Hindawi Publishing Corporation

Journal of Function Spaces and Applications
Volume 2013, Article ID 921828, 6 pages
http://dx.doi.org/10.1155/2013/921828

Research Article

Hindawi

On the Hermite-Hadamard Inequality and Other Integral
Inequalities Involving Several Functions

Banyat Sroysang

Department of Mathematics and Statistics, Faculty of Science and Technology, Thammasat University, Pathumthani 12121, Thailand

Correspondence should be addressed to Banyat Sroysang; banyat@mathstat.sci.tu.ac.th

Received 18 March 2013; Accepted 14 May 2013

Academic Editor: Nelson Merentes

Copyright © 2013 Banyat Sroysang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We present some new Hermite-Hadamard-type inequalities and other integral inequalities involving several functions.

1. Introduction and Preliminaries

In 2003, Pachpatte [1] gave some Hermite-Hadamard-type
inequalities involving two convex functions, and then Pach-
patte [2] also gave, in 2004, some Hermite-Hadamard-type
inequalities involving two log-convex functions. In 2007,
Kirmaci et al. [3] gave some Hadamard-type inequalities
involving s-convex functions. In 2008, Bakula et al. [4]
presented some Hadamard-type inequalities involving m-
convex functions and («, m1)-convex functions. In 2010, Set et
al. [5] gave some new Hermite-Hadamard-type inequalities
and other integral inequalities involving two functions. More
details about results proved in [5] will be given in Section 2. In
this paper, we present more general Hermite-Hadamard-type
inequalities and some integral inequalities involving several
functions.

Let f: [a,b] — Rand p > 1. The p-norm of the function
f on [a,b] is defined by

b 1/p
(J |f(x)|de) ; 1< p<oo,
sup |f(x)|;

x€[a,b]

171, = 1)

p = +0o.

Below we recall few well-known inequalities that will be
useful in the proofs of our results.

Hermite-Hadamard’s Inequality (see [6-8]). If f is a convex
function on [a, b], then

a+b 1 (° fa)+ f(b)
f< 2 >SEL“’C"“‘S 2 - @

If f is a concave function on [g, b], then

fa)+f(®) 1 (b a+b
2 Sb—aLf(x)dng< 2 ) ®

Barnes-Gugunova-Levin Inequality (see [9-11]). If f and g are
nonnegative concave functions on [a, b], and if p, g > 1, then

b 1/p /s b 1/q
(J fp(x)dx) (j gq(x)dx)

b

<B(pa) | f(x)g@dx,

a

(4)

where

6(b — q)\/PH1/a-1
B(p,q) = —=9)

= . 5
(p+ 1)"(q+ 1) ®)



2
The Power-Mean Inequality (see [12]). Let x|, %5, ..., X,, P>
DPy---> P, > 0andletr € R U {-00,+00}. Then
[ n r\ LT
DX
(Zznlpt 1) ; r#0, +00,
2im1 P
» n 1Y pi
r .
M, = 1 (Hﬁ) ;o r=0, (6)
i=1
max{x, x,,...,%,}; =00,
| min{x,,x,,...,x,}; r=-oco.
Notice that if —oo < r < s < +c0 then
M < Ml 7)

A Generalization of Hélder Integral Inequality. For any p,
Pasees Pu > LY (1/p) = Liif £y, f5, ..., f, are nonnega-
tive functions on [a, b] and if 7', ff*,..., fP» are integrable
functions on [a, b], then

b n n_/ b 1/p;
J (Hﬁ (x)) dx < ]‘[(j £ (%) dx) ()
4 \i=1 i=1 \ 7@

A Generalization of Minkowski Integral Inequality. If p > 1
andif f,, f,,..., f, are non-negative functions on [a, b] such

that 0 < j:fip(x)dx <ooforalli=1,2,...

b/ n p Vp w0 1/p
(J (Zﬁ(x)) dx) SZ(J f;’(x)dx) C)

, 1, then

A Generalization of Young Inequality. If x,, x,,...,x, > 0and
PPy Py > L X1, (1/p) = 1, then
n n b
Hx,- <) —. (10)

To prove results, we refer to the following lemma.

