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We introduce generalized Morrey-Campanato spaces of martingales, which generalize both martingale Lipschitz spaces introduced
by Weisz (1990) and martingale Morrey-Campanato spaces introduced in 2012. We also introduce generalized Morrey-Hardy and
Campanato-Hardy spaces of martingales and study Burkholder-type equivalence. We give some results on the boundedness of

fractional integrals of martingales on these spaces.

1. Introduction

Lebesgue spaces L, and Hardy spaces H, play an important
role in martingale theory and in harmonic analysis as well.
Morrey-Campanato spaces are very useful to know more pre-
cise properties of functions and martingales. It is known that
Morrey-Campanato spaces contain L,, BMO, and Lip, as
special cases; see, for example, [1, 2].

In martingale theory, Weisz [3] introduced martingale
Lipschitz spaces for general filtrations {#, },., and proved the
duality between martingale Hardy spaces and martingale Lip-
schitz spaces. This result was extended to generalized martin-
gale Campanato spaces and martingale Orlicz-Hardy spaces
in [4]. Recently, martingale Morrey-Campanato spaces were
introduced in [5], where each sub-o-algebra #, is generated
by countable atoms.

In this paper, we introduce martingale Morrey-Hardy
and Campanato-Hardy spaces based on square functions and
unify Hardy, Lipschitz, and Morrey-Campanato spaces in
[3-5]. To do this, we first introduce generalized martingale
Morrey-Campanato spaces by using subfamilies {3,},., of
the filtration {# },., with B, ¢ &, for eachn > 0. We estab-
lish Burkholder-type equivalence and discuss equivalence
between martingale Morrey spaces and martingale Cam-
panato spaces in a suitable condition. We also establish
a John-Nirenberg-type theorem for generalized martingale
Campanato-Hardy spaces; see Theorem 15.

On these martingale spaces, we introduce generalized
fractional integrals as martingale transforms and prove their
boundedness. Our result extends several results in [5-7] to
these spaces. The fractional integrals are very useful tools to
analyse function spaces in harmonic analysis. Actually, on the
Euclidean space, Hardy and Littlewood [8, 9] and Sobolev
[10] investigated the fractional integrals to establish the the-
ory of Lebesgue spaces and Lipschitz spaces. Stein and Weiss
[11], Taibleson and Weiss [12], and Krantz [13] also inves-
tigated the fractional integrals to establish the theory of
Hardy spaces; see also [14]. The L »Lg boundedness of the
fractional integrals is well known as the Hardy-Littlewood-
Sobolev theorem derived from [8-10]. This boundedness has
been extended to Morrey-Campanato spaces by Peetre [1] and
Adams [15]; see also Chiarenza and Frasca [16]. In martingale
theory, based on the result on the Walsh multiplier by Watari
[7, Theorem 1.1], Chao and Ombe [6] proved the bounded-
ness of the fractional integrals for H,, L ,, BMO, and Lipschitz
spaces of the dyadic martingale. The boundedness of the
fractional integrals for martingale Morrey-Campanato spaces
was established in [5]. For other types of operators for
martingales, see the recent work by Tanaka and Terasawa [17].

At the end of this section, we make some conventions.
Throughout this paper, we always use C to denote a positive
constant that is independent of the main parameters involved
but whose value may differ from line to line. Constants with



subscripts, such as C,,, are dependent on the subscripts. If f <
Cg, we then write f < gorg > f;andif f < g < f, we then
write f ~ g.

2. Definitions and Notation

Let (Q, %, P) be a probability space and & = {F },5,
nondecreasing sequence of sub-o-algebras of ¥ such that ¥ =
o(U, F,)- For the sake of simplicity, let F_; = F. The set
B € &, is called atom, more precisely (¥, P)-atom, if any
A C B, A € ¥, satisfying P(A) = P(B) or P(A) = 0. Denote
by A(#,) the set of all atoms in & .

The expectation operator and the conditional expectation
operators relative to %, are denoted by E and E,, respectively.
It is known from the Doob theorem that if p € (1,00),
then any L ,-bounded martingale converges in L ,. Moreover,
it p € [1,00), then, for any f € Lp, its corresponding
martingale (f,),s with f, = E,f is an L, -bounded
martingale and converges to f in L, (see, e.g., [18]). For this
reason a function f € L, and the corresponding martingale
(f,)nso Will be denoted by the same symbol f.

Let ./ be the set of all martingales such that f; = 0. For
p € [1,00], let L(;, be the setofall f € L, such that E, f = 0.
For any f € L(;, its corresponding martingale (f,),>, with
fn=E,f isanL ,-bounded martingale in .. For this reason,

we regard L(; as a subset of /.

Let B = {AB,},s be subfamilies of & = {F},., with
B, < F, for each n > 0. We denote by % ¢ F this relation
of B and F.

In this paper, we always postulate the following condition
on A

There exists a countable subset B, ¢ %,

()
such that P |J B =1

Be 3|,

We first define generalized martingale Morrey-Campanato
spaces with respect to 9 as follows.

Definition 1. Let B ¢ &, p € [1,00), and ¢ : (0,1] —
(0,00). For f € Ly, let

17, =171, o

_ 1 1 P p 1/p

=swp s s (o, T47)
"f”ZM = ”f”yp’(p(%)

_ 1 1 , )1/,0

- 1 (1 B . |

igg;gﬂ@(l%))(pm) L |f - E,fI"dP
1Al = 1l

1 1 , )1/17
- 1 (1 B . |
i‘i%’ﬁ?;ncp(p(m)(p(g) JB|f E,fI"dP

2)
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and define
Lpg=Lpy(H) = {f eLl: ”f"LM < 00}’

L= Ly @ ={f 1Ay, <0}, )

- - 0
Lo =30 @® = {f Lyl < oo}
Remark 2. By the condition (1), the functionals | f lle¢’

0
"f”gp’¢> and ||f”3’;,¢ are norms on L.

