of X, and moreover, the
algebra B = {f +ig : f,g € A} is the complexification of
A. Then by [15, Theorem 1.2], A is not complete under any
algebra norm. Since Ch(B, X) = I'(B, X) = X, we conclude
that Ch(A, X, 1) = I'(A, X, 7) = X by Theorem 16.

On the other hand, A = C(X, 1) by the Stone-
Weierstrass theorem for real subalgebras of C(X, 7) [3]. Since
Ch(C(X,1),X) = TI'(C(X,1),X) = X, we conclude that
Ch(A,X,1) = TI(AX,7) = X by Theorem 9(ii) and
Theorem 13(i).



3. Peak Sets and Peak Points

In this section we extend some of the known results concern-
ing peak sets and p-sets for complex Banach (uniform, resp.)
function algebras to those for real Banach (uniform, resp.)
function algebras.

We know that every complex uniform function algebra
on X can be regarded as a real uniform function algebra
on a compact Hausdorff space with a suitable topological
involution 7 [3]. We may take Y as a disjoint union of two
copies of X and 7 as a homeomorphism that sends a point in
one copy of X to the corresponding point in the other copy
of X [4, page 29]. Now a natural question arises here whether
the above fact holds for Banach function algebras. The answer
is affirmative as the following result shows. However, its proof
is similar to that of Kulkarni and Limaye for uniform function
algebras.

Theorem 20. Let (B,||| - ||I) be a complex Banach function
algebra on a compact Hausdorff space X. Then there exists a
compact Hausdorff space Y, a topological involution T on Y,
and a real Banach function algebra (A, | - ||) on (Y, ) such that
(B, Il - ), regarded as a real Banach algebra, is isometrically
isomorphic to (A, || - I). Moreover,

(i) the algebra A is natural if and only if B is natural.

(ii) There exists a one-to-one correspondence between the
set of all peak sets (p-sets, resp.) for B and the set of all
peak sets (p-sets, resp.) for A, with respect to (Y, ).

Proof. LetY be the compact Hausdorff space X x {0, 1} with
the product topology. We define the map 7 : ¥ — Y by
7(x,0) = (x,1) and 7(x,1) = (x,0) for all x € X. Clearly,
7 is a topological involution on Y. Now, we define the map
¥ :C(X) — C(Y, 1) by

¥ (f) (x,0) = f(x),
¥ (f)(x.1) = f (x)

Then ¥ is an isometrically isomorphism from (C(X), || ‘[l x),
regarded as a real Banach algebra, onto (C(Y),|| ‘[ly) and
W(1) = 1. Set A = ¥(B). It follows that A is a real subalgebra
of C(Y, 7) which contains 1 and separates the points of Y. We
define| g |= III‘I’fl(g)III forallg € A. Then| - || isa complete
algebranormon Aand || 1 ||= 1. Therefore, A is a real Banach
function algebra on (Y, 7). Now, we define the map ® : B —
A by ® = ¥|,. Clearly, ® is an isometric isomorphism from
(B, [Il - 1), regarded as a real Banach algebra, onto (A, || - |).
Let B, denote B as a real algebra. Then it is easy to show
that M = MpU{7y : 1 € Mpg}. To prove the naturality of A, let
¢ € M,. Then ¢ o ® € My . If B is natural, either there exists
x € X such that o @ = e, or there exists y € X such that ¢
® =e,. We can easily show that ¢ is the evaluation character
at (x, 0) or at (y, 1), respectively. Therefore, A is natural.
Conversely, let A be natural and 7 € M. Hence o @' ¢
M ,,. Therefore, either there exists x € X such that 5 o @'
is the evaluation character at some (x,0) on A or it is the
evaluation character at some (y, 1) on A. Since #§ € My and B
is a complex algebra, the latter case does not occur, and hence

17)
(feC(X),x€X).
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Hod ' = €(x0)- Since ®(B) = A, it follows that # = e, and
thus B is natural.

Now let S be a peak set (p-set, resp.) for B. It is easy to see
that S x {0, 1} is a peak set (p-set, resp.) for A.

Conversely, let E be a peak set for A. Then there exists a
subset S of X such that E = S$x {0, 1}. We can easily show that
Sis a peak set for B.

If Pis a p-set for B, then P = N,;S,, where S is a peak
set for B. Since P x {0, 1} = N, ¢;(S, x {0, 1}), it follows that
P x{0,1} is a p-set for A. O

Concerning the union of peak sets and p-sets for real or
complex subspaces of C(X), the following results are well-
known.

