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We construct a quantity in terms of L? integral of the Jacobian of a conformal self-map on the unit ball of R**!. Then, we characterize
the fractional Carleson measures on the unit ball by the quantity.

1. Introduction

Let D be the unit disc of the complex plane and let 0D be the
boundary of D. For any arc I € 0D, let |I| = L d{/2m be the
normalized length of I. The Carleson square based on an arc
I is the set

S(I)={z€|D:|z|>1—|I|,%EI}. )

We set S(I) = D when I = dD. Then, for s > 0, a nonnegative
measure v on D is called an s-Carleson measure if there exists
a constant C > 0 such that

v(S(I)) < C|I°, VI coD. (2)

v is said to be a compact s-Carleson measure if v is an s-
Carleson measure and

S _,

im 5
i—o |1

(3)

The 1-Carleson measure is the classical Carleson measure (see
1, 2]).

Carleson measures are related to certain holomorphic
function spaces, such as BMO, Morrey spaces, and Q spaces
in a natural way (see [2-5]). Besides these, much research has
been done about the characterizations of Carleson measures
(see [6-10]). A well-known result is that a nonnegative
measure v on D is a 1-Carleson measure if and only if

a2
supj 1_|_a|2 dv(z) < 00 (4)
aeD JD |1 — az|

(see [2]). The s-Carleson measures can be characterized by
modifying (4) (see [4, 7, 10-12]). For instance, in [4], for
7,5 > 0, it is shown that a nonnegative measure v on D is
an s-Carleson measure or a compact s-Carleson measure if
and only if

sup dv(z) < 00

aeD

(1-laP)’
JD [1-az|™*

) 5)
(1-lal)

or e ————
la] - 1- JD [1-az|™*

Recently, Wu [13] provided a different way for the charac-
terization of s-Carleson measures in terms of the L? estimates
instead of L' in (5). Suppose that 7,5 > 0, 1/s < p < 00, and
v is a nonnegative measure on D. For a € D, { € 0D, write

dv(z) =0.

, (6)

LP(0D)

_1a12)
'Q{v (a>T,S,p) = Jr Mdv(z)

© 11—az|™ 1-|z|

where I'({) = {z € D : |{ - z| < 2(1 — |z])} is the cone in D
with the vertex {. In [13], it is shown that

(1) sup,p,(a,1,s, p) <ocoifand onlyif visan (s + 1 —
1/p)-Carleson measure;

(2) &, (a,7,s,p) — Oasla] — 1 ifandonlyifvisa
compact (s + 1 — 1/p)-Carleson measure.

The relations among the Carleson measures, quantities
., (a,1,s, p), and some function spaces defined on dD



are also displayed, which are applied to characterizing the
boundedness and compactness of Volterra-type operators
from Hardy spaces to some holomorphic spaces. One can
refer to [13] for more details.

In order to show that the Jacobian of a conformal self-map
of the unit ball B in R"*" obeys the weak Harnack inequality,
Kotilainen et al. introduced an integral form of the fractional
Carleson measures on the unit ball B (see [14]). For w € B\
{0}, set

w
z—- —

E(w) = {ZGB:
|l

< 1—|w|}, 7)

and set E(0) = B. For t > 0, a nonnegative measure ¢ on B is
called a t-Carleson measure or a compact ¢-Carleson measure
if and only if

u(E(w) _

o L E@) _
ol =17 (1 — |w])"

- <00 or
weB (1 - |w])

(8)

(see [14, 15]). For z, € B, a conformal self-map T, of B is
defined by

(1- |z0|2) (0 -2p) - |0 - zo['w

1+ |w|2|zo|2 -2w -z,

T, () = 9)

Let T;ﬂ (w) stand for the Jacobian matrix of T, atw € B. Then
the Jacobian of T is

2
1- lzol (10)

T (w)| =
| w0 ' 1+ |w|2|zo|2—2w.z0

For more details about this conformal self-map, one can refer
to [16-19]. Then, it is shown in [14] that y is a ¢-Carleson
measure or a compact ¢-Carleson measure on B if and only
if

sup JB 'T;O (w)|tdy (w) < 0

zoeB
(1)

or lim
|20 =1

t
|, 72, @] du @) =0,
which is the analogue of (4) and (5).