Remark 3. Let f € LS. Then, f ¢ Z ¢ if and only if its
corresponding martingale (f,,),5 is &£, 4-bounded; that is,
sup,,oll £l 7,5 < 00 The same conclusion holds for .Sf;’(p.

Furthermore, if each sub-o-algebra %, is generated by count-
able atoms, # = {A(%,)},5, and ¢ is almost decreasing,
then the same conclusion holds for L, 4. More precisely, see
Proposition 8.

Remark 4. In general, | f]| s < 2| fll Ly and hence L oo C
< o Actually, for any B € %,

(r-star)” = (] )

«([ 18as |‘”dp)l/P 4)

< 2(L |f|PdP)1/P.

Similarly, ”f”gp’(p < 2||f||5[;,¢ and Z,, C Ly,

Definition 5. For ¢ = 1, denote Z, s and &, , by BMO, and
BMO,,, respectively. For ¢(r) = %, a > 0, denote Z,, 4 and
Z s by Lip,, , and Lip,, o respectively.

If ¢(r) = e (—00, 00), then we simply denote L,s
pppand Z, by L, ), £, and Z,, respectively.

A function ¢ : (0,1] — (0,00) is said to be almost
increasing (resp., almost decreasing) if there exists a positive
constant C such that

¢ (s) <Ch(t) (resp., ¢(t) <C¢(s)) forO<s<t<l.
(5)

For the case # = &, the spaces BMOP(.°/7) and Lipp)a(.%“)
with « > 0, were introduced by Weisz [3].

Recall that A(#) is the set of all atoms in %, and let &f =
{A(F,)},50- Suppose that each sub-o-algebra &, is generated
by countable atoms for the time being. Then, BMO (%) =
BMOP(&Y) and Lipp,a(Fi) = Lipp)“(szi); see [5]. In general, if
¢ is almost increasing, then

Lp,¢ (F) = Lp,¢ (),

<

Zpy(F) =Ly (), (6)

g;m, (97) = g;,gb (52[)>
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with equivalent norms, respectively. However, if ¢ is not
almost increasing, then these equalities fail in general; see [5].

In this paper, we do not always assume that each sub-o-
algebra &, is generated by countable atoms. Let

A(F,) ={BeF,:P(BNA) =0VAc A(F,)}, )
and let
By = A(F,)UAF,)" (n=0). (8)

In this case, if ¢ is almost increasing, then we will show that

Lp,d) (‘G/:) = Lp)(p (‘%) >
Ly (F) =L} (RB), 9)
Lo (F) = L, (B),

with equivalent norms, respectively (see Proposition 9).
Moreover, if |, is nonatomic, then %, = &, foralln > 0. If
each sub-o-algebra #, is generated by countable atoms, then
B, = A(F,) for all n > 0. Therefore, our definition gener-
alizes those in [3-5].

Next we define Morrey-Hardy and Campanato-Hardy
spaces, based on square functions, with respect to & as
follows. For f € ./, we denote by S, (f) and S(f) the square
function of f:

n 12 . 1/2
(0= (Slat) . st=(Sast)

(10)

where d; f = fi — fi_; (n = 0, with convention d,, f = 0 and
S_1(f) = 0). We further define

1/2
SO () = (U = su()) " = (zwug e

k=n+1

Definition 6. Let 8 ¢ &, p € (0,00),and ¢ : (0,1] —

(0,00). For f = (f,)s0 € M, let
e, = 1l o
_ 1 Pd e
TSP S (P (B) (P(B)j S P) ’
s, = 1l o
_ 1 1 () \P )”P
—_—— 1 S dp ,
e e ¢(p(3))<p(3> L ()
s, = Ul o

1 1
T bnes ¢ (P (B))(P(B)

j s f)PdP>1/P,

(12)

and define
HS = HS(#) = {f €2 |fls <o},

Ty =g @B = el |flys <0}, 13)

Hig= 5y (B = {f € | fls, < o0}

By (1), the functionals ||f||Hg¢, "f”%;sw’ and IIfII%;}) are

quasinorms on /.

Remark 7. If we take ¢ = 1 and B = &, then the norm
£l 75, coincides with the norm | f ”BMOS in [19, Definition
2

2.45]. In this point, our notation is dlfferent from the one in
[19].

In the end of this section, we present the definition
of regularity on % and the doubling condition on ¢. The
filtration # = {F,},, is said to be regular, if there exists
a constant R > 2 such that

fn < an—l (14)

holds for all nonnegative martingales (f,),s,. We say the
smallest constant R satisfying (14) the regularity constant of
F. A function ¢ : (0,1] — (0,00) is said to satisfy the
doubling condition if there exists a positive constant C, such
that

¢>(S)
. =60

The smallest constant C,, satisfying (15) is called the doubling
constant of ¢.

<Cy Vst€(0,1] with - <

| @»n

<2, (15

N | =

3. Properties of Morrey-Hardy and
Campanato-Hardy Spaces

In this section, we investigate the properties of Morrey-Hardy
and Campanato-Hardy spaces. The proofs of the results in
this section will be given in Section 6.

First we state basic properties of the norms.

Proposition 8. Let B ¢ F, p € [1,00) and ¢ : (0,1] —
(0,00). Let f € L, and let (f,),s, be its correspondmg
martingale; f, = Enf. Then

I71s,, < bl

171z, , = soplfullz,, (16)
171, = suplfull .,

Moreover, if each sub-o-algebra &, is generated by countable
atoms, B = o, and ¢ is almost decreasing; that is, there exists a
positive constant C, such that ¢(t) < Co(s) for0 <s <t <1,
then

Iy, < soplfll,, <Gk, )



Proposition 9. Let A(¥,) U A(P/”«n)L c B, ¢ F,n=0).
If ¢ is almost increasing; that is, there exists a positive constant
Cy such that ¢(s) < Cyd(t) for 0 < s <t < 1, then

"f”L o(B) = ”f"LW(J) onf”LM(@)’ (18)
and the same conclusions hold for || - "“?M’ Il - "3;#; Il - ”wa’
Il - II%;(#, and || - ||%}s’)—¢. Consequently,

Los(F) =Ly (B), Ly (F) = L,y (B),
Lo FV= L,y (B, Hyy(F)=Hyy(B), (19)
oy (FI=Tog(B), Ty ()= T (D),

with equivalent norms, respectively.