Theorem 21 (see [4, Remark 2.2.10]). Let A be a uniformly
closed real subalgebra of C(X) containing 1. If S and T are peak
sets (p-sets, resp.) for A, then S U T is a peak set (p-set, resp.)
for A.

Theorem 22 (see [18, II. Corollary 12.8]). Let B be a complex
uniform function algebra on X. If{Sj};,’Z1 is a sequence of p-sets

forBand S = U?:l S; is closed, then S is a p-set for B.

Note that the above two theorems do not hold for
complex Banach function algebras, in general. In fact, Dales
has proved the following result in [12] and has shown, by
counterexamples, that the restriction imposed on B and the
peak sets (p-sets, resp.) are necessary.

Theorem 23. Let B be a natural complex Banach function
algebra on X. Then a finite union of pairwise disjoint peak sets
(p-sets, resp.) for B is a peak set (p-set, resp.) for B.

The following two results state the relation between the
peak sets (p-sets, resp.) for a real subspace of C(X,7) and
those of its complexification, which are modifications of [4,
Theorem 2.2.11].

Theorem 24. Let A be a real subspace of C(X, T) containing 1
and B={f +ig: f,g € A}.

(i) If S is a peak set (p-set, resp.) for A, then it is a peak
set (p-set, resp.) for B. Moreover, T(S) is also a peak set
(p-set, resp.) for A and ©(S) = S.

(ii) If S is a peak set (p-set, resp.) for B, then ©(S) is also a
peak set (p-set, resp.) for B. In case 7(S) = S, S is, in
fact, a peak set (p-sets, resp.) for A.

(iif) Sy(A, X) = Sy(B, X) N Fix(z) and S(A, X) = S(B, X) N
Fix(1).

Theorem 25. Let A be a uniformly closed subalgebra of
C(X, 1) containingland let B={f +ig: f,g € A}.

(i) If S is a peak set (p-set, resp.) for B, then S U 1(S) is a
peak set (p-set, resp.) for A.
(if) So(B, X) € Ty(A, X, 1) and S(B, X) € T(A, X, 7).

(i) Ty(A, X,7) N Fix(r) € Sy(B,X) and T(A,X,7) N
Fix(1) € Sy(B, X).
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(iv) If A is a real uniform function algebra on (X, 1), then
To(A, X, 1) = So(B, X) and T(A, X, 1) = S(B, X).

We now extend Theorem 23 for natural real Banach
function algebras.

Theorem 26. Let (A, || - ||) be a natural real Banach function
algebra on (X, 7). Then a finite union of pairwise disjoint peak
sets (p-sets, resp.) for A is a peak set (p-set, resp.) for A.

Proof. Itis sufficient to show thatif S, and S, are two disjoint
peak sets (p-sets, resp.) for A, then S; US, is a peak set (p-set,
resp.) for A.Let B={f +ig: f,g € A}. Then Bis a complex
subalgebra of C(X) and there exists an algebra norm [|| - ||| on
B such that (B, || - |||) is a natural complex Banach function
algebra on X by [15, Theorem 1.2]. On the other hand, S, and
S, are peak sets (p-sets, resp.) for B by Theorem 24(i). Thus
S, US, is a peak set (p-set, resp.) for B by Theorem 23. Since
S, and S, are T-invariant, S; US, is also T-invariant. Therefore,
S, US, is a peak set (p-set, resp.) for A by Theorem 24(ii). [

Remark 27. By using the counter examples in [7] and consid-
ering Theorem 20, we can show that all restrictions imposed
on A in the above theorem are necessary.

Now, we show that part (i) of Theorem 25 holds for real
Banach function algebras with small modification.

Theorem 28. Let (A, | - ||) be a real Banach function algebra
on (X,t)and B = {f +ig : f,g € A} be its complexification.
If S is a peak set (p-set, resp.) for B then S U 1(S) is a peak set
(p-set, resp.) for A.

Proof. Since S is a peak set (p-set, resp.) for B, we con-
clude that 7(S) is also a peak set (p-set, resp.) for B by
Theorem 24(ii). Let D = {f +ig : f,g € A} be the
complexification of A. Clearly, S and 7(S) are peak sets (p-
sets, resp.) for D and hence by Theorem 25(i), S U 7(S) is a
peak set (p-set, resp.) for A. O

Theorem 29. Let (B,| - ||) be a natural complex Banach
function algebra on X and o be the algebra involution on C(X),
induced by the topological involution t. Let o(B) = B and
A =1{h € B:o(h) = h}. If S, and S, are T-invariant peak
sets (p-sets, resp.) for B such that S, NS, = ¢, then S; U S, is
a peak set (p-set, resp.) for A.