Lemma 1 (see [13]). If p > 1 and if f and g are positive
functions on [a, b] such that 0 < m < f(x)/g(x) < M for
all x € [a,b], then

1/p

b 1/p M b
(L fP (x)dx) < Mo l(L (f(x)+g(x))de) R

b 1/p 1 b 1/p
(L gp(x)dx> Sm+l(L (f(x)+g(x))pdx> .
(11)

Proof. Let p > 1. Assume that f and g are positive functions
on [a,b] such that 0 < m < f(x)/g(x) < M for all x € [a,b].
Then

f<Mg=M(f+g)-Mf,

1 1 (12)
gﬁafza(fh‘ﬁ——
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Then
(M +1)? f? < MP(f + g)t,
(13)
1 p 1\?
(1) o =(5) U+ 9"
Thus,
b 1/p M b 1/p
(j £ ) dx> <M 1(] (f ) +g<x>)f’dx) ,

b 1/p
(j (f(x)+g<x))"dx> .

(14)
O

b 1/p 1
p
(Lg (x)dx) Sm+1

2. Main Results

We start this section with the following.

Theorem 2. Let n be a positive even integer and py, p,,...,
p, > landlet f\, f,, ..., f, be non-negative functions on [a, b]
such that fF', fP, ..., fP are concave on [a, b). Then

H(fz ‘z*fl(b)>

i=1

1 n/2
(H (Pai- 1’P21)J Saic1 (%) fa (x)dx)

(b a)z, 1(1/pi)

(15)
where
6(b _ a)l/Pzi—l+1/p2i71
B(pyi-1 ) = U 7, (16)
(Paicy + 1) (g +1) %
foralli=1,...,n/2. Moreover, ifZ:’:l(l/pi) =1, then

J <nf,(x))dx<nfl<a+b>. )

Proof. Applying the inequality (3) with f/, for any i =
1,...,n, we get

fiPi (a) + f‘ipi (b)

< j 7 (x)dx<f"'(“+b),

2
(18)
and, consequently,
]Cipi (a) +f‘ipi (b) 1pi
2
(19)

< m(fﬁ’f (x)dx)l/pi sﬁ<a2b>.
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By the Barnes-Gudunova-Levin inequality (4), it follows
that

w (@ e\
)

i=1

1 n b . 1p,
) WH(J f (x)dx>
! o 1/paic
n H(J‘ PZ: 1 (x) dx)

B (b _ a)Zi:I(l/Pi) Pl

b 1/pyi
X (J 2‘?2" (x) dx)

1 n/2 b
g <HB (Pai-1> P2i) J faim1 (%) foi (x) dx),
i=1 a

< -
(b _ a)Zizl(l/Pi)
(20)

where

6(b - a)l/P2i71+1/p2i71

(poicy + 1) (pyy + 1)/P

B(pi-1> i) = 21

foralli=1,...,n/2.
By the power-mean inequality (7), we have

(fipi (a) +f'ipi (b))l/pi §

2

fi (@) + fx (b) (22)
2

foralli=1,2,...,n

This implies the inequality (15).

Next, we assume that Y, (1/p;) = 1. By the inequality
(19) and the generalized Holder inequality, we obtain that

[14(3%) = g ([ 0]

- a)Zx (/p)

1 n 1/p;
T b- aH<J fp'(x)dx)

51 ()

This proof is completed. O

\%

(23)

It is easy to notice that if we put n = 2 in Theorem 2 then
we get the following.

