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Our aim in this paper is to deal with the Sobolev embeddings for generalized Riesz potentials of functions in Morrey spaces L% (G)

over nondoubling measure spaces.

1. Introduction

In this paper, we show that many endpoint results about the
Adams theorem still hold in the nondoubling setting and that
the integral kernel can be generalized to a large extent. In [1],
in the setting of the Lebesgue measure, for 0 < « < #, recall
that Adams considered and proved the boundedness of the
fractional integral operator I given by

f () dy.

n—-o
x -y

Lf @) = | )

R"

The operator I, is also called the fractional integral operator
or the Riesz potential. We denote by B(z, r) the ball {x € R" :
|x — z| < r} with center z and of radius r > 0, and by |B(z, )|
its Lebesgue measure, that is, |B(z,7)| = w,r", where w,, is the
volume of the unit ball in R”. Let G be a bounded open subset
of R"”. We denote its diameter by d;

dg =sup{|x-y|:x,y € G}. (2)
For u € LY(G), we define the integral mean over B(z, 1)
by

1

B Lme(z,n uixdx. ()

Up(er) = {B(Z r)u (x)dx =

Let1 < p < oo.If ¢ is a positive function on the interval
(0, 00) satisfying the doubling condition (see (23)), then we
define the Morrey space L»?(G) to be the family of all f €
LfOC(G) for which there is a positive constant C such that

][ | f(x) |‘D dx
B(z,r) (4)

<CPp(r) whenever z€G,0<r<dg.

The norm of f € LP?(G) is defined by the infimum of the
constants C satistying the inequality above. When ¢(r) =

™ (r > 0), LP?(G) is denoted by L ,,(G).
A direct consequence of this notation is that

L, (G) > L"(G) (5)

for0 < A <mand p € [1,n/A).
Some prefer to use the notation

1, = supw (r) [ P (6)
with
w(r) = (0,") o) @)

references [2-5].



Much about the case p > 1 is known. Recall that the
Adams theorem about the boundedness of fractional integral
operators [1, Theorem 3.1] asserts that

11, <l ®

provided the parameters p, g, A satisfy

0<A<n 1<p<g<oo, l=l—g. 9)
qa p A
See also research papers [2-4, 6-16] and a survey [5].
Meanwhile, only a few results are known for the case
p = 1. Trudinger (17, Theorem 1] proved thatif f € L, ,(G) =
LY(G) then exp(all, f]) € LY(G) for some constant a > 0;
this implies that the operator I; is bounded from L,,(G)
to exp(Ll)(G). See also Serrin [18] for an alternative proof.
Recently, the boundedness of Riesz potentials from LY9(G)
to Orlicz-Morrey spaces was shown in [19]. This result
extends [20, 21]. One of the reasons why the case when p = 1
is difficult is the failure of the boundedness of the Hardy-
Littlewood maximal operator M. In connection with this
failure, we do not have Littlewood-Paley characterization.
Due to these two difficulties, the case when p = 1 is hard to
analyze. However, from the point of PDEs, we are faced with
analyzing the quantity

lim ( sup J- Ly?lad > (10)

r10 \ xer" JBGon) |x - y|

in connection of the Kato condition, where V is the potential
operator of the operator —A + V. See [22, Section 2], for
example. Consequently, despite the difficulty arising from
harmonic analysis, the case when p = 1 occurs naturally. As
another evidence that the case when p = 1 is of importance,
we recall that the space L, ;(R") appears naturally in the
following sharp maximal inequalities [23, Theorem 4.7], [24,
Theorem 1.3], and [25, Theorem 1.2]: let 1 < p < oo and
A € (0,n]. Then, there exists a constant C > 0 such that

(il + 151, )

(11)
<|fl,,, <c(|mi A, +15ls,,)
for any measurable function f, where
M f(x) = Y
f(x) JSup BO)
1
- dw|d
8 JB(y,r) f (Z) |B (y, 1")| JB(y,r) f (w) i
(12)

is the sharp maximal operator due to Fefferman and Stein
[26]. A disadvantage of using the Littlewood-Paley theory is
that we lose the integrability of functions a little when we
consider the inequality

swp|$; ], = CAlL, (13)
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where {Sj};?:_oo
smooth function ¢ € C*(R") such that yg 4\02 < ¢ <
XB(0,8)\B(0,1)> recall that we can define the jth Littlewood-Paley

patch by

is a Littlewood-Paley patch. By choosing a

Sif ) =F " [p(27) Ff] () (14)

for f ¢ &' (R™). Note that (13) is a direct consequence of
the translation invariance of the space L, ; (R"). But this loss
caused by (13) is quite big. Note that

I171:,, < Csuplsis,,, (15)

fails. See the appendix for a proof. When p > 1, an approach
using the Littlewood-Paley patch is taken effectively [27].