For p € (0,00), let Hf) be the set of all f € . such that
IS(f)IIL < 00. Let ||f||Hs = IIS(f)IIL Note that if ¢(r) =
7P and Q € B, then HS = Hj and | Fles, =1 lgs.

The following is well known as Burkholders 1nequahty

Theorem 10 (Burkholder [20]). If p € (1, 00), then there exist
positive constants c, and C,, that depend only on p, such that

CP“f”Lp < ”f"Hg < Cp"f“LP (20)
forall f € L} c .

For expressions of the constants ¢, and C,, see, for
example, [21-23]. See also [24] for Burkholder’s inequality on
Banach functions spaces.

Our first result is the following, which is an extension of
Burkholder’s inequality to martingale Campanato spaces.

Theorem 11. Let 8 ¢ &, p € (1,00) and ¢ : (0,1] —
(0, 00). Then

olfls, <l <ClAL,

= "f”%’;’(b = (2Cp + 1) l|f||3;,¢ (22)

forall f € L c M, where ¢, and C,, are the constants in
Theorem 10.

Next we give the relations between £, 4 and £, , and

between # i gand 7 ,iisb We consider the following condition
on &:

{fweQ:E,_

] @) >0} € B,., VBeB, (n=1).

(23)

Theorem 12. Let B8 ¢ F and ¢ : (0,1] — (0, 00). Then

Zpg > Lpy with "f“gw < Zuf":_%’;@ for pe[l,00),
(24)

5> 5y with | fls, < | ls, for pe@.00).

(25)
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Conversely, if F is regular, B satisfies (23), and ¢ satisfies
the doubling condition, then there exists a positive constant C,
dependent only on p, the regularity constant of F, and the
doubling constant of ¢, such that

Zos €L 2| fly., for pell,co),
(26)
Zpp < H g With Clflys 2| flzs, for pe(0,00).

(27)

We give a relation between martingale Morrey spaces and
martingale Campanato spaces in the following form.

Theorem 13. Suppose that every o-algebra & , is generated by
countable atoms. Let B = 4, p € [1,00), and ¢:(0,1] —
(0, 00). Assume that ¢ satisfies the doubling condition and there
exists a positive constant C('{5 such that

j ¢()dt<C¢¢(r) O<r<1). (28)
Then, there exists a positive constant C such that
1
Wl SV, 5O, Vreth
I lrs, < Wflss, < ClAlas, VS €.

Moreover, if F is regular, then IIfIIL IIfllg K and ||f||3;7 are
equivalent to each other, and IIfIIHs , ”f”z/s and ”f"%& are

equivalent to each other.

Using Theorems 11-13, we have Burkholder-type equiva-
lence for generalized martingale Morrey spaces.

Corollary 14. Suppose that every o-algebra &, is generated
by countable atoms. Let B = o, p € (1,00), and ¢ : (0,1] —
(0, 00). Assume that ¢ satisfies the doubling condition and there
exists a positive constant C<’1> such that

L PWa<cigm ©0<r<n. G0

If F is regular, then there exist positive constants ¢ and C such
that, for all f € L,

Afls,, </, <Clfl,, 61

For the martingale BMO spaces based on square func-
tions, the John-Nirenberg-type equivalence was established
by Weisz [25] and [19, Theorem 2.50]. We extend this theorem

S S-
to the spaces X g and Z

Theorem 15. Let A(%,) U A(F,)" ¢ B, ¢ F, (n = 0),

p € (0,00) and ¢ : (0,1] — (0, 00). Assume that ¢ is almost

increasing and satisfies the doubling condition. Then, IIfIIZ,;s‘» <
rx

Cp,q,rl:"f”?fj;b for all g € (0,00). If we further assume that
regular, then "f”%’s¢ and ||f||%,s;5 are equivalent to ||f||%§¢.
P> P> 5
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4. Fractional Integrals

In this section, we state the results on the boundedness of
fractional integrals as martingale transforms. The proofs of
the results in this section will be given in Section 7.

Let (y,),s0 be a sequence of nonnegative bounded func-
tions adapted to F = {F},5; that is, y, is ¥, -measurable
for every n > 0. Let I, be the martingale transform associate
to (},,),50; that is,

(ny)n = Z)’kﬂdkf’ (32)
k=0

with convention y_,d, f = 0. Note thatif f = (f,),5o € 4,
then I, f = ((, f)p)uso € .

We now Jeﬁne a generalized fractional integral I, for
martingales as a special case of I, under the assumption that
every o-algebra &, is generated by countable atoms. Our
definition generalizes the fractional integral for dyadic mar-
tingales introduced in [6, 7]. The idea of I , comes from [26].

Suppose that every o-algebra &, is generated by count-
able atoms. Let b, be an &, -measurable function such that

b,(w)=P(B) foras. weBwithBeA(F,); (33)
that is,

b, = P(B) xg as.
BeAZ(:f?n) ’ (34)

For abounded function p : (0,1] — (0, 00), we define a gen-
eralized fractional integral I, f = (I, f),) 0 Of f = (fu)uso €
A by

(L,f) =Y p(bey) dif. (35)
k=0
The generalized fractional integral I, is obtained by taking
v, = p(b,) in (32). If p(r) = *, « > 0, then we simply denote
I,byl,.