Pursuing the above, in this paper, analogically to (6),
we will construct a quantity on the unit ball B by using
the Jacobian of T, and establish the connections between
the fractional Carleson measures on B and the quantity. In
Section 2, we give some preliminaries, which contain the
fractional Carleson measure defined in terms of tents or
Carleson boxes. In Section 3, we state our main results and
their proof. The results are the extension of the ones in [13],
and the real analysis techniques used in this paper should
have an application in studying the operators on the function
spaces defined on the unit sphere in future.
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2. Preliminaries

Throughout this paper, C denotes a positive constant that may
change from one step to the next. For fixed z € B, we call the
set

a<1,1—|z|> = {xeS”:
|z|

a spherical cap centered on z/|z| with radius 1 — |z|. It is easy
to see that 0(z/|z|, 1 —|z]) is the projection of E(z) on the unit
sphere. We always write a spherical cap as o without pointing
out its center and radius, if there are no confusing cases. For a
spherical cap o, we also denote the radius of o by r(0) and the
Lebesgue measure of ¢ by |o|. Clearly, there is the estimate

Va
X - —

|z

<2(1- |z|)} (12)

lo] = (r (0))", (13)

where we say that F and G are equivalent, denoted by F = G,
if there are two positive constants ¢ and C such that cF < G <
CF. The Carleson box based on a spherical cap o is defined

by

S(a):{zeB:éea,1—r(a)<|z|§1}. (14)

The tent based on ¢ is defined by

T(cr):{zeB:a(il—lzl)Ccr}. (15)

1

The cone I'(x) in B with the vertex x € S" is defined by

F(x):{ze[ElS:x€0<il—|z|>}. (16)

1
For any fixed z € B, set
o0(z)={xeS":z el (x)}. 17)

Clearly, if z # 0, 0(z) is just the spherical cap in S" with center
z/|z| and radius 1 — |z|.

For z € B and a measurable function f defined on S”, we
denote by

P(f)(2) = Ln f(x) p(x,2) dx
) (18)
1-|z|

|7 |x = 2™

the Poisson extension of f onto B. The nontangential maxi-
mal function of P(f) is the function

P*(f)(x) = sup |P(f) (2)| (19)

defined on S”.
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For g € L'(S") and any z € B, we write

T(9)@= i ), 9004 (20)
which is also an extension of g onto B.
For x € S", we call the function

M (f)(x) = IfWldy (@

i L
0<r<1 lo (x,7)]

the centered Hardy-Littlewood maximal function of f
defined on S™.

The following two lemmas give a lower estimate and an
upper estimate for the Poisson integral on B. In the case of
n = 1, one can refer to [20, Theorems 2.4 and 2.5].

Lemma 1. There exists a constant C, such that
T(g)(z) < CP(g) (2),

holds forallg > 0and g € LY(S™), where P(g)(z) is the Poisson
extension of g.

VzeB (22)

Proof. It is sufficient to prove that the estimate

- |z’
|x _ Z|n+l >

1 Xo(x) (X) < vxeS"  (23)

lo (Z)I

holds for any z € B. Since 1 — |z| > C|x — z| as x € o(z), by
the estimate in (13), it is easy to obtain the conclusion. O

Lemma 2. There exists a constant C, such that

P(g) () <CT(P'(9)) @),
holds for all g > 0 and g € L'(S").

VzeB (24)

Proof. Clearly, it is the consequence of the definitions of
T(P*(g))(z) and I'(x). Noticing that P*(g)(x) = P(g)(z) as
x € 0(z), we have

T (P"(9))(2) =

J ( )P*(g) (x)dx

IG(Z)I J

for any z € B. Using (13), it implies the required conclusion.
O

1
lo (2)|
P(g)(2)

(25)

The following two lemmas are well known. One is the
generalized maximal theorem; the other is the fact that the
nontangential maximal function can be pointwise controlled
by maximal function (see [21]).