Corollary 3 (see [5]). Let p,q > 1 and let f, g be non-negative
functions on [a, b] such that ¥, g1 are concave on [a, b). Then

<f(a);f(b)><g(a);rg(b)>

(24)
1

< —
- b- a)l/P+1/q

b
(B(p,q) | r@g dx),

where

6(b_a)1/p+l/q—l
(p+1)"P(g+ 1)

B(p.q) =

(25)
Moreover, if 1/p + 1/q = 1, then

o jf(x)g(x)dx<f(“+b) (“2). e

Theorem 4. Let p > 1 and n be a positive integer such that
n>2andlet f, f,,..., f, be positive functions on [a, b] such
that the functions fF, ff,..., fF are integrable functions on

[a,b], 0 < f;fip(x)dx <ooforalli=1,2,...,n and
Jfi(x)
0<m; < < M; (27)
f1+1 (x)
forall x € [a,b] and foralli =1,...,n—1. Then
Hi:l”fi“p [Tizsi
where
M, 1
51 = 5 Sn =
M, +1 m, ; +1
(29)

foralll <i<n.

Proof. By Lemma 1, we have

b 1/p M. 1/p
(J f;’(x)dx) I (j (f, () + fir (x))de) ,
1/p 1 1/p
([ staax) s ([ G+ s e
(30)
foralli=1,...,n—1.
Then
b 1/p M. b P e
(J fiP(x)dx> < M,~+11<L (jzlfj(x)> dx> ,
b 1/p n P Ve
(J ﬂi(x)dx) <— <j <Z (x)) )
(31)
foralli=1,...,n—1.

Lets; = M;/(M; +1),s, = 1/(m,_; + 1), and 5; =
min{l/(m;_; + 1), M;/(M; + 1)} forall 1 <i < n.



It follows that

b 1/P b n p l/p
(jffunu) S%(J (Zfﬁm>cu> ,
a a =1

b 1/p b n p Yp
(J fiP(x)dx> Ss,(j <Zf] (x)) dx)
a a j=1

forall1 <i<mn.
By multiplying the above inequalities and the generalized
Minkowski inequality, we obtain that

n b 1/p
H(J fip (x) dx)

i=1 \"4@

n

((E(gr)e) )
(s

Then
rNﬁMS(TP><§Nﬁh>- (34)
i=1 i=1 =1

This implies the inequality (28). 0

Notice that from above theorem one can easily get the
following.

Corollary 5 (see [5]). Let p >
functions on [a,b] such that 0 < J: fP(x)dx < o0, 0 <

1 and let f,g be positive

J: gf (x)dx < oo, and

g (x)
for all x € [a,b]. Then
2 2
W 1,
A1 lall, s

wheres = M/(M + 1)(m + 1).

Proof. By Theorem 4 where n = 2, we have

(U1, +lal,)” 1

>

(37)
”f”p"g“p S152

>
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where

5 = R S, = . (38)

Lets = s;s,. Then

(11, + lal,)’
GREDR

1+ 2011, Mall, + ol
) 17109,

2 2
_ A+l
171,191,

This implies the inequality (36). O

1
-<
s

(39)

Theorem 6. Let n be a positive integer such that n > 2
and py, pyy...>p, > Landlet f, f,,..., f, be non-negative

functions on [a,b] such that fF*, ff*,..., fP are concave on
[a,b]. Then

Yiip

2 n _
b-a) | |”fz||§ (40)
i=1

[1fi @+ f; @) <
i=1

Proof. Using the inequality (3) with 7, foranyi = 1,...,n,
we obtain

Pi Pi
fit(a)+ f (17)S 1 J
2 b-a

b
P (x) dx. (41)

a

Then

n f‘ipi (a) + j‘ipi (b) 1 n
IT( 2 )Sw—mJT(

i=1 i=1

b
J fip" (x) dx) .
(42)

By the power-mean inequality (7), we have

(fipi (a) + fipi (b) )I/Pi S f, (a) + fz (b), (43)

2 2
N¢J
Pi i i
@+ 1o G@fio)" gy
2 2bi

foralli=1,2,...,n.
Then

1 n
(b—a)"n<

i=1

) "Cﬁw+ﬁww>

= P
i=1 2P

Jb fip" (x)dx

a

[T, (s @ + £ )"

22?:1 bi

(45)

This implies the inequality (40). O
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One can easily check that if we put n = 2 in Theorem 6
then we get the following.

