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By using the way of weight functions and the idea of introducing parameters, a more accurate half-discrete Hilbert inequality with
a nonhomogeneous kernel and a best constant factor is presented. We also consider its best extension with the parameters, the
equivalent forms, and the operator expressions as well as some reverses.

1. Introduction

Ifa,b, >0a={a,2 €’ b=1{b}> €l and|a| =
2 a1 > 0and ] = {32,671 > 0, then we have

the following discrete Hilbert inequality (cf. [1]):

[N ve)
n=1m=1
where the constant factor 7 is the best possible. Moreover,

00 1/2
for f,g(=0) € L*R,), |fll = {JO f*(x)dx} ~ > 0, and
gl > 0, we have the following Hilbert integral inequality (cf.
(2]):

, < lallliel, @
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29 axay <xlsllol. @

with the same best constant factor 7. Inequalities (1)-(2) are
important in the analysis and its applications (cf. [3]). There
are lots of improvements, generalizations, and applications of
inequalities (1)-(2) for more details, refer to the literatures [4-
15].

We find a result on the half-discrete Hilbert-type inequal-
ity with the nonhomogeneous kernel, which were published
early as follows (cf. [16, Theorem 351]):

LOO xq2(§ﬁ> dx < B? ( ) i (3)

n=1

where p > 1,9 > 1,1/p + 1/g = 1, and B(u,v) =
_[Ooo(tufldt/(l + ") (u,v > 0) is the beta function. But
the constant factors B(1/p, 1/q) were not considered whether
the best possible. Recently, Yang gave a half-discrete Hilbert
inequality with the nonhomogeneous kernel as follows (cf.

(17]):
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where the constant factor 7 is the best possible. And some
half-discrete Hilbert-type inequalities with the nonhomoge-
neous kernel were given (cf. [18]).

In this paper, by using the way of weight functions and the
idea of introducing parameters and by means of Hadamard’s
inequality, we give the more accurate inequalities of (3) and
(4) as follows:

[ee} (s8] q 00
q-2 A a1 l) q
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with the best constant factors B(1/p,1/q) and m. We also
consider their best extensions with the parameters, the



equivalent forms, and the operator expressions as well as
some reverses.

2. Some Lemmas

In the following lemmas, we assumed that «, 5,4 > 0, @ <
AB, & <min{1,2 - B}, y; € (—00,00),and 0 <y, < 1/2.

Lemma 1. Define the weight functions as follows:

a [® (x - Yl)ocil

w, (n) = (n -7, 7dx
Li[r+u—yn%n—wf] 7)

(neN),

oo (”‘Yz)ail

(Doc(x) = (x_yl) Z 1
e =) e-n)] ®

(x € (y1,00)).

Setting k := k(a, 5,A) = (1/B)B(et/ B, A — &/ B), one has the
following inequalities:

0<k(1-0(x)<@,(x)<w,) =k, 9)

where 0x) = (1/8k) [0 @aIF 4w €

(0,1) and 6(x) = O((x — y,)”) (x € (y;,00)).

Proof. Putting u = (x — yl)ﬁ(n - yz)ﬁ in (7), we have

o) afp-1
w, () = I g =13<5,A-5)=k. (10)
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For fixed x € (y;, 00), setting

a-1

(x - YI)“(t - Yz)
[1+ (=) (- )]

()= (te(y»00)),

in view of the conditions, we find that f ") = -(1 - a)(x -
PN = 1) 2+ (= )P (e = )P 1 = ABCx — ) e -
Y P2+ (x—y)P(t—y,)P1M <0 and f"(t) > 0. By the
following Hadamard inequality (cf. [15]):

n+1/2

ft)dt (neN), (12)
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and letting u = (x — yl)ﬁ (t - yz)ﬁ , it follows that

(o] (o]

n+1/2 o)
0, (x) = Y fn) < Zj F(0de- J/zf(t)dt

n=1 n=1In-1/ 1

o 1 [ ua/ﬂ—l
< Jyz f(t)dt— BJ;) mdu

_ %B(%,A—%) -k,

=Y > [ fwa
n=1

_ J-Dof(t)dt— lef(t)dt

Y2

_k IJ‘(xyl)ﬂ(l)’z)ﬁ u“/ﬁ_l
B

=k(1-6(x) >0,

du
0 1+ u))L

(13)
where
1 (x_Vl)ﬂ(l_Yz)ﬁ uo‘/ﬁ_l
0<0(x)=— J
Bk Jo (1+u)t
_v B (1-v. )P o o
. L J'(x )P (1-y,) ua/ﬁ_ldu _ (1 —Yz) (x—yl)
Bk Jo ok '
(14)
Hence, we prove that (9) is valid. O