Lemma 3. Let f be a measurable function defined on S".

(@) If f € LP(S") and 1 < p < co, M(f) is finite almost
everywhere.

(b) If f € L'(S"), then for any & > 0,

[{xeS":M(f)(x)>al| < J |f ()| dx. (26)

() If f € LP(S") and 1 < p < oo, then M(f) € LP(S")
and

1M (Ol osry < Apllfllosny (27)

where A , depends only on C and p.

Lemma4. If f € LP(S"), p > 1, then P*(f)(x) < CM(f)(x)
holds for almost every x € S".

For the convenience, we define Carleson measures on B
in terms of Carleson boxes or tents.

Definition 5. Let s > 0 and o a spherical cap in S". A
nonnegative measure ¢ on B is called an s-Carleson measure
if there exits a constant C such that

u(S(0) <Clol’, VocS" (28)

p is called a compact s-Carleson measure if y is an s-Carleson
measure and

m Y (S() _
|a|—>0 |U|

(29)

Remark 6. (1) Comparing Definition 5 with the definition in
(8), one can see that the s in Definition 5 is equal to nt in (8).

(2) For any 0 € S", we can replace S(o) with T(o) in
Definition 5.
(3) For n = 1, it goes back to the one in [2].
For 0 < p < g < 00, a well-known result which is due
to Carleson in [1] for p = g and Duren in [22] for p < g
says that a nonnegative measure g on the unit disc D of the

complex plane C is a bounded (g/ p)-Carleson measure if and
only if

| 1f @ldu@) < 17l v e @, GO

By Definition 5 and using the real analysis techniques, we
obtain the following extension of this result on B.

Theorem 7. Let u be a nonnegative measure on B.

(a) For 0 < p < q < oo, let ¢(z) be a y-measurable
function defined on B and let ¢* be the nontangential
maximal function of ¢(z). If u is a (q/p)-Carleson
measure on B, then

jw@m@wxcwm%n (3D

(b) For1 < p < gq < 00,  is a (q/ p)-Carleson measure on
B if and only if

| lP@Fu@ <Clflye,

for any f € LP(S"), and here P(f) is the Poisson
integral of f.



Proof. It is sufficient to (31) if

JB 92| dpt (@) < Cl” [ eny (33)

Indeed, write @(z) = |¢(z)|?, and above if the inequality
holds, then

/p

J[B |¢ (Z)lqdy (2) < C(Ln |§D*|p/qu)q

. alp
=c([_lePax)
§‘V(
which is what we need.

Suppose that y is a (q/p)-Carleson measure on B. Write
Q = {x € §" : ¢"(x) > a}. Recalling the Whitney
decomposition (see [21]), we know that there exists a disjoint
collection of spherical caps {0*} such that [ J, ¥ = Q, and

here o* is the spherical cap with the same center as ¢* but
radius C times. Now, we claim that

{ze[EB:q)(z)>(x}§UT(af). (35)
3

(34)

Indeed, let z € B so that ¢(z) > . By the definition of ¢*, we
have that ¢*(x) > « for all x € S” satisfying x € o(z/|z|,1 -
|z]). Thus, o(z/|z],1 - |z]) € Q = |J, 0%, and clearly z €

Ui T(@).
Clearly, we have

p({zeB:@(z) >al)
< zk:y (T (%)) < Czk:

<Y oM™ < clar”.
k

alp
a

(36)

Thus, we have

(o]

J. |(p(z)|dy(z)zj plzeB:o(z) > a}da
B 0
<C

JOO [{xeS": 9" (x) > oc}|q/Pd(x (37)
0

0 alp
< CJ (L" X(p*(x)mdx) do.