Corollary 7 (see [5]). Let p,q > 1 and let f, g be non-negative
functions on [a, b] such that fF, g1 are concave on [a, b). Then

(f (@) + f (1) (g(a)+ g(b))! 1
2+ <oy IF 150915 (46)

Theorem 8. Let n be a positive integer such that n > 2 and

PiPy-nPy > LTI (1/p) = 1, and let fi, f.... f,,
be positive functions on [a,b] such that the function fip s

integrable on [a,b], 0 < f: fip"(x)dx <ooforalli=1,2,...,
n, and

0<m-<M<M

T fi+1 (x) ~ : (47)

forallx € [a,blandi=1,...,n— 1. Then

bl n u S; 4 j
L <Hf,. (x))dx < ; <17,- <J_Zl||f,||ﬁ>> (48)

_ M P _ 1 P
51:2‘01 1<—1 ) 5 sn:ZP” 1< ) 5

M, +1 m, , +1
P 2 (49)
i M. i
s; =min{2p"71< ! ) ,2p"71<—’> }
m;_; +1 M;+1
foralll <i<n.
Proof. By Lemma 1, we have
b 1/p;
(J- fip" (x) dx>
M' b ' 1/pi
S M+ 1<L i@+ (x))Pzdx> ’
(50)

b 1/Pi+l
(j () dx)

1
m; + 1

foralli=1,..

<

b 1/Pi+1
[0+ s o ax)

a

Hn—1.

Using the elementary inequality (a + ) < 277" (o + BF)
where p > 1 and «, 8 > 0, we get

Lb fP(x)dx < <MN2 . )17,- Jj (f, (%) + fiy (x))Pdx

i

<<£)P" Jbzw( F7 60 + £7 (0)dx
= Mi +1 B i i+1 4
b » 1 Piv1 b o
J fi () dx < <Mi " 1> L (f; (%) + fiy; (x))7"'dx
S( 1 >P1+1 J'b 2P,+1 1
m; +1 a
x (fFm (o) + 25 (%)) dx
(51)
foralli=1,...,n—1.
Then

I}
(3]
s
I
=
=
AIES
g
SN—
LS
M=

v/ n
J- < fjﬂm (x)> dx
a 1

j:

b
J f]}’m (x) dx)

b P » 1 1 Pin
y i+1 x dx < 2 i+l ( )
J‘a i+l ( ) mi +1

= pPin~l
a

(52)

foralli=1,...,n—-1.
Lets, =227 (M, /(M + 1))P',s, = 227 (1/(m,,_, + 1))P7,
and

B 1 bi B M. bi
sizmin{zp" 1< > , 2P 1(—) } (53)
m;_; +1 M;+1

foralll <i<n.
It follows that

b n
j {Dl (x)dXS51Z<

a =1

b
j e dx) ,

a

b
( [ e dx>, (54)

b n b
J »]Cipi (x)dx < Siz (J f]Px (x) dx)
a j:1 a

N

b
J ff" (x)dx <s,

-
Il
—_

foralll <i<n.



By the generalized Young inequality, we obtain that

Lb < :lfi (x)) dx < Lh (i%fl}’f (x)) dx

i=1Fi

- il (bef’f (x) dx)
i:lpi a :
(55)
" ( n < b .
< Z— s; J fj (x)dx
i=1 Pi j=1 \~a
n 5; n »
$(2(30r))
This proof is completed. O

Applying Theorem 8 with n = 2 and putting there p, =
P> P> =g, 25,/ p; = ¢, and 2s,/ p, = c,, we get the following.

Corollary 9 (see [5]). Let p, g > 1, 1/p+1/q = 1, and
let f and g be positive functions on [a,b] such that 0 < j:
fP(x)dx < 00,0 < jf gl(x)dx < oo, and

0<ms&sM (56)
g(x)

for all x € [a,b]. Then

b P P q q
J f(x)g(x)dxgq(M) +%<M>’

2 2
(57)
where
2P0 M NP 21 1 \4
CI=F<M+1>’ Qz;(mﬂ)' (58)
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