Indeed,
- 1/2
2
( 2 Isif] >
Jj==00

forall f € L, ,(R"). However, for the case when p = 1, due to
the fact that the estimate (13) is essential when we consider the
Littlewood-Paley patch, we prefer to avoid the Littlewood-
Paley patch. See [28-43] for a huge amount of culmination
of this approach.

Instead of using the Littlewood-Paley patch, we still have
a good approach for the case when p = 1. Just make a closer
look at the integral kernel. Our method being simple enough,
there is no need to stick to the geometric structure of R".
Our result relies completely only upon the positivity of the
integral kernel. So, here and below, we work on a separable
metric space X equipped with a nonnegative Radon measure
¢, where we do not postulate any other condition on y. By
B(x, 1), we denote the open ball centered at x of radius > 0.
While, given a point p; and p, in R", we write |p, — p,| for
the distance of the points p, and p,, and we write d(x, y)
for the distance of the points x and y in X. We assume that
p({x}) = 0 and that 0 < u(B(x,r)) < coforx € Xandr >0
for simplicity. In the present paper, we do not postulate on
p the “so-called” doubling condition. Recall that a Radon
measure 4 is said to be doubling, if there exists a constant
C > 0 such that

4 (B (x,2r)) < Cu (B (x,7)) 17)

I, < <Clfl.,, ao

L,

for all x € supp(u)(= X) and r > 0. Otherwise  is said to be
nondoubling. In connection with the 5r-covering lemma, the
doubling condition had been a key condition in harmonic
analysis.

Our aim in this paper is to show that, for the case p =
1, the operator I, and its generalization I, are bounded

from Morrey spaces L9 to Orlicz-Morrey spaces, or, to
generalized Holder spaces, whose definitions will be given
in the next section, in the nondoubling setting. Our result
extends the results in [17-21]. The definition of I, is the
following: let p be a function from (0, co) to itself and satisfy

Jr @dt < +00 (18)

0
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for all sufficiently small # > 0. We do not have to postulate the
doubling condition on p. See Remark 3 for an example which
fails the doubling condition. We define

~ p(d (x>y))
Lf(x)= L u(B(x,4d (x, )))

fduly), 9

where f € L'(G). Instead of using

L@ = | s

we discuss I, defined above. This modification will be neces-
sary in Lemma 9 for example. An example in [44, Section 2]
shows that I; is less likely to be bounded in general, although
there does not exist a proof. We refer to [45] for an attempt of
definining fractional integral operators by using the underly-
ing measure (.

Note that (18) is necessary in order that the image by I, of
XB(xr)» the indicator functions of the balls, belongs to LP?(G)
at least when p is the Lebesgue measure. Indeed, if

J P 4y 1)
o t

fduly), (0

for any sufficiently small » > 0. Then, for y € B(x,r/2) such
that B(x,r) C G, we have

(ly-=
IpXB(x,r) ()’) J P |y |
B(

(%) |B y’4|y Zl)l

J Cply-2)
> Z
B(y.r/2) IB(Y)4 ly —2|)| (22)

r/2
0 t

= 00

by using the spherical coordinate.

We organize the remaining part of the present paper as
follows. In Section 2, we set up some notations. Section 3
is devoted to stating our main results fully based on the
notations in Section 2. Some auxiliary lemmas are collected
in Section 4. Finally, theorems in the present paper are proven
in Section 5.

