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We construct a quantity in terms of𝐿𝑝 integral of the Jacobian of a conformal self-map on the unit ball ofR𝑛+1.Then, we characterize
the fractional Carleson measures on the unit ball by the quantity.

1. Introduction

Let D be the unit disc of the complex plane and let 𝜕D be the
boundary of D. For any arc 𝐼 ⊆ 𝜕D, let |𝐼| = ∫

𝐼
𝑑𝜁/2𝜋 be the

normalized length of 𝐼. The Carleson square based on an arc
𝐼 is the set

𝑆 (𝐼) = {𝑧 ∈ D : |𝑧| > 1 − |𝐼| ,

𝑧

|𝑧|

∈ 𝐼} . (1)

We set 𝑆(𝐼) = D when 𝐼 = 𝜕D. Then, for 𝑠 > 0, a nonnegative
measure ] onD is called an 𝑠-Carlesonmeasure if there exists
a constant 𝐶 > 0 such that

] (𝑆 (𝐼)) ≤ 𝐶|𝐼|
𝑠
, ∀𝐼 ⊂ 𝜕D. (2)

] is said to be a compact 𝑠-Carleson measure if ] is an 𝑠-
Carleson measure and

lim
|𝐼|→0

] (𝑆 (𝐼))

|𝐼|
𝑠 = 0. (3)

The 1-Carlesonmeasure is the classical Carlesonmeasure (see
[1, 2]).

Carleson measures are related to certain holomorphic
function spaces, such as BMO, Morrey spaces, and 𝑄 spaces
in a natural way (see [2–5]). Besides these, much research has
been done about the characterizations of Carleson measures
(see [6–10]). A well-known result is that a nonnegative
measure ] on D is a 1-Carleson measure if and only if

sup
𝑎∈D

∫

D

1 − |𝑎|
2

|1 − 𝑎𝑧|
2
𝑑] (𝑧) < ∞ (4)

(see [2]). The 𝑠-Carleson measures can be characterized by
modifying (4) (see [4, 7, 10–12]). For instance, in [4], for
𝜏, 𝑠 > 0, it is shown that a nonnegative measure ] on D is
an 𝑠-Carleson measure or a compact 𝑠-Carleson measure if
and only if

sup
𝑎∈D

∫

D

(1 − |𝑎|
2
)

𝜏

|1 − 𝑎𝑧|
𝜏+𝑠

𝑑] (𝑧) < ∞

or lim
|𝑎|→1−

∫

D

(1 − |𝑎|
2
)

𝜏

|1 − 𝑎𝑧|
𝜏+𝑠

𝑑] (𝑧) = 0.

(5)

Recently, Wu [13] provided a different way for the charac-
terization of 𝑠-Carlesonmeasures in terms of the 𝐿𝑝 estimates
instead of 𝐿1 in (5). Suppose that 𝜏, 𝑠 > 0, 1/𝑠 ≤ 𝑝 < ∞, and
] is a nonnegative measure on D. For 𝑎 ∈ D, 𝜁 ∈ 𝜕D, write

A] (𝑎, 𝜏, 𝑠, 𝑝) =

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩

∫

Γ(𝜁)

(1 − |𝑎|
2
)

𝜏

|1 − 𝑎𝑧|
𝜏+𝑠

𝑑] (𝑧)

1 − |𝑧|

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩𝐿𝑝(𝜕D)

, (6)

where Γ(𝜁) = {𝑧 ∈ D : |𝜁 − 𝑧| < 2(1 − |𝑧|)} is the cone in D

with the vertex 𝜁. In [13], it is shown that

(1) sup
𝑎∈DA](𝑎, 𝜏, 𝑠, 𝑝) < ∞ if and only if ] is an (𝑠 + 1 −

1/𝑝)-Carleson measure;
(2) A](𝑎, 𝜏, 𝑠, 𝑝) → 0 as |𝑎| → 1

− if and only if ] is a
compact (𝑠 + 1 − 1/𝑝)-Carleson measure.

The relations among the Carleson measures, quantities
A](𝑎, 𝜏, 𝑠, 𝑝), and some function spaces defined on 𝜕D
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are also displayed, which are applied to characterizing the
boundedness and compactness of Volterra-type operators
from Hardy spaces to some holomorphic spaces. One can
refer to [13] for more details.

In order to show that the Jacobian of a conformal self-map
of the unit ball B inR𝑛+1 obeys the weak Harnack inequality,
Kotilainen et al. introduced an integral form of the fractional
Carleson measures on the unit ball B (see [14]). For 𝜔 ∈ B \

{0}, set

𝐸 (𝜔) = {𝑧 ∈ B :

󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨

𝑧 −

𝜔

|𝜔|

󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨

< 1 − |𝜔|} , (7)

and set 𝐸(0) = B. For 𝑡 > 0, a nonnegative measure 𝜇 on B is
called a 𝑡-Carlesonmeasure or a compact 𝑡-Carlesonmeasure
if and only if

sup
𝜔∈B

𝜇 (𝐸 (𝜔))

(1 − |𝜔|)
𝑡
< ∞ or lim

|𝜔|→1−

𝜇 (𝐸 (𝜔))

(1 − |𝜔|)
𝑡
= 0 (8)

(see [14, 15]). For 𝑧0 ∈ B, a conformal self-map 𝑇𝑧
0

of B is
defined by

𝑇𝑧
0

(𝜔) =

(1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
) (𝜔 − 𝑧0) −

󵄨
󵄨
󵄨
󵄨
𝜔 − 𝑧0

󵄨
󵄨
󵄨
󵄨

2
𝜔

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

. (9)

Let 𝑇󸀠

𝑧
0

(𝜔) stand for the Jacobian matrix of 𝑇𝑧
0

at 𝜔 ∈ B. Then
the Jacobian of 𝑇𝑧

0

is

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨
=

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

. (10)

For more details about this conformal self-map, one can refer
to [16–19]. Then, it is shown in [14] that 𝜇 is a 𝑡-Carleson
measure or a compact 𝑡-Carleson measure on B if and only
if

sup
𝑧
0

∈B

∫

B

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑡

𝑑𝜇 (𝜔) < ∞

or lim
|𝑧
0

|→1−
∫

B

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑡

𝑑𝜇 (𝜔) = 0,

(11)

which is the analogue of (4) and (5).
Pursuing the above, in this paper, analogically to (6),

we will construct a quantity on the unit ball B by using
the Jacobian of 𝑇𝑧

0

and establish the connections between
the fractional Carleson measures on B and the quantity. In
Section 2, we give some preliminaries, which contain the
fractional Carleson measure defined in terms of tents or
Carleson boxes. In Section 3, we state our main results and
their proof. The results are the extension of the ones in [13],
and the real analysis techniques used in this paper should
have an application in studying the operators on the function
spaces defined on the unit sphere in future.