For quasinormed spaces M, and M, of martingales,
we denote by B(M;, M,) the set of all bounded martingale
transforms from M, to M,; thatis, T € B(M,, M,) means that
there exists a positive constant C such that

1751, < Il (36)

for all martingales f = (f,),s0 € M;.
We first study the boundedness on the spaces %fw.

On martingale Campanato-Hardy spaces, we consider the
fractional integral as a martingale transform associated with
monotone multipliers. We say a sequence of nonnegative
measurable functions y = (y,),, is almost decreasing if there

exists a positive constant C such that
Y (0) < Cyp (w)  as. Vk = €. (37)

For an almost decreasing sequence y = (y,),50, we define A,
by

A, = inf {C > 0 : C satisfies (37)}. (38)

In Theorem 16 below, we do not need any assumption on
{gn}nZO'

Theorem 16. Let B C F, p € (0,00), and ¢,y : (0,1] —
(0,00). Let (y,),s0 be a sequence of nonnegative bounded
almost decreasing adapted functions, and let I,, be the martin-
gale transform defined by (32). Assume that

_ ¢ (P (B))
Coaw = supsup Sy vaisle, <o (39)
Then
I, € B(%,49,,) (40)
with
"ny "y/fw < Aycw,w"f “%fmp' (41)

If every o-algebra &, is generated by countable atoms,
then we can apply Theorem 16 to the generalized fractional
integral I,. The following corollary extends [5, Theorem 5.8]

S
to the spaces 7, ;.

Corollary 17. Assume that every o-algebra &, is generated
by countable atoms and B = 4. Let p € (0,00) and p,d, y :
(0,1] — (0, 00). Suppose that p is almost increasing and that

p ()¢ (1) ‘o

42
A “
Then
S
I, e B(#,4%,,)- (43)

If one further assumes that {F .}, is regular and that v is
almost increasing and satisfies the doubling condition, then

L eB(%,,%,,)

o Lay) (Pae(0,00).  (44)

We next study the boundedness on martingale Morrey-
Hardy spaces HJSJ)¢ and martingale Hardy spaces H‘ls,.
Recall that A(F,)* = &, foralln > 0if % is nonatomic.

Proposition 18. Let B ¢ F,0 < p < q < 00, and ¢ :
(0,1] — (0,00). Let (y,),5¢ be a sequence of adapted func-
tions. Suppose that F, is nonatomic and that B = F.
Assume in addition that ¢ is almost decreasing, that t'/P¢(t)
is almost increasing, and that lim, _, (¢(t) = oo. Then, I, ¢

B(H, 5, Hy 1) \ {0}

According to Proposition 18, to consider the bounded-
ness on H}s,’(p and Hf,, we suppose that every o-algebra F,
is generated by countable atoms and that 8 = /.

In this case, if $(r) = r /P and F, = {Q,0}, then
stw coincides with H; and || f|| H, = 1N HS: However, if
F o #{Q, 0}, then H;«P does not coincide with HIS) in general.
We do not always assume that #, = {Q, 0}.

Theorem 19. Suppose that every o-algebra & , is generated by
countable atoms, that B = ¢, and that {F ,} .- is regular. Let



0<p<g<ooand¢:(0,1] — (0,00), and let (y,),so be
a sequence of nonnegative bounded adapted functions. Assume
that ¢ satisfies the doubling condition and that there exists a
positive constant C such that

D V1 ® () X2 + ¢ ()
k=0 )

(o)
/
X D VX e < COB)"T as.

k=n+1

for alln > 0, where by is the measurable function defined by
(33). Then

S S
I, € B(Hp g Hy g ) - (46)
Furthermore, if (t) = t /2, then
S S
I, e B(Hp,Hq). (47)

As a consequence of Theorem 19, we have the following
corollary, which gives an extension of [5, Corollary 5.7] to the
spaces H;  and gives a martingale Morrey-Hardy version of
Gunawan [27, Theorem B]:

Corollary 20. Suppose that every o-algebra F, is generated
by countable atoms, that B = o, and that {F }, is regular.
Let0 < p<g<ocoandp,¢:(0,1] — (0,00). Assume that
p is bounded, that both p and ¢ satisfy the doubling condition,
and that there exists a positive constant C such that

¢ (r) Jr @dt+

0

Jl Mdt < Cgb(r)‘p/q
r t (48)

(0<r<1).
Then

I, € B(Hp 4 H 1) (49)

P

The following extends the results for dyadic martingales
in [6, 7] and the result for 0 < p < 1 in [28].

Corollary 21. Suppose that every o-algebra &, is generated
by countable atoms, that B = d, and that {F ,} -, is regular.
LetO< p<g<ooand-1/p+a=-1/q. Then

I, € B(H,,Hy). (50)

5. Lemmas

We prepare some lemmas to prove the results in Sections 3
and 4.

Lemma 1. Let B, satisfy A(¥,) U A(F,)" ¢ B, ¢ F,(n>
0). Suppose that ¢ : (0,1] — (0, 00) is almost increasing; that
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is, p(r) < Cyp(s) forall0 < r < s < 1. Then, for all nonnegative
functions F,

§§£¢(P1<B>> (ﬁ J,Fa >

(51)
1 1
= Cosup 5B (B) <W LFdP>'
Proof. Let
1 1
V=SSP ®) <ﬁ L”P>' 2)

For any B € &%, we can choose the sets Bj, j=012...
(finite or infinite) such that

B=U;B, B,€A(%,)", B;cA(F,),

P=L2 (s
P(B)= Y P(B;).
j

In this case, B; € B,, j = 0,1,2,...,since A(F )UA(F )" ¢
AB,,. Then

¢<p1<3)) <$ J,Fa >

1 1
= FdPp
$(P(B) P(B)4 (JBj )