2. Notation and Terminologies

Let & be the set of all continuous functions from (0, co)
to itself with the doubling condition, that is, there exists a
constant ¢, > 1 such that

lSMSQP forr,s>0withlst32. (23)
Cp @ (s) 2 s

We call the smallest number ¢, satisfying (23) the doubling
constant of ¢. Note that in view of [46, page 445] and [47,

(1.2)], the doubling condition on ¢ is a natural one. For ¢ € &,
we define the Morrey space LI9(G) as follows:

L (@)= {f € Line ©): [flioney <o} 29)

with the norm

I.f "L“"P)(G) = sup

2€G,0<r<dg P (r)
(25)
1

T a0

Then, a routine argument shows that LY(G) is a Banach
space. Due to the fact that R” is a geometrically doubling
space, we can prove that

C I f oo < ZEGS(§1<I:<d ¢ (1)
G

1
" u(B(zkr))

< C“f”L(W”(G)

for all k > 1. See [48, Proposition 1.1] for a technique used to
prove this inequality. Note here that if ¢;, ¢, € & and ¢, /¢,
is bounded above on (0, d), then

[ r@ldue @9
B(z,r)

L(l’(pl) (G) c L(l)(ﬂz) ©R (27)
in particular, if there exists a constant C > 1 such that
C'9,(r) < ¢,(r) < Co, (r) for all r > 0, then

L(l)%) G) = L(la‘l’z) (G) (28)

with equivalent norms. A ball testing shows the following.

Proposition 1. The function ¢,/¢@, is bounded above on
(0,dg) if LYV(G) ¢ LY%)(G) when u = dx.

Here and below, we write A < B to indicate that there
exists a constant C independent of Morrey functions such that
A < CB. The symbol A ~ B stands for A < B < A.

Proof. According to [49, Proposition A], for any ball B(x,, )
contained in G, we have

b
¢, (r) ’

1

() (r) ’
(29)

”XB(xO,r) "L(l,qu)(G) ~ HXB(xO,r)“L<1,<p2)(G) ~

I LY)(G) ¢ L2(G), in the sense of sets, then by the closed
graph theorem and the doubling condition on ¢, and ¢,, we
conclude

"f“L(lw(G) < C”f”L“"Pl)(G)‘ (30)

If we combine (29) and (30), then we obtain that ¢, /¢, is
bounded above on (0, d). O



Let us consider the family % of all continuous, increasing,
convex, and bijective functions from [0, o) to itself. For @ €
%, the Orlicz space L®(G) is defined by

L*@) = {f € Lipe (@ : | flsqy <o}, (D
where
Wl =int 2> 0: [ (L8 )aui <1}
G
(32)

If ©,, ®, € ¥ are equivalent in the sense that there exists a
constant C > 1 with

@, (C'r) <@, (r) < @, (Cr) (33)

for all ¥ > 0, then we see easily that

L* (G) = L (G) (34)
with equivalent norms. If
O(r)=exp(rf),  exp(exp(rf)),
(35)

P (logr)?(log (log r)))L (r>0)

for large r > 0, then L®(G) will be denoted by

rP(logr)* or

exp (L) (G), exp exp (L) (G),
(36)
L?(log L)}t (G) or LP(log L)q(log log L)A (G),
respectively.
For ® € % and ¢ € &, the Orlicz-Morrey space L'®%)(G)
is defined by

L (G) = {f € Li,. (@) : | flop <}, (37)
where
"f "L“‘”‘P)(G)
. ) 1
. zeGi:iI:sdG inf {A >0 (B (z,2r))
XJ (U(”)duu><¢u4
B(z,r)
(38)

(see [50,51]). Then, again it is routine to prove that || - [ e (g,
is a norm and that L{®?(G) is a Banach space. Note that
the space L is a special case of Orlicz-Morrey spaces when
y=dx.

For ¢ € & such that ¢ is bounded, the generalized Holder
space is defined by

Ay (G) = {f "f"A(P(G) < OO} > (39)
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where

|f ) - f ()

p . (40)
x,yeGxty P (2d (x’ y))

"f”A(P(G) =

Then, | fIl, ) is a norm modulo constants and thereby
¢

A 4(G) is a Banach space. Since ¢ is bounded, every f €
A(p(G) is bounded. If (r) — 0O asr | O, then every f €
A 4(G) is continuous. For details, we refer to [52].

3. Main Results

In this section, we state our main theorems, whose proofs are
given in Section 5.

Throughout this paper, let G be a bounded open set in X
and denote by ¢, the doubling constant of ¢ € &.

Let us begin with the following result, which is the one of
Gunawan type [9].