0

By Minkowski’s inequality acting on the last inequality, we
have

alp
JB |§0 (Z)| du(z) < C(L" |‘P |P/qu> = C"QD ”Lp/q(gﬂ)’
(38)

Then, (31) follows.
Now, turn to the proof of the “only if” part of (b). If yis a
(q/ p)-Carleson measure, we can obtain

[, 1P @Fdu@ < Clp” (e 39
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as a direct sequence of (a). Noting Lemmas 3 and 4, we com-
plete the proof of the “only if” part of (b).

The proof of the “if” part of (b) is easy. For any spherical
capoin §", if z € T(0), we have o(z) € 0. Let f = x,(x).
Since the simple fact |x — z| < C(1 - |z|) as x € 0(z) and the
estimate in (13), we obtain the useful estimate

PN@=|_ () p(na)dx

1
> CJ. ——dx>C
o(z) (1 =12])

Now, it is easy to see

wrensc| [POEMwE
/p (41)
q
< C(Ln |Xo (x)l”dx> = Clo|??,

which is to say that y is a (g/ p)-Carleson measure. The proof
of (b) is completed. O

Let o be a spherical cap in S” with center x, = z,/|z,|
and radius 7(0) = 1 —|z,|. Let j be a nonnegative integer and,
N be the greatest integer less than log,(1/r(0)). Denote the
spherical cap with the same center as o but radius 2/r(c) by
0;. Then, 0y = 0 and o, = S". Moreover, for any spherical
cap o € S", we have

IB=S(a)U(JQ)(S(ajH)\S(Gj))). @)

Lemma 8. For fixed z, € B, let o be a spherical cap in S" with
center x, = zo/|zo| and radius r(o) = 1 — |z,|. Then, one has
the following estimates:

(i) 1+ |wz)* - 20 - z, = (r(0))?, if w € S(0),

(ii) 1+]w]?|z|* 2w - 2y = 2% (r(0))?, ifw € S(0;:)\S(0)),
j€[0,N].

Proof. If w € S(0), then we have the estimates
1+ |wl|z0|* - 20 - 2
> 1+ |ol|zo]" = 21| ||
= (1 - ol |zo|)°
> (1~ |Z0|)2)
1+ |wl|zo|” - 20 - 2 (43)
=1+ |w|2|zo|2 - (|zo|2 + ol - |20 — w|2)
= (1 - |w|2) (1 - |zo|2) +]z0 - cu|2
< C(1-z))%

Part (i) is yielded by the above.
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For part (ii), if w € S(0j+1) \ S(aj), we have

1+ |w|2|zol2 -2z,

=1+ |of|z,|
~(lzol + Il = |2z ~ a[) (44)
= (1= 1) (1= |2o]") + |20 — oof
= 2%(r (0))*.
The proof is completed. O

Combining together Definition 5, the decomposition
of B in (42), and Lemma 8, we can obtain the following
characterization for s-Carleson measures on B, which is
similar to [14, Theorems 2.3 and 2.4].

Theorem 9. Let s > 0 and 0 < T < ©00. A nonnegative
measure y on B is an s-Carleson measure or a compact s-
Carleson measure if and only if

(1 - |Zo|2)r

ns
sup j =y dp (w) < oo,
z<B JB < (1+ ||z - 20 - zy) o

(45)
or
(1 _ |Zol2)‘r ns
lim J . dp(w) =0
ool > 1- Ja ( (14 0P|z - 20+ 20)
(46)

In particular, when T = 1, p is an s-Carleson measure or a
compact s-Carleson measure on B if and only if

sup J |T; (w)'mdpt (w) < 00,
zeBJB'

(47)

or lim
|20 =17

[, 122, @[ "du e -
B

3. The Carleson Measures Characterized by
L? Behaviors

By the estimate in (13) and Theorem 9, we observe that

[ 172, @) du @)
B

2 ns
[ ]t @ ——
g Jo MO 1+ |wl|zo|* - 20 - 2

dx
el

—— —du (@)