Proof. By [15, Theorem 1.1], (A, | - ||) is a natural real Banach
function algebra on (X,7) and B = {f +ig : f,g € A}. On
the other hand, S; and S, are peak sets (p-sets, resp.) for A by
Theorem 24(ii). Therefore, S; U S, is a peak set(p-set, resp.)
for A by Theorem 26. O

The following example shows that the uniformly closed
condition of A in Theorem 25(i) and the condition $; NS, = 0
in Theorem 29 are essential.

Example 30. Let X = {(z,w) € C?: |zl < 1,|w| < 1} and let
B be the complex algebra of all continuous complex-valued
functions on X which have continuous first-order partial

derivatives with respect to z and w. We define the algebra
norm || - || on B by

_ of
1A =171+ 5,

of
it

. (feB). (8

Then (B, || - ||) is a natural complex Banach function algebra
on X and although the sets §; = {(1,w) : lw| < 1} and S, =
{(z,1) : |z| < 1} are peak sets for B, the set S; U S, is not
a peak set for B, as shown by Dales in [12, Example 1]. Note
that §; N S, is nonempty.

We first define the topological involution 7 on X by
7(z,w) = (w,z). Let 0 be the algebra involution on C(X),
induced by 7. By the definition of B, for every f € B
and for each fixed w in the closed unit disk D, f(w,z)
has continuous derivative on D and hence T(E, Z) has also
continuous derivative on D as a function of z. Similarly, for
each fixed z € D, f(w,Z) has continuous derivative on D
and hence, as a function of w, 7(@, Z) has also continuous
derivative on D. Therefore, f(w,Z) has continuous partial
derivatives on X with respect to z and w. Since 7(@, Z) =

fot(z,w), forall (z,w) € X, it follows that o(f) = f o7 € B
and hence 0(B) = B.If we define A = {h € B : o(h) = h}, then
(A, |l - ) is a natural real Banach function algebra on (X, 7)
and B = {f +ig : f,g € A} is the complexification of A by
[15, Theorem L.1]. Moreover, A is not uniformly closed. Since
7(S;) = S,, the set S; UT(S,) is not a peak set for B. Therefore,
S; U T(S,) is not a peak set for A by Theorem 24(i).

We now define the topological involution 7 on X by
7(z,w) = (z,w). Clearly, S, and S, are r-invariant. Let o be
the algebra involution on C(X), induced by 7. By a similar
argument as in the above case, it is easy to see that o(B) = B.
If we define A = {h € B : o(h) = h}, then A is a natural real
Banach function algebraon (X, 7) and B = {f +ig: f,g € A}
by [15, Theorem 1.1]. Since S; U S, is not a peak set for B, it is
not a peak set for A by Theorem 24(i).

Theorem 31. Let A be a natural real Banach function algebra
on (X,7t)andlet B = {f +ig : f,g € A}. Then Sy(B,X) <
To(A, X, 1) and S(B, X) € T(A, X, 7).

Proof. Let x € Sy(B,X). If x = 7(x) then x, € S;(4, X)
by Theorem 24(ii), and hence x € Ty(A, X, 7). If x # 7(x),
then {x,7(x)} is a peak set for B by Theorem 24(ii) and
Theorem 23. Since {x, 7(x)} is T-invariant, it follows that it is
a peak set for A by Theorem 24(ii) and hence x € Ty(A, X, 7).
Therefore, the first inclusion holds.

By applying parts (i) and (iii) in Theorem 24 and
Theorem 29 for p-sets, the second inclusion holds with the
same argument. O

Concerning the existence of a p-point (a peak point,
respectively) in every peak set for a complex uniform func-
tion algebra, the following result holds.

Theorem 32 (see [2, Corollary 2.4.6]). Let B a complex
uniform function algebra on X. Then every peak set for B



contains a p-point for B. Moreover, if X is first countable, then
every peak set for B contains a peak point for B.

Note that the above theorem is not true for complex
Banach function algebras, in general (see [11, 19, 20]).

The following example shows that the above theorem does
not hold even for real uniform function algebras, in general.

Example 33. We denote by D, D, and T the open unit disk
{z € C : |z| < 1}, the closed unit disc {z € C : |z| < 1},
and the unit circle {z € C : |z| = 1}, respectively. Let B =
A(D), the complex disc algebra. It is known that (B, || -|I5) is
a complex uniform algebra on D and Sy(B; D) = T. We define
the topological involution 7 on D by 7(z) = z. Let A = {h €
B : o(h) = h}, where o is the algebra involution induced by
7 on C(D). Since o fz) = 7(2) is continuous on D and it is
analytic on D for each f € B, it follows that ¢(B) = B. In fact,
A is the real disc algebra and B = {f +ig : f,g € A} is the
complexification of A. Moreover,

Sy (A,D) =8, (B,D) nFix (1) = TN {-1,1} = {-1,1},
(19)

by Theorem 24(iii). Hence for each z € T with z # z, the set
{z,z} isa peak set for A which does not contain any peak point
for A.