Theorem 2. Let p : (0, 00) — (0, 00) be a measurable function
such that there exist k,, k,, C,, such that

0< 16k, <1<k, < oo,

kyr (41)
supp(s)<CJ p()ds (r>0).
r/2<s<r kyr
Let ¢ € &, and define
aleyr 4heydg
wuy:(j fiﬂﬂ>¢w).[ P00,
0 t 2k, r

for 0 < r < dg. Then, there exists a constant C > 0 such that

o f ()| du(x) < Cy (1) | flLows
(43)

p(B (z 4r)) J '

forz € G, 0 <r <dgand f € L"(G), where C > 0 isa
constant depending only on C,, c,, ky, and k,.

Remark 3. (1) Here it is not significant for us to choose 16; it
counts that any number will do as long as it is small enough.

(2) The number 4 in the right-hand side seems to be
essential. According to [44, Section 2], it can happen that the
norms

rV

» 1/p
ZEG?(}LI:SdG<M JB(Z,T) |f ()] d!f‘(w)> ,

(44)

7 » 1/p
su —— (w)|"d (w))
zeG,0<Fr)<dG( p(B(z,2r)) JB(z,r) |f | #
are not equivalent for 1 < p < co.
(3) In view of [53, Lemma 2.5], we see that (1 - A)f"‘/2 falls
under the scope of Theorem 2. Indeed, Nagayasu and Wadade

showed that the kernel p which corresponds to (1 — A)™*/?
satisfies
pr)~r* (0<r<1), p(r)<se’ (r=1). (45
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This means that we have (41) with k; = 1/16 and k, = 1. Note
that p € & implies (41). See also [54, Remark 2.2].

Remark 4. Theorem 2 is proved in [19] when G = R" and
p € . Seealso [21].

We now state a result for Orlicz-Morrey spaces.
Theorem 5. Let p,p : (0,00) — (0, 00) be measurable func-

tions such that there exist k,, ky, C, such that 0 < 16k; <1 <
k, < 0o and that

kyr
sup p(s)gCPJ @ s,

r/2<s<r 17
. (46)
sup p(s) < C5J- ' &ds (r>0).
r/2<s<r kyr S
Let ¢ € . Assume
1
J POPW (47)
0 t
and that p/ p is continuous and decreasing.
Define
thds () o (¢
p= | O,
2k,r t
p (4k
K (r) = vy (r) p (4k,r) (48)
p (4k,1)
2kt = akydg 7
w&%=(j ﬂ@40¢00+j POPM
0 t 2k, r t

for0 <r <dg If ® € ¥ satisfies

-1
Cstup{<%®+(3(S):K(dc)55<oo} <o, (49)

then there exists a constant A > 0 such that

! |1,f ()] )
1 (B(z,4r) O 7 |du(x) < 50
[’t (B (Z> 41’)) JB(Z,T) < A”f"L(W)(G) ‘l/l (x) < V/ (T) ( )

forz € G0 <r<dgand f € LY(G), where A > 0 isa
constant depending only on C,,, C;, ¢,, ky, ky, and Cg,.

Remark 6. Note that « is bijective from (0, d] to [k(d), 00)
by the assumptions in the theorem. Indeed, by the defi-
nition of x above, k is a decreasing function. In addition,
lim, | yx(r) = oo, showing that x : (0,dg] — [«(dg),00) is
bijective.

Finally, we shall show a result of Gunawan type about
continuity.

Theorem 7. Let p : (0,00) — (0,00) be a measurable func-
tion such that there exist ky, k,, C, such that

5
0< 16k, <1<k, < oo,
kyr (51)
sup p(s)SCpJ &ds (r>0).
r[2<s<r kyr S

Let ¢ € G. Assume the following condition on p. There are
0<0< landC;) > 0 such that

‘ pldly)  pld(zy)
u(B(x,4d (x,y))) p(B(z4d (2 y)))

§ ,<d(x,Z)>9 p(d(x )
~ P\d(x, ) ) u(B(x,4d (x, y)))

whenever d(x,z) < d(x,y)/2. Assume in addition the Dini
condition

Jl Mdt < 00. (53)

0
If
kyr kydg
W):f p(t):p(t)dtHeF PWPE®
0

2%k, r t1+0 (54)

for0<r<dg,

then I o is bounded from LY(G) to A (G). More precisely,

7oA, ) < ClA oy (55)

where C > 0 is a constant depending only on C,,, C;,, Cpo ks Ky,
and 0.

Note that if [ (p(t)(t)/)dt < coand 0 < 6 < 1, then

s o (1) ¢ (1)

0
re(0,dg] —r J vy

2k,r

dt € [0,00) (56)
is bounded.