5
2 ns
_ J’ J’ 1 - |z du (w)
s Jr \ 1+ |w|2|zo|2 —2w-z,) (L-lw])"
_ J’ |T; (w) ns d[/l (O.))
I(x) ' (1= wl)" Ll(sn
(48)
Forz, € B,s € R,and 0 < p < oo, write
ns d (w)
R, Gpsp) = || @ EE] )
I(x) (1=l Nz sm

By Theorem 9, it is clear that y is an s-Carleson measure on
B if and only if sup, R, (20,5, 1) < 0.
For a spherical cap 0 € S” and 0 < p < 00, define

J dy (w)
T

3,(S(0),p) = Il :
u p) @nse) (1= 1)) [I1psn)

(50)

It is also clear that p is an s-Carleson measure on B if and only
if F,(8(0), 1) < Clo|f forallo c §".

Now, we are going to state our main arguments in this
section, which are devoted to establishing the connections
between s-Carleson measures on B and

sup R, (zp,5,p) <00 or F,(S(0),p) <Clal’. (51)

z,€B
Here, we emphasiz that the following results have been
achieved when n = 1 (see [13]).

Theorem 10. Let s > 0, 0 < p < ©o, and y a nonnegative
measure on B.

(i) SuoneBmﬂ(Zo’ s, p) < oo if and only ifSM(S(G),p) <
Clo|* for all spherical cap o C S”.

(i) lim, | - R (20, 5, p) = O if and only if  ,(S(0), p) =
o(|ol®) for all spherical cap o C S”.

Remark 11. (1) In Theorem 10, the Carleson box S(o) can be
replaced by the tent T'(o).

(2) The results in the above theorem hold for s € R on D
(see [13, Theorem 1]), but they do only for s > 0 here.

Proof. For any spherical cap o, there must exist z, € B such
that 0 = 0(z/|zyl, 1 — |zy]). By Lemma 8, we have

1_ ns
( |f°| ) “1o], weS(o). (52)
1+ |wl?|z|” - 2w - 2,

Thus,
J dp (w)
rns(o) (1 - |wl])"

(53)

2 ns
< C|O'|S J I- |ZO| d[’l ((U) )
I\ 1+ |w|2|zo|2 —2w-z,) (1-lw])"

The “only if” parts of (i) and (ii) are concluded from the above
inequality.



To prove the “if” part of (i), let 0 = 0(z,/|zyl, 1 - |z,]) and
0_; = ¢. By the decomposition of B in (42), it is clear that

N+1
Tx)=T@)nB=]J(T@n(S(c;)\S(0,.1))). (54)

=0

By Lemma 8, we have

it
e \ 1+ Jwl|z0|* - 20 - 2

5 lf Y
= Jreansopse ) \ 1+ w?|z|* - 20 - 2,

dp (w)
(1~ w])"

(55)
dy (w)
(1= lw)"
. CN+1 J |0,|s d!’l (Cl))
C S Jrnse) 22| (1 = |w|)"

Taking L? norm on both sides of the above inequality, if 1 <
p < 00, we have

N+1 |O‘|$
ERM (ZO,S,p) <C ZO 22]T|0-|255M (S (O']) ,p)
j=
o A

- e 22jns|0,|25 aj (56)
N+1

<C Z 2—jns
j=0

<C.

If0 < p < 1, then
o N+1 |O'|S - p
(R (z005.p)) <C ZO <22jm—|0|zs“u ((e) P)>
j=
N+1 s P
o] ,v

- C;<22jns|al25|al| (57)
N+1

<Cy 27
j=0

<C.

The proof of the “if” part of (i) is completed.

With the same technique used in the proof of “if” part of
(i), one can obtain the “if” part of (ii). Suppose that 1 < p <
00. We observe first that for € > 0, there must exist an integer
m > 0 such that

1 £
C — < —.
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Then, we have

N+1 |O,|S

91/4 (Zo, s,p) < CJZ:(:) —22jns|0-|25 Sﬂ (S (Gj) ,p)
m—1 s
lo] &
< C]ZO —22]_"5|0|25 3. (S(0,),p) + 3 (59)
C zmns

&
< mmsy (S(0,).p) + 7

By the assumption of the “if” part of (ii), there must exist § >
0 such that if |o,,| < &

_ 2—2ns

1 s
8,(8(0),P) <~ (lowl) . (60

If (1 - |z,])" = o] < 27™"8, then we have
R, (z05p) <& (61)

which is the desired result. With the same process, we can
obtain the results when 0 < p < 1. The proof of Theorem 10
is completed. O

Theorem 12. Suppose thats > 0,1 < p < 0o, and y is a
nonnegative measure on B.