2. Preliminaries

Throughout this paper,𝐶denotes a positive constant thatmay
change from one step to the next. For fixed 𝑧 ∈ B, we call the
set

𝜎(

𝑧

|𝑧|

, 1 − |𝑧|) = {𝑥 ∈ S
𝑛
:

󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨

𝑥 −

𝑧

|𝑧|

󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨
󵄨

< 2 (1 − |𝑧|)} (12)

a spherical cap centered on 𝑧/|𝑧| with radius 1 − |𝑧|. It is easy
to see that 𝜎(𝑧/|𝑧|, 1−|𝑧|) is the projection of 𝐸(𝑧) on the unit
sphere. We always write a spherical cap as 𝜎without pointing
out its center and radius, if there are no confusing cases. For a
spherical cap 𝜎, we also denote the radius of 𝜎 by 𝑟(𝜎) and the
Lebesgue measure of 𝜎 by |𝜎|. Clearly, there is the estimate

|𝜎| ≍ (𝑟 (𝜎))
𝑛
, (13)

where we say that 𝐹 and 𝐺 are equivalent, denoted by 𝐹 ≍ 𝐺,
if there are two positive constants 𝑐 and𝐶 such that 𝑐𝐹 ≤ 𝐺 ≤

𝐶𝐹. The Carleson box based on a spherical cap 𝜎 is defined
by

𝑆 (𝜎) = {𝑧 ∈ B :

𝑧

|𝑧|

∈ 𝜎, 1 − 𝑟 (𝜎) < |𝑧| ≤ 1} . (14)

The tent based on 𝜎 is defined by

𝑇 (𝜎) = {𝑧 ∈ B : 𝜎 (

𝑧

|𝑧|

, 1 − |𝑧|) ⊂ 𝜎} . (15)

The cone Γ(𝑥) in B with the vertex 𝑥 ∈ S𝑛 is defined by

Γ (𝑥) = {𝑧 ∈ B : 𝑥 ∈ 𝜎(

𝑧

|𝑧|

, 1 − |𝑧|)} . (16)

For any fixed 𝑧 ∈ B, set

𝜎(𝑧) = {𝑥 ∈ S
𝑛
: 𝑧 ∈ Γ (𝑥)} . (17)

Clearly, if 𝑧 ̸= 0, 𝜎(𝑧) is just the spherical cap inS𝑛 with center
𝑧/|𝑧| and radius 1 − |𝑧|.

For 𝑧 ∈ B and a measurable function 𝑓 defined on S𝑛, we
denote by

𝑃 (𝑓) (𝑧) = ∫

S𝑛
𝑓(𝑥) 𝑝 (𝑥, 𝑧) 𝑑𝑥

= ∫

S𝑛
𝑓(𝑥)

1 − |𝑧|
2

|S𝑛
| |𝑥 − 𝑧|

𝑛+1
𝑑𝑥

(18)

the Poisson extension of 𝑓 onto B. The nontangential maxi-
mal function of 𝑃(𝑓) is the function

𝑃
∗
(𝑓) (𝑥) = sup

𝑧∈Γ(𝑥)

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑓) (𝑧)

󵄨
󵄨
󵄨
󵄨 (19)

defined on S𝑛.
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For 𝑔 ∈ 𝐿
1
(S𝑛

) and any 𝑧 ∈ B, we write

𝑇 (𝑔) (𝑧) =

1

|𝜎 (𝑧)|

∫

𝜎(𝑧)

𝑔 (𝑥) 𝑑𝑥, (20)

which is also an extension of 𝑔 onto B.
For 𝑥 ∈ S𝑛, we call the function

𝑀(𝑓) (𝑥) = sup
0<𝑟<1

1

|𝜎 (𝑥, 𝑟)|

∫

𝜎(𝑥,𝑟)

󵄨
󵄨
󵄨
󵄨
𝑓 (𝑦)

󵄨
󵄨
󵄨
󵄨
𝑑𝑦 (21)

the centered Hardy-Littlewood maximal function of 𝑓

defined on S𝑛.
The following two lemmas give a lower estimate and an

upper estimate for the Poisson integral on B. In the case of
𝑛 = 1, one can refer to [20, Theorems 2.4 and 2.5].

Lemma 1. There exists a constant 𝐶, such that

𝑇 (𝑔) (𝑧) < 𝐶𝑃 (𝑔) (𝑧) , ∀𝑧 ∈ B (22)

holds for all𝑔 ≥ 0 and𝑔 ∈ 𝐿
1
(S𝑛

), where𝑃(𝑔)(𝑧) is the Poisson
extension of 𝑔.

Proof. It is sufficient to prove that the estimate

1

|𝜎 (𝑧)|

𝜒𝜎(𝑧) (𝑥) ≤ 𝐶

1 − |𝑧|
2

|𝑥 − 𝑧|
𝑛+1

, ∀𝑥 ∈ S
𝑛 (23)

holds for any 𝑧 ∈ B. Since 1 − |𝑧| ≥ 𝐶|𝑥 − 𝑧| as 𝑥 ∈ 𝜎(𝑧), by
the estimate in (13), it is easy to obtain the conclusion.

Lemma 2. There exists a constant 𝐶, such that

𝑃 (𝑔) (𝑧) < 𝐶𝑇 (𝑃
∗
(𝑔)) (𝑧) , ∀𝑧 ∈ B (24)

holds for all 𝑔 ≥ 0 and 𝑔 ∈ 𝐿
1
(S𝑛

).

Proof. Clearly, it is the consequence of the definitions of
𝑇(𝑃

∗
(𝑔))(𝑧) and Γ(𝑥). Noticing that 𝑃∗(𝑔)(𝑥) ≥ 𝑃(𝑔)(𝑧) as

𝑥 ∈ 𝜎(𝑧), we have

𝑇 (𝑃
∗
(𝑔)) (𝑧) =

1

|𝜎 (𝑧)|

∫

𝜎(𝑧)

𝑃
∗
(𝑔) (𝑥) 𝑑𝑥

≥ 𝑃 (𝑔) (𝑧)

1

|𝜎 (𝑧)|

∫

𝜎(𝑧)

𝑑𝑥

(25)

for any 𝑧 ∈ B. Using (13), it implies the required conclusion.

The following two lemmas are well known. One is the
generalized maximal theorem; the other is the fact that the
nontangential maximal function can be pointwise controlled
by maximal function (see [21]).

Lemma 3. Let 𝑓 be a measurable function defined on S𝑛.

(a) If 𝑓 ∈ 𝐿
𝑝
(S𝑛

) and 1 ≤ 𝑝 ≤ ∞, 𝑀(𝑓) is finite almost
everywhere.

(b) If 𝑓 ∈ 𝐿
1
(S𝑛

), then for any 𝛼 > 0,

󵄨
󵄨
󵄨
󵄨
{𝑥 ∈ S

𝑛
: 𝑀 (𝑓) (𝑥) > 𝛼}

󵄨
󵄨
󵄨
󵄨
≤

𝐶

𝛼

∫

S𝑛

󵄨
󵄨
󵄨
󵄨
𝑓 (𝑥)

󵄨
󵄨
󵄨
󵄨
𝑑𝑥. (26)

(c) If 𝑓 ∈ 𝐿
𝑝
(S𝑛

) and 1 < 𝑝 ≤ ∞, then 𝑀(𝑓) ∈ 𝐿
𝑝
(S𝑛

)

and
󵄩
󵄩
󵄩
󵄩
𝑀 (𝑓)

󵄩
󵄩
󵄩
󵄩𝐿𝑝(S𝑛)

≤ 𝐴𝑝

󵄩
󵄩
󵄩
󵄩
𝑓
󵄩
󵄩
󵄩
󵄩𝐿𝑝(S𝑛)

, (27)

where 𝐴𝑝 depends only on 𝐶 and 𝑝.

Lemma 4. If 𝑓 ∈ 𝐿
𝑝
(S𝑛

), 𝑝 ≥ 1, then 𝑃
∗
(𝑓)(𝑥) ≤ 𝐶𝑀(𝑓)(𝑥)

holds for almost every 𝑥 ∈ S𝑛.

For the convenience, we define Carleson measures on B

in terms of Carleson boxes or tents.

Definition 5. Let 𝑠 > 0 and 𝜎 a spherical cap in S𝑛. A
nonnegative measure 𝜇 on B is called an 𝑠-Carleson measure
if there exits a constant 𝐶 such that

𝜇 (𝑆 (𝜎)) ≤ 𝐶|𝜎|
𝑠
, ∀𝜎 ⊂ S

𝑛
. (28)

𝜇 is called a compact 𝑠-Carlesonmeasure if 𝜇 is an 𝑠-Carleson
measure and

lim
|𝜎|→0

𝜇 (𝑆 (𝜎))

|𝜎|
𝑠 = 0. (29)

Remark 6. (1) Comparing Definition 5 with the definition in
(8), one can see that the 𝑠 in Definition 5 is equal to 𝑛𝑡 in (8).