) P(B;) 1
‘; P (B) <¢(P(B))P(Bj) JB,-de>

(54)
P(Bj) ( Co )
< FdpP
25® 6,77 (5)
P(B))
<Gy P(BJ)
j
=Cy M.
This shows the conclusion. O

Lemma 2 (see [5, Lemma 3.3]). Suppose that every o-algebra
F , is generated by countable atoms and that {F } ..., is regular.
Then, every sequence

By>B;>--->B,>--, B,cA(%,), (55
has the following property: for each n > 1,
B,=B,, or <1 + %)P(Bn) <P(B,,)<RP(B,),
(56)

where R is the constant in (14).
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Lemma 3. Suppose that every o-algebra &, is generated by
countable atoms and that {F }, is regular. For B € A(¥ ),
letBj € A(&Tj) be

B=B, CB,_, C--CB,,. (57)

Let ¢ : (0,1] — (0, 00). Suppose that ¢ satisfies the doubling
condition. Then, there exists a positive constant C, that depends
only on ¢ and the regularity constant R, such that

S (b ("D o
j:;I‘P(j)X{b,#hj,l}— bt t on (58)

where b; is the function defined by (33).

Proof. Let ] = {j : b; #b;_;}. Then, by Lemma 2, we have

m

Z ¢ (bj) Xib;#b;,}

JEI€<jsm

_ 1 J b ¢ (by)

) jef,ezqsw log (b;-1/b;) o

b 9 ()
< 3|

JEI€<jsm

by
. j LAONS
b t

m

O

In Theorem 13, we do not assume that {#},., is regular.
Hence, we need the following lemma.

Lemma 4. Let ¢ : (0,1] — (0, 00). Suppose that every o-
algebra F , is generated by countable atoms. For B € A(F ), let
B; € A(&T ;) be

B=B,cB, , C---CB,. (60)

For the sequence {B.},_, above, one defines a decreasing seq-
uence of integers n; = n;({By};_,) inductively by

n, =sup{k € [0,n]NZ: P(B,) > 2P (B)},

n;=sup{ke[o,n |nz:P(B)22P(B, )} (o)

(j=2),
where one uses the convention sup 0 = —1. One further defines
J={j:n;z0}, = 1+n; (62)

Suppose that ¢ satisfies the doubling condition. Then, there
exists a positive constant C, that depends only on ¢, such that

1

Yo (b, )< CJ LAON
ja b 1

where b; is the function defined by (33).

on B, (63)

Note that this lemma is the counterpart to the technique
in [29, page 1104, line 5].

Proof. By the definition of n;, if j € J, then

an < bn; < 2!9,1},71 < bnj on B, (64)

where we use the convention n, = n.
Using the doubling condition on ¢, we have

o)< 3 [

j€J
because the intervals (bnj_1 , 2bn]__l) are disjointed by (64). O

In the proof of Theorem 19, we need the following esti-
mates for the square function of I, f.

Lemma 5. Suppose that every o-algebra &, is generated by
countable atoms and that {F )}, is regular. Let p,q € (0, c0)
with p < q. Let (y,),so be a sequence of nonnegative bounded
adapted functions. Suppose that ¢ : (0,1] — (0, 00) satisfies
the doubling condition. Assume that there exists a positive
constant C such that

D Vi1 ® () X2, + ¢ (B)
k=0 -

(o)
/
X D VX e < COB)"T as.

k=n+1

for alln > 0, where by is the measurable function defined by
(33). Then, for f € M with ||f||Hs¢ =1,
Py

Sn (ny) = C‘/)(bn—l)p/q’
™ (I,£) < Co(b,)"" s (f)

for alln > 0, where C is a positive constant independent of f.

(67)

Proof. Let f € M such that IIfIIqu5 = 1. We first show that
Py

i f| < Cé (Br). (68)
where C is a positive constant that depends only on ¢ and

the regularity constant R. Let B € A(F). Then, on the set B,
keeping in mind that

J |dif I*’dp)up, (69)

4= (535

we have

1/p
P
|di.f| < <P(B),[ S(f) dP> o)
S OB ®) | fls, <910



We have obtained (68). We now show (67). Using (68) and the
assumption (66), we have

L) = Yvildef
k=0

S 2
S ZYI?A‘P(bk—l) Xibe # b}
k=0

2
<Z)/k 19 (b bk;ebkl})
s ¢(bn)2p/q S (P(bnfl)zp/q’ (71)

SO 0) = Y vl

k=n+1

n 2 =
<S”(f) Z Yﬁ-lX{bk¢bk,l}

k=n+1

o 2
< S(")(f)z( Z Yle{bk#;kl})
k=n+1
< ¢(b,) S (f)’.
O

Remark 22. In the course of the proof, the embedding ¢' <
£* is used. If one does not use the embedding, then

Y Veer di f] < ¢80,
k=0 )

3 v M f] < 96,7 ().

k=n+1

6. Proofs of the Results in Section 3

In this section, we prove the results in Section 3.

Proposition 8 can be proved in the same way as [5, Propo-
sition 2.2], so we omit the proof. Proposition 9 is a direct
consequence of Lemma 1. Then, we will prove Theorems 11,
12, and 13.

Recall that S"( f) is defined by (11).

6.1. Proof of Theorem 11. We first show Theorem 11, Burk-
holder’s inequality on generalized martingale Campanato
spaces.