(i) supZOEBERM(zO,s, p) < coor SM(S(G),p) < Clo|® for
all spherical cap o C S" if and only if |P(f)(2)|du(z)
is an s-Carleson measure for all f € LP/"D(S™),

(i) limy, |, 1-R (2o, 5, p) = 0 0r T ,(S(0), p) = o(|o]’) for
all spherical cap o ¢ S" ifand only if |P(f)(2)|du(z) is
a compact s-Carleson measure for all f € LP/P~(S™).

Proof. In the situation of p = 1, the results are deduced by
Theorems 9 and 10 and the estimate

R, (2,5 1)

Lo ()
s e \ 1+ |0z - 200 2

1- ||’

= du (w) .
JB(1+|w|2|z0|2—2w-z0> :

For1 < p < oo, itis well known that P* ( f) € L?/P~1(S™)
if f(x) € LPIP=D(sm, By Lemma 2, we have

dp (w)

d
(1 - )™

(62)

P(A@<T(P" (), VzeB.  (63)
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Now, by the estimate in (13) and Hélder’s inequality, we have

| PH@due
S(o)

<[ TP U@
S(o)

1
) (64)
= L(o) o (2)] L<Z> P*(f) (x) dxdu (2)

sof o, 15

@nNreo (1=12])"
< C|IP* () oo S (S (0), p).

Combining with Theorem 10, we complete the proof of “only
it” parts.

Turn to the proof of “if” parts. For f € LF/?7)(S") and
f >0, suppose that |P(f)(z)|du(z) is an s-Carleson measure
or a compact s-Carleson measure. By Lemma 1, we know that

T(f)(z) <CP(f)(z), VzeB, (65)

which implies that T'( f)(z)du(z) is an s-Carleson measure or
a compact s-Carleson measure. By the estimate in (13), we
have

du(z) ,
J " f) JI‘(x)ﬂS(J) (1- |z|)”dx =C J’S(a) T @du ((z) ')
66

Using the above estimate, the LP/P™V duality, and also
Theorem 10, we deduce the desired results. O

Now, we are going to consider the case of p = co.

Theorem 13. Let s > 0 and p a nonnegative measure on B.
Then, the following are equivalent.

(al) sup, s R (20, 5,00) < 0 or F,(S(0), 00) < Clo|® for
all spherical cap o € S".

(b1) IT(f)(2)|du(z) is an s-Carleson measure for all f €
L'(Sh).
Moreover, the following are equivalent.

(a2) supz()EBiRﬂ(zo,s, 00) < 00 or §,(8(0), 00) < Clo|® for
all spherical cap o € S”.

(b2) |P(f)(2)|du(z) is an s-Carleson measure for all f €
HY(S).
(c2) wis an (s + 1)-Carleson measure.

The equivalence above holds for the compact case also.

Proof. For f(x) € L'(S") and f =0, we have

du(z) , _
[ e jmms(g) G de=C] TN @dut,
(67)

which implies the equivalence of (al) and (bl) by duality
theorem and Theorem 10.

Invoking Lemma 2, we observe that “(a2)=(b2)” is a
direct consequence of the equivalence of (al) and (bl).