4. Preliminary Lemmas

Lemma8. Let p: (0,00) — (0,00) be a measurable function
such that there exist ky, k,, C,, such that

0 <16k, <1<k, < 00,

kyr (57)
sup p(s) SCPJ ' &ds (r>0).
r[2<s<r kr S
Let ¢ € G. Then

J p(d(x,y))
B(x,r) Y (B (x, 4d (x, )’))

Hrp ) e (t)
<o [ 22204 ) lyney

where C > 0 is a constant depending only on C,,, ¢, ky, and k;.

) |f )l du(y)
(58)



Moreover, if k > 0, then

I p(d(x y))
Blxde)\BGor) p (B (x,4d (x, ))) d(x, y)

4k,d,
26 p (1) @ (t)
=C (J — okt ) 100

2k,r

21 W)ldu(y)

(59)

where C > 0 is a constant depending only on C,,, c,, ky, k,, and
k.

Proof. If y € B(x, 271) \ B(x,2/7r) and j € Z, then a geo-
metric observation shows

p(d(xy))
u (B (x,4d (x, 7)) d(x, )"

1
= uB ) @ e

<

C 2k,r
b (B 271 () Dok s

Hence,

J p(d(xy))
B(x2In\B(x2"'r) y (B (x,4d (x, y))) d(x, y)

2 1f O)ldu(y)

<

CP J~21k2r P(s)ds
(Zj_lr)k 2ikyr S

XZ@&%Engmvuwwu)

) (P<2jr)k J'ijzr &ds
(21*17) 2k S

; |, 1Ol
0@ 5 (B (6 217) D/ PNV

<C

¢ (2'r) r"sz p(s)

P(Zj‘lr)k ——dsx “f"L(“P)(G)

20kyr S
(61)

Setd = [1 + log,(k,/k,)]. Then, by virtue of the doubling
condition on ¢, we have

o) g,

(2j_1r)k 2kyr S

< 2k90 (zjr) J2j+dklr &ds
2

@ir)* Jokr s

kz ( )szklr &ds

@) Joter s
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d j+l \r
co S [ e e,

=1 Y (21+dk1r)k s
d+1k d
i)y |

j+d
a1, K (2R 9 (s) ps)
= C1(2 ’ kl) Lf'k . sltk

2j+lklr

p(s)p(s)

Sl+k

ds

j+171k1 r

ds,
(62)

where C, > 0 is a constant depending only on ¢, k;, and k,.
Consequently, since p({x}) = 0,

Lm (Bp(fi; (i) ) |f () du(y
:jij‘)L;(x,zfr)\B(x,zf'1 (Bp(Ecc,li; (fc) ) |f )l du(y
< JZCPCI Lz]: ar <P(S)sp O gox | e
<ca( [ 2O o
(63)

which proves (58). '
We choose j, € Z, so that d; < 2°r < 2d. Then, we
have

J pld(xy))
Blxd)\B(xr) y (B (x,4d (x, y))) d(x, )

¥ pd(x,7)

5 o2 (B (x,4d (x, ) d(x, )"

x|f (y)|du(y)

2 1f )l du(y)

o 2 r @ () p(s)
s Cpcl(zdﬂkl) Zl LJ’k r sitk ds x “f"L(l'w(G)
]: 1

ar, k([T p @)
= CPCI(Z ) kl) (Lk r tlet ”f"L(l"”)(G)'

(64)
Thus, since k, k,, d being constants, (59) follows. O

Lemma9. Let p: (0,00) — (0,00) be a measurable function
such that there exist k,, k,, C,, such that

0 <16k, <1<k, < 00, (65)
and that
kyr P(S)
sup p(s)<C J —=ds (r>0). (66)
r[2<s<r kyr S
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Then, forall f € LE9(G),
_
u(B(z,2r))

(d (x,
* .[B(z,r) (JB(zr M(Bp(xd4d ():c )

<o ([ 22 ) flyroie

|f ()| du y)) dp (x)

(67)

Proof. By Fubini’s theorem and the dyadic decomposition of
the ball, we have

p(d(x )
L‘(z,r) («[B(z,r) 1 (B(x,4d (x,y))) Ol (y)) ()

= [, sl

y < J p(d(xy))
Bzr) ¢ (B (x,4d (x, y)))