Proof of Theorem 11. Let f € LS and B € 3B, Then, fyz —
E,[fxs) € L ¢ 4 and

0 if k<n,

(def) xg ifk>n. (73)

e (Fts - En Lfs]) = {
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Therefore, we have S(fyz — E,[fxz]) = S"™(f)xs. Hence,

using Theorem 10, we have

En LﬁXB]“LP
E, [l

o[ 17 - Euttar) = -
S "S (fXB -
= (] s )Pdp)l/p (74)

< Cp“fXB - E, [fXB]”LP

~cy([ I~ Eutar)”

We have obtained (21).
We next show (22). Using (74), we have

<L f =B fidP )UP = (L \f - E,f IPdP)l/p

+ (J d, flde>1/p

1 (n) ¢ £\P
&'(]. smeprar)

(75)
1/p
+(J d, f|Pdp
B
-1 (n—-1) P
<¢'(] e dP
J (" 1) PdP /P'
B
Therefore,
= <l (76)

For the converse part, using the inequality

(JB |f - Enflde>l/P < Z(L |f - En,1f|f’dp>1/p, (77)

which we have mentioned in Remark 4, we obtain

(L S(nfl)(f)PdP>1/p < (L S(m(f)de)l/p
+ (JB Idnflpdp)l/p

<cy([ 1~ Espar)”

(], a,rar)

<(2c,+1)(| 1f- En,1f|*’dp)1/p
(78)
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That is,

171, = (2C, 4 1) I s, 79

O

6.2. Proof of Theorem 12. We next show Theorem 12, a rela-

tion between 3P¢ and Zp(p, %’p & and %;;b

Proof of Theorem 12. Inequality (24) was mentioned in
Remark 4. Inequality (25) is deduced from the inequality
S(F)’ =S, () < S(f) =S, 1 (f)*.

We now show (26). Let B € %, and B ={weQ:
E, [xz)(w) > 0}. Since B' € F,_,, we have

E [xa\s x8] = E [Xa\p En1 [x8]] = 0; (80)

thatis, B ¢ B'.
Suppose that {
prove

F s 1s regular. To show (26), we first

, 1
B :{wEQ:En_1 [xs] (w)ZE}, (81)

where R is the regularity constant. By the definition of B', we
have B > {w € Q : E, [xgl(w) > 1/R}. We will show the
converse. By the regularity, we have 3 < RE,_;[xg]. This
implies B ¢ {w € Q : E,_;[xp](w) = 1/R}, or equivalently,

XB S X(E,  [xs]21/R}" (82)

Operating E,_,, we have

E, [xs] < X{E, \[xs]>1/R}* (83)

‘We have obtained (81).
From (81), we deduce that

P(B’) =E [X{En,l[xg]zl/R}] < E[RE,; [x]] = RP(B).
(84)

Hence, using the assumption (23) and the doubling condition
on ¢ with (84), we have

1

p
P(B)J |f En lfl dp

p

1
*P(®)

<¢(P(B))I£1%,,

j f-Eoffap ®

We have obtained (26).
By the same way as above, we have (27). The proof is
completed. O

6.3. Proof of Theorem 13. We now prove Theorem 13, a rela-
tion between martingale Morrey spaces and martingale Cam-
panato spaces.

Proof of Theorem 13. The part ||f||3, < 2||f||L was shown
in Remark 4, and the part | f|| w5, < I £l H, is obv10us We
now show the part ||f||L < ||f||i,,7

Let B € A(#,). We take B, € A(?k) suchthat B= B, ¢
B,_; C--- C B. Let n; be the decreasing sequence of 1ntegers
deﬁned in Lemma 4, with convention n, = n. Sincen;_; > n;,
the function E, f —E, [ is constant on B, .. Therefore, on

the set B, we have

E, f-E,f

. 1/p
p
(g st

-1

<oV L j
) <P(an) By

(86)

1/p
P
E, f-E,f| dP
7

¢(P(B,).

where n}r is the same as in (62).
Let J be the same as in Lemma 4 and let m = max J. Using
Lemma 4 and the assumption (28), we have

<2¥|f],.

f-E,f]

<Ifls, X (P (8,))

il (87)
1 t
<l [, 2

t
<1l ¢

For |E, fl, we may assume thatn,, > 0. By the definition of
n,,, we have P(B;) < P(By) < 2P(B, ) < 2P(B;) < 2P(B).
Therefore,

|Enf _Enmf| =

on B.

(P (B))

P(Bo) b (t)
spm)s | R .

< Jl ¢(t)dt <¢(P(B)).

P(B)

Hence, on the set B, the constant E, f has the following
bound:

1 . 1/p
i (P(Bn ) Lﬂ [E,, f - Eof| dP)
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1/P< 1 Pd >1/P
<2 —_— E -E p
P(Bl) jBl ' nmf Of'

<2701, 6(P(B) < ISl PP B).
(89)
Combining (87) and (89), we have
[Ef] < |f]l5. ¢ (P(B) on B. (90)

Using (24) in Theorem 12, we have

([ 15¢a) " < (] 17~ Eosirar)”

+P(B)'"7|E, ]
<sP®""¢®P®)|fl,,, O
+PB) "o (P B)[f]

~ PSP B)|fly, ;
that is,

I1,,, <11, 2

We can show IIfIIHs¢ <
Py

(86), wecanreplaceIEn 1f—E fland ||f||3_ by{Sn l(f)2—

S, ( f) }1/ 2 and || £l 7S, respectively. The rest is similar and

11 x5, by the same way. Indeed, in
P

we can obtain || f|| m, S <A w5,
P
If B = o, then B sat1sﬁes (23) Therefore, if # is regular,
we can apply Theorem 12 to obtain the equivalence of || f|| Ly

£l Py and || f] s, and the equivalence of || f|| HS (Il %S‘;é

and -
Il

6.4. Proof of Theorem 15. We will now prove Theorem 15, the
John-Nirenberg-type theorem for martingale Campanato-
Hardy spaces. Following Weisz [19, Definition 2.45], we
define

2 2 P2\ VP
Moo = supl (B [ {800 -5 (0P17] ) ) 09
n2 Lo
for f € A and p € (0, c0).
Proof of Theorem 15. We may assume that B = & by

Proposition 9.
By Hélder’s inequality and Theorem 12, we only need to
show that ||f”%”s¢ < Cp,q)(pllfllyfs; for0<g<1c<p.
P s

