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Let 𝜇 be any weight function defined on the unit disk D and let 𝜙 be an analytic self-map of D. In the present paper, we show that
the essential norm of composition operator 𝐶𝜙 mapping from the weighted Bloch space to 𝜇-Bloch space B𝜇 is comparable to
lim sup|𝑎|→1−‖𝜎𝑎 ∘ 𝜙‖B𝜇 , where for 𝑎 ∈ D, 𝜎𝑎 is a certain special function in the weighted Bloch space. As a consequence of our
estimate, we extend the results about the compactness of composition operators due to Tjani (2003).

1. Introduction

The weighted Bloch space appears in the literature when we
study properties of certain operators acting on certain spaces
of analytic functions on the unit disk D of the complex plane
C. For instance, in 1991, Brown and Shields [1] showed that an
analytic function 𝑢 is a multiplier on the Bloch spaceB if and
only if

‖𝑢‖∗ = sup
𝑧∈𝐷

(1 − |𝑧|
2
) log( 1

1 − |𝑧|
2
)
󵄨󵄨󵄨󵄨󵄨
𝑢
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨
< ∞. (1)

Also, in 1992, Attele [2] showed that Hankel operator induced
by a function𝑓 ∈ 𝐻(D) in the Bergman space 𝐿1𝑎 (for the def-
inition of Bergman space and the Hankel operator, see [3]) is
bounded if and only if ‖𝑓‖∗ < ∞, where𝐻(D) is the space of
all holomorphic functions onDwith the topology of uniform
convergence on compact subsets ofD.The set of all functions
𝑓 ∈ 𝐻(D) such that (1) holds is denoted by Blog and it is
known that Blog is a Banach space with the norm ‖𝑓‖Blog =

|𝑓(0)| + ‖𝑓‖∗.
In the last decade, many authors have studied different

classes of Bloch-type spaces, where the weight function,
V(𝑧) = (1 − |𝑧|

2
) log(1/(1 − |𝑧|

2
)), (𝑧 ∈ D), is replaced by a

bounded, continuous, and positive function 𝜇 defined on D.

More precisely, a function𝑓 ∈ 𝐻(D) is called a 𝜇-Bloch func-
tion, denoted as 𝑓 ∈ B𝜇, if

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩𝜇 := sup

𝑧∈D

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨
< ∞. (2)

If 𝜇1(𝑧) = 1−|𝑧|
2, we get the classical Bloch spaceB (see [3]),

while if 𝜇2(𝑧) = 𝜇
𝛼
1 (𝑧) with 𝛼 > 0, B𝜇 is just the 𝛼-Bloch

space (see [4]). It is readily seen that𝐵𝜇 is a Banach space with
the norm ‖𝑓‖B𝜇 := |𝑓(0)| + ‖𝑓‖𝜇.

A holomorphic function 𝜙 from the unit diskD into itself
induces a linear operator𝐶𝜙, defined by𝐶𝜙(𝑓) = 𝑓∘𝜙, where
𝑓 ∈ 𝐻(D).𝐶𝜙 is the so-called composition operator with sym-
bol 𝜙. Composition operators continue to be widely studied
on many subspaces of 𝐻(D) and particularly in Bloch-type
spaces.

The study of the properties of composition operators on
Bloch-type spaces beganwith the celebratedwork ofMadigan
andMatheson in [5], where they characterized the continuity
and compactness of composition operators acting on the
Bloch spaceB. Many extensions of Madigan and Matheson’s
results have appeared (see, e.g., [6] and a lot of references
therein). An important reference on this subject is the work
of Montes-Rodŕıguez in [7] (see also [8]); here the author
supposes that weight 𝜇 is radial (𝜇(|𝑧|) = 𝜇(𝑧) for all 𝑧 ∈ D),
typical (lim|𝑧|→1−𝜇(𝑧) = 0), and decreasing function of |𝑧|
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defined on D. In particular, Yoneda in [9] has extended the
results byMadigan andMatheson in [5] to composition oper-
ators 𝐶𝜙 acting between weighted Bloch spaces. The weight
considered by Yoneda in [9] was 𝜇log(𝑧) = (1−|𝑧|