(2) For any 𝜎 ⊆ S𝑛, we can replace 𝑆(𝜎) with 𝑇(𝜎) in
Definition 5.

(3) For 𝑛 = 1, it goes back to the one in [2].

For 0 < 𝑝 ≤ 𝑞 < ∞, a well-known result which is due
to Carleson in [1] for 𝑝 = 𝑞 and Duren in [22] for 𝑝 < 𝑞

says that a nonnegative measure 𝜇 on the unit disc D of the
complex planeC is a bounded (𝑞/𝑝)-Carlesonmeasure if and
only if

∫

D

󵄨
󵄨
󵄨
󵄨
𝑓 (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧) ≤

󵄩
󵄩
󵄩
󵄩
𝑓
󵄩
󵄩
󵄩
󵄩

𝑞

𝐻𝑝
, ∀𝑓 ∈ 𝐻

𝑝
(D) . (30)

By Definition 5 and using the real analysis techniques, we
obtain the following extension of this result on B.

Theorem 7. Let 𝜇 be a nonnegative measure on B.

(a) For 0 < 𝑝 ≤ 𝑞 < ∞, let 𝜙(𝑧) be a 𝜇-measurable
function defined on B and let 𝜙∗ be the nontangential
maximal function of 𝜙(𝑧). If 𝜇 is a (𝑞/𝑝)-Carleson
measure on B, then

∫

B

󵄨
󵄨
󵄨
󵄨
𝜙 (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧) ≤ 𝐶

󵄩
󵄩
󵄩
󵄩
𝜙
∗󵄩
󵄩
󵄩
󵄩

𝑞

𝐿𝑝(S𝑛)
. (31)

(b) For 1 < 𝑝 ≤ 𝑞 < ∞, 𝜇 is a (𝑞/𝑝)-Carleson measure on
B if and only if

∫

B

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑓) (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧) ≤ 𝐶

󵄩
󵄩
󵄩
󵄩
𝑓
󵄩
󵄩
󵄩
󵄩

𝑞

𝐿𝑝(S𝑛)
(32)

for any 𝑓 ∈ 𝐿
𝑝
(S𝑛

), and here 𝑃(𝑓) is the Poisson
integral of 𝑓.
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Proof. It is sufficient to (31) if

∫

B

󵄨
󵄨
󵄨
󵄨
𝜑 (𝑧)

󵄨
󵄨
󵄨
󵄨
𝑑𝜇 (𝑧) ≤ 𝐶

󵄩
󵄩
󵄩
󵄩
𝜑
∗󵄩
󵄩
󵄩
󵄩𝐿𝑝/𝑞(S𝑛)

. (33)

Indeed, write 𝜑(𝑧) = |𝜙(𝑧)|
𝑞, and above if the inequality

holds, then

∫

B

󵄨
󵄨
󵄨
󵄨
𝜙 (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧) ≤ 𝐶(∫

S𝑛

󵄨
󵄨
󵄨
󵄨
𝜑
∗󵄨
󵄨
󵄨
󵄨

𝑝/𝑞
𝑑𝑥)

𝑞/𝑝

= 𝐶(∫

S𝑛

󵄨
󵄨
󵄨
󵄨
𝜙
∗󵄨
󵄨
󵄨
󵄨

𝑝
𝑑𝑥)

𝑞/𝑝

,

(34)

which is what we need.
Suppose that 𝜇 is a (𝑞/𝑝)-Carleson measure on B. Write

Ω = {𝑥 ∈ S𝑛
: 𝜑

∗
(𝑥) > 𝛼}. Recalling the Whitney

decomposition (see [21]), we know that there exists a disjoint
collection of spherical caps {𝜎𝑘} such that ⋃𝑘 𝜎

𝑘

∗
= Ω, and

here 𝜎𝑘
∗
is the spherical cap with the same center as 𝜎𝑘 but

radius 𝐶 times. Now, we claim that

{𝑧 ∈ B : 𝜑 (𝑧) > 𝛼} ⊆ ⋃

𝑘

𝑇 (𝜎
𝑘

∗
) . (35)

Indeed, let 𝑧 ∈ B so that 𝜑(𝑧) > 𝛼. By the definition of 𝜑∗, we
have that 𝜑∗(𝑥) > 𝛼 for all 𝑥 ∈ S𝑛 satisfying 𝑥 ∈ 𝜎(𝑧/|𝑧|, 1 −

|𝑧|). Thus, 𝜎(𝑧/|𝑧|, 1 − |𝑧|) ⊆ Ω = ⋃𝑘 𝜎
𝑘

∗
, and clearly 𝑧 ∈

⋃𝑘 𝑇(𝜎
𝑘

∗
).

Clearly, we have

𝜇 ({𝑧 ∈ B : 𝜑 (𝑧) > 𝛼})

≤ ∑

𝑘

𝜇 (𝑇 (𝜎
𝑘

∗
)) ≤ 𝐶∑

𝑘

󵄨
󵄨
󵄨
󵄨
󵄨
𝜎
𝑘

∗

󵄨
󵄨
󵄨
󵄨
󵄨

𝑞/𝑝

≤ 𝐶∑

𝑘

󵄨
󵄨
󵄨
󵄨
󵄨
𝜎
𝑘󵄨󵄨
󵄨
󵄨
󵄨

𝑞/𝑝

≤ 𝐶|Ω|
𝑞/𝑝

.

(36)

Thus, we have

∫

B

󵄨
󵄨
󵄨
󵄨
𝜑 (𝑧)

󵄨
󵄨
󵄨
󵄨
𝑑𝜇 (𝑧) = ∫

∞

0

𝜇 {𝑧 ∈ B : 𝜑 (𝑧) > 𝛼} 𝑑𝛼

≤ 𝐶∫

∞

0

󵄨
󵄨
󵄨
󵄨
{𝑥 ∈ S

𝑛
: 𝜑

∗
(𝑥) > 𝛼}

󵄨
󵄨
󵄨
󵄨

𝑞/𝑝
𝑑𝛼

≤ 𝐶∫

∞

0

(∫

S𝑛
𝜒𝜑∗(𝑥)>𝛼𝑑𝑥)

𝑞/𝑝

𝑑𝛼.

(37)

By Minkowski’s inequality acting on the last inequality, we
have

∫

B

󵄨
󵄨
󵄨
󵄨
𝜑 (𝑧)

󵄨
󵄨
󵄨
󵄨
𝑑𝜇 (𝑧) ≤ 𝐶(∫

S𝑛

󵄨
󵄨
󵄨
󵄨
𝜑
∗󵄨
󵄨
󵄨
󵄨

𝑝/𝑞
𝑑𝑥)

𝑞/𝑝

= 𝐶
󵄩
󵄩
󵄩
󵄩
𝜑
∗󵄩
󵄩
󵄩
󵄩𝐿𝑝/𝑞(S𝑛)

,

(38)

Then, (31) follows.
Now, turn to the proof of the “only if ” part of (b). If 𝜇 is a

(𝑞/𝑝)-Carleson measure, we can obtain

∫

B

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑓) (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧) ≤ 𝐶

󵄩
󵄩
󵄩
󵄩
𝑃
∗
(𝑓)

󵄩
󵄩
󵄩
󵄩

𝑞

𝐿𝑝(S𝑛)
(39)

as a direct sequence of (a). Noting Lemmas 3 and 4, we com-
plete the proof of the “only if ” part of (b).