Recall the notation S(”)(f)2 = S(f)2 - Sn(f)z. Let f €
%’3_4) NL) c M AeF,andm > n+ 1. By (73), we have
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S™ D (fxa = Ealfxal) = " V(f)xa. Hence, for B € F,,
m > n+ 1, we have

1

P(B) L S" D (fya - B, [ fxa))'dP

_ (m-1)( (\d
~ P(B) JAOBS (F)'ap

1 (m-1)( \d (94)
*P@AnB) JADBS (f)dp

< ¢ ANB)|f5s.
< 9P A f s,

Therefore, for the
E, [ fxaD)msn> We have

|(E L
<4 ® )]s

{F .} usn-martingale

(Enlfxal -

-E, [fXA] )mzn “BMOs
! (95)

By [19, Theorem 2.50], there exists a positive constant C,, ;4
that depends only on p, g, and ¢ such that

(E”“ [S(n)(fXA - E, [fXA])p])l/P

< Cp,qxb‘/) (P (A)) "f"zﬂg;

(96)

Combining (96) and the fact that S")(fy, - E,
S (f)x 4> we have

(Bt [S™()

Therefore, for A €

[fXA]) =

)X < Coaoh ® AN f s O7)

F ,» we have

(st [ $"0rar)”

_ (ﬁ L E. [S(n)(f)P] dP)l/P (98)

< Cpapd (P (A)) If "%’g;j
that is,

I "7/@@ < Cpgelf "7/3,; (99)

for f € %Z:p N LY. For general f € %’Z;P, applying (99) to the

martingale ™ = ( Somin(mm))ns0> We have

1L, Coaol L, < Cpasllis a0

Taking p = 2 in (100), we have that f is an L*-bounded
martingale. Therefore, we have (99) for all f ¢ # f{(b The
proof is completed.
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7. Proofs of the Results in Section 4

In this section, we prove the results in Section 4.

71. Proofs of Theorem16 and Corollary17. Recall that
SO =S = Su(f)”

Proof of Theorem 16. Using the assumption that (y,),s, is
almost decreasing, we have

SULF) = Y readif T

k=n+1

i Sug o

k=n-+1
= Ay s ()
Then, for B € 9, using the assumption (39), we have
JB $O(1, ) dp < A% JB y2S™( £)Pdp
< A2l | () ap
< Alvusl, P (B) 6P B |15

< abch, P (B)y(P(B)|f ||§f;,¢'

(102)

Therefore, we have
“ny“%fw = AYCV)¢)W||f||/”K;¢ (103)
and I, € B(Z f’«b’ H fw). The proof is completed. O

Proof of Corollary 17. Let y, = p(b,). Then, we have that
(Y)pso is almost decreasing and that ||y, xzll; = p(P(B)) for
B e A(#,). Hence,

p (P (B)) ¢ (P(B))

C
v (P (B))

Vb =Ssup Sup
n20 BeA(Z,)
(104)
t t
< Sup M < 00

Cow=t Y ()

Therefore, we can apply Theorem16 to obtain I, €
B
and that y is almost increasing and satisfies the doubling
condition, then, by the John-Nirenberg-type equivalence

(Theorem 15), we have I, « B(%i,(p’ %’g’w) for all g €

(0, 00). O

H ‘i’w). If we further assume that {#},, is regular

1

Remark 23. Assume that (39) holds. Suppose further that
there exists a positive number C' such that Y 1o, | 1 < C'y,
a.s. for all n > 0. Then, in the light of Remark 22, we see that

sup sup

1 1 o) P /p
v (P B)\ P(B) d dpP
n=0 Bes, ¥ (P (B)) ( P(B) JB (k—zn;dlyk_l kfl) )

< CCpppl s,
(105)

7.2. Proofs of Theorem 19 and Corollaries 20 and 21

Proof of Theorem 19. We first show the part I, €

B(H;W H;,d)"’q)' Assume (45). Let f = (f,),=0 € 4 such that

£l H, = 1. We need only to show that there exists C > 0
Py

independent of f such that

Il =sc (106)

q,¢P/q

To obtain (106), we first show that
S(1,f) < CS(f)""". (107)

LetN = Y2 Xig(s,)<s(f)p- We define measurable subsets €,
Q,, and Q5 by

Q, = {N =00},
Q, = {N =0}, (108)
Q; = {0 <N < o0}.

Let w € Q. Then, we can take infinitely many integers »n such
that ¢(b,_, (w)) < S(f)(w). For such n, we have

S, (I f) (@) < Co(b,_, ()" < CS(f) @P'?  (109)

by Lemmab5. Letting n — oo along n that satisfies
¢, 1 (w)) < S(f)(w), we have (107) on Q.
On Q,, again by Lemma 5, we have

S(I,f) < Co(be)"'" 'S () < CS(f)P*'s (f) = CS(f)"".
(110)

Let w € Q5. Then, we can take an integer n such that

¢ (b, (@) <S(f) @),  ¢(b,(@)>S(f) (). A1)
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Hence, by Lemma 5, we have
S(1,f) @) <8, (1,f) (@)
+8" (1,f) (@)
< ¢(b-y (@)™
+o(b, @) () () (12)
< S(f) (@)™
S(f) @S (f) (w)

< S(f) (@),

We have obtained (107).
We now show (106). Let B € U, A(%,). Using (107), we

have
( L s(1, f)qdp)l/q
plq

< {(JB S(f)? dP)l/P} w

< P(B)" 9 (B)"| 1)1

= P(B)"19(P (B))"".

We have obtained (106).