2
) log(2/(1−

|𝑧|
2
)) which is not decreasing on D.
Recently, many authors have found new criteria for the

continuity and compactness of composition operators acting
on Bloch-type spaces in terms of the 𝑛th power of the symbol
𝜙 and the norm of the 𝑛th power of the identity function on
D. The first result of this kind appears in 2009 and it is due to
Wulan et al. [10]; in turn, their result was extended to 𝛼-Bloch
spaces by Zhao in [11]. Another criterion for the continuity
and compactness of composition operators on Bloch space is
due to Tjani in [12] (see also [13] or more recently [10]); she
showed the following result.

Theorem 1 (see [12]). The composition operator𝐶𝜙 is compact
onB if and only if 𝜙 ∈ B and

lim
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜑𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B = 0, (3)

where 𝜑𝑎 is a Möbius transformation from the unit disk onto
itself; that is, 𝜑𝑎(𝑧) = (𝑎 − 𝑧)/(1 − 𝑎𝑧), with 𝑧 ∈ D.

This last result has been recently extended to 𝛼-Bloch spaces
by Malavé-Ramı́rez and Ramos-Fernández in [14].

The essential norm of a continuous linear operator 𝑇
between normed linear spaces𝑋 and𝑌 is its distance from the
compact operators; that is, ‖𝑇‖𝑋→𝑌𝑒 = inf{‖𝑇 − 𝐾‖

𝑋→𝑌
: 𝐾 :

𝑋 → 𝑌 is compact}, where ‖ ⋅ ‖𝑋→𝑌 denotes the operator
norm. Notice that ‖𝑇‖𝑋→𝑌𝑒 = 0 if and only if 𝑇 is compact, so
that estimates on ‖𝑇‖𝑋→𝑌𝑒 lead to conditions for𝑇 to be com-
pact.The essential norm of a composition operator onBwas
calculated by Montes-Rodŕıguez in [15]. He obtained similar
results for essential norms of weighted composition operators
between weighted Banach spaces of analytic functions in [7].
Recently, many extensions of the above results have appeared
in the literature; for instance, Zhao in [11] gave a formula for
the essential norm of 𝐶𝜙 : B

𝛼
→ B𝛽 in terms of an expres-

sion involving norms of powers of 𝜙. More precisely, he
showed that

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

B𝛼→B𝛽

𝑒
= (

𝑒

2𝛼
)

𝛼

lim sup
𝑗→∞

𝑗
𝛼−1󵄩󵄩󵄩󵄩󵄩

𝜙
𝑗󵄩󵄩󵄩󵄩󵄩B𝛽

. (4)

It follows from the discussion at the beginning of this para-
graph that 𝐶𝜙 : B

𝛼
→ B𝛽 is compact if and only if

lim
𝑗→∞

𝑗
𝛼−1󵄩󵄩󵄩󵄩󵄩

𝜙
𝑗󵄩󵄩󵄩󵄩󵄩B𝛽

= 0. (5)

Zhao’s results in [11] have been extended recently to the
weighted Bloch spaces by Castillo et al. in [16]. Also, Hyväri-
nen et al. in [17] obtained necessary and sufficient conditions
for boundedness and an expression characterizing the essen-
tial norm of a weighted composition operator between gen-
eral weighted Bloch spaces B𝜇, under the technical require-
ments that𝜇 is radial, and that it is nonincreasing and tends to
zero toward the boundary of D.

The goal of the present paper is to give a new estimate of
the essential norm of composition 𝐶𝜙 mapping fromBlog to
B𝜇. More precisely, in the next section we will show the fol-
lowing result.