The proof of the “if ” part of (b) is easy. For any spherical
cap 𝜎 in S𝑛, if 𝑧 ∈ 𝑇(𝜎), we have 𝜎(𝑧) ⊆ 𝜎. Let 𝑓 = 𝜒𝜎(𝑥).
Since the simple fact |𝑥 − 𝑧| ≤ 𝐶(1 − |𝑧|) as 𝑥 ∈ 𝜎(𝑧) and the
estimate in (13), we obtain the useful estimate

𝑃 (𝑓) (𝑧) = ∫

S𝑛
𝜒𝜎 (𝑥) 𝑝 (𝑥, 𝑧) 𝑑𝑥

≥ 𝐶∫

𝜎(𝑧)

1

(1 − |𝑧|)
𝑛 𝑑𝑥 ≥ 𝐶.

(40)

Now, it is easy to see

𝜇 (𝑇 (𝜎)) ≤ 𝐶∫

𝑇(𝜎)

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑓) (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧)

≤ 𝐶(∫

S𝑛

󵄨
󵄨
󵄨
󵄨
𝜒𝜎 (𝑥)

󵄨
󵄨
󵄨
󵄨

𝑝
𝑑𝑥)

𝑞/𝑝

= 𝐶|𝜎|
𝑞/𝑝

,

(41)

which is to say that 𝜇 is a (𝑞/𝑝)-Carleson measure. The proof
of (b) is completed.

Let 𝜎 be a spherical cap in S𝑛 with center 𝑥0 = 𝑧0/|𝑧0|

and radius 𝑟(𝜎) = 1− |𝑧0|. Let 𝑗 be a nonnegative integer and,
𝑁 be the greatest integer less than log

2
(1/𝑟(𝜎)). Denote the

spherical cap with the same center as 𝜎 but radius 2𝑗𝑟(𝜎) by
𝜎𝑗. Then, 𝜎0 = 𝜎 and 𝜎𝑁+1 = S𝑛. Moreover, for any spherical
cap 𝜎 ⊆ S𝑛, we have

B = 𝑆 (𝜎)⋃(

𝑁

⋃

𝑗=0

(𝑆 (𝜎𝑗+1) \ 𝑆 (𝜎𝑗))) . (42)

Lemma 8. For fixed 𝑧0 ∈ B, let 𝜎 be a spherical cap in S𝑛 with
center 𝑥0 = 𝑧0/|𝑧0| and radius 𝑟(𝜎) = 1 − |𝑧0|. Then, one has
the following estimates:

(i) 1 + |𝜔|
2
|𝑧0|

2
− 2𝜔 ⋅ 𝑧0 ≍ (𝑟(𝜎))

2, if 𝜔 ∈ 𝑆(𝜎),
(ii) 1+|𝜔|2|𝑧0|

2
−2𝜔 ⋅ 𝑧0 ≍ 2

2𝑗
(𝑟(𝜎))

2, if𝜔 ∈ 𝑆(𝜎𝑗+1)\𝑆(𝜎𝑗),
𝑗 ∈ [0,𝑁].

Proof. If 𝜔 ∈ 𝑆(𝜎), then we have the estimates

1 + |𝜔|
2󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

≥ 1 + |𝜔|
2󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2 |𝜔|

󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

= (1 − |𝜔|
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨
)
2

≥ (1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨
)
2
,

1 + |𝜔|
2󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

= 1 + |𝜔|
2󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− (

󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
+ |𝜔|

2
−
󵄨
󵄨
󵄨
󵄨
𝑧0 − 𝜔

󵄨
󵄨
󵄨
󵄨

2
)

= (1 − |𝜔|
2
) (1 −

󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
) +

󵄨
󵄨
󵄨
󵄨
𝑧0 − 𝜔

󵄨
󵄨
󵄨
󵄨

2

≤ 𝐶(1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨
)
2
.

(43)

Part (i) is yielded by the above.
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For part (ii), if 𝜔 ∈ 𝑆(𝜎𝑗+1) \ 𝑆(𝜎𝑗), we have

1 + |𝜔|
2󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

= 1 + |𝜔|
2󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

− (
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
+ |𝜔|

2
−
󵄨
󵄨
󵄨
󵄨
𝑧0 − 𝜔

󵄨
󵄨
󵄨
󵄨

2
)

= (1 − |𝜔|
2
) (1 −

󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
) +

󵄨
󵄨
󵄨
󵄨
𝑧0 − 𝜔

󵄨
󵄨
󵄨
󵄨

2

≍ 2
2𝑗
(𝑟 (𝜎))

2
.

(44)

The proof is completed.

Combining together Definition 5, the decomposition
of B in (42), and Lemma 8, we can obtain the following
characterization for 𝑠-Carleson measures on B, which is
similar to [14, Theorems 2.3 and 2.4].

Theorem 9. Let 𝑠 > 0 and 0 < 𝜏 < ∞. A nonnegative
measure 𝜇 on B is an 𝑠-Carleson measure or a compact 𝑠-
Carleson measure if and only if

sup
𝑧
0

∈B

∫

B

(

(1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
)

𝜏

(1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0)

(1+𝜏)/2
)

𝑛𝑠

𝑑𝜇 (𝜔) < ∞,

(45)

or

lim
|𝑧
0

|→1−
∫

B

(

(1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
)

𝜏

(1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0)

(1+𝜏)/2
)

𝑛𝑠

𝑑𝜇 (𝜔) = 0.

(46)

In particular, when 𝜏 = 1, 𝜇 is an 𝑠-Carleson measure or a
compact 𝑠-Carleson measure on B if and only if

sup
𝑧
0

∈B

∫

B

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑛𝑠

𝑑𝜇 (𝜔) < ∞,

𝑜𝑟 lim
|𝑧
0

|→1−
∫

B

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑛𝑠

𝑑𝜇 (𝜔) = 0.

(47)

3. The Carleson Measures Characterized by
𝐿
𝑝 Behaviors

By the estimate in (13) andTheorem 9, we observe that

∫

B

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑛𝑠

𝑑𝜇 (𝜔)

≍ ∫

B

∫

𝑆𝑛
𝜒Γ(𝑥) (𝜔)(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

×

𝑑𝑥

(1 − |𝜔|)
𝑛 𝑑𝜇 (𝜔)

≍ ∫

S𝑛
∫

Γ(𝑥)

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛 𝑑𝑥

=

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩

∫

Γ(𝑥)

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑛𝑠 𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩𝐿1(S𝑛)

.

(48)

For 𝑧0 ∈ B, 𝑠 ∈ R, and 0 < 𝑝 ≤ ∞, write

R𝜇 (𝑧0, 𝑠, 𝑝) =

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩

∫

Γ(𝑥)

󵄨
󵄨
󵄨
󵄨
󵄨
𝑇
󸀠

𝑧
0

(𝜔)

󵄨
󵄨
󵄨
󵄨
󵄨

𝑛𝑠 𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩𝐿𝑝(S𝑛)

. (49)

By Theorem 9, it is clear that 𝜇 is an 𝑠-Carleson measure on
B if and only if sup

𝑧
0

∈𝐵
R𝜇(𝑧0, 𝑠, 1) < ∞.