<[ ol

% i J SupZ’jrSssTj‘tlgp (S)
S Ispa e (B (x,2777r))

x dy (x) ) du(y)

du (x)) du(y)

<[ 1o

SUP)-,<scr-i+i P (5)

X .
<JZO JB@»rf“r» u(B(y,27r))

x dp (x) > du(y).
(68)
Since p satisfies (66), we have

pd(xy))
L(z,,) (Lm u(B(x.4d (x. y))) | )l du (Y)) dy (x)

<c J%)vow(fj”kr””w>doo

=0 27 ey r

2k,r
<cC, (L %t)dt) L(m [f )l du(y)

<G @@ ([ 20t | flyeniey

(69)

as required. O

5. Proofs of the Theorems
We are now ready to prove our theorems.

Proof of Theorem 2. Let z € G and r € (0,d]. By the posi-
tivity of the kernel, we may assume that f > 0. We write

1
1 (B(z,4r))
1
S e —
1 (B(z,4r))

| Lreduw
B(z,r)

(d (x. )
8 JB(z,r) (JB(x,r) 7 (Bp(j‘ld ();C»)’)))

xf(y)du(y) ) dy (x)

+ ;
u(B(z,4r))

(d (%))
* JB(z,r) (JBu,dG)\B(x,r) 7 (Bp(ﬁj‘ld ():C’ )

< () du(7) ) du ()

PN N
u(B(z,4r))

(d (%))
8 L(z,zr) (JB(Z,Zr) 2 (Bp(xil‘ld ()9/C y)))

< ()lis(y) ) du )

]
T U (B(z,47)

(d(x.y))
8 JB(z,r) <L<x,dc>\s<x,r) 7 (Bp(xil4d ():% )

< () (7) ) du ()
=1, +1,
(70)
forz €e Gand 0 < r < dg. By Lemma 9, we have
p(t)
nscon([ 20 ln
(71)
< Cy | fl 00
Meanwhile, by Lemma 8 we have
#ada p () (1)
Y [ 1/
2k,r (72)

<Cuyn|f "L““")(G)'



Hence, it follows from (71) and (72) that

1
S I b O SO i 09

where C > 0 depends only on C,, ¢, k;, and k,. O
Proof of Theorem 5. By Theorem 2, we have

| of (x)| dp (x) < Cy ()| fl oo
(74)

T

forzeGand0<r<dg.
Let g == [ fI/Il f Lo G- For x € Gand 0 < § < dg, since
p/p is decreasing, we have by Lemma 8

1,9(x)

_ J p(d(x )
B(xo) ¢ (B (x,4d (x, y)))
. J p(d(x,y))

(xdo)\B(x0) (B (x,4d (x, y)))

_P® J p(d(x.y))
= 50) Jswo 1 (B(x.4d (x, 7))

4kyd,
+C, J ARA AL (t)¢(t)dt
2k, 8 t

g(y)du(y)

g(y)du(y)

du(y) (75

s %Iﬁg (x) + Gy, (9)
p (4k, 8)
F(1k0) 7

59 (x) + Coy (8).

Hence, in view of the definition of x, we have

Ig(x) < %((8)) 59 (%) + Cy, (8). (76)
Now let
5o {K—l (Iﬁg (x)) when I3g (x) > x (dg), 77
dg when I;g (x) < x (dg) -
Observe that
vy (8) = ( -1 ( 59 (x))) when ;g (x) > x(dg),
! v, (dg) when g (x) < x (dg),
(78)
by definition.
We claim that
L4 (5)
x(©) P9
(79)

- {1//1 (K_l (Iﬁg (x))) when I;g (x) >« (dg),
~ v (dg) when I;g (x) < x (dg).
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Indeed, when Iﬁg(x) < x(dg), we have § = d. Hence,

1l’l()

%) Izg (x) = v, (dg) %

1
mlﬁg (x) <y, (dg). (80)

When I;,g(x) > x(dg), we have § = K_I(ng(x)). Hence,

WO o (v (Lg ()
=y, (¢ (Lo ()).