Theorem 2. Let 𝜙 be an analytic self-map of the unit disk D.
Then for the essential norm of the composition operator 𝐶𝜙 :
Blog

→ B𝜇, one has

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
: lim sup
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 . (6)

The relation (6) means that there is a positive constant𝑀
such that

1

𝑀

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
≤ lim sup
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 ≤ 𝑀

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
,

(7)

and the functions 𝜎𝑎 with 𝑎 ∈ D will be defined at the begin-
ning of the next section. As a consequence of our estimate, we
extend recent results, about the compactness of composition
operators, due to Tjani in [12] (see Theorem 1) and Malavé-
Ramı́rez and Ramos-Fernández in [14].

2. A Class of Special Functions for Blog

For convenience, throughout this paper we consider the fol-
lowing weight:

Vlog (𝑧) = (1 − |𝑧|
2
) log( 𝑒

1 − |𝑧|
2
) , (𝑧 ∈ D) , (8)

in place of the one used by Brown and Shields in (1). It is not
hard to see that with this new weight we have the same space
Blog, and the seminorm

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩log := sup

𝑧∈D

Vlog (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨 (9)

is comparable to ‖𝑓‖∗ defined in (1). Moreover, this weight
Vlog satisfies the following property which will be of main
relevance in the proof of our result.

Lemma 3. For all 𝑟 ∈ (0, 1) and all 𝑧 ∈ D, one has

𝑟Vlog (𝑧) ≤ Vlog (𝑟𝑧) . (10)

Proof. Theresult follows from the fact that the function ℎ(𝑡) =
𝑡 log(𝑒/𝑡) with 𝑡 ∈ (0, 1) is concave and satisfies ℎ(𝑡) → 0 as
𝑡 → 0

+.

The key to our results lies in considering the following
family of functions: for 𝑎 ∈ D fixed, we define

𝜎𝑎 (𝑧) = (1 − |𝑎|) (𝐻 (𝑎𝑧) − 1) , (𝑧 ∈ D) , (11)

where for 𝑎 ∈ D, the function𝐻 is defined by

𝐻(𝑧) =
1

(1 − 𝑧) log (𝑒/ (1 − 𝑧))
. (12)

We have the following result.
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Lemma 4. The family {𝜎𝑎}𝑎∈D satisfies the following proper-
ties.

(1) 𝜎𝑎 converges to zero uniformly on compact subsets ofD
as |𝑎| → 1

−.
(2) There exists a constant 𝐶𝜎 > 0 such that

Vlog (𝑎)
󵄨󵄨󵄨󵄨󵄨
𝜎
󸀠
𝑎 (𝑎)

󵄨󵄨󵄨󵄨󵄨
≥ 𝐶𝜎 (13)

for all 𝑎 ∈ D such that (1/2) < |𝑎| < 1.
(3) There exists a constant𝑀𝜎 > 0 such that

sup
𝑎∈D

󵄩󵄩󵄩󵄩𝜎𝑎
󵄩󵄩󵄩󵄩Blog ≤ 𝑀𝜎. (14)

Proof. The property (1) is clear since the function 𝐻 is
bounded on compact subsets of D.

(2) If (1/2) < |𝑎| < 1, then

󵄨󵄨󵄨󵄨󵄨
𝜎
󸀠
𝑎 (𝑎)

󵄨󵄨󵄨󵄨󵄨
= |𝑎|

(1 − |𝑎|) log (1 − |𝑎|2)

(1 − |𝑎|
2
)
2
log2 (𝑒/ (1 − |𝑎|2))

(15)

≥
1

2

log (1 − |𝑎|2)

1 − log (1 − |𝑎|2)

×
1

(1 − |𝑎|
2
) log (1 − |𝑎|2)

,

(16)

and the property follows since

lim
𝑡→0+

log (𝑡)
1 − log (𝑡)

= 1. (17)

(3) Indeed, for 𝑎 ∈ D, we have
󵄩󵄩󵄩󵄩𝜎𝑎

󵄩󵄩󵄩󵄩Blog

= sup
𝑧∈D

|𝑎|

(1 − |𝑧|
2
) log (𝑒/ (1 − |𝑧|2)) (1 − |𝑎|) 󵄨󵄨󵄨󵄨log (1 − 𝑎𝑧)

󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨(1 − 𝑎𝑧) log (𝑒/ (1 − 𝑎𝑧))
󵄨󵄨󵄨󵄨
2

≤ sup
𝑧∈D

(1 − |𝑧|
2
) log (𝑒/ (1 − |𝑧|2)) (1 − |𝑎|) 󵄨󵄨󵄨󵄨log (1 − 𝑎𝑧)

󵄨󵄨󵄨󵄨

|1 − 𝑎𝑧|
2log2 (𝑒/ |1 − 𝑎𝑧|)

(18)

since, for each 𝑤 ∈ C, we have | log(𝑤)| ≥ log |𝑤|. Note that
the last expression is uniformly bounded if 1 ≤ |1 − 𝑎𝑧| < 2,
and thus it will be enough to consider the case when |1−𝑎𝑧| <
1. Furthermore, since the function ℎ(𝑡) = 𝑡 log(𝑒/𝑡) with 𝑡 ∈
(0, 1) is increasing, concave and satisfy ℎ(𝑡) → 0 as 𝑡 → 0

+,
then we can use the fact that 1 > |1−𝑎𝑧| ≥ (1/2)(1− |𝑧|

2
) and

conclude that

ℎ (|1 − 𝑎𝑧|) ≥ ℎ (
1

2
(1 − |𝑧|

2
))

≥
1

2
ℎ (1 − |𝑧|

2
) .

(19)

Hence

(1 − |𝑧|
2
) log (𝑒/ (1 − |𝑧|2))

|1 − 𝑎𝑧| log (𝑒/ |1 − 𝑎𝑧|)
≤ 2. (20)

Also, it is clear that

1 − |𝑎|

|1 − 𝑎𝑧|
≤ 1. (21)

Finally, since

lim
𝑡→0+

√log2𝑡 + 4𝜋2

1 − log 𝑡
= 1, (22)

then we can deduce that there exists a constant𝑀 > 0 such

󵄨󵄨󵄨󵄨log (1 − 𝑎𝑧)
󵄨󵄨󵄨󵄨

log (𝑒/ |1 − 𝑎𝑧|)
≤

√log2 |1 − 𝑎𝑧| + 4𝜋2

1 − log |1 − 𝑎𝑧|
≤ 𝑀. (23)

Now the proof is complete.

3. A Criterion for the
Compactness of Operators Acting
on Spaces of Analytic Functions

We will need to prove three auxiliary facts. The first of which
is the following lemma that appears in [18] and also in [12].
In both of these places, we point out a typographical error
(“point evaluation functionals on 𝑋” there, as one can see
from Relation (16) in [12], should be “point evaluations on
𝑌”).

Lemma 5 (Tjani). Let 𝑋, 𝑌 be two Banach spaces of analytic
functions on D. Suppose that

(1) point evaluation functionals on 𝑌 are bounded;
(2) the closed unit ball of𝑋 is a compact subset of𝑋 in the

topology of uniform convergence on compact sets;
(3) 𝑇 : 𝑋 → 𝑌 is continuous when𝑋 and 𝑌 are equipped

with the topology of uniform convergence on compact
sets.

Then 𝑇 is a compact operator if and only if given a bounded
sequence (𝑓𝑗)𝑗∈N in𝑋 such that𝑓𝑗 → 0 uniformly on compact
sets, (𝑇𝑓𝑗)𝑗∈N → 0 in 𝑌.

The following facts about 𝜇-Bloch space are well known.