For a spherical cap 𝜎 ⊆ S𝑛 and 0 < 𝑝 ≤ ∞, define

I𝜇 (𝑆 (𝜎) , 𝑝) =

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩

∫

Γ(𝑥)∩𝑆(𝜎)

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛

󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩
󵄩𝐿𝑝(S𝑛)

. (50)

It is also clear that 𝜇 is an 𝑠-Carlesonmeasure onB if and only
ifI𝜇(𝑆(𝜎), 1) ≤ 𝐶|𝜎|

𝑠 for all 𝜎 ⊆ S𝑛.
Now, we are going to state our main arguments in this

section, which are devoted to establishing the connections
between 𝑠-Carleson measures on B and

sup
𝑧
0

∈B

R𝜇 (𝑧0, 𝑠, 𝑝) < ∞ or I𝜇 (𝑆 (𝜎) , 𝑝) ≤ 𝐶|𝜎|
𝑠
. (51)

Here, we emphasiz that the following results have been
achieved when 𝑛 = 1 (see [13]).

Theorem 10. Let 𝑠 > 0, 0 < 𝑝 ≤ ∞, and 𝜇 a nonnegative
measure on B.

(i) sup
𝑧
0

∈BR𝜇(𝑧0, 𝑠, 𝑝) < ∞ if and only if I𝜇(𝑆(𝜎), 𝑝) ≤

𝐶|𝜎|
𝑠 for all spherical cap 𝜎 ⊂ S𝑛.

(ii) lim|𝑧
0

|→ 1−R𝜇(𝑧0, 𝑠, 𝑝) = 0 if and only ifI𝜇(𝑆(𝜎), 𝑝) =

𝑜(|𝜎|
𝑠
) for all spherical cap 𝜎 ⊂ S𝑛.

Remark 11. (1) In Theorem 10, the Carleson box 𝑆(𝜎) can be
replaced by the tent 𝑇(𝜎).

(2) The results in the above theorem hold for 𝑠 ∈ R on D

(see [13, Theorem 1]), but they do only for 𝑠 > 0 here.

Proof. For any spherical cap 𝜎, there must exist 𝑧0 ∈ B such
that 𝜎 = 𝜎(𝑧0/|𝑧0|, 1 − |𝑧0|). By Lemma 8, we have

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

≍ |𝜎|
−𝑠
, 𝜔 ∈ 𝑆 (𝜎) . (52)

Thus,

∫

Γ(𝑥)∩𝑆(𝜎)

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛

≤ 𝐶|𝜎|
𝑠
∫

Γ(𝑥)

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛 .

(53)

The “only if ” parts of (i) and (ii) are concluded from the above
inequality.
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To prove the “if ” part of (i), let 𝜎 = 𝜎(𝑧0/|𝑧0|, 1− |𝑧0|) and
𝜎−1 = 𝜙. By the decomposition of B in (42), it is clear that

Γ (𝑥) = Γ (𝑥) ∩ B =

𝑁+1

⋃

𝑗=0

(Γ (𝑥) ∩ (𝑆 (𝜎𝑗) \ 𝑆 (𝜎𝑗−1))) . (54)

By Lemma 8, we have

∫

Γ(𝑥)

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛

=

𝑁+1

∑

𝑗=0

∫

Γ(𝑥)∩(𝑆(𝜎
𝑗

)\𝑆(𝜎
𝑗−1

))

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

×

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛

≤ 𝐶

𝑁+1

∑

𝑗=0

∫

Γ(𝑥)∩𝑆(𝜎
𝑗

)

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛 .

(55)

Taking 𝐿𝑝 norm on both sides of the above inequality, if 1 ≤

𝑝 ≤ ∞, we have

R𝜇 (𝑧0, 𝑠, 𝑝) ≤ 𝐶

𝑁+1

∑

𝑗=0

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠
I𝜇 (𝑆 (𝜎𝑗) , 𝑝)

≤ 𝐶

𝑁+1

∑

𝑗=0

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠

󵄨
󵄨
󵄨
󵄨
󵄨
𝜎𝑗

󵄨
󵄨
󵄨
󵄨
󵄨

𝑠

≤ 𝐶

𝑁+1

∑

𝑗=0

2
−𝑗𝑛𝑠

≤ 𝐶.

(56)

If 0 < 𝑝 < 1, then

(R𝜇 (𝑧0, 𝑠, 𝑝))

𝑝

≤ 𝐶

𝑁+1

∑

𝑗=0

(

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠
I𝜇 (𝑆 (𝜎𝑗) , 𝑝))

𝑝

≤ 𝐶

𝑁+1

∑

𝑗=0

(

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠

󵄨
󵄨
󵄨
󵄨
󵄨
𝜎𝑗

󵄨
󵄨
󵄨
󵄨
󵄨

𝑠

)

𝑝

≤ 𝐶

𝑁+1

∑

𝑗=0

2
−𝑗𝑛𝑝𝑠

≤ 𝐶.

(57)

The proof of the “if ” part of (i) is completed.
With the same technique used in the proof of “if ” part of

(i), one can obtain the “if ” part of (ii). Suppose that 1 ≤ 𝑝 ≤

∞. We observe first that for 𝜀 > 0, there must exist an integer
𝑚 > 0 such that

𝐶

𝑁+1

∑

𝑗=𝑚

1

2
𝑗𝑛𝑠

<

𝜀

2

. (58)

Then, we have

R𝜇 (𝑧0, 𝑠, 𝑝) ≤ 𝐶

𝑁+1

∑

𝑗=0

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠
I𝜇 (𝑆 (𝜎𝑗) , 𝑝)

≤ 𝐶

𝑚−1

∑

𝑗=0

|𝜎|
𝑠

2
2𝑗𝑛𝑠

|𝜎|
2𝑠
I𝜇 (𝑆 (𝜎𝑚) , 𝑝) +

𝜀

2

≤

𝐶

1 − 2
−2𝑛𝑠

2
𝑚𝑛𝑠

󵄨
󵄨
󵄨
󵄨
𝜎𝑚

󵄨
󵄨
󵄨
󵄨

𝑠I𝜇 (𝑆 (𝜎𝑚) , 𝑝) +
𝜀

2

.

(59)

By the assumption of the “if ” part of (ii), there must exist 𝛿 >

0 such that if |𝜎𝑚| < 𝛿

I𝜇 (𝑆 (𝜎𝑚) , 𝑝) <
1 − 2

−2𝑛𝑠

𝐶2
𝑚𝑛𝑠

𝜀

2

(
󵄨
󵄨
󵄨
󵄨
𝜎𝑚

󵄨
󵄨
󵄨
󵄨

𝑠
) . (60)

If (1 − |𝑧0|)
𝑛
≍ |𝜎| < 2

−𝑚𝑛
𝛿, then we have

R𝜇 (𝑧0, 𝑠, 𝑝) < 𝜀, (61)

which is the desired result. With the same process, we can
obtain the results when 0 < 𝑝 < 1. The proof of Theorem 10
is completed.

Theorem 12. Suppose that 𝑠 > 0, 1 ≤ 𝑝 < ∞, and 𝜇 is a
nonnegative measure on B.

(i) sup
𝑧
0

∈BR𝜇(𝑧0, 𝑠, 𝑝) < ∞ or I𝜇(𝑆(𝜎), 𝑝) ≤ 𝐶|𝜎|
𝑠 for

all spherical cap 𝜎 ⊂ S𝑛 if and only if |𝑃(𝑓)(𝑧)|𝑑𝜇(𝑧)
is an 𝑠-Carleson measure for all 𝑓 ∈ 𝐿

𝑝/(𝑝−1)
(S𝑛

).

(ii) lim|𝑧
0

|→ 1−R𝜇(𝑧0, 𝑠, 𝑝) = 0 orI𝜇(𝑆(𝜎), 𝑝) = 𝑜(|𝜎|
𝑠
) for

all spherical cap 𝜎 ⊂ S𝑛 if and only if |𝑃(𝑓)(𝑧)|𝑑𝜇(𝑧) is
a compact 𝑠-Carleson measure for all 𝑓 ∈ 𝐿

𝑝/(𝑝−1)
(S𝑛

).