We now show the part I, € B(HS, HS). Let (t) = t7V/P.
We simply denote Hs ¢ DY HS otype Let f= (f)uso € M
such that ||f||H; = 1 Observe that || f1l s ) < ||f||H;. By

p=1/p

the assumption that (45) holds for ¢(¢) = 7P, we can apply
(107) to f/I fll s R and we have
p-1/p

s(n,f) = ()™ f ||L:{/jp <CS()P. (4

Hence, we obtain

(JQ (s )qdp>1/q s {(JQ S(f )de>1/p}p/q =1 (115)

The proof is completed. O

Proof of Corollary 20. Let y, = p(b,). We only have to verify
(45). Using Lemma 3 and the assumption (48), we have

n

Yp) b (By) Xy 20

k=0

Zp

k=n+1

+¢(b,)

Kb b}

Journal of Function Spaces and Applications

g Jl P(t)ﬁb(t)dt
b t

n

o) [ 2 ar < g6

(116)

By Theorem 19, we have the conclusion. O

Proof of Corollary 21. 1f p(r) = r* and ¢(t) = t /2, then
1 r
| e (t)t‘p Dt v o) | @dt ~ o
r 0

=19 = g(r)Pl.

117)

Observing (116) and applying Theorem 19 to I, we have the
conclusion. O

Remark 24. In the light of Remark 22, we see that

1
sup sup ———————
n=0 Bea(,) $(P (B))P/4

/q
<P(B) J <Z |Vk 1dkf|> dP) (118)

< s

which is similar to (105).

In words of harmonic analysis, this corresponds to the
embedding F;T;'l/pl_"/h — F,, for0 < p < p, < 0o,
0 < g,,9, < 00,and s € R; see [30, Section 2.3] and [30, page
129] for the definition of the space F,, and the above embed-

ding, respectively. It may be interesting to observe that this
embedding is translated into the fact that I, makes functions
have bounded variation.

7.3.  Proof of Proposition 18. In this subsection, we prove
Proposition 18.

Proof of Proposition 18. To prove I, ¢ B(H ¢,HS¢P,q) \ {0},
we only need to show the followmg forany f = (f,),s0 € H:

if I, € B(Hj g Ho yo0) > then xg,  oydicf = 0 -

k=1,2,..).

We now show (119) for f = (f,),s0 € . We may assume
that P(|y,_,| > 0) > 0. For y;_,, define

Fi ({lyea| > 0})
={Be F\Fi_;:

(120)
P ({|yx_1| > 0} n B) > 0}.

If F({lye1| > 0}) = 0, then the function xy,, sqdif is
F_,-measurable. Therefore, we have

Xy 15019k = et Xy >0y f ]

= Xy, l>01 Exr [ f] = 0.

(121)
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To complete the proof of (119), we only have to show the
following:

if Z ({|yeca| > 0}) #0, then I, ¢ B(H, 4, Hy 10 -
(122)

Assume that F; ({ly,_,| > 0}) #0. We fix B € F \ F,_, and
0 > 0 such that P({|y,_;| = 6} N B) > 0. Let B, = {|y,4| =
8} and B} = {ly,;] = 8} n B. Note that B, € F,_,, B €
F1{lye1] > 0}),and B; ¢ By,

To prove (122), we define two decreasing sequences of
measurable sets {B,}°, and {B;}ZZI that satisfy

_P(B)

Bn € gk—l’ P(Bn) -

2l (123)

B, e % ({lyei| > o). B, cB

n

for every n > 1, inductively as follows.
Suppose that we can choose B,_; and B]_, that satisfy

p(s, )= "B

B, € Fi_y» 2 (124)

B;—l € ‘C}TZ ({|Yk—1| > 0}), B;—l CB,,.

By the assumption that &, is nonatomic, %,_; is also
nonatomic. Hence, there exists B, € %,_; such that B, ¢
B, ;,P(B,) = P(B,_;)/2and P(B,NB._) > 0.Let B, =B, N
B!_,.Then, we have B, and B}, with B, ¢ B,_; and B} ¢ B, |
that satisfy (123).

For the set B! defined above, let g, = xs, — Ex-1lxs 1
Since B,, is #_,-measurable, we have

InXa\B, = (XB; - Ei, [XB;]) XQ\B,

= X8 Xa\B, ~ Ex1 [XB;XQ\Bn] (125)
=0.

By (125) and the assumption that ti/p ¢(t) isalmost increasing,
we have, forany A € U2 F,

1 1 o \VP
o (A))(W L lonl"dP >

1/
T H(P (A);P(A)I/p(jmn |g”|pdp> P

1
= o(P(ANB,) P(ANB,)”

1/p
([, lau'ar)
ANB,

1
~¢(P(ANnB,)

1 1/p
N PdP) |
<P(A 75 L

(126)

13

We now show that I, ¢ B(H;,W H:)W,,q). Suppose that I, €
B(HISW, H;’ ¢P,q); that is, there exists a positive number C such
that

|nf ||H;¢P/q < Cll fles, 127)

S
forall f € HP#"

Since B, € #,\ F_;, we have d,g, = g, #0, and d;g, =
0 for j+k.
Therefore, we have

S (gn) = 9w S (Iygn) = Yk-19n:
For g,,, we take D,, € U,° %, such that

(128)

oy (s |, orer) = Mo, 029
¢(P(D,))\ P(D,) Jp, 7" = 2 19nllms,-

By (126), we may assume that D,, C B,.. As a consequence, we
have D, ¢ By = {|y,_,| = 8},andlim,,_, . ,P(D,,) = 0 by (123).
Then, using (127) with (128), we have

1/q
o(p <z;>>P/q(P<;>n) Jo 'g"'q‘“’)

R
(P (D,))""

1 1/q
q
_— P
. (P(D» Lan rrga'd )

1
Mol

IN

C
~ . (130)
< gl
LE 1
~ 9 ¢(P(D,))
1 Ve
Pap
2C 1
< =
5 ¢(P(Dy))
1 1/q
1dp
(s, lo'er)
Therefore, we have
$(P(D,) " < 2. 130
However, this contradicts p < g and lim, _, ;¢(t) = co. We
have (122) and hence have (119). O]
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