(i) For each compact 𝐾 ⊂ D, there is a 𝐶𝐾 ≥ 0 such that
for all 𝑓 ∈ B𝜇 and 𝑧 ∈ 𝐾, we have that

󵄨󵄨󵄨󵄨𝑓 (𝑧)
󵄨󵄨󵄨󵄨 ≤ 𝐶𝐾

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩B𝜇 . (24)

(ii) Every point evaluation functional onB𝜇 is bounded.
(iii) The closed unit ball ofB𝜇 is compact in the topology

of uniform convergence on compact subsets of D.
(iv) If 𝛾 is a weight on D and 𝜙 : D → D is holomorphic,

with 𝐶𝜙 : B
𝜇
→ B𝛾, then 𝐶𝜙 is continuous with

respect to the compact-open subspace topologies on
B𝜇 andB𝛾.

Thus, combining the above and Lemma 5, we obtain the
following auxiliary result.
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Lemma 6. Let 𝜇1 and 𝜇2 be weights on D and suppose that
𝜙 : D → D is holomorphic. Then 𝐶𝜙 : B𝜇1 → B𝜇2 is com-
pact if and only if given a bounded sequence (𝑓𝑗)𝑗∈𝑁 in B𝜇1

such that 𝑓𝑗 → 0 uniformly on compact subsets of D, then
‖𝐶𝜙(𝑓𝑗)‖B𝜇2

→ 0 as 𝑗 → ∞.

As a consequence of Lemma 5, we can see that the dilata-
tion operator is compact on Blog. Recall that for 𝑟 ∈ [0, 1],
the linear dilation operator 𝐾𝑟 : 𝐻(D) → 𝐻(D) is defined by
𝐾𝑟𝑓 = 𝑓𝑟, where 𝑓𝑟, for each 𝑓 ∈ 𝐻(D), is given by 𝑓𝑟(𝑧) =
𝑓(𝑟𝑧). It is clear that if𝑓 ∈ 𝐻(D) then 𝑟𝑓𝑟 → 𝑓 uniformly on
compact subsets of D as 𝑟 → 1

−.

Lemma 7. The following statements hold:

(1) for 𝑟 ∈ [0, 1), the operator 𝐾𝑟 is compact onBlog;
(2) for each 𝑟 ∈ [0, 1]

󵄩󵄩󵄩󵄩𝐾𝑟
󵄩󵄩󵄩󵄩
Blog→Blog

≤ 1. (25)

Proof. If {𝑓𝑛} is a bounded sequence inBlog such that 𝑓𝑛 →
0 uniformly on compact subsets of D, then

0 ≤ lim
𝑛→∞

󵄩󵄩󵄩󵄩𝐾𝑟𝑓𝑛
󵄩󵄩󵄩󵄩log

= sup
𝑧∈D

Vlog (𝑧) 𝑟
󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝑟𝑧)

󵄨󵄨󵄨󵄨󵄨

≤
󵄩󵄩󵄩󵄩󵄩
Vlog

󵄩󵄩󵄩󵄩󵄩∞
lim
𝑛→∞

sup
𝑠∈𝐷(0,𝑟)

󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝑠)
󵄨󵄨󵄨󵄨󵄨
= 0,

(26)

and the item (1) follows by Lemma 5.
On the other hand, if 𝑓 ∈ Blog then

󵄩󵄩󵄩󵄩𝐾𝑟𝑓
󵄩󵄩󵄩󵄩Blog =

󵄨󵄨󵄨󵄨𝑓 (0)
󵄨󵄨󵄨󵄨 + sup
𝑧∈D

𝑟Vlog (𝑧)

Vlog (𝑟𝑧)
Vlog (𝑟𝑧)

󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝑟𝑧)

󵄨󵄨󵄨󵄨󵄨

≤
󵄨󵄨󵄨󵄨𝑓 (0)

󵄨󵄨󵄨󵄨 +
󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩log =

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩Blog ,

(27)

where we have used Lemma 3. This ends the proof of item
(2).