Proof. In the situation of 𝑝 = 1, the results are deduced by
Theorems 9 and 10 and the estimate

R𝜇 (𝑧0, 𝑠, 1)

= ∫

S𝑛
∫

Γ(𝑥)

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

𝑑𝜇 (𝜔)

(1 − |𝜔|)
𝑛 𝑑𝑥

≍ ∫

B

(

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝜔|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝜔 ⋅ 𝑧0

)

𝑛𝑠

𝑑𝜇 (𝜔) .

(62)

For 1 < 𝑝 < ∞, it is well known that𝑃∗(𝑓) ∈ 𝐿
𝑝/(𝑝−1)

(S𝑛
)

if 𝑓(𝑥) ∈ 𝐿
𝑝/(𝑝−1)

(S𝑛
). By Lemma 2, we have

𝑃 (𝑓) (𝑧) ≤ 𝑇 (𝑃
∗
(𝑓)) (𝑧) , ∀𝑧 ∈ B. (63)
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Now, by the estimate in (13) and Hölder’s inequality, we have

∫

𝑆(𝜎)

𝑃 (𝑓) (𝑧) 𝑑𝜇 (𝑧)

≤ ∫

𝑆(𝜎)

𝑇 (𝑃
∗
(𝑓)) (𝑧) 𝑑𝜇 (𝑧)

≤ 𝐶∫

𝑆(𝜎)

1

|𝜎 (𝑧)|

∫

𝜎(𝑧)

𝑃
∗
(𝑓) (𝑥) 𝑑𝑥 𝑑𝜇 (𝑧)

≤ 𝐶∫

S𝑛
𝑃
∗
(𝑓) (𝑥) ∫

𝑆(𝜎)⋂Γ(𝑥)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 𝑑𝑥

≤ 𝐶
󵄩
󵄩
󵄩
󵄩
𝑃
∗
(𝑓)

󵄩
󵄩
󵄩
󵄩𝐿𝑝/(𝑝−1)(S𝑛)

I𝜇 (𝑆 (𝜎) , 𝑝) .

(64)

Combining withTheorem 10, we complete the proof of “only
if ” parts.

Turn to the proof of “if ” parts. For 𝑓 ∈ 𝐿
𝑝/(𝑝−1)

(S𝑛
) and

𝑓 ≥ 0, suppose that |𝑃(𝑓)(𝑧)|𝑑𝜇(𝑧) is an 𝑠-Carleson measure
or a compact 𝑠-Carlesonmeasure. By Lemma 1, we know that

𝑇 (𝑓) (𝑧) ≤ 𝐶𝑃 (𝑓) (𝑧) , ∀𝑧 ∈ B, (65)

which implies that 𝑇(𝑓)(𝑧)𝑑𝜇(𝑧) is an 𝑠-Carleson measure or
a compact 𝑠-Carleson measure. By the estimate in (13), we
have

∫

S𝑛
𝑓 (𝑥) ∫

Γ(𝑥)⋂ 𝑆(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 𝑑𝑥 ≍ 𝐶∫

𝑆(𝜎)

𝑇 (𝑓) (𝑧) 𝑑𝜇 (𝑧) .

(66)

Using the above estimate, the 𝐿
𝑝/(𝑝−1) duality, and also

Theorem 10, we deduce the desired results.

Now, we are going to consider the case of 𝑝 = ∞.

Theorem 13. Let 𝑠 > 0 and 𝜇 a nonnegative measure on B.
Then, the following are equivalent.

(a1) sup
𝑧
0

∈BR𝜇(𝑧0, 𝑠,∞) < ∞ or I𝜇(𝑆(𝜎),∞) ≤ 𝐶|𝜎|
𝑠 for

all spherical cap 𝜎 ⊆ 𝑆
𝑛.

(b1) |𝑇(𝑓)(𝑧)|𝑑𝜇(𝑧) is an 𝑠-Carleson measure for all 𝑓 ∈

𝐿
1
(S𝑛

).
Moreover, the following are equivalent.

(a2) sup
𝑧
0

∈BR𝜇(𝑧0, 𝑠,∞) < ∞ or I𝜇(𝑆(𝜎),∞) ≤ 𝐶|𝜎|
𝑠 for

all spherical cap 𝜎 ⊆ S𝑛.
(b2) |𝑃(𝑓)(𝑧)|𝑑𝜇(𝑧) is an 𝑠-Carleson measure for all 𝑓 ∈

𝐻
1
(S𝑛

).
(c2) 𝜇 is an (𝑠 + 1)-Carleson measure.

The equivalence above holds for the compact case also.

Proof. For 𝑓(𝑥) ∈ 𝐿
1
(S𝑛

) and 𝑓 ≥ 0, we have

∫

S𝑛
𝑓 (𝑥) ∫

Γ(𝑥)⋂ 𝑆(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 𝑑𝑥 ≍ 𝐶∫

𝑆(𝜎)

𝑇 (𝑓) (𝑧) 𝑑𝜇 (𝑧) ,

(67)

which implies the equivalence of (a1) and (b1) by duality
theorem andTheorem 10.

Invoking Lemma 2, we observe that “(a2)⇒(b2)” is a
direct consequence of the equivalence of (a1) and (b1).

To prove “(b2)⇒(c2),” let 𝑧0 be any fixed point in B and
let

𝑓 (𝑥) = (

1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2

1 + |𝑥|
2󵄨󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨

2
− 2𝑥 ⋅ 𝑧0

)

𝑛

(68)

be a function defined on S𝑛. For 𝑧 ∈ 𝑇(𝜎(𝑧0)), one should
observe the fact 𝜎(𝑧) ⊆ 𝜎(𝑧0) and

𝑃 (𝑓) (𝑧) = ∫

S𝑛
𝑓 (𝑥) 𝑝 (𝑥, 𝑧) 𝑑𝑥

≥ 𝐶

1

󵄨
󵄨
󵄨
󵄨
𝜎 (𝑧0)

󵄨
󵄨
󵄨
󵄨

∫

𝜎(𝑧
0

)

𝑝 (𝑥, 𝑧) 𝑑𝑥

≥ 𝐶

1

󵄨
󵄨
󵄨
󵄨
𝜎 (𝑧0)

󵄨
󵄨
󵄨
󵄨

∫

𝜎(𝑧)

1 − |𝑧|

|𝑥 − 𝑧|
𝑛+1

𝑑𝑥

≥ 𝐶

1

󵄨
󵄨
󵄨
󵄨
𝜎 (𝑧0)

󵄨
󵄨
󵄨
󵄨

(69)

by Lemma 8 and the estimate (13). Then, the assumption that
|𝑃(𝑓)(𝑧)|𝑑𝜇(𝑧) is an 𝑠-Carleson measure implies that

1

󵄨
󵄨
󵄨
󵄨
𝜎 (𝑧0)

󵄨
󵄨
󵄨
󵄨

∫

𝑇(𝜎(𝑧
0

))

𝑑𝜇 (𝑧) ≤ 𝐶∫

𝑇(𝜎(𝑧
0

))

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑓) (𝑧)

󵄨
󵄨
󵄨
󵄨
𝑑𝜇 (𝑧)

≤ 𝐶
󵄨
󵄨
󵄨
󵄨
𝜎(𝑧0)

󵄨
󵄨
󵄨
󵄨

𝑠

(70)

holds for any 𝑧0 ∈ B, which is to say that 𝜇 is an (𝑠 + 1)-
Carleson measure.