Lemma 2. Suppose that 1/p+1/q=1 (p#0,1),anda, > 0,
and f(x) > 0is a real measurable function in (y;, 00). Then the
following are considered. (i) For p > 1, one has the following:

= Z(” - Yz)p‘x_l
n=1
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N

(15)
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1/p

(16)
where @, (x) and w,(n) are indicated by (7) and (8).
(ii) For p < 1 (p #0), one has the reverses of (15) and (16).

Proof. (i) By (7)-(9) and Holder’s inequality (cf. [15]), we find
that
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Hence, (15) is valid. Using Holder’s inequality again, we have
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Hence, (16) is valid.

(i) For0 < p<1(q<0)orp<0(0<gq<1),usingthe
reverse Holder inequality and in the same way, we have the
reverses of (15) and (16). O

3. Main Results

Some functions and spaces are introduced as follow:

¢ (x) = (x— )P0,

$(x):=(1-0(x)¢(x),

y )= ()™

(x € (y1,00),n € N,0 (x) isindicated as Lemma 1),

e} 1/p
Lo o)== ool o] <eol.

00 1/q
Loy = {a={a . sllallgy, Zit//(n) |an|q}> <oo]>.

(20)

Note. If p > 1, then L (yl,oo) andl are normal spaces;
if0 < p<lorp< 0 then both L, (yl,oo) and [, are
not normal spaces, but we still use the formal symbols in the
following.

Theorem 3. Suppose that p > 1, 1/p+1/q = 1, «, A >
0, < AB, ¢ < min{l,2 - B}, 9, € (-00,00),0 <
Y, < 1/2, and f(x),a, > 0, such that f € L,,(y;,00),
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a=f{a,}?, € Loy ||f||p,¢ > 0, and |al,,, > 0, then we have
the following equivalent inequalities:

f&)

I:= Za” Adx
o In [1+(x—y1)ﬁ(”—Yz)ﬁ]

=J f(x)z

A1+ (=) (-]

(oo} 0

a,dx (21)

< k| fl, slallgy
py Up
S w1| [© (x) dx
Z(”‘YZ)P : J / 5 51t
el 1) ()
<K fll,
(22)
q 1/q
_ o qo—1 © ay
L= J (x =) Z . 70 dx
" 1= (14 (e-1)(n-7,)" |
< Kllall,
(23)

where the constant factor k =
possible.

(1/B)B(/B, A — o/ ) is the best

Proof. By the Lebesgue term-by-term integration theorem,
we find that there are two expressions of I in (21). In view
of (15), @,(x) < k,and 0 < "f"P>¢ < 00, we have (22). By
Holder’s inequality, we find that

N i © f(x)dx
Z n- YZ e A
& | [1+ -1 (-7

x[ (=9,

[e) 1/q
<J {Z(n— p) 0 g } = Tllall,,-

n=1

(24)

Hence, (21) is valid by (22). On the other hand, assuming that
(21) is valid and setting

p-1
a, = (n- Yz)p“_l J-OO f(:) B )de
7 [1 +(x-y) (n-v) ]
(neN),
(25)
then we have
IIQIIZ,V, = Z(f’l - )/z)q(lia)ilag =JP =1 (26)

n=1
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By (15), it follows that ] < co. If ] = 0, then (22) is trivially
valid. If ] > 0, then 0 < |jall,,, = J*™' < co. By (21), we have

lally, =17 =1 <k|fl,4lally,
thatis, ] =flald, < k|f],,

Hence, (22) is valid, which is equivalent to (21).
In view of (16) and @, (x) < k, we obtain (23). By Holder’s
inequality again, we have

o0 o (o) an
1= [ ey

: s =) -]

x [ (=) f (0] dx

) 1/p
< 1[G ] =i,

"
(28)

Then (21) is valid by using (23). Supposing that (21) is valid
and setting

gq-1

Ay

Fe = (o)™ 7
A+ =) (-7 ]

(x € (y1,00)),
(29)

then it follows that
© (1-0)-
Iy = | Gemp)™ P dx =17 =1 (30)
N

In view of (16) and (9), we find L < co. If L = 0, then (23) is
trivially valid; if L > 0, that is, 0 < "f”P>¢ < 00, then, by (21),
we have