4. Proof of Theorem 2

Now we can showTheorem 2. We set
𝐿 = lim sup
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 . (28)

Let 𝐾 : Blog
→ B𝜇 be any compact operator, 𝑎 ∈ D fixed

and define

𝑓𝑎 (𝑧) =
1

𝑀𝜎

𝜎𝑎 (𝑧) , (𝑧 ∈ D) , (29)

where𝑀𝜎 is the constant in the item (3) of Lemma 4.Then𝑓𝑎
goes to zero uniformly on compact subsets ofD as |𝑎| → 1

−,
‖𝑓𝑎‖Blog ≤ 1 for all 𝑎 ∈ D, and

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙 − 𝐾

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

≥
󵄩󵄩󵄩󵄩󵄩
(𝐶𝜙 − 𝐾)𝑓𝑎

󵄩󵄩󵄩󵄩󵄩B𝜇

≥
1

𝑀𝜎

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 −

󵄩󵄩󵄩󵄩𝐾𝑓𝑎
󵄩󵄩󵄩󵄩B𝜇 .

(30)

Hence, taking lim sup|𝑎|→1− and using Lemma 5, we obtain

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
≥

1

𝑀𝜎

lim sup
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 . (31)

Now,we go to show that there exists a constant𝐶 > 0 such
that

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
≤ 𝐶 lim sup
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 . (32)

Hence, if we consider a sequence {𝑟𝑛} ⊂ (0, 1) such that
𝑟𝑛 → 1 as 𝑛 → ∞ and we consider the dilatation operators
𝐾𝑛 = 𝐾𝑟

𝑛

, then by Lemma 7, for all 𝑛 ∈ N, the operator 𝐶𝜙𝐾𝑛
is a compact from Blog into B𝜇, and by definition of the
essential norm, we have

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
≤ lim sup
𝑛→∞

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙 − 𝐶𝜙𝐾𝑛

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

. (33)

Thus, we have to show that there exists a constant𝑀 > 0 such
that

lim sup
𝑛→∞

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙 − 𝐶𝜙𝐾𝑛

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

≤ 𝑀𝐿. (34)

To see this, consider any 𝑓 ∈ Blog such that ‖𝑓‖Blog = 1; then
since

󵄩󵄩󵄩󵄩󵄩
(𝐶𝜙 − 𝐶𝜙𝐾𝑛) 𝑓

󵄩󵄩󵄩󵄩󵄩B𝜇
=
󵄨󵄨󵄨󵄨𝑓 (𝜙 (0)) − 𝑓 (𝑟𝑛𝜙 (0))

󵄨󵄨󵄨󵄨

+
󵄩󵄩󵄩󵄩󵄩
(𝑓 − 𝑓𝑟

𝑛

) ∘ 𝜙
󵄩󵄩󵄩󵄩󵄩𝜇

(35)

and |𝑓(𝜙(0)) − 𝑓(𝑟𝑛𝜙(0))| → 0 as 𝑛 → ∞, it is enough to
show that there exists a constant𝑀 > 0 such that

lim sup
𝑛→∞

󵄩󵄩󵄩󵄩󵄩
(𝑓 − 𝑓𝑟

𝑛

) ∘ 𝜙
󵄩󵄩󵄩󵄩󵄩𝜇

≤ 𝑀𝐿. (36)

Furthermore, since 𝑟𝑛(𝑓
󸀠
)𝑟
𝑛

→ 𝑓
󸀠 uniformly on compact

subsets of D as 𝑛 → ∞, we have

lim sup
𝑛→∞

sup
|𝜙(𝑧)|≤𝑟

𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨󵄨
(𝑓 − 𝑓𝑟

𝑛

)
󸀠
(𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨
= 0, (37)

where𝑁 ∈ N is large enough such that 𝑟𝑛 ≥ (1/2) for all 𝑛 ≥
𝑁. Hence we only have to show that there exists a constant
𝑀 > 0 such that

𝑆 := lim sup
𝑛→∞

sup
|𝜙(𝑧)|>𝑟

𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨󵄨
(𝑓 − 𝑓𝑟

𝑛

)
󸀠
(𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨

≤ 𝑀𝐿.