To prove “(c2)⇒(a2),” assume that 𝜇 is an (𝑠+1)-Carleson
measure. For any 𝑧0 ∈ B, let 𝜎 be the sphere cap 𝜎 =

𝜎(𝑧0/|𝑧0|, 1 − |𝑧0|). Let 𝑖 be a nonnegative integer. For some
𝑥 ∈ S𝑛, write 𝜎∗ = 𝜎(𝑥, 2(1 − |𝑧0|)). Let 𝜎

∗

𝑖
be the spherical

capwith the same center as𝜎∗ but radius 2−𝑖𝑟(𝜎∗).We choose
a number 𝜀 small enough such that

Γ (𝑥)⋂𝑆 (𝜎
∗
) ⊂

∞

⋃

𝑖=0

̂
𝑆(𝜎

∗
𝑖
)
𝜀
. (71)

Here ̂
𝑆(𝜎

∗
𝑖
)
𝜀
= {𝑧 ∈ 𝑆(𝜎

∗

𝑖
) : 1 − |𝑧| ≥ 𝜀𝑟(𝜎

∗

𝑖
)} is the top of

𝑆(𝜎
∗

𝑖
). We observe the fact that

Γ (𝑥)⋂𝑆 (𝜎) = {𝑧 ∈ 𝐵 : 𝑥 ∈ 𝜎(

𝑧

|𝑧|

, 1 − |𝑧|) , 𝑧 ∈ 𝑆 (𝜎)}

⊆ {𝑧 ∈ 𝐵 :

𝑧

|𝑧|

∈ 𝜎 (𝑥, 1 −
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨
) ,
󵄨
󵄨
󵄨
󵄨
𝑧0

󵄨
󵄨
󵄨
󵄨
≤ |𝑧|}

⊆ 𝑆 (𝜎
∗
)⋂Γ (𝑥)

(72)
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holds for any 𝑥 ∈ S𝑛. Now, it is easy to see that for any 𝑥 ∈ S𝑛

∫

Γ(𝑥)⋂ 𝑆(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 ≤ ∫

𝑆(𝜎∗)⋂ Γ(𝑥)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛

≤

∞

∑

𝑖=0

∫

𝑆(𝜎∗
𝑖

)
𝜀

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛

≤ 𝐶

∞

∑

𝑖=0

∫

𝑆(𝜎∗
𝑖

)
𝜀

󵄨
󵄨
󵄨
󵄨
𝜎
∗

𝑖

󵄨
󵄨
󵄨
󵄨

−1
𝑑𝜇 (𝑧)

≤ 𝐶

∞

∑

𝑖=0

󵄨
󵄨
󵄨
󵄨
𝜎
∗

𝑖

󵄨
󵄨
󵄨
󵄨

𝑠

≤ 𝐶
󵄨
󵄨
󵄨
󵄨
𝜎
∗󵄨
󵄨
󵄨
󵄨

𝑠
∞

∑

𝑖=0

2
−𝑖𝑠𝑛

,

(73)

which is to say that I𝜇(𝑆(𝜎),∞) ≤ 𝐶|𝜎|
𝑠. The proof is

completed.

Theorem 14. Let 𝑠 > 0, max(1/𝑠, 1) ≤ 𝑝 < ∞, and 𝜇 a
nonnegative measure on B.

(i) sup
𝑧
0

∈BR𝜇(𝑧0, 𝑠, 𝑝) < ∞ orI𝜇(𝑆(𝜎), 𝑝) ≤ 𝐶|𝜎|
𝑠 for all

spherical cap 𝜎 ⊆ S𝑛 if and only if 𝜇 is an (𝑠 + 1−1/𝑝)-
Carleson measure.

(ii) lim|𝑧
0

|→ 1−R𝜇(𝑧0, 𝑠, 𝑝) = 0 orI𝜇(𝑆(𝜎), 𝑝) = 𝑜(|𝜎|
𝑠
) for

all spherical cap 𝜎 ⊆ S𝑛 if and only if 𝜇 is a compact
(𝑠 + 1 − 1/𝑝)-Carleson measure.

Proof. To prove the “if ” parts, suppose that 𝜇 is an (𝑠 + 1 −

1/𝑝)-Carleson measure or a compact (𝑠 + 1 − 1/𝑝)-Carleson
measure. ByTheorem 10, it is sufficient to prove that

I𝜇 (𝑆 (𝜎) , 𝑝) ≤ 𝐶(𝜇 (𝑆 (𝜎)))
𝑠/(𝑠+1−1/𝑝) (74)

holds for all 𝜎 ⊆ S𝑛.
For 𝑝 = 1, the results are trivial because of the fact of

I𝜇(𝑆(𝜎), 1) ≍ 𝜇(𝑆(𝜎)).
For 𝑝 > 1, let 𝑔 ∈ 𝐿

𝑝
󸀠

(S𝑛
) and 𝑔 ≥ 0 (here 𝑝󸀠 is the

conjugate of 𝑝, that is, 1/𝑝+1/𝑝󸀠 = 1). By Lemma 1, we have

𝑇 (𝑔) (𝑧) ≤ 𝐶𝑃 (𝑔) (𝑧) , ∀𝑧 ∈ B. (75)

Let 𝑞 = 𝑝
󸀠
(𝑠 + 1 − 1/𝑝). It is easy to see that 𝑞 > 𝑝

󸀠
> 1 and

𝑞
󸀠
= (𝑠 + 1 − 1/𝑝)/𝑠 (here 𝑞󸀠 is the conjugate of 𝑞). Now, by

the previous assumption, we have that 𝜇 is a (𝑞/𝑝󸀠)-Carleson
measure. Using Hölder’s inequality andTheorem 7, we have

∫

S𝑛
𝑔 (𝑥) ∫

Γ(𝑥)⋂ 𝑆(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 𝑑𝑥

≤ 𝐶∫

𝑆(𝜎)

𝑇 (𝑔) (𝑧) 𝑑𝜇 (𝑧)

≤ 𝐶(∫

𝑆(𝜎)

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑔) (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑞
𝑑𝜇 (𝑧))

1/𝑞

(∫

𝑆(𝜎)

𝑑𝜇 (𝑧))

1/𝑞
󸀠

≤ 𝐶
󵄩
󵄩
󵄩
󵄩
𝑔
󵄩
󵄩
󵄩
󵄩𝐿𝑝
󸀠

(S𝑛)
𝜇(𝑆 (𝜎))

𝑠/(𝑠+1−1/𝑝)
.

(76)

By the duality theorem, we conclude that

I𝜇 (𝑆 (𝜎) , 𝑝) ≤ 𝐶𝜇(𝑆 (𝜎))
𝑠/(𝑠+1−1/𝑝)

, (77)

which completes the proof of “if ” parts.
We now turn to the “only if ” parts. Assume that

I𝜇(𝑆(𝜎), 𝑝) ≤ 𝐶|𝜎|
𝑠 or I𝜇(𝑆(𝜎), 𝑝) = 𝑜(|𝜎|

𝑠
) for all spherical

cap 𝜎 ⊆ S𝑛. For a spherical cap 𝜎 ⊆ S𝑛, we have

𝜎(

𝑧

|𝑧|

, 1 − |𝑧|) ⊂ 𝜎, ∀𝑧 ∈ 𝑇 (𝜎) . (78)

Then, by the estimate in (13) and Fubini’s theorem, we obtain
that

1

|𝜎|

∫

𝑇(𝜎)

𝑑𝜇 (𝑧) ≤ 𝐶

1

|𝜎|

∫

𝑇(𝜎)

∫

𝜎∩𝜎(𝑧)

𝑑𝑥

(1 − |𝑧|)
𝑛 𝑑𝜇 (𝑧)

≤ 𝐶∫

𝜎

∫

𝑇(𝜎)⋂Γ(𝑥)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛

𝑑𝑥

|𝜎|

.