Consequently our claim (79) is justified.
It follows from (76) and (79) that

(g (). v (o)}
(82)

I,g(x) < (1 +C,) max {1//1 (K

By (49), we obtain
-1 -1
(y1067) () < Ce®' (s) for k(dg) <s<oco.  (83)

Hence, taking A := C5(C, + 1)(1 + C,), we establish

f@l
Alflian

I
L9 (x)
A

(L9 ())) v (de)}
Cs(C,+1)

- (Iﬁg (x))) V1 (’{1 (x (dc)))}

Cs(Cy+1)

0! (Lg (), 0" (x (do))}
C +1 '

§ max {1//1 (K

(84)

max {1//1 (K

max {

Since p/p is decreasing and

(P (4k;dg) Ip (4krd)) v (dg) =k (dg),  (85)

we see that
thydg =
w(r) > j POOWM 4
2k, dg t
p (4kyds) r"zdc PO (86)
~ p(4kyds) Joka, 8
=K (dG)
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for all 0 < r < d. Hence, with the aid of (74), we have

1 |1, f ()] )
_ O ——— |d
Mw@m»Lw><Awa® A

1

<
C +1

>< ;
¢ (B(z,4r))

1
C +1

L( ) max {Iﬁg (x),x (dc)} dp (x)

<
1
X (# (B (2, 4r) L(z,a lpg () dpt (x)

1

T u(B(z,4n) L(z,r) e (dg) dp (x))

< C+l Cy®+y ) =y(r),

(87)
which proves (50). ]

Proof of Theorem 7. Write
Lf(0)-1,f ()

_ J p(d(x,y))
B(x2d(x2)) (B (x,4d (x, y

~ J p(d(z ) f
B(x2d(x2)) ¢ (B (2,4d (2, y)))

)))f (y)du(y)

(y)du(y)
(88)

s J ( p(d(x y))

G\B(x,2d(x2)) \ (B (x,4d (x, y)))

p(d(zy)) )

#(B(z,4d(z,y)))

x f(y)du(y).

By (58), we have

p(d(xy))
[ e e LAG A )

< CII// (2d (x’ Z)) “f”L(l,(p)(G),

J p(d(zy))
B(x,2d(x,z)) Y (B (Z’ 4d (Z’ y)))

S J p(d(zy))

(23d(x2)) 4 (B(2,4d (2, y

|f (7 du(y)

(90)

) |f ()] du(y)

< Cyy (2d (x,2)) 100

for x,z € G. On the other hand, we have by (52) and (59)

pdxy)  pldzy))
u(B(x,4d (x, 7))  p(B(z,4d(z.)))

x| f (y)|du(y)

JG\B(x,Zd(x,z))

e J pd(xy))
TP Jewmeaden) (B (x, 4d (x, ) d(x, )

x| f (y)|du(y)

thydg
<cma? ([ LDLO ) flung

4k, d(x,z)

0

< CZW (Zd (x, Z)) "f"L(LqJ)(G)'
1)

Now from (89), (90), and (91), we establish
ILf () - 1Lf(2)| < Cy@d(x2) | flong — (92)

for x, z € G, as required. O

Appendix
A. Disproof of (15)

Inequality (15) can be disproved in terms of Besov spaces and
Triebel-Lizorkin spaces. Let y € C*(R") satisfy

XB04) SV < XB0,8): (A1)

Define T, f := F 'y - F f] for f € §'(R"). For parameters
p € (0,00) and g € (0,00) and for f € S'(R™), the Besov
norm |- || B, and the Triebel-Lizorkin norm ||-|| p;, Are defined

by

o 1/q
105, = 1Tof e + (Z(zﬁ]lsjfnu,)q) V)
j=1

00 1/q
(Z 27's; f |q>

(A3)

>

If

o= [T fls +

J=1

LP

respectively, and for p € (0,00) and for f € S'(R"), the
Besov norm || - ||z N and the Triebel-Lizorkin norm | - || Fo

are defined by
I/ B, T ITofll» +sup zjsnsjfuu’
jeN
(A4)
170, o= Tl + o s, 1]] -
. jeN e

Meanwhile, by denoting 2(R") the set of all polynomials, for
parameters p € (1,00) and g € (1, 00) and for a distribution
f € S'(R™), the homogeneous Besov norm | - ||z and

the homogeneous Triebel-Lizorkin norm || - ||+ are defined
P
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0 1/q
= <Z (215 ij”yf) , (A.5)
j=—00

[} 1/q
(B )
j=—00

respectively. Also, for p € (1,00) and f € S'(R™), one defines

, (A.6)