(38)

Indeed, we write 𝑆 ≤ lim sup𝑛→∞(𝑆1 + 𝑆2), where

𝑆1 = sup
|𝜙(𝑧)|>𝑟

𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨
,

𝑆2 = sup
|𝜙(𝑧)|>𝑟

𝑁

𝜇 (𝑧) 𝑟𝑛

󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝑟𝑛𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨
.

(39)
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Then we have

𝑆1 = sup
|𝜙(𝑧)|>𝑟

𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝑓
󸀠
(𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨

×

Vlog (𝜙 (𝑧))
󵄨󵄨󵄨󵄨󵄨
𝜎
󸀠
𝜙(𝑧) (𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

Vlog (𝜙 (𝑧))
󵄨󵄨󵄨󵄨󵄨󵄨
𝜎󸀠
𝜙(𝑧)

(𝜙 (𝑧))
󵄨󵄨󵄨󵄨󵄨󵄨

≤
1

𝐶𝜎

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩Blog sup

|𝜙(𝑧)|>𝑟
𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝜎
󸀠
𝜙(𝑧) (𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨

≤
1

𝐶𝜎

sup
|𝜙(𝑧)|>𝑟

𝑁

sup
|𝑎|>𝑟
𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝜎
󸀠
𝑎 (𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨

≤
1

𝐶𝜎

sup
|𝑎|>𝑟
𝑁

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 ,

(40)

where we have used the item (2) of Lemma 4 in the first
inequality and the fact that ‖𝑓‖Blog ≤ 1 in the second one.
Taking limit as𝑁 → ∞, we obtain

lim sup
𝑛→∞

𝑆1 ≤
1

𝐶𝜎

𝐿. (41)

In a similar way, we have

𝑆2 ≤
1

𝐶𝜎

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩Blog sup

|𝜙(𝑧)|>𝑟
𝑁

𝜇 (𝑧)
󵄨󵄨󵄨󵄨󵄨
𝜎
󸀠
𝜙(𝑧) (𝜙 (𝑧))

󵄨󵄨󵄨󵄨󵄨

×
󵄨󵄨󵄨󵄨󵄨
𝜙
󸀠
(𝑧)

󵄨󵄨󵄨󵄨󵄨

𝑟𝑛Vlog (𝜙 (𝑧))

Vlog (𝑟𝑛𝜙 (𝑧))

≤
1

𝐶𝜎

sup
|𝑎|>𝑟
𝑁

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 ,

(42)

where we have used Lemma 3 in the last inequality.Therefore

󵄩󵄩󵄩󵄩󵄩
𝐶𝜙

󵄩󵄩󵄩󵄩󵄩

Blog→B𝜇

𝑒
≤

2

𝐶𝜎

lim sup
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩B𝜇 . (43)

This completes the proof of the theorem.
As an immediate consequence ofTheorem 2, we have the

following corollary which extends the result due to Tjani in
[12].

Corollary 8. The composition operator 𝐶𝜙 is compact from
B log intoB𝜇 if and only if 𝜙 ∈ B𝜇 and

lim
|𝑎|→1−

󵄩󵄩󵄩󵄩𝜎𝑎 ∘ 𝜙
󵄩󵄩󵄩󵄩𝜇 = 0. (44)

We want to finish this paper with the following question:
Is the above corollary true for the composition operator 𝐶𝜙
from B𝜇1 into B𝜇2 , where 𝜇1 and 𝜇2 are weights defined on
D?
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Fernández, “Composition operators from logarithmic Bloch
spaces to weighted Bloch spaces,” Applied Mathematics and
Computation, vol. 219, no. 12, pp. 6692–6706, 2013.

[17] O.Hyvärinen,M.Kemppainen,M. Lindström,A. Rautio, andE.
Saukko, “The essential normofweighted composition operators
onweightedBanach spaces of analytic functions,” Integral Equa-
tions and Operator Theory, vol. 72, no. 2, pp. 151–157, 2012.

[18] M. Tjani, Compact composition operators on some Möbius inva-
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