1£15g = L7 =1 < K| £l lalyy

i (1)
thatis, L=|f[}, <Kklalg-

Hence (23) is valid, which is equivalent to (21). Then (21), (22),

and (23) are equivalent. We prove that the constant factor in

(21) is the best possible. For 0 < & < qa, setting @ = {a,}-,

and f(x) as follows (p, g > 1):

= (1),
ate/p— 32
Floo [T ety Y
0, x €[l+y,00),

if there exists a positive number k' < k, such that (21) is still

valid as we replace k by k', then, substitution of @ and f(x),
we have

r-$a JOO f(;c) e
n=1 n [1+(x—y1) (n—7,) ] (33)
<K 7], Nl

For p,q > 1, letting & = o — ¢/q, we find by Lemma 1 that

= ntl e-1 a-¢g/q
I= (x=11)" (x-m)

Y+l e
= J (x-n) @z (x)dx
N
ntl e— &
k@A) | (- [1-0((x-)7)] dx
"N
- k<oc— f,/m) (1 —0(1)).
q €
(34)
By simple calculation, we have
lals, = Y (n-y) " al = Y (n-p,) "
n=1 n=1
1-e «© “1-e e+1-
<(1-p)" +J (r-y) dy= 1,
! e(1-7,)
(35)

1/p

- {7 e "< (2)" 6o

In view of (33), (34), and g > 1, it follows that

k<a-2,ﬁ,)t>[1—s0(1)]

e+l-vy Va 7
LN ¢
(1 - )’2)8+1 :|

Thenwe have k(e B, 1) = k < k' fore — 0".Hence, k' = kis
the best value of (21). By the equivalency, the constant factor k
in (22) ((23)) is the best possible. Otherwise, we would reach
a contradiction by (24) ((28)) that the constant factor in (21)
is not the best possible. O

<el <K f||P)¢||a||q,W < k’[

Remark 4. (i) Define a half-discrete Hilbert operator T' :
L,4(y1,00) — I, 15 as follows. For f € L, ,(y;,00), we
define Tf € I, 1, satisfying

« S )
Tf (n) =
! L [1+ (= 9) (- 1)

Adx (neN). (38)



Then by (22), it follows that ||Tf||P)w1_p < k||f||p)¢; that is, T
is the bounded operator with ||T|| < k. Since the constant
factor k in (22) is the best possible, then we have |T|| = k =
(1/B)B(a/f, A - a/p). i

(ii) Define a half-discrete Hilbert operator T' : [ -

Y
I: g¢-1(y1,00) in the following way. For a € [, we define

TaelL g satisfying

Ta =) & ¢ (xe (o).
Al @0 )]
(39)

Then by (23), it follows that |Tall, 4 < klall,,s that is, T
is the bounded operator with ITI < k. Since the constant

factor k in (23) is the best possible, then we have IT| = k =
(1/B)B(ex/ B, A = ] B).

Theorem 5. Suppose that0 < p<1,1/p+1/g=1,a,B,1 >
0, < AB, &« < min{1,2 - B}, y; € (-00,00), 0 <y, < 1/2,
and f(x),a, > 0, such that f € Lp)(;(yl,oo), a= {an}:il‘ €
lq,W’ ”f"m?; > 0, and lallg, > O. Then one has the following
equivalent inequalities:

00 (¢S] f(x)
1-Sa dx
n; Ll [1+(x—)’1)ﬁ(”—)’2)ﬁ]A

o < d 40
[ rwy N (40)
no [ - p) (- )]
> k| f1, gllallyy
pAl/P
J= Z(n—)/z)pa_l JOO fx) dx
n=1 "

[+ (=) ()]

> kI fl, 5
(41)

_ o (x—p)"T [ a a Y
L:= L d
{Ll [1-60(x)]" [;1 [1+(x—y1)’3(n—y2)’3])‘] x}

> klal

a.y°
(42)

where the constant factor k = (1/B)B(«/3, A — «/ ) is the best
possible.