Lr

— Js
B SR ;£ (A7)
= |sup 'st i (A.8)
jeN
respectively.
It follows from (A.7) and (A.8) that
| > | (fes"(R).  (A9)

Let 0 < p,q < 00, and s € R. The inhomogeneous Besov
space BS (R”) (resp. the homogeneous Besov space B;, q(R”))
is deﬁned to be the set of all f € S'(R") (resp. f e S'(R™)/
P(R"™)) for which the norm ”f”B;,q (resp. ||f||B;q) is finite,
when 0 < p, g < 00. Likewise, for 0 < p < 00,0 < g < coand
s € R, the inhomogeneous Triebel-Lizorkin space F;’q(IR")
(resp. the homogeneous Triebel-Lizorkin space F;’q(Rn)) is
defined to be the set of all f € S'(RM) (resp. f € S'"(R™)/
P(R"™)) for which the norm | f|| B, (resp. || f1l Fj,,q) is finite. To
simplify the matters, even when we consider representatives
in the function spaces B;)q(IR”) and F;q(R"), we forget that
they are in equivalence classes, and we regard the function
spaces B;’q(IR”) and F;’q(IR") as subspaces of §'(R").

Keeping this in mind, let us disprove (15). We have

sup"S f"L LS csup"S Pl = el £l c||f||FnM
(A.10)

n/A,00

from (5), (A.7), and (A.9).
However, according to [55, Theorem 11.2, (i), (11.2)], there
exists f € F,?M)OO([R") such that it is not represented by

L' (R™-functions:

loc
f €F n//\oo (Rn) \ L}oc (Rn) .

If we consider F1[(1 - y) - F f], where y € C°(R") is from

(A1), we can arrange that f € nMOO(IR") can be chosen so
that supp(Z f) N B(0,4) = 0. Indeed,

F [y Ff) e C®RY).

We suppose that the Fourier support of f is away from
B(0,4). Let us admit that

Il < CUfls,

(A1)

(A.12)

(f € n//\oo(an)) (A13)
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under the understanding Fn/)L SR c S '(R™). Note also

that L ; (R") is a subset of LlOC(IR”), hence our observation
can be summarized as follows:

Ll,/\ (IR") < Lioc (Rn) ’ f € FZ//\,OO (Rn) \ L}OC (Rn) .
(A14)

It then follows immediately that (15) fails since (15) implies

Ly (R") 5 Fn/Aoo(IRn)'

Inclusions (A.14) and (A.15) contradict obviously.

It remains to prove (A.3). Note that the frequency
support of f does not intersect with B(0, 4). Observe also that
¢(277) has the frequency support in B(0,4). Thus, we have
ij = 9"1[g0(2_j-)£¥f] =0 (j < -1), and hence

(A.15)

f o — sup Sf = Sup S f
[ "Fan jEZ' ] | LA ]ENU{O}' | oz (A.16)
<1, + 1o fl
Define
Wf=F ' [¥-Ff], ¥=—" " (Ap
f [ fl yv+e(271) (A17)

In view of the size of frequency support, we conclude S, f =
VT, f+VS, f. Now we invoke the following Planchrel-Polya-
Nikolskii lemma.

Lemma A.1 (Planchrel-Polya-Nikols'kij [56, page 16]). Let
0 < 5 < 1. Assume that f € §'(R") has frequency support in
Q(0, R). Then, denoting by M the Hardy-Littlewood maximal
operator, we have

1fG=-2

st (L e RJy|)"

M [|f]"] )M, (A.18)

where C is independent of R > 0.

According to Lemma A.1 with # = 1/2 and R = 16, we
conclude that

sof @l = ([ 17 Y O] (= ]y

+J
Rn

< oot (1] o7 1 [ 1 )

F ()| f (x - y)ldy)

<[ lF oty

- (s [iraf ] o e [fs 1] 7).
(A.19)

where for the last inequality, we invoked

|7 ()| < (y eR"). (A.20)

¢
1+
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By the fact that [Fllpn = || VIE] iz and the LA (R")-
boundedness of the Hardy-Littlewood maximal operator, we
conclude
2
1272 >

IS0 fll < C <||M (17 71"]

o+ i1

2
LZn//\ )

IN

2
2n/A + |||Slf|1/2

R Nvi

c(Jmrt”
=C ("Tof

LHM) .
(A.21)

Combining (A.16) and (A.21), we obtain the desired result.
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