The following is a modification of Theorem 32 for real
uniform function algebras.

Theorem 34. Let A be a real uniform function algebra on
(X, 7). Then every peak set for A contains a t-p-point for A.
Moreover, if X is first countable, every peak set for A contains
a t-peak point for A.

Proof. Let S be a peak set for A. If we take B = {f + ig :
f,g € A} then B is a complex uniform function algebra
on X by [4, Theorem 1.3.20] and S is also a peak set for B.
Hence S N S(B, X)#® and when X is first countable, S N
So(B, X) # 0, by Theorem 32. Since S(B, X) = T(A, X, 7) and
So(B,X) =Ty(A, X, 1), wehave SN T(A, X, 7) #0, and if X is
first countable, then SN T (A, X, 1) # 0. L]

4. On the Density of 7-Peak Points
in the Shilov Boundary

We first state some known results on the density of the set
of peak points in the Shilov boundary for complex Banach
function algebras.

Theorem 35 (see [2, Theorem 2.3.4]). Let B be a complex
uniform function algebra on X. Then S(B,X) = Ch(B, X).
Moreover, if X is first countable, then Sy(B, X) = Ch(B, X) and
so I'(B, X) is the closure of S;(B, X).

Theorem 36 (see [11, Theorem 2.3] and [21]). Let B be a
Banach function algebra on a compact metrizable space X.
Then T'(B, X) is the closure of Sy(B, X).
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The following example shows that the above theorem
does not hold even for real uniform algebras on compact
metrizable spaces, in general.

Example 37. Let B be the complex disc algebra and let A be
the real disc algebra, considered in Example 33. It is known
that S, (B, D) = I(B;D) = T. Therefore, [(A,D,7) = T by
Theorem 16. On the other hand, Sy(A4, D) = {-1, 1} as shown

in Example 33. Hence, the closure of S,(A, D) is not equal to
I'(A, X, 7).

Theorem 38 (see [10] or [4, Theorem 4.2.4]). Let A be a
uniformly closed real subalgebra of C(X, T) containing 1. Then

Ch(A,X,1)=T(A X 1). (20)

Remark 39. Let A be a real uniform function algebra on
(X,7) and B = {f +ig : f,g € A} Then we have
Ch(A, X,1) = T(A, X, 1) by Theorem 38, Ch(A, X, 1) =
Ch(B, X) by Theorem 15, and Ch(B,X) = S(B,X) by
Theorem 35. Therefore, T(A, X,7) = S(B,X), which has
already been obtained in Theorem 25(iv).

Theorem 40. Let A be a uniformly closed real subalgebra of
C(X, 1) containing 1 and let Re A separate the points of X/t.
Then

TAX,1)=T(AX,1). (21)
In particular, if X is a first countable space, then
Ty (A X, 7)=T(AX,71). (22)

Proof. By Theorem 38 we have T(A,X,7) = Ch(A, X, 1)
and since Ch(A, X, 1) = I'(A, X, 1) by Theorem 13(iii), we
conclude that

TAX,7) =T (AX,1). (23)

In the case that X is first countable, every finite subset
of X is a Gs-set. Hence T(A, X, 1) € Ty(A, X, 1) and so
T(A, X, 1) = Ty(A, X, 7). Therefore, T(A, X, 1) = I'(A, X, 7)
by the previous argument. O

Theorem 41. Let X be a compact metrizable space and let T
be a topological involution on X. If (A, || - ||) is a natural real
Banach function algebra on (X, 7), then

T,(AX,7) =T(AX1). (24)

Proof. Let B = {f +ig : f,g € A}. The naturality of A
implies that Sy(B, X) < T,(A, X, 1) by Theorem 31. On the
other hand, there exists an algebra norm ||| - ||| on B such
that (B, ||| - ||]) is a complex Banach function algebra on X by
[15, Theorem 1.2]. Since X is a metrizable compact space, we
have S,(B, X) = I'(B, X) by Theorem 36. On the other hand,
I'(A, X, 1) = I'(B, X) by Theorem 16. Therefore, Sy(B, X) =
To(A, X, 1) =T(A, X, 7). ]
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