Proof. Inview of (9), the reverse of (15),and 0 < "f"p,gE < 00,
we have (41). Using the reverse Holder inequality, we obtain
the reverse form of (24) as follows:

12 Jlal,,. (43)

Then by (41), (40) is valid.
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On the other hand, if (40) is valid, setting a,, as in (25),
then (26) still holds with 0 < p < 1. By (40), it follows that
J > 0.1f ] = oo, then (41) is trivially valid; if ] < oo, then
0 < llall,, = JP! < 0, and we have

lallg, =7 =1 > k| f],gllallyy
1 (44)
thatis, ] =lall, > k| f], s

Then (41) is valid, which is equivalent to (40).
By the reverse of (16) and @(x) > k(1-6(x)),andbyq < 0,
we have

n

1/q
s k(q—l)/qu > k(q—l)/q{ki(n _ yz)q(loé)laq}
(45)

n=1

= Klall,,-

Hence, (42) is valid. By the reverse Hélder inequality again,
we obtain

= JYI
X [(1 - B(x))l/P(x - yl)l/qfaf (x)] dx

> | fll,5

a

-1/
TS :

(x -1
(1 — G(x))l/pnzl [1 + (x - yl)ﬁ(ﬂ - Yz)ﬁ:lA

(46)

Then (40) is valid by (42). On the other hand, if (40) is valid,
setting

gq-1
(x_)’l)qOH © a
fx) = =10 ’ 3
=0T = 1 (e =) (- 9,)']
(x € (1,00)).
(47)

then |17 - = ["[1-0(0)](x )"~ fP)dx = 1= .

By the reverse of (16), we have L > 0.IfL = 0o, then (42) is
trivially valid; if 0 < L < oo, then, by (40), we obtain

I£125 =0 = 1 > K 1 gllal,

ﬂmﬁgi=“ﬂﬁ3>kWMy

(48)

Hence, (42) is valid, which is equivalent to (40). It follows that
(40), (41), and (42) are equivalent.
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If there exists a positive number k' > k, such that (40) is
still valid as we replace k by k', then, in particular, we have

I= iﬁn JOO f(;c) ; T dx
n+ - n) - )] (49)

| 7l _
> K| 7], sl

where @ = {a,}?, and fare taken as in (32) (0 < & < p(BA -
«)). Since, by (35), we find in

5= [ -0 m N e
-

1 1/p
~- ou)) :

0 _ at+e/p-1
I< Z(n—yz)m_‘g/q_1 (x YI)ﬁ ; —dx
& AN RO RUCEENY
1 00 e (o) ua/ﬁ+s//3p—1
=— - —d
ﬁnzzzl(n v2) Jo (1+u) !
1| e+l-y, <oc € a € >
< |——=|[Bl=+—A-=—-—|,
B [s(l — ) ] B " Bp B Bp
(50)

then, by (35), (49), and the above results, we obtain (notice
that g < 0)

lle+l-y a. s a_ &
ﬁ[(l—yz)f“]3<ﬂ+ﬂp’A B ﬁp>

_ 1p -y |
2€I>8k’(l—0(1)) (H—Zil>
€ e(1-p)

1/
K- sO(l))lfP(L_”l) q.
(1 - )’Z)EJr

(51)

Fore — 0%, we have k = (1/B)B(e/BA — a/B) > K
Hence, k = k' is the best value of (40). By the equivalency,
the constant factor k in (41) ((42)) is the best possible.
Otherwise, we would reach a contradiction by (43) ((46)) that
the constant factor in (40) is not the best possible. O

In the same way, for p < 0, we also have the following
result.

Theorem 6. If the assumption of p > 1 in Theorem 3 is
replaced by p < 0, then the reverses of (21), (22), and (23)
are valid and equivalent. Moreover, the same constant factor is
the best possible.

Remark 7 (i) Ifyy = 9, = 0,A = f = l,anda = 1/p,
then k = B(1/p, 1/q) and (23) reduces to (3). In particular,
for p = g = 2, (21) reduces to (4).

(ii) For y; = 0, y, = 1/2,and & = 1/p in (21) and (23), it
follows

f )

a, h dx
n=1 JO (1 + (xn— x/Z)ﬁ))t
(52)
0 1/p ( 1/q
< k“ xP—ZfP(x)dx} {Zaf,} ,
0 n=1
[o'e) (o) 4 o0
X172 o dx <k?) al, (53)
JO nZi(l+(xn—x/2)‘3))t ";

where the constant factors both k = (1/8)B(1/pS,A - 1/pp)
and k7 are the best possibles. In particular, for A = 8 = 1,
(53) comes to (5); for A = B = 1and p = g = 2,1in (52), we
obtain (6). Hence, inequality (21) is the best extension of (4)
and (6), and inequality (23) is the best extension of (3) and
(5) with the parameters.
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