To prove “(b2)=(c2),” let z,, be any fixed point in B and
let

1 | 0|2 >n
x) = 68
f( ) (1' |JC|2|30|2 2'{“7’0 ( )

be a function defined on S". For z € T(0(z,)), one should
observe the fact 0(z) < o(z,) and

P(f)()=| f(x)p(xz)dx

SYI
C; J (x,z)dx
o Z0)] Joten T

[\

-y (69)

1
ol
o (20)] Jota) |x = 2"

1
> o)l

by Lemma 8 and the estimate (13). Then, the assumption that
|P(f)(z)|du(z) is an s-Carleson measure implies that

1

o (20)] .[T(a(zo)) du(z) <C L(g(zo)) |P(f) (2)| du (2)

(70)
< Clo(zy)|

holds for any z, € B, which is to say that y is an (s + 1)-
Carleson measure.

To prove “(c2)=(a2),” assume that y is an (s+1)-Carleson
measure. For any z, € B, let o be the sphere cap ¢ =
0(zy/1zol, 1 = |zyl). Let i be a nonnegative integer. For some
x € S", write 0 = 0(x,2(1 - |z])). Let 0, be the spherical
cap with the same center as 0™ but radius 27r(c™). We choose
a number ¢ small enough such that

s

T(x)[)S(c") c

S(o}),- (71)

1

Il
(=]

Here ST)'\I.*)S = {z € S(07) : 1 —|z| > er(o])} is the top of
S(o;"). We observe the fact that

NOIANGE {zeB;xea(é,1—|z|>,ze5(a)}

< {zeB:;—l €0 (x,1-|z|),|z| < |z|}

QS(O*)ﬂF(x)

(72)



holds for any x € S". Now, it is easy to see that for any x € S”

J du(z) _ J du(z)
ronse (1=12D)" = Jsenre (1-1z))"

< J d.u(Z)n
i=0 %;,-T)E (1 -1z

<CY L,m o[ du@ (73
i=0 “°\0; ),

[ee]
<CYlof[
i=0

which is to say that §,(S(0),00) < Clof". The proof is
completed. O

Theorem 14. Let s > 0, max(1l/s,1) < p < oo, and p a
nonnegative measure on B.

(i) SuoneBmy(Zo’S’ p) < ooorSM(S(a),p) < Clo|* forall
spherical cap o € S" ifand only if pisan (s+1-1/p)-
Carleson measure.

(i) lim;, | - R (20, 5, p) = 0 0r F,(S(0), p) = o(|ol*) for
all spherical cap o € S" if and only if u is a compact
(s +1—1/p)-Carleson measure.

Proof. To prove the “if” parts, suppose that g is an (s + 1 —
1/p)-Carleson measure or a compact (s + 1 — 1/ p)-Carleson
measure. By Theorem 10, it is sufficient to prove that

S, (S(0), p) < C(u(S(0)))7CH 7P (74)

holds for all o ¢ S™.
For p = 1, the results are trivial because of the fact of

3,(8(0), 1) = u(S(0)).
For p > 1,letg € L”(S") and g > O (here p' is the
conjugate of p, thatis, 1/p+1/p’ = 1). By Lemma 1, we have

T(g9)(z) <CP(g)(z), VzeDB. (75)

Letq = p'(s+1—1/p). It is easy to see that g > p' > 1 and
q' = (s+1-1/p)/s (here q’ is the conjugate of 7). Now, by
the previous assumption, we have that y is a (q/p’)-Carleson
measure. Using Holder’s inequality and Theorem 7, we have
du (2)
@[
J I NS (1-lz])"

<c[ T@EdeE
S(o)

<C < L(G) P (9) (2)|"dp (z)>1/q< Lw) d (z)>1/q,

< C"g"LP’ (gn),"l(s ((7))5/(S+1_1/P).

(76)
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By the duality theorem, we conclude that
3, (S(0), p) < Cu(S @), (77)

which completes the proof of “if” parts.

We now turn to the “only if” parts. Assume that
J.(8(0), p) < Clo|f or Bu(8(0), p) = o(|o|®) for all spherical
cap 0 € S". For a spherical cap o € S”, we have

0<|i—|,1—|z|>ca, Vz €T (o). (78)

Then, by the estimate in (13) and Fubini’s theorem, we obtain
that

1 J’ 1 dx
—| 4 (Z)SC—J j — 2 du(z)
o] Jry ¥ 01 Jr0) Joro (1= 12" ¥

el
o JTe)Nre (1-12])" lo]

Since p > 1, Jensen’s inequality and the above inequality
imply that

il
— du(z
lo| Jre) #)

. du (2) >” )1/" (80)
1/p _aulz)
= Clol <J§ UT(amr(x) 1-lz)" dx

< Clo| 7S5, (T (), p).

Moreover, by the assumption and the remarks below Defini-
tion 5 and Theorem 10, we have

S, (T(@),p)<Clol* or $,(T(0),p)=0(lof). (81)

Then, we conclude that g is an (s+1 -1/ p)-Carleson measure
or a compact (s + 1 — 1/p)-Carleson measure. The proof of
Theorem 14 is completed. O

Theorems 10 and 14 imply the following characterizations
for s-Carleson measures on B as s > 1.

Corollary 15. Lets > 1,1 < p < 00 and u a nonnegative
measure on B.

(i) u is an s-Carleson measure on B if and only if

supm#(zo,s—l+ %,p) <00

zo€B

] (82)

s=1+—

or  S,(S8(0),p)<Clo| P VocS"

(ii) p is a compact s-Carleson measure on B if and only if

sup R, <zo,s— 1+ l,p) =0
|zo|—>1‘ P (83)

or SH (S (0) ,p) =0 (|O.|S—1+1/p) Yo C S™.
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Remark 16. By Theorem 13, the above corollary holds if s > 1
and p = co.
For 0 < s < 1, we have the following results.

Theorem 17. Let 0 < s < 1 and y a nonnegative measure on
B.

(a) If 0 < p < 1 and pis an s-Carleson measure on B, then

R <z 1+ ! p) <
sup S — - 00,
zo€B “ 0 P

(84)
3, (S(0),p) <Clo """ o cS".

b)Ifl<p<1/(1-s) andsupzcdﬂ,?i#(zo,s—1+1/p,p) <
00 or ,(S(0), p) < Clo[**"/? for all o < S”, then
isan s—Carleson measure.

(©) If1/(1 = 5) < p < o0, then F,(S(0), p) < Clo| 1tV
forallo € S" if and only if

JB |P(f) (Z)lpild# (2) < C“f”g(ls")’ VfeLP(S").
(85)

Proof. To prove (a), it is sufficient to prove
3, (T (@), p) <Clo|""" (T (0)) (86)

for any spherical cap 0 € S". For 0 < p < 1 and any spherical
cap o, by Holder’s inequality and Fubini’s theorem, it is clear
that

(3,(T@).p))

P
- Ln (Jroc)nT(o) (ldf I(jl))”> ax
P
- L (Jl"(x)ﬂT(a) (ld‘lj |(§|))”> dx
_ P
= C<L dx>1 P(L Jr(x)ﬂT(a) (1df I(ZZI))" dx)

P
< Clall_P<JT( )dy (z))

< Clo|"™(u (T (0)))".

(87)

Then, by the assumption that y is an s-Carleson measure, it is
easy to see that 3,(T'(0), p) < Clo| VP,

For (b), let f(x) = y,(x), and then "f”LP'(gn) = Iall/P,

(here p' is also the conjugate of p). Noticing the fact that
o(z/|zl,1 - |z|) c o for any z € T(0), we obtain

W (T (0)) = jT( @)

1
< CL(G) o (2)] L(Z)f(x) dxdu (z)

9
dy (x)
——d
= CJ " S J-I‘(x)ﬂT(a) (1=|zD)" X
= C"f"LP' (gﬂ)sy (T (0) > P)
< Clol’.
(88)

By Theorem 10, we complete the proof of (b).

For (c), since condition S’M(S(a),p) < Clo|H*YP for
all 0 ¢ S” is equivalent to F,(B,p) < C, it is the direct
consequence of the estimate for g > 0

du (z)

d 89
w @ -jey @

| T@@du@=] g0 |
B s r
and the duality theorem with appropriate choicesof g. [
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