(79)

Since 𝑝 ≥ 1, Jensen’s inequality and the above inequality
imply that

1

|𝜎|

∫

𝑇(𝜎)

𝑑𝜇 (𝑧)

≤ 𝐶|𝜎|
−1/𝑝

(∫

S𝑛
(∫

𝑇(𝜎)⋂Γ(𝑥)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛)

𝑝

𝑑𝑥)

1/𝑝

≤ 𝐶|𝜎|
−1/𝑝

I𝜇 (𝑇 (𝜎) , 𝑝) .

(80)

Moreover, by the assumption and the remarks below Defini-
tion 5 andTheorem 10, we have

I𝜇 (𝑇 (𝜎) , 𝑝) ≤ 𝐶|𝜎|
𝑠 or I𝜇 (𝑇 (𝜎) , 𝑝) = 𝑜 (|𝜎|

𝑠
) . (81)

Then, we conclude that 𝜇 is an (𝑠+1−1/𝑝)-Carlesonmeasure
or a compact (𝑠 + 1 − 1/𝑝)-Carleson measure. The proof of
Theorem 14 is completed.

Theorems 10 and 14 imply the following characterizations
for 𝑠-Carleson measures on B as 𝑠 ≥ 1.

Corollary 15. Let 𝑠 ≥ 1, 1 ≤ 𝑝 < ∞ and 𝜇 a nonnegative
measure on B.

(i) 𝜇 is an 𝑠-Carleson measure on B if and only if

sup
𝑧
0

∈B

R𝜇 (𝑧0, 𝑠 − 1 +

1

𝑝

, 𝑝) < ∞

𝑜𝑟 I𝜇 (𝑆 (𝜎) , 𝑝) ≤ 𝐶|𝜎|

𝑠−1+
1

𝑝
∀𝜎 ⊆ S

𝑛
.

(82)

(ii) 𝜇 is a compact 𝑠-Carleson measure on B if and only if

sup
|𝑧
0

|→1−

R𝜇 (𝑧0, 𝑠 − 1 +

1

𝑝

, 𝑝) = 0

𝑜𝑟 I𝜇 (𝑆 (𝜎) , 𝑝) = 𝑜 (|𝜎|
𝑠−1+1/𝑝

) ∀𝜎 ⊆ S
𝑛
.

(83)
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Remark 16. ByTheorem 13, the above corollary holds if 𝑠 > 1

and 𝑝 = ∞.
For 0 < 𝑠 < 1, we have the following results.

Theorem 17. Let 0 < 𝑠 < 1 and 𝜇 a nonnegative measure on
B.

(a) If 0 < 𝑝 ≤ 1 and 𝜇 is an 𝑠-Carlesonmeasure onB, then

sup
𝑧
0

∈B

R𝜇 (𝑧0, 𝑠 − 1 +

1

𝑝

, 𝑝) < ∞,

I𝜇 (𝑆 (𝜎) , 𝑝) ≤ 𝐶|𝜎|
𝑠−1+1/𝑝

∀𝜎 ⊆ S
𝑛
.

(84)

(b) If 1 ≤ 𝑝 < 1/(1−𝑠) and sup
𝑧
0

∈BR𝜇(𝑧0, 𝑠−1+1/𝑝, 𝑝) <

∞ or I𝜇(𝑆(𝜎), 𝑝) ≤ 𝐶|𝜎|
𝑠−1+1/𝑝 for all 𝜎 ⊆ S𝑛, then 𝜇

is an 𝑠-Carleson measure.
(c) If 1/(1 − 𝑠) ≤ 𝑝 < ∞, then I𝜇(𝑆(𝜎), 𝑝) ≤ 𝐶|𝜎|

𝑠−1+1/𝑝

for all 𝜎 ⊆ S𝑛 if and only if

∫

B

󵄨
󵄨
󵄨
󵄨
𝑃 (𝑓) (𝑧)

󵄨
󵄨
󵄨
󵄨

𝑝−1
𝑑𝜇 (𝑧) ≤ 𝐶

󵄩
󵄩
󵄩
󵄩
𝑓
󵄩
󵄩
󵄩
󵄩

𝑝−1

𝐿𝑝(S𝑛)
, ∀𝑓 ∈ 𝐿

𝑝
(S

𝑛
) .

(85)

Proof. To prove (a), it is sufficient to prove

I𝜇 (𝑇 (𝜎) , 𝑝) ≤ 𝐶|𝜎|
1/𝑝−1

𝜇 (𝑇 (𝜎)) (86)

for any spherical cap 𝜎 ⊆ S𝑛. For 0 < 𝑝 ≤ 1 and any spherical
cap 𝜎, by Hölder’s inequality and Fubini’s theorem, it is clear
that

(I𝜇 (𝑇 (𝜎) , 𝑝))

𝑝

= ∫

S𝑛
(∫

Γ(𝑥)⋂𝑇(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛)

𝑝

𝑑𝑥

= ∫

𝜎

(∫

Γ(𝑥)⋂𝑇(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛)

𝑝

𝑑𝑥

≤ 𝐶(∫

𝜎

𝑑𝑥)

1−𝑝

(∫

𝜎

∫

Γ(𝑥)⋂𝑇(𝜎)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 𝑑𝑥)

𝑝

≤ 𝐶|𝜎|
1−𝑝

(∫

𝑇(𝜎)

𝑑𝜇 (𝑧))

𝑝

≤ 𝐶|𝜎|
1−𝑝

(𝜇 (𝑇 (𝜎)))
𝑝
.

(87)

Then, by the assumption that 𝜇 is an 𝑠-Carleson measure, it is
easy to see thatI𝜇(𝑇(𝜎), 𝑝) ≤ 𝐶|𝜎|

𝑠−1+1/𝑝.
For (b), let 𝑓(𝑥) = 𝜒𝜎(𝑥), and then ‖𝑓‖

𝐿𝑝
󸀠

(S𝑛)
= |𝜎|

1/𝑝
󸀠

(here 𝑝
󸀠 is also the conjugate of 𝑝). Noticing the fact that

𝜎(𝑧/|𝑧|, 1 − |𝑧|) ⊂ 𝜎 for any 𝑧 ∈ 𝑇(𝜎), we obtain

𝜇 (𝑇 (𝜎)) = ∫

𝑇(𝜎)

𝑑𝜇 (𝑧)

≤ 𝐶∫

𝑇(𝜎)

1

|𝜎 (𝑧)|

∫

𝜎(𝑧)

𝑓 (𝑥) 𝑑𝑥 𝑑𝜇 (𝑧)

≤ 𝐶∫

S𝑛
𝑓 (𝑥) ∫

Γ(𝑥)⋂𝑇(𝜎)

𝑑𝜇 (𝑥)

(1 − |𝑧|)
𝑛 𝑑𝑥

≤ 𝐶
󵄩
󵄩
󵄩
󵄩
𝑓
󵄩
󵄩
󵄩
󵄩𝐿𝑝
󸀠

(S𝑛)
I𝜇 (𝑇 (𝜎) , 𝑝)

≤ 𝐶|𝜎|
𝑠
.

(88)

ByTheorem 10, we complete the proof of (b).
For (c), since condition I𝜇(𝑆(𝜎), 𝑝) ≤ 𝐶|𝜎|

𝑠−1+1/𝑝 for
all 𝜎 ⊆ S𝑛 is equivalent to I𝜇(B, 𝑝) ≤ 𝐶, it is the direct
consequence of the estimate for 𝑔 ≥ 0

∫

B

𝑇 (𝑔) (𝑧) 𝑑𝜇 (𝑧) ≍ ∫

S𝑛
𝑔 (𝑥) ∫

Γ(𝑥)

𝑑𝜇 (𝑧)

(1 − |𝑧|)
𝑛 𝑑𝑥 (89)

and the duality theorem with appropriate choices of 